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Abstract

This article proves a weak Harnack inequality with a tail term for sign changing supersolutions of a mixed
local and nonlocal parabolic equation. Our argument is purely analytic. It is based on energy estimates
and the Moser iteration technique. Instead of the parabolic John-Nirenberg lemma, we adopt a lemma of
Bombieri-Giusti to the mixed local and nonlocal parabolic case. To this end, we prove an appropriate reverse
Holder inequality and a logarithmic estimate for weak supersolutions.
© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

MSC: 35R11; 35K05; 35B65; 47G20; 35D30
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1. Introduction

In this article, we establish a weak Harnack inequality for the mixed local and nonlocal
parabolic Laplace equation

Ou + Lu(x,t) =Au(x,1)in 2 x (0, T), (1.1
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where T > 0, @ c RY with N > 2 is a bounded domain (i.e. bounded, open and connected set)
and £ is an integro-differential operator of the form

Lu(x,t)=PV. /(u(x,t) —u(y,t))K(x,y,t)dxdydt, (1.2)
RN

where P.V. denotes the principal value and K is a symmetric kernel in x and y such that for some
O<s<land A > 1, we have

7_1 <K( NS ——5: (1.3)
K(x,y,t) < .
|x_y|N+2s y |x_y|N+2s
uniformly in ¢ € (0, T'). If
K(x,y,t) |x y|N+2s’

for some constant C, then £ reduces to the well known fractional Laplace operator (—A)* and
(1.2) is the mixed local and nonlocal fractional heat equation

Ou+ (—A)’u = Au. (1.4)

These kinds of evolution equations arise in the study of Lévy processes, image processing etc.,
see Dipierro-Valdinoci [23] and the references therein for more details on the physical interpre-
tation.

In the elliptic case, Foondun [27] has obtained Harnack and local Holder continuity estimates
for the mixed local and nonlocal problem

—Au+ (—A)Y’u=0. (1.5)

Chen-Kim-Song-Vondracek in [14] have proved Harnack estimates for (1.5) by a different ap-
proach. In addition to symmetry results and strong maximum principles, several other qualitative
properties of solutions of (1.5) have recently been studied by Biagi-Dipierro-Valdinoci-Vecchi
[3,4], Dipierro-Proietti Lippi-Valdinoci [20,2 1] and Dipierro-Ros-Oton-Serra-Valdinoci [22]. For
a nonlinear version of (1.5) with the p-Laplace equation, Harnack inequality, local Holder con-
tinuity and other regularity results are discussed in Garain-Kinnunen [28]. In the parabolic case
Barlow-Bass-Chen-Kassmann [2] have obtained Harnack inequality for (1.4). Chen-Kumagai
[15] have also proved a Harnack inequality and local Holder continuity. For the fractional heat
equation d;u + (—A)*u = 0, a weak Harnack inequality for globally nonnegative solutions is
established by Felsinger-Kassmann [26], see also Bonforte-Sire-Vazquez [7], Caffarelli-Chan-
Vasseur [12], Chaker-Kassmann [13], Kassmann-Schwab [31] and Kim [32] for related results.
The main purpose of this article is to provide a weak Harnack inequality for (1.1) (Theo-
rem 2.8). To the best of our knowledge, a weak Harnack inequality is unknown even for the
prototype equation (1.4). Our main result is stated for sign changing weak supersolutions of (1.1).
For sign changing solutions of nonlocal problems, in both the elliptic and parabolic context, an
extra quantity referred to as “Tail” or “Parabolic Tail”, generally appears in the Harnack esti-
mates. This phenomenon has been first observed by Kassmann in [30] for the fractional Laplace
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equation (—A)*u = 0 and further extended by Di Castro-Kuusi-Palatucci [16,17] and Brasco-
Lindgren-Schikorra [8,9] to the fractional p-Laplace equation. For the parabolic nonlocal case,
see Stromgqvist [39], Brasco-Lindgren-Stromqvist [10], Banerjee-Garain-Kinnunen [1], Ding-
Zhang-Zhou [19] and the references therein. For the mixed local and nonlocal elliptic equations,
a new tail quantity appears that captures both the local and nonlocal behavior of the mixed oper-
ator as observed in [28]. For the mixed local and nonlocal parabolic problem (1.1), we introduce
an appropriate tail term (Definition 2.7), which captures both local and nonlocal behavior of the
mixed equation.

In contrast to the probabilistic approach in [2,15], we prove the weak Harnack estimate (Theo-
rem 2.8) by analytic techniques. More precisely, we employ the approach of Moser [36] that uses
a lemma by Bombieri-Giusti [6], further avoiding the use of technically demanding parabolic
John-Nirenberg lemma, see Moser [37] and Fabes-Garofalo [25]. We discuss energy estimates
for negative and positive powers of weak supersolutions for (1.1) (Lemma 3.1 and Lemma 3.2).
These energy estimates together with the Sobolev inequality and the Moser iteration technique,
enable us to estimate the supremum of the negative power of a weak supersolution (Lemma 4.1)
of (1.1) and to prove the reverse Holder inequality (Lemma 4.2). Finally, a logarithmic estimate
(Lemma 4.3) of weak supersolutions of (1.1) is deduced that allows us to apply the Bombieri-
Giusti lemma (Lemma 2.13) to establish our main result (Theorem 2.8).

2. Preliminaries and main results

We use the following notation throughout. We denote the positive and negative parts of a € R
by a; = max{a, 0} and a_ = max{—a, 0}, respectively. The Lebesgue outer measure of a set S
is denoted by |S|. The barred integral sign denotes the corresponding integral average. We write
C to denote a constant which may vary from line to line or even in the same line. If C depends
onry,r,...,re, wedenote C =C(ry,rp, ..., ).

We recall some known results for the fractional Sobolev spaces, see Di Nezza-Palatucci-
Valdinoci [ 18] for more details.

Definition 2.1. Let 0 < s < 1 and assume that Q C R" is an open and connected subset of R .
The fractional Sobolev space W* (L) is defined by

WU{()M<)}
lx —y[2F

and it is endowed with the norm

— 2

The fractional Sobolev space with zero boundary values is defined by

Wi(Q) = {u e WP 2RY):u=0in RV \ sz}
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Both W*2(Q) and WS’Z(Q) are reflexive Banach spaces, see [18]. We denote the classical
Sobolev space by WI’Z(Q). The parabolic Sobolev space L2(O, T; W]’Z(Q)), T > 0, consists of
measurable functions ©# on  x (0, T') such that

1
2

T
llull 20,7 wi2(52)) = /Muaonammyn < 00, 2.1
0

The space LIZOC(O, T, Wlt’g(ﬂ)) is defined by requiring the conditions above for every Q' x
[71,02] € Q x (0, T). Here Q' x [11,12] € 2 x (0, T) denotes that Q" x [, 2] is a compact
subset of 2 x (0, T).

The next result asserts that the classical Sobolev space is continuously embedded in the frac-
tional Sobolev space, see [18, Proposition 2.2]. The argument applies an extension property of
Q so that we can extend functions from W1-2(Q) to W1-2(R¥) and that the extension operator is

bounded.

Lemma 2.2. Let  be a smooth bounded domain in RN and 0 < s < 1. There exists a positive
constant C = C(, N, s) such that

lullyws2 @) < Cllullwizg)
for every u e WH2(Q).

