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Censorship and Reputation’

By DANIEL N. HAUSER*

I study how a firm manages its reputation by both investing in the
quality of its product and censoring, hiding bad news from con-
sumers. Without censorship, the threat of bad news provides strong
incentives for investment. I highlight discontinuities in the firm’s
maximum equilibrium payoff that censorship creates. When censor-
ship is inexpensive, the firm never invests and a patient firm’s pay-
offs approach the lowest possible. In contrast, when censorship is
moderately expensive, there exist equilibria where product quality
is persistently high and payoffs approach the first-best, which can
exceed the maximum equilibrium payoff if it was unable to censor.
(JEL D21, D82, D83, G31, G32, L15)

he threat of bad news is a powerful motivator for a firm. From restaurants to

auto mechanics, hotels to fossil fuel producers, no one wants their reputation
tarnished by a negative news story or a bad review. A substantial literature in eco-
nomics explores the incentives for unobserved investment in quality created by a
firm’s desire to maintain its reputation and avoid bad news. But what happens to this
channel if the firm can censor bad news, preventing consumers from seeing nega-
tive information about its product? Can a firm build a reputation, even if consumers
know that it can hide bad news from them? I study what happens to a firm’s repu-
tational incentives for investment when it can censor to manipulate how the market
monitors it.

To study this problem, I incorporate censorship into the reputation model of Board
and Meyer-ter-Vehn (2013). In this model a firm is selling a product with persistent,
but stochastic, quality, which evolves according to the firm’s level of investment.
Consumers don’t observe quality directly. Instead, they form beliefs based on news
about current quality, which the firm can censor for a cost. I highlight two striking
discontinuities in firm payoffs as the cost of censorship varies. Firstly, when cen-
sorship is cheap relative to the cost of investment, regardless of initial reputation,
reputation effects collapse. Equilibrium quality and investment are low and, as the
discount rate goes to zero, a firm’s payoffs approach zero. Secondly, as soon as cen-
sorship becomes sufficiently expensive, payoffs jump to a positive level. In this case
there exist equilibria where the firm’s quality is always high in the long run and a
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patient firm’s payoffs approach the first best. Finally, when the cost of censorship is
infinite (i.e., censorship is impossible), a patient firm’s payoff lies between the first
best and zero and long-run quality can be both consistently high or consistently low
with positive probability.

The substitutability of censorship and investment drives the dramatic collapse of
incentives when censorship is inexpensive. If a firm couldn’t censor, investing in
quality is the only way to prevent bad news. Inexpensive censorship crowds out this
investment. In the unique equilibrium the firm never has credible incentives to invest
in quality. This makes it impossible for the firm to maintain a reputation. This sort of
dynamic is prevalent across many industries. The Sugar Research Foundation paid
three scientists $50,000 to downplay research that showed a connection between
heart disease and sugar (O’Connor 2016). There is significant evidence that the
tobacco industry knew as early as 1963 about the hazards of cigarettes but hid this
research from the public (Hilts 1994b, a). Fossil fuel producers like Exxon knew
about the harmful effects and actively hid this information from the public (Hall
2015), to this day resisting pressure to invest in alternative energy sources (Tabuchi
2020). In these situations suppressing information was much less expensive than
developing a product without these defects, leading to low investment in improving
quality.

In contrast, as soon as the cost of censorship exceeds the cost of investment,
payoffs and reputation dynamics shift dramatically. Censorship gives a firm selling
a low-quality product a way to avoid the large jumps in reputation—and the result-
ing decrease in incentives for future investment—caused by consumers adjusting
their beliefs in response to bad news. While inexpensive censorship destroys the
firm’s investment incentives, sufficiently expensive censorship does not. A firm is
motivated to produce a high-quality product to avoid paying the cost of censorship
in the future. This introduces equilibria where, with probability one, in the long run,
the firm consistently produces a high-quality product. For instance, a restaurant may
benefit from some limited ability to hide bad reviews so that it isn’t driven out of
business by a few off days early on in its life cycle. But in the long run, it’s more
cost-effective to provide consumers with a good experience than to constantly sup-
press bad reviews. The threat of having to censor incentivizes investment. This leads
to high quality in the long run and payoffs that approach the first best for a patient
firm.