The following result for the fractional Sobolev spaces with zero boundary value follows from
[11, Lemma 2.1]. The main difference compared to Lemma 2.2 is that the result holds for any
bounded domain, since for the Sobolev spaces with zero boundary value, we always have a zero
extension to the complement.

Lemma 2.3. Let Q be a bounded domain in RN and 0 < s < 1. There exists a positive constant
C=C(N,s, Q) such that

/‘ lu(x) —u(y)?

=V dxdySC/|Vu|2dx
Q

RN RN
foreveryu € WO1 ’Z(Q). Here we consider the zero extension of u to the complement of 2.
The notion of weak supersolutions for (1.1) is defined as follows.

Definition 2.4. A function u € L>(0, T'; L% (R")) is a weak supersolution of the problem (1.1),
ifueC,T; L2, ()N L0, T; W,-2(Q)) and for every ' x [11,12] € 2 x (0, T) and every

loc

nonnegative test function ¢ € ngf(o, T: LXQ)NL> (0,T;: W(}’Z(Q’)), we have

loc
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4]
/u(x,t2)¢(x,t2)dx—/u(x,tl)qb(x,tl)dx—//u(x,t)atqﬁ(x,t)dxdt

194 94 n

153 4]
+//wv¢dxdt+// /A(u(x,y,t))(qb(x,t)—qb(y,t))dudtzo,

n Q 11 RN RN

2.2)

where

A(u(x,y,t)):u(x,t)—u(y,t) and du=K(x,y,t)dxdy.

Remark 2.5. By Lemma 2.2 and Lemma 2.3, we observe that the Definition 2.4 well stated. Note
that if u is a weak supersolution of (1.1), so is u + ¢ for any scalar c.

Remark 2.6. Below we obtain energy estimates where the test functions depend on the superso-

lution itself. The admissibility of these test functions can be justified by using the mollification
in time defined for f € L'( x (0, T)) by

t
fi(x, 1) 1= %/e?f(x,s)ds. 2.3)
0

See [5,34] for more details on fj,.
Next, we define the parabolic tail which appears in estimates throughout the article.

Definition 2.7. Let xo € RV, #;, 7, € (0, T) and r > 0. The parabolic tail of a weak supersolution
u of (1.1) (Definition 2.4) is

. lu(y, )]
Tailoo (15 X0, 1, t1, 1) = r2esssu / —————dy. 24
o t1<t<tI2) ly — x0|N+2s
R™\B; (x0)

Now we are ready to state our main result, which asserts that a weak Harnack inequality holds
for weak supersolutions of (1.1).

Theorem 2.8. Assume that u is a weak supersolution of (1.1) such that u > 0 in Bg(xg) X (to —
rto+rH CQx(0,T). LetO<r <1, r <% and

2
T = (%) Tailoo(u_; X0, R, 19 — r2, to + rz),

where Taily, is defined by (2.4). Then for any 0 < g <2 — 2 \where k > 2 is given by (2.10),

<’

there exists a positive constant C = C(N, s, A, q) such that
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1
q

][ u+T)dxdt | < C(essinf u+ T), 2.5)
V(%)
V-5

where V— (%) = B%(xo) x (fg — r2, 1 — %rz) and V* (%) =B: (x0) x (10 + %rz, to +r?).

Corollary 2.9. If u > 0 in RN x (19 — r2, to + r2) in Theorem 2.8, then (2.5) reduces to

1

q

][ uldxdt | <Cessinfu. (2.6)
) V*(3)

V=(3)

We state some useful results that are needed to prove our main result (Theorem 2.8). The
following inequalities follow from [26, Lemma 3.3].

Lemma 2.10. Let a, b > 0 and ©1, 175 > 0.

(i) Forevery € > 1, there exists a constant C(€) = max [4, 662_5 } such that

l—e v 2

1—€ €
€ —€ € —€ ur b\ 2 ay?z
oot 25 ()7 (2)7]
5 b 1—e€ a 1—e€
—C(e)(ra—11) (—) + <—> ,
(%) T1

(ii) For every € € (0, 1), there exist constants {(€) = 1476@ C1(e) = % and {H(e€) = ¢(e) + g
such that

2.7

(b—a)(tfa* — rzzb_f) >0 (6)(1’2[91%6 - tlal%)z — () (1 — tl)z(bl_e +a'™).
(2.8)

Next, we state a weighted Poincaré inequality that follows from [24, Corollary 3] by a change
of variables. See also [38, Theorem 5.3.4]. This plays an important role in the logarithmic esti-

mate for supersolutions (Lemma 4.3).

Lemma 2.11. Let ¢ : B, (x¢) — [0, 00) be a radially decreasing function. There exists a positive
constant C = C(N, ¢) such that

][ lu —ug|* ¢pdx < Cr? ][ IVu|*>¢ dx (2.9)
By (x0) By (x0)
foreveryu € Wl’z(Br (x0)), where
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" I,y 19 dx
b=
Jb, iy #

The following version of the Gagliardo-Nirenberg-Sobolev inequality will be useful for us,
see [35, Corollary 1.57].

Lemma 2.12. Let Q C RN be an open set with |Q2| < oo and denote

2N

2N NS,

K={N-2 - (2.10)
4, N=2.

There exists a positive constant C = C(N) such that
1 1
p « 11,1 2 2
lul“dx ) <C|QV¥ 27« [Vul|”dx 2.11)
Q Q
1,2
Sor every u € W= ().

Our final auxiliary result is a lemma of Bombieri-Giusti [6], which can be proved with the
same arguments as in the proof of [33, Lemma 2.11] and [38, Lemma 2.2.6].

Lemma 2.13. Assume that v is a Borel measure on RN*! and let 0, A and y be positive con-
stants, 0 <8 < 1 and 0 < a < oo. Let U (o) be bounded measurable sets with U (c") C U (o) for
0<8 <0’ <o <1.Let f be a positive measurable function on U (1) which satisfies the reverse
Holder inequality

1 1
o B

A
fral <\ Gla f o)

Ua') Ulo)
with 0 < B < min{l, a}. Further assume that f satisfies

AlUG)|

HxeU):log f > A} < v

forall & > 0. Then

for some constant C =C(0,65,a,y,A) > 0.
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3. Energy estimates

In this section, we establish energy estimates for weak supersolutions of (1.1). The first one
is the following lemma that helps us to estimate the supremum of the inverse of weak supersolu-
tions.

Lemma 3.1. Assume that u is a weak supersolution of (1.1) such that u > 0 in Br(xg) x (11 —
7,70) C R X (0,T). Let 0 < r <1 be such that r < R and denote v=u +1, | > 0. Then for any
m > 0 there exists a positive constant C(m) =~ 1 + m such that

5]
V™7 |2 (x)" 20 (1) dx dt

71— B, (x0)

m>C(m+ 1) v(x, 1) v, 0\ "
Tl / [ wo-vo) [( wx)) +<w(y)> nodud:

71T Br(xo)

m2
+m+l[2Aesssup / T le/ /v(x 07" (x)" 2 (0) dx dt

xesuPprN\Br(X()) T1—T B, (x0)
%)
2A _(y,t
+— ess sup / %dy/ / v(x, )" (x, )" () dx dt
l T —T <t <Tp, XESUPPY |x — ¥l s
RN\ Bg(x0) T1—T By (x0)
2 2 7
m-(m +2) ) —m m
W/ / IV [To(x, 1) " (x)"n(t) dx dt
T1=T By (x0)

/ /v(x 7Y ()™ 219, ()| dx dt

T1—T By (x0)

m+1
(3.D

and

ess sup / v(x, )"y (x)" 2 dx

TI<I<T)
By (x0)
2 —m —m
<mC(m+1) / / (w(x)—llf(y)){(vﬁ;t))) +<'ﬁy?> :|77(t)dudt
T1—T By (x0)

1)
d
+m|:2Aesssup / I)c—y%/ / v(x, )" ()" () dx dt

xesuppy
RN\B; (x0) 71— By (x0)
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)
2A —_(y,t
+ 22 esssup / % dy / / v(x, )M (e, "2 () dix di
l T —T <t <Ty, XESUPPY |x — ¥l 5
RN\Bg (x0) 71— By (x0)

m@m + 2)?

)
2 e m
(m+1) / /'VW 0, TP ()" (1) dx di

T1—7 B (x0)
(%)
+/ /v(x,r)‘mw(x>m+2|a,n<t)|dxdt

T1 =T By (x0)

(3.2)

hold for every nonnegative € C2°(B,(x0)) and n € C*°(R) such that n(t) =0 ift <1 — 1
andn(t)=1ift > 1.

Proof. Lete > 1 and ¢ € C2°(B,(xp)). Lett; =11 — 7, 12 € (71, 12) and € C*(t1, 12) be such

that n(¢;) = 0 and n(¢t) = 1 for all ¢ > ;. Note that v = u + [ is again a weak supersolution of
(1.1) and we observe that

px,0) =v(x,0) Y @)

is an admissible test function in (2.2). Indeed, following [5,34], since v is a weak supersolution
of (1.1), noting the definition of (-);, from (2.3), we have

Ilin%(lh + Ly + Ap) =0, (3.3)
n—>
where
5]
Iy, =/ / orvppdx dt,
It Br(x0)
n
Ly, =/ / (Vo(x, 1), Vodxdt
1 By (x0)
and

5}
Ah:///((U(x’t)_v(y’t))K(x’y))h(d’(xvf)—¢(y,t))dxdydt.

11 RNRN
Estimate of I;,: We observe that
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4]
Ih:/ / dupv(x, Y )Ty dx dt

1 By (x0)

n
=/ / 0;vp (v(x,t)_€ —vh(x,t)_e)lp(x)eﬂn(t)dxdt

1 By (xo)
5]
+ / / Brunun (e, )Y 0 n(0) dxdr.
1 By (x0)
Since
vV—v
we have

3,vh ('U_E - U;e) < 07

over the set B, (xg) X (1, 2). Therefore, the first integral in the above estimate of [, is nonposi-
tive. As a consequence, we obtain

9]
Ih < / / Byonvn (. 1)~y (O H (1) dx di

1 Br(x0)
v (3.4)
n
1
=1 / / 8tv}11_€w(x)e+ln(t) dxdt.
—€
11 By (xo)
Now passing the limit as &7 — 0, we have
lim I, < Iy, 35
iy 1 = 1o e

n

Iozz—L / 1//(x)€+1u(x,r2)1—€dx+L / v )t v, 1) 0, (t) dx dt.

e—1 e—1
By (x0) 1 By (xo)
3.6)
Estimate of Lj: Since Vv € L2(B,(xo) x (11, 1)), by [34, Lemma 2.2], we have
n
L:=1lim Ly, =/ / VuoVedxdt. 3.7
h—0

11 Br(x0)
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Estimate of Aj: Following the same arguments as in the proof of [1, Lemma 3.1], we obtain

n
A= lim Ahz///(v(x,t)—v(y,l))(qb(x,t)—qb(y,t))d,udt. (3.9)

h—0
1 RNRN
Therefore, using (3.5), (3.7), (3.8) in (3.3), we have

0<Ih+A+L

5]
=10+// /(v(x,n—v(y,r))(«p(x,r)—¢<y,r))dudt

11 By (xo) Br(x0)

5}
+ 2/ / / (v(x, 1) —v(y, t))d)(x, t)dudt (3.9)

1 RN\ B, (xq) Br(x0)

4]
+/ / VoV dxdt

1 By (x0)
=lh+L+ DL+

Estimate of /;: Using [(2.7), Lemma 2.10] for C(¢) = max {4, 66;5 }, we have

15}

Il :/ / / (U(X,t)_U(yst))(v(x,t)_ew(x)€+l —U(y,f)_elff(y)e+l)17(t)dudt
11 By (xq) Br(x0)
—e—2

%) 1—€¢ 1
yoro [ (v 0\ T (.0
— — dud
[ ] |55 [(wx)) <w<y>> }”(”’”

1 By (x0) Br(x0)

y 1—e€ 1—€
+C(e)/ / / (lﬂ(x)—llf(y))2 [(v;ix;)) + <U$Eyt))) }n(t)dudt.

11 Br(x0) B, (xo)
(3.10)

Estimate of I>: Since / > 0 and u > 0 in Bg(xg) x (t1,t2), we have v > [ in Br(xg) x (t1, 12).
Further, for any x € Bg(xo), y € RV and t € (11, 2), we have

v(x, 1) —v(y, 1) < v, 1) +u_(y,t) and v(x, 1) "  =v(x, ) v, )7 <l v, ) E

Using these estimates and the fact that # > 0 in Br(xo) x (#1, t2), using that u(y, t)_ vanishes in
BRr(x0) x (1, 12), we have
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%)

12:2/ / /(u(x,t)—v(y,z))v(x,r)—fw(x)e“n(t)dudt

n RN\Br(xo) B (x0)

5]
d
< 2A esssup / PC—)’%/ / U(x”)l_éllf(x)eﬂn(t)dxdt

XY By (x0) i B, (x)
4]
2A —(y,t
+—  esssup / %dy/ / v(x, D) Y () () dx dt.
l 11 <t<ty, XxESUPPY lx — yl §
RN\Bg(x0) 1 By (xo)
(3.11)
Estimate of 73: We have
[5)
13=/ / VoV (v(x, )"y ) ) dx dt
11 By (x0)
n

:_e/ / v, ) VP () () dx di (3.12)

't By (xo)

5]

+(e+1)/ / Y (x)v(x, ) VoVyn(t)dx dt.
1 By (xo)
Using Young’s inequality
ab < 8a + —p? (3.13)
- 45’ '
for any a, b > 0 and § > 0, we have
€, —€ —e—l efl l—e €=l
YO V|IVY = (v ¢ 2 [ Vol)(IVY T Y T)

3.14)

1
S Sv—é—l,(/jé-'r]'vv'z + EIVI//|2U1—€I/[€—1‘
Choosing § = ﬁ and employing the estimate (3.14) in (3.12) we obtain

%)

15}
2
Ias—g/ / vCe, 1)~ Vo Py (0 o) dade + D / / Vg Pol=c ! dxdr

2¢
11 B, (xo) 11 By (x0)
123 5 n
2¢ —e e+1
s——/ / Vo T Py 0 o) dadr + D / / V2ol =€y dxdt,
(e — 1)2 2€
11 By (xo) 1 By (xo)

(3.15)
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where we have also used the fact that