Both these cases contrast with the setting without censorship from Board
and Meyer-ter-Vehn (2013). In that setting long-run quality is path dependent; with
positive probability, the firm eventually establishes a persistent, high reputation.
But, to generate credible incentives for investment, the firm must sometimes fall
into a reputation trap and lose its reputation forever. These dynamics change if the
firm can censor. On the one hand, censorship gives the firm an immediate way to
prevent large reputational losses, which would otherwise push the firm’s reputation
down to a level where reputation incentives for future investment are much lower.
By avoiding these reputation traps, the firm can potentially preserve credible invest-
ment incentives and build and maintain a high reputation. But if censorship is too
cheap, the ability to prevent these drops in reputation destroys the firm’s incentives
to invest in the first place.
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In the patient limit—the limit as the firm’s discount rate goes to zero—the
maximum average discounted payoff goes to (i) zero if censorship is inexpensive,
(ii) the first best if censorship is moderately expensive, and (iii) lies between the two
when censorship is very expensive. Long-run quality is low in the first case, high in
the second, and both high and low with positive probability in the third. This result
suggests that regulators, consumer protection agencies, and platform designers may
benefit in the long run from making censorship more costly for firms, even if, at first
glance, it seems that their intervention hasn’t stopped firms from hiding bad news.
But making censorship so onerous that it is effectively impossible may have unan-
ticipated negative effects, especially on newly established firms. Early bad news
can force the firm into a reputation trap and severely blunt any future investment
in quality. There’s evidence that seller reviews cluster almost entirely at the highest
rating due to suppression of negative reviews (Tadelis 2016), but many online plat-
forms seem to function reasonably well. An online platform like Yelp, Airbnb, or
eBay should be very worried if it’s incredibly easy to suppress negative reviews. But
as long as this sort of suppression is sufficiently costly, sellers on the platform have
incentives to invest in providing a high-quality service, even if the realized rating
does not seem particularly informative.

Literature Review.—In this paper I extend the reputation for quality model devel-
oped in Board and Meyer-ter-Vehn (2013) by giving the firm the ability to hide
bad news from the market. In the reputation for quality model, a firm is selling a
product with persistent quality that changes at Poisson times based on the firm’s
level of investment. Board and Meyer-ter-Vehn (2013) show when consumers learn
from bad news, the firm has strong incentives for investment at high reputations.
This leads to path-dependent learning; with positive ex ante probability, a firm’s
reputation eventually converges either to the highest or lowest level and remains
there permanently. The introduction of censorship changes these dynamics, either
by depressing incentives for investment so much that the firm never invests in equi-
librium and its reputation vanishes in the long run almost surely or by allowing the
firm to avoid reputation traps, causing a patient firm to achieve approximately the
first-best payoff if censorship is sufficiently expensive.

This reputation for quality model has been explored in other contexts in Halac
and Prat (2016); Marinovic, Skrzypacz, and Varas (2018); and Hauser (2021).
Marinovic, Skrzypacz, and Varas (2018) and Hauser (2021) study a closely related
problem where the firm can reveal good news about its product to consumers. Hauser
(2021) studies the interaction of a firm’s ability to promote positive information
about its product and exogenous bad news, showing that—Ilike expensive censorship
here—promotion can be used to eliminate reputation traps, but if promotion is too
effective, it can reduce incentives for investment at high reputations, leading to rep-
utation cycles. This paper is discussed in more detail in Section IIID.

There is a large literature on reputation, beginning in Kreps and Wilson (1982) and
Milgrom and Roberts (1982) and surveyed in Mailath and Samuelson (2015). For
the most part, in these papers the monitoring structure and firm type are fixed, and
the distribution of signals can only be influenced directly through the firm’s unob-
served investment choices. The firm is willing to distort these choices to manipulate
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beliefs about its type. Reputation effects can discipline equilibrium behavior and
beliefs, allowing players to achieve payoffs close to the Stackelberg bound in any
equilibrium (Fudenberg and Levine 1989, 1992). In contrast, in the model consid-
ered in this paper, whether payoffs close to the Stackelberg bound can be achieved
depends crucially on the cost of censorship.

Other papers have studied agents’ incentives to reveal bad news to the public.
There is a literature that focuses on how the threat of litigation incentivizes the disclo-
sure of bad news (Marinovic and Varas 2016; Dye 2013; Daughety and Reinganum
2008). These papers focus on the incentives for disclosure alone, abstracting away
from investment. While directly hiding bad news is not costly (the firm can always
choose not to disclose), it is indirectly costly because the firm potentially faces sanc-
tions in the future when the failure to disclose is uncovered. Firms may benefit from
higher costs of hiding bad news (Marinovic and Varas 2016) since it leads to more
positive beliefs after when the market does not observe any disclosure of bad news
from the firm. In contrast, here I focus on a firm that is actively hiding bad news for a
cost, and any information the firm hides (or the fact that it hid information in the first
place) is never directly observed by the market. The benefits from making hiding
bad news more expensive here, in contrast to this literature on litigation risk, pri-
marily come from the more favorable market beliefs it generates about investment
in quality in the future, as opposed to the more favorable beliefs about quality today.

Costly censorship has also been studied in political contexts. This literature
mostly focuses on studying one-shot censorship decisions about whether or not the
media discloses information about a politician’s exogenous type. Besley and Prat
(2006) consider a problem where a politician bargains with media outlets to hide
bad news and finds that insufficient competition leads to media capture. Shadmehr
and Bernhardt (2015) study a game where a ruler can hide media reports about its
exogenous type and show that the ruler may benefit from committing to less censor-
ship. Sun (2018) studies a dynamic problem where a ruler hides bad news over time
about their fixed type and similarly finds that the ruler may benefit from committing
to reduced censorship.