4 —e
v_6_1|Vv|2 = (—1)2|V'UIT 2
6 —

By combining the estimates (3.6), (3.10), (3.11) and (3.15) in (3.9), we obtain

15}

/ / Vo= Py o) ) dx dt

1 By (x0)

5] 1—€ 1—e 2
-1 v )T v(y,n)T
—_— — dnd
v )/ /‘“”‘“”[( wm) (wm }”(’) et

11 Br(x0) B (xo)

e—1
e

+ / Y ) T u(x, ) "€ dx

B (x0)

5]
C(e)(e—1)2/ / / ) (m,z))‘f (v(y,z)>‘€
A - 7 dud
< e (V) =¥ () 700 + o) n(t)dudt

1 By (xo) Br(xo)

5]
(e —1)? dy - "
+ e |:2A ess sup / m/ / v(x,t) Y (x, ) n(t)dx dt

€
! Sllpp]ljllw\ls,(xo) 1 Br(xo)
19}
2A u_(y,t
+ 75 esssup / (7yN:2dy/ / v, 'Y (e, 0 (1) dx di
l 1] <t <tp, xesuppyr [x — ¥l s
RN\ Bg(x0) 1 By (x0)

VY Pole, !y () dxdr
1 By (x0)
%)
//w(x)f“v(x,z)l—f|a,n<r)|dxdz.

1 Br(xo)

e—1

+2€

(3.16)
Letting t, — 12 in (3.16), we have

L)

/ / Vo T Ry (0 () dx dt

1 Br(x0)

n
Cle)(e — 1)2 o (v O\ e\
ST// /(‘”(x)_d’(”) [( wm) +<w(y>> 1O didr
11 Br(x0) By (x0)
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5]
_1\2
+(6 D |:2Aesssup / |d—y/ / v(x, ) "y (x, ) @) dx dt

2e xEsuppyr x — y|N+2s
RN\ B, (x0) 1 By (x0)

15)
2A _(y 1 _
+ 22 esssup / Ly)azy//v(x,t)l (e, () d di
|x_y|N+2s

1 <t<ty, xesuppy

RN\Bg(x0) 11 By (x0)
15
(e — 1)2 ) . -
T IV To(x, 1) ¢ () dxdt
1 By (x0)
15}
€1 e+1 1—e
T Y ) o, 0! 9@ dx dt.

1 Br(xo)
(3.17)

Now choosing #, € (#1, T2) such that

/w(x)5+lv(x,t2)l_6dxZesssup / U)o, ) € dx,

nN<t<m
By (x0) By (xo)

we obtain from (3.16)

€SS sup / v ) o, ! dx

1<t<t)
By (x0)

19}
o (v, T (v
SC(e)(e—l)// /(w(x)—w(y)) [( wm) +(W) }n(t)dudt

11 Br(x0) By (x0)

19}
d
=+ (E — 1)[21\ €SS sup / Lx_y%/ / U(.x’ [)I_GW(X:’ t)€+1n(t) dxdt

xesuppy
RN\BV(XO) It By (xo)

n
2A —(y,t _
+T €ess sup / J—;%dy/ / vix, 1) ellf(x,t)f+1n(t)dxdt:|

1 <t<ty, xesuppy
RN\ Bg (x0) 11 By (x0)

_ 2
Gl Gl Vi 1)2(:+1) / / IV Pote, 1) =6y ()¢ dx dr

11 By (x0)
n
+/ / v () o, )78, (1) dx dt.
11 Br(x0)
(3.18)
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Since € > 1 is arbitrary, choosing m = € — 1, from (3.17) and (3.18) the estimates (3.1) and (3.2)
follows respectively. O

The following energy estimate is useful to obtain reverse Holder inequality for weak superso-
lutions.

Lemma 3.2. Assume that u is a weak supersolution of (1.1) such that u > 0 in Br(xo) X (t1, T2 +
T) CR2x(0,T). Let O < r < 1 be such that r < R and denote v=u + 1, |l > 0. Then for any
0<a <1, we have

4T
|Vv% ‘lefzn dxdt
Tt Br(x0)

5 0+T
<2 [Ez(l—a)/ / /(w(X)—W(y))z(v(x,t)“+v(y,t)")n(t)dudt

l -«
Tt By (x0) By (x0)

+T
d
+ 2A esssup / —yN+2 / / v(x, D)%Y (x, 1)>n(t) dx dt (3.19)
xesuppyr [x — yNH=s
RN\BV(XO) 71 By(xo)
+T
2A u_(y,t) o 2
+ — ess sup Wdy v(x, )Y (x, ) n()dxdt
l 1) <t <tp, xESuppyr lx —yl
RN\Bg(x0) 71 Br(xo)
+T n+T
2 o 2 l o 2
+ e vV ﬂdxdf—i-a v(x, D)"Y (x)70n ()| dx dt
71 Br(xo) 71 Br(xo)

and

ess sup / v(x, )%y (x)* dx

TI<I<T)
By (x0)

+T
EZa[Cz(l—Ot) / / / (W00 — P20 0% + 0y, D) n(0) dpedi

71 Br(x0) Br(x0)

+T
dy o 2
+ 2A esssup — v(x, )Y (x, ) n()dxdt (3.20)
xesuppyr |x — y|N+2s
RN\B)'(XO) 1 Br(xg)

4T

+2—A ess sup / Ma’y/ / v(x, 2 (x, )% () dx di

t) <t <tp, xESUppyr lx — yIN“S
RN\Bg(xo) Tt Br(x0)
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2 e ! T+t
T / /”a'w'z’idxdﬁa/ /v(x,t)alﬁ(x)2|3m(t)|dxdt:|,

71 Br(xo) 71 Br(x0)

where {r(a) = ¢(a) + = for {(a) = 1= and ¥ € C°(By(x0)) is nonnegative and n € C*(R)
is also nonnegative such that n(t) = 1 zfn <t<tmandnt)=0ift>1+r.

Proof. Let € € (0,1) and ¢ € CX°(B,(xp)). Assume that #; € (11, 72), h =12+ and 7 €

C®°(t1, 1) such that n(t) =1 for all + < and n(t;) = 0. Since v = u + [ is again a weak
supersolution of (1.1), choosing

Px, 1) =v(x, 1) Y x)n()

as a test function in (2.2) (which is again justified by mollifying in time as in the proof of
Lemma 3.1), we obtain

O<Jo+J1+ 1+ J3, (3.21)
where
Jo=—i / € (r, )9 (0) 2 d x——/ / v 'y ()20 (1) dx di
By (xp) 11 By (xo)
(3.22)
15}
I =/ / / (vGx. 1) — v ) (B Cx. 1) — (v ) (1) dpa i,
1 By (xp) Br(x0)
9]
N3 =2/ / / (v(x,t) — v(y,t))d)(x,t)dudt
1 RN\ B, (xo) Br(x0)
and

n
J3=/ / VuVedxdt.

1 Br(xo)

Estimate of J;: Using [(2.8), Lemma 2.10], for ¢ (¢) = 6, L1(e) = 4(6) and & (e) = ¢ (e) +
we have
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Jl:// /(”(x’”_”(y’t))(”(x’”_e‘ﬂ(x)z—v(y’t)“w(y)z)n(t)dudr

1 By (x0) Br(x0)

n
s—me)/ / / v '3~y v, 05 P duds (3.23)

11 Br(x0) B, (xo)

153
+§2(e)// /(w(X)—w(y))z(v(x,t)l‘é+v(y,t)1‘€)n(t)dudt-

1 Br(x0) By (x0)

Estimate of J,: Since / > 0 and u > 0 in Bgr(xg) X (t1, t2), we have v > [ in Br(xg) X (t1, 1)
and following the same arguments as in the proof of the estimate (3.11), we have

n
n=2[ [ [ (eo-en)een wertnodudr

11 RN\ B, (xo) Br(x0)

[5)
< 2A esssu _ o, 0 Y (x, 0P () dx dt
- P |lx _y|N+Zs vix, X N *

Xxesuppy
]RN\B)" (x0) 1 Br(x0)

2A u_ (yst) / / 1— € 2
— t t t)dxdt.
+ ] ess sup / |x—y|N+23 v(x,t) " “Yx, ) n)dx

1 <t<ty, xEsuppy

RN\ Bg(x0) 1 By (x0)
(3.24)
Estimate of J3: We observe that
5]
_ —€.1.2
J3—/ / VvV(v v )n(t)dxdt
It Br(x0)
Lot (3.25)
123 n
=—6/ / v7€71|Vv|21/f2ndxdt+2/ / v *VoVy dxdt.
1 By (x0) 11 By (x0)

Using Young’s inequality (3.13) for § = &, we obtain

2¢v—f|Vv||vw|=(«/Ewww%‘l)(\/iv'ﬁvw)5 1/f2|Vv|2v_6_1+§v1_6|Vw|2.

(3.26)

€
2

Hence using (3.26) in (3.25), we have
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153 %)

2
135_%/ / v_€_1|Vv|21p2ndxdt+—/ / !\ Vy Prdxdt
€

1 Br(xo) t1 By (xp)
" P io (3.27)
2 2
2¢ e 2 2 _
(1_6)2/ / |Vv 2 | w2ndxdt+g/ / '€\ Vy |*ndx dt,
1 By (xo) 11 By (xo)
1-€ 2
|Vv 2 | .

where in the final step we have used the fact that v=¢~! |Vv|? = (1:‘6)2
Combining the estimates (3.22), (3.23), (3.24) and (3.27) in (3.21), we obtain

5]
/ / Vo 2 |2y 2y dx dt

1 Br(x0)

15}
1—¢)? . e
+%// /“/f(x)v(xvt)%—W(y)v(y,l)lT n(t)dudt

11 By (x0) By (x0)

1_
+— € / v, 1) =Sy (0)2 dx dr
€
By (x0)

(1_6)2 i 2 1—e 1—e
=— Cz(e)// /(w(x)—lﬁ(y)) (v, ) T oy, ) ")) dpdt

1 By (x0) Br(xo)

n
d
+ 2A esssup / W/ / U(XJ)I_G%”(X,t)zn(t)dxdt

X esuppyr
RN\ B, (x0) 1 By (x0)

2A u_(y,t) "
+ — ess sup / |x—y|N+2‘ / / vix, )\ ¥ (x, t)2 (t)dxdt

) H<t<t, xesuppl,l/
RN\ Bg (x0) 1 By (x0)

t 5]
+2 VY Prdxdr + —— Y o)) dxd
. ndxdt + - v(x, 1) Y (x)7|0m (1) |dxdt |.

11 By (x0) 11 By (x0)
(3.28)

Define « = 1 — €. Then, letting ¢t — 11 in (3.28) we obtain (3.19). Next, choosing # € (11, 72)
such that

/v(x,tl)l_élﬂ(x)zdxzesssup / v(x, ) "y (x)? dx,

TI<t<Tp

By (x0) By (x0)

and using (3.28), the estimate (3.20) follows. O
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4. Estimates for weak supersolutions
We establish an estimate of supremum of the inverse of vertical weak supersolutions of (1.1).
Lemma 4.1. Assume that u is a weak supersolution of (1.1) such that u > 0 in Bgr(xg) X (to —

r2,to)CQx 0,T). Let 0O < r < 1 be such that r < %. Letd >0andv=u+1, with

> <R> Tail s (u,;xo,R,to —rz,to) +d, “.1)

where Taily, is defined by (2.4). For any 0 < B < 1 and « is given by (2.10), there exist constants
C=C(N,s,A) and 6 =0 (x) such that

1

1
C B
ess sup vl < <(—) ][ v Pdxdt , “4.2)

U= (o'r) o—a')f U=t
or

for every % <o’ <o <1, where U~ (nr) = By, (x0) X (fo — (nr)?, to), % <n<l
Proof. Let us divide the interval (¢/, o) into k parts by setting
oo=0,0r=0,0;=0—(0—o)1-y7/), j=1,....k—1,

where y =2 — £, where « is given by (2.10). Let rj = o;r, Bj = By;(x0), T'; :(to—rjz.,to)
and Q; =U" (r]) =Bj xI'j.Let ; € CX(B;) and nj € C*°(R) be such that 0 < y; < 1 in
Bj,¥j=1inBj1,0<n;<1inT;, n;(t) =1"forevery t > 19 —r]2+1, n; () = 0 for every
t<t0—r dist(suppyj, RV \ B;) =27/~ 1r,

2

J
58(1/7) ;.
r(c —a’)

Lete > 1 and m = 1 + €. Then, for w = v~!, using Lemma 2.12 along with Holder’s inequality
with exponents t = - and t = 5. for some positive constant C = C(N), we have

][ w’™dx dt = ][ ][wymdxdt— ][ ][wf % dx dt

8y/

anj
r(c —a’)

Vir;| <
IVl < o1

in B; and ‘

Qj+1 Ljt1 Bjyi Ij+1 Bjyi
1 1
T 7
1 m e
< wdx w2 dx dt
|Bjt1l
Ljt1 Bjti Bjt1

1 12 mic (m+2)x p
< ][ esssup/wmt/f}" dx /th/fj *opj)2dx | dt
|Bj+1| Cjt
L1 i Bj
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L
7

t

T:||B; me (2 £
_ _ITlBI esssup][w’" ;"de ][ ][le/fj Pomjnzdx | di (43)
ITj41llBj+1] it

1
t
5 5 o m2 I\ |2
<C esssup][wmlﬂ}’H' dx | r ][][ V(wijz nf) dxdt
Lt
Bj T Bj
1
B
C
< ——|esssup [ w"y" 2 dx
YN J
rj F_H—l

Tj Bj

Let
I=esssup/wmw;"+2dxdt, J=//|V(w%)}2¢§’"+2>n,-(t)dxdt
b Bj Lj Bj

and
K:mz//wmlijlzdxdt.
L' Bj

Setting r =7, 11 =1y — r/2.+1, ) =1y and T = r% — r%H in Lemma 3.1, for some constant
C=C(A)>0,wehave ' '

[v-]fcm4|://(I/fj(x)_wj(Y))z[w(x,t)ml/fj(x)m+w(y7t)m‘/fj(Y)m]’7j(t)d,U«dt

Tj Bj

d
+ 2 esssup / %//w(x,t)mwj(x)m”nj(t)dxdt
XEsuppy; lx — y| V=
RN\B; T B;

tel’j, xesuppy;
RN\ Bg (x0)

2 u—(y,t)
+ - €SS sup / md'y w(x’t)mWJ(x’t)'"+2n](t) dx dt
Ij B;

+//IlejIZw(x,t)mwj(x)mnj(t)dxdt+//w(x,t)mlﬂj(x)m+2|8,r/j(t)|dxdt:|
L Bj

T'j Bj

=h+b+L+14+Is. "
4.4)
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Estimate of /;: Using the properties of ¥;, n; and the fact that 0 < r < 1, we have

I =Cm? / / (W5 ) — ;2 (Wl " )™ 4+ w6 ()™ (0) d di

I'j B;

Cmy™ Sl "™ dxd
t t
o= eiii“p/u—w”s y//“’(" ra

C 4.2
e my //w(x O™ dx dt
3((7—(7/)2

] B/
C 4
S — iy //w(x HM"dxdt,
(o—o’)2

for some constant C = C(N, s, A) > 0.
Estimate of /;: Without loss of generality, we may assume that xo = 0. Then, by noting the
properties of ; and 7, for any x € suppv; and y € RN\ Bj, we have

1 1|y 1 x| 1 r 2/+2
lx =yl Iyllx—=yl~ [yl |x — ¥l [yl 2717 [yl

This implies

(4.5)

IZ:Cm4 €8s sup / m//ﬂ}(x t)'”l//](x)m+2n](t)dxdt
Xesupp y; 3, B

< CONHZ 240 (NH29) egssup / N+2 //w(x H™dx dt
XEsupp I/ijN Iyl §

C 42J(N+2Y)
=" //w(x " dx d

C 421(N+2s)
e //w(x " dx dt,

2(0. /)2

(4.6)

for some constant C = C(N, s, A) > 0.
Estimate of /3: without loss of generality, again we assume that xo = 0. Let x € supp; and

y € Bj, then
1 - 1 (1+ r >< 2
lx =yl ~ |yl R—r) = Iyl
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C _(y,t
L=m*= ess sup / %dy//w(x,t)mtﬁj(x,t)m+2nj(t)dxdt
1€l j, xesuppy lx — yl
RN\ Bg(x0) Tj Bj
C 4
< TmR_zTailoo (u—; 0, R, 10 — //w(x MY G )™ 2 (1) dx d @7

/
Cm*
§m//w(x,t)mdxdt,
Tj Bj

for some constant C = C(N, s, A) > 0.
Estimate of /4: By the properties of ¥; and n;, we obtain

I4=Cm4//|V1/fj|2w(x,t)mwj(x)mnj(t)dxdt

r;
(4.8)
C 4
Eo—— mty? //w(x H"dxdt,
i(o—0")?
for some constant C = C(N, s, A) > 0.
Estimate of /5: By the properties of ¥; and 7;, we have
Is :Cm4//w(x,t)mI/fj(x)m+2|at77j(f)|dth
(4.9)

r
4
26(’:1 Y /)2//w(x NHM™dxdt,

for some constant C = C(N, s, A) > 0. Plugging the estimates (4.5) (4.6), (4.7), (4.8) and (4.9)
in (4.4), since y < 2, we obtain

Cm42](N+4) m

for some positive constant C = C(N, s, A). Again, using the properties of 1/, we obtain

Cm*2%
2(U_U/)Q//w(x )" dxdt, @.11)

for some positive constant C = C (N s, A). Employing the estimates (4.10) and (4.11) in (4.3),
form=14¢,e>landy =2 — 2 we have

394



P. Garain and J. Kinnunen Journal of Differential Equations 360 (2023) 373406

14

mA2Ji (N+4)

wMdxdt <C | ———— f w™dxdt | , (4.12)
(0 —0)2

Qj+1 Q;

for some positive constant C :_C (N, s, A). Now, we use Moser’s iteration technique to prove
the estimate (4.2). Let m; =2y/, j =0, 1,2, .... By iterating (4.12), we have

o — o'\ Ty Ty ey
][wz dxdt >
C

W (g 2y 1)

X w™* dx dt
y 20 2y Pt (k= Dy h

Ok

4.13)

mg

Letting k — oo in (4.13), the result follows for 8 =2.If 0 < B < 1, by Young’s inequality

D=

2
esssup w < ][ wdxdt
U= (o'r) ((G _G/)6>
U=(or)
ToaNT o '
esssupw (—) (7/0) ][ wf dx dt
U= (or) 2-p (0 —0a’)

vrlen (4.14)

1
B

1
C B
5 sssupw+<(2 ﬂ)ﬁ 27/9) ][ wh dx dt

von (=) U~ (or)

—

1

1
1 C B
§—esssupw+<7/9) ][ wh dx dt
) (0 —0’)
U~ (or)
The result follows by a similar iteration argument as in [29, Lemma 5.1]. O

We obtain a reverse Holder inequality for weak supersolutions of the problem (1.1).

Lemma 4.2. Assume that u is a weak supersolution of (1.1) such that u > 0 in Br(xg) X (to, to +
r2) C Q x (0,T). Let 0 < r < 1 be such that r < %, d>0and w=u+1, with

2
> (%) Tailoo (1t : X0, R. t0. 10 + %) + d. (4.15)
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where Taily, is defined by (2.4). Let y =2 — =, where k > 2 as given by (2.10). Then there exist
positive constants C = C(N,s, A, q) and 6 = 6(/() such that

q

1
C 7 _
][w"dxdt 5(W>q ][wqudt , (4.16)
o —0

Ut(o'r) U+(or)

_Y—=

forall—<a <o0<land0<qg<qg<yandU*(nr)= n,(xo)x(to,to—i—(nr)z) % n<l.

Proof. We divide the interval (o, ¢’) into k parts by setting

1—y—J
o()za,ak:o/,ajza—(o—a/)—yik, j=1,..k—1.
-V

We shall choose k below. Denote rj = o jr, Bj = Brj (x0), I'j = (2o, to—{—rjz.) and Q; = U+(rj) =
Bj x T'j. We choose ¥ € C2°(B;) and n; € C*°(R) such that 0 <v; < 1in Bj, ¢; =1 in
Bjy1,0<n; <1linT}y, nj.(t) =1 for every t <ty +r]2+1, n;j() =0 for every t >ty + rjz,
dist (suppy, RV \ B;) > 2777 1r,

vy
=(5 ) mor

LetO0<e <1and @ =1 — €. Using Lemma 2.12 along with Holder’s inequality with exponents
t = %5 and 1’ = 5, for some positive constant C = C(N), we have

][ w’*dxdt = ][ ][wyadxdt ][ ][wf 3 dx dt

8)/j
r(c —ao’)

a .
and ‘i

Vil <
IVl < »

Qj+1 Cjt1 Bjw L1 Bjt
1
7 7
1 o ax
< wY dx w2 dx dt
|Bj+1
T Bj+i B+
1 1
t [/
1 wy W 8
< esssup | woy; dx 2 /. nj®)2dx | dt
|Bj+1| Cjt
it Bj B;j

N
=

ITj+tllBj1l | 1)y
Bj

B ac et K
=M esssupfwal//?dx ][ ][U)Tl/fj Somj@2dx | di
L

1

' «  ax2 142
<C esssup][w“w%dx rZ][][‘V(wiwj2 n/z)‘ dxdt
A Tj Bj

Lj+1
J
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Ljt1

1
= L esssup [ w¥y?dx <|V(w%)|2w'()c)°‘+2 (1) +a2w“|V1/f'|2) dxdt
- YN J J nj j
J T, B

J

C o
<—¥ esssup/wax/f}dx // |v 7)| wj(x)znj(z>+a2w“|ij|2) dxdt.
ri T+
J : .
J
“4.17)
Let
I=esssup/w“1/sz-dxdt, J://‘Vw%|2t//j2njdxdt
b j Tj Bj

and

K:az//w“|V1ﬂj|2dxdt.
T'j Bj

; — . _ _ 2 _ 22
Setting r =rj, 711 =19, 72 =1 + i and T = ry —7rjg in Lemma 3.1, for some constant
C =C(A) >0, we have

C
1,15z[///(wju)—w,(y))z(w(x,oa+w(y,r)“)nj(r>dudr

T'j Bj Bj

d
42 esssup / 7))]\”_2?//11)()6,t)“wj(x)znj(t)dxdt
XESuUppy lx — yl ’

]RN\Bj I'j Bj

-f-g €8s sup / _u=0.0 dy//w(x,t)“tﬁj(x)znj(t)dxdt (4.18)

tel’j, xesuppy lx — )’|N+2‘Y
RN\ Bg (x0) L Bj

//w [Vl njdxdt—i—//w(x t)“l/f](x)2|8m](t)|dxdtj|

I'; Bj
=h+bLb+L+ 14+ Is.

Proceeding as in the proof of Lemma 4.1, we obtain

C
Il=6_2///(wj(x)_Wj(y))z(w(x’t)a+w(yaf)“)77j(t)dudt

I'j B B;

J e
2(0 s w(x, )" dxdt,
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and

C
12:—2 ess sup / W//w(x f)alﬁj(X) n; (1) dx dt

€7 xe
xesupp llijN

C2J (N+2s) (4.20)
//w(x H*dxdt,
rj

e2r2(o —0o’)?

for some constant C = C(N, s, A) > 0. Again arguing similarly as in the estimate of I3 in the
proof of Lemma 4.1 and noting (4.15), we have

C _(y,t
I; = = ess sup / %dy//w(x,t)“wj(x,t)znj(t)dxdt
€7 teT; xesuppnp] lx — yl
RN\Bg(xo) Lj Bj

4.21)
Cy%
62}"2(0 /)2//w(x )% dxdt,

C a a Cyzj a
14:6—2///|V1//]|2w(x,t) Ilfj(x) nj(t)dxdtfm/w(x,t) dxdt,
T; B B; Bj
4.22)
—//w(x D% (x) |8,n](t)|dxdt<m//w(x )% dxdt,
I'j B;
(4.23)

for some positive constant C = C(A, N, s). Plugging the estimates (4.19) (4.20), (4.21), (4.22)
and (4.23) in (4.18), since y < 2, we obtain

C2](N+4) o
1,J < 62”2(0_0/)2//11)@ ¥ dxdt, (4.24)

for some positive constant C = C(N, s, A). Using the properties of v ;, we obtain

2%
ezrz(a—o/)z//w(x 1 dxdt, (4.25)

for some positive constant C = C(N, s, A). As in the proof of Lemma 4.1, employing the esti-
mates (4.24) and (4.25) in (4.17), for y =2 — =, we have
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%
2 (N+4)
][ w¥dxdt <C| — ][ wYdxdt | , (4.26)
(0 —0)2
Qj+1 0;

for some positive constant C = C(N, s, A). Note that C is independent of € as long as « is
away from 1. We use the Moser iteration technique to conclude the result. Fix g and g such that
g > g and k such that gy*~! < g <gy*. Let 19 be such that to < g and g = y*1o. Let tj= vito,
j=0,1,---, k. By iterating (4.26) and Holder’s inequality, we arrive at

1

q o
C*
][wqudt < W][wmdxdt ,
o—0
Ok Qo
| 4.27)
c* \© ’
< (W) 0 ][wqu dt .
O —0
Qo
where
C* = WA 42y 2t =1y ') oy Ty Ty
and

2
,3:2(1—1—)/_1+J/_2+~-+y1_k)=y—i/l(l—y_k).

Note that, due to the singularity of € at 0 in the estimates (4.24) and (4.25), the constant C in
(4.27) depends on q. It is easy to observe that C* and § are uniformly bounded over k. Now,

_ 2
since Eyk_l < toyk, we have ty > %. Hence, the result follows from (4.27), with 6 = % O

Next, we prove the following logarithmic estimate for weak supersolutions of (1.1).
Lemma 4.3. Assume that u is a weak supersolution of the problem (1.1) such that u > 0 in

BRr(xo) x (to — 1%, tg+1r%) C Q2 x (0, T). Let 0 < r < 1 be such thatr < %, d > 0and v=u+1,
with

r 2 . 2 2
l:(E) Tailoo (1—; x0, R, 10 — 1,10 +77) +d.

where Taily, is defined by (2.4). Then there exists a constant C = C(N, s, A) > 0 such that

CFN+2
|U*T(r) N {logv < =1 —b}| < " (4.28)

where U (r) = B.(x) X (9, to + r2). Moreover, there exists a constant C = C(N,s, A) > 0
such that
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CrN+2
|U~(r) N {logv > A — b} < — (4.29)

where U~ (r) = B, (xq) x (fo — r2, to). Here

fB3r (o log U (x, 1) (x)% dx
7

str (x0) 1//()6)2 dx
7

b=b(v(-.10)) =— ; (4.30)

where ¥ € C° (B ¥ (xo)) is a nonnegative, radially decreasing function such that 0 < <1 in

B%r (x0), ¥ =1in B,(xg), |VY¥| < % in B%r (x0), for some constant C > 0 independent of r.

Proof. We only prove the estimate (4.28), since the proof of (4.29) follows similarly. Without
loss of generality, we assume that xo = 0 and denote by B, = B,(0), B y = B3, (0). Since vis a
2

weak supersolution of (1.1), choosing ¢ (x,t) = W (x)2v(x, 1)~ as a test function in (2.2) (which
can again be justified as in the proof of Lemma 3.1), we get

I+ L+2+ 14 >0, 431)

where forany 1) <t <t) <t9+ r2, we have

15}
I = / logv(x, )y (x)>dx| . (4.32)

=11
B3y
2

Following the arguments as in the proof of [17, Lemma 1.3], for some constant C =
C(N,s, A) > 0, we obtain

9]
122// /A(v(x,y,f))(‘ﬂ(x)zv(x,t)_l—Iﬁ()’)zv(y’f)_l)d“d’

I B3 B3
2 2

n
s—é// /K(x,y,r)uogv(x,t)—logv(y,t>|2w<y>2dxdydr

Il B3 B3,
2 2

H (4.33)
+C///K(x,y,nw(x)—w(y)|2dxdydr

3| BSr B3r
A

[5)
s—é// /K(x,y,ouogv(x,r)—logv<y,r>|2w(y>2dxdydz

Il B3 B3
2 2
+C(tr — 1)V 72,
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where the last inequality is obtained using the properties of { and the fact that 0 < < 1. Not-
ing that v > [ in Bgr(xo) X (fo,f0 + r2) and arguing as in the proof of the estimate (3.11), we
have

1]
b [ ] Ao

n RN\B3r B3_’
5> 2

19}
2, 2A u_(y,1)
<C(ty—t)rV 2+T/ / / |x_y%azm’ydt (4.34)

1 RN\ Bg(xp) B37r (x0)

2A
<Clty—t)rN 2+ T(tz — t))r"N R Tailo (u—; x0, R, to, 1o + r?)

<C(ty—t)r" 72,

for some constant C = C(N, s, A) > 0. Using Young’s inequality, for some constant C =
C(N,s, A) > 0, we obtain

I4=//VvV(w2v_l)dxdt

141 Bgl
2
153 n
<1 |Viogv|*y2dxdi +C IV |2 dx dt 435
=79 (4.35)
11 B3, 1 Bjy
2 2

[5)

1
5—5/ / |Vlog v[*y2dxdt + C(ty — 1)rV 2.

A B}r
2

Therefore using the estimates (4.32), (4.33), (4.34) and (4.35) in (4.31), we obtain

[5)
1
E// /K(x,y,tmogu(x,r)—1ogu<y,r)|2w<y>2dxdydt
51 337, 337,
2 2

(4.36)

5]
1
+//|V10gv|21//2dxdt— /10gv(x,t)1p(x)2dx < Cly—m)rN2,
t=t
I3 B3_, B3_, '
2 2

which gives the estimate,
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f 2,2 2, |2 2
|Vlogv|“y~dxdt — /logv(x,tﬁp(x) dx <C(tp —m)rN=2. (4.37)
=t

1 B3 B3
2 2
Let w(x,t) = —logv(x,t) and
fBg_, w(x, DY (x)%dx

W)= —2
0= — s
2

Since0 <y <1in B% and ¢ =1 in B,, we obtain fB3r V¥ (x)%dx ~rV. Then by Lemma 2.11,
7
for some positive constant C; > 0 (independent of r), we obtain

[, VwiPy?dx

1 2.2 2

— — t dx<Ci—————. 4.
5] - woPyda < o 4.38)
B3r 37r

2

By dividing through by [ By W2 dx on both sides of (4.37) and using (4.38) together with the
fact that ¢ =1 in B,, we gezt

4]
1
W(t) — W(n) + ﬁ/][lw(x, 1) — W@ PPdxdt <C(ta —)r 2.
1r
I B

r

Let Aj =Cy, Ay =C, w(x,1) = w(x,1) — Aor2(t — 1) and W(t) = W(t) — Ayr=2(t — 1y).
Then w(x,t) — W(t) =w(x,t) — W(t). Hence we get

19}

_ _ 1 o _ 2

Wi(ty) — W(t) + W//m}(x, t)y—W@)|“dxdr <O0. (4.39)
1 B,

This shows that W (¢) is a monotone decreasing function in (71, t). Hence W (¢) is differentiable

almost everywhere with respect to . Hence, from (4.39) for almost every ¢ such that 1| <t < 17,
we obtain

— 1 _ = 2
W(t)+m/|w(x,t)—W(t)| dx <0. (4.40)
B,

Setting 1] = f9 and 1, = to + r*, we have W (t9) = W (o) and we denote by b(v(-, 7)) = W (to).
Let

QW) ={xeB, :w(x,1) >b+1}.
For every ¢ > 19, we have W (t) < W (t9) = b. Thus x € Q;F (1) gives
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W, x) —WE)>b+r—WE)>b+xr—W(tg) =1>0.
Hence from (4.40), we have

12" ()]
Aer+2

W)+ (b+1-Wmn)’ <o.

Therefore, we have
19 ()] < —ArN 29, (b + 4 - W)~
Integrating over g to fo 4 2, we obtain

to+r?
H(x,0) € By x (t0,t0 + %) :W(x, 1) > b+ A)| < —ArV T2 / 8,(b+k—W(t))_ldt,

fo

which gives

[{(x,1) € By x (to,tg + %) :logv(x, 1) + Aar—2(t — t9) < —k — b}| < Ay r}fz (4.41)
Finally we obtain
[{(x,1) € B, x (to,t0 +1%) :logv(x, 1) < —A —b}| < A+ B, (4.42)
where, using (4.41), for some positive constant C = C(N, s, A), we obtain
CrN+2

A= |{(x,0) € By x (to, t0 + 1) :logv(x, 1) + Axr —2(t — tg) < —% — b}| < —

and
2 -2 o A\ N2
B=|{(x.,t) € B, x (to,to+1°) : Aor *(t —tp) > 4}| < - )
2

If 7%= <1, then

B<(1- 2 )Nz o v (242 N2
2A, A

If 2ATZ > 1, then B < 0. Hence in any case we have

C}"N+2

B <
- A

)
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for some positive constant C = C(N, s, A). Inserting the above estimates on A and B into (4.42),
we obtain

C N+2
{Cx, 1) € By x (t0, 10 + 12 : logv(x, 1) < —A — b}| < rk ,

for some positive constant C = C(N, s, A), which proves the estimate (4.28). O
5. Proof of the main result

Proof of Theorem 2.8. For % <n <1, denote

V¥ (r) = By (x0) X (to+1* — (qr)*, to+r%) and V™ (qyr) = By X (to— 12, 10— + (nr)?).

Then V*t(r) = B (x0) x (tg, 1o + r2) = U (r) and V= (r) = B.(xg) X (19 — r2,10) = U~ (r).
Observe that V™~ and V™ are sequences of nondecreasing cylinders over the interval [%, 1]. Let
u be as given in the hypothesis and for any d > 0, assume that v = u + [, where

rN\2_ . 2 2
l:(E) Tailoo (u—; x0, R, 10 — 1,10 +77) +d.

where Taily, is defined by (2.4). We denote w; = e ?v~! and w, = e”v, where b is given by
(4.30). By applying [(4.28), Lemma 4.3], for any A > 0 with some constant C = C(N, s, A) > 0,
we have

ClV* (3l

VT () N{logw; > A}| < (.1

Moreover, using Lemma 4.1, for any 0 < 8 < 1, there exists some constant C = C(N, s, A) > 0
such that

1
B

C
esssup wi < | ———5 ][ w‘f dx dt , 5.2)
V+(o'r) (0 =0’

V+(or)

for % <0’ <o < 1. Therefore, using (5.1) and (5.2) in Lemma 2.13, we have

esssup wi < Cq, 5.3)
V*+(3)

for some constant C; = C1(0, N, s, A) > 0. By (4.29) in Lemma 4.3 there exists a constant
C=C(N,s,A) > 0such that

ClV=(3)l (5.4)

|[V=(r) N {logw, > A}| <
for every A > 0. By Lemma 4.2 there exists a constant C = C(N, s, A, ¢g) > 0 such that
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q
C _
][ widxdt| < o ][ widxdt | | (5.5)
O —0
V=(o'r) V=(or)

==

for % <o'<o<land0<g<gqg<2-— %, where « is given by (2.10). Therefore, using (5.4)
and (5.5) in Lemma 2.13, we have

q
][ wg dxdt < (Cy, 5.6)

V(%)

for some constant Ca = C2(0, N, s, A, q) > 0. Multiplying (5.3) and (5.6), for any 0 < g <
2— %, we have

1

][ Widxdt | <CiCyessinfuv < C1C2(essinfu +l+d). (5.7)
V(L) VH(5)

V=(5)
Since d > 0 is arbitrary, the estimate (2.5) follows from (5.7). O
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