I. Model

The Firm.—Time is continuous, ¢ € [0,00). There is a single long-lived firm
with stochastic quality ¢, € {L,H}, Pr(y = H) = xy € (0,1). The firm has
discount rate r. At each instant of time, the firm chooses a level of investment
a, € [O, 1], for flow cost ca, ¢ > 0. In addition a firm with low quality today
chooses a level of censorship 7, € [O, 1] for flow cost k7, k > 0.

Whenever 6, = L, bad news arrives via a Poisson process with arrival rate p
. If bad news arrives, it is revealed to consumers with probability 1 — 7,. Quality
evolves via Poisson shocks, as in Board and Meyer-ter-Vehn (2013). Specifically,
there is a Poisson process with intensity A > 0. Whenever there is an arrival of
this process, 6, becomes H with probability a, L with probability 1 — a,, and is
fixed between arrivals. The firm observes 6,; consumers do not. A firm’s strategy is
a stochastic process (a,, 7Tt) o that determines the investment choice and level of
censorship. These strategies are predictable processes with respect to the o-algebra



VOL. 15 NO. 1 HAUSER: CENSORSHIP AND REPUTATION 501

generated by the quality and news processes.! Throughout this paper I maintain
the assumption ¢ < A/(r + A); otherwise, it would be optimal for the firm to not
invest in quality even if §, and g, were observable.

Consumers.—Consumers do not observe 6,, a,, or 7, directly. Consumers’ only
source of information is any uncensored bad news, which provides a signal about 6,.
Given the firm’s strategy, the news process consumers observe effectively has inten-
sity pu(1 — m,) 19—, Let i, denote the public history, which consists of the past pub-
lic signal arrival times up to time 7. Let x, = Pr(&t =H |h,), where the probability
measure is the measure induced by the consumer beliefs about the firm’s strategy.

Payoffs.—The firm receives a flow payoff of x,. The firm solves
o —rt s )
IE%XEM([) e [xt —ca, — kwll{gt:L}]dt>,

where the expectation is taken with respect to the actual probability measure induced
by the firm’s chosen investment and censorship levels, while x, is determined by
what consumers believe about the firm’s investment and censorship choices.

Solution Concept.—I characterize Markov Perfect Equilibrium. These are Perfect
Bayesian Equilibria where equilibrium strategies only depend on the market beliefs.

DEFINITION 1: A Markov Perfect Equilibrium (MPE) consists of a pair
a: [0,1] — [0,1], T [0,1] — [0,1], which map market beliefs to the level
of investment and censorship and believed strategies a:[0,1] — [0,1] and
7:[0,1] — [0,1]:

(1) (a,m) are sequentially rational for all x;,

(2) Market beliefs, (X;);>0, are consistent with Bayes’ rule given strategies
(a,7).
(3) Beliefs are correct,a = a, ™ = 7

(4) Given any history, if news arrives at time t, then X, = 0 and, for any s > t,
X, is consistent with Bayes’ rule given believed strategies (d,fr) and prior
x, = 0.

The only off-path events in this model are arrivals of bad news when the market
believes the firm is censoring at the maximum level. The fourth condition ensures

! As in Board and Meyer-ter-Vehn (2013), formally, there is a probability space (Q, a ,P) , (i) a random variable
6, that determines initial quality, (ii) a sequence of independent uniform [0, l] random variables that determine
quality changes, (iii) a sequence of independent uniform random variables that determine whether news is censored,
and (iv) the quality and news Poisson processes. To avoid some minor technical complications, it is convenient to
allow both the low- and high-quality firms to choose 7, for flow cost to k19—, so long as 0, = Hm, effectively
does nothing.
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that if that occurs, beliefs update to zero and then continue to adjust using Bayes’ rule
with respect to the Markov beliefs. This restriction is natural, as news can only arrive
if the firm is selling a low-quality product. In addition it ensures that the equilibrium
respects the spirit of the Markovian restriction by restricting beliefs to only depend
on the payoff-relevant state, both on and off path. Analogous restrictions have been
made in similar models, for instance, in Marinovic, Skrzypacz, and Varas (2018).

From here on, I use MPE and equilibrium interchangeably. Fixing Markov beliefs
about strategies (&,fr), let V(x, 9) denote the firms’ value function, that is

V(x,0) = s;}?PE(am)<j(;ooe*”[xt—ca,—kw,l{gt:L}]dt‘XO =x, O = 9),
where X, is formed according to the believed strategies (d, 7).2
I1. Analysis
A. Equilibrium Analysis
Consumers learn about the firm’s quality through arrivals of bad news. Given

Markov beliefs (d, 7?), between arrivals of bad news beliefs are a deterministic pro-
cess x; that follows law of motion

X = )\(d(x,) —x,) + ,u(l — ﬁ(x,))xt(l —X).

Quality breakthroughs Absence of news

This expression accounts both for unobserved changes in quality and the inference
consumers draw from no news. When news arrives at time ¢, consumers learn that
0, = L and adjust their beliefs to zero.

Incentives to invest and censor are driven by the threat of bad news. The
firm’s incentives are determined by the value of high quality relative to low
quality, D(x) = V(x,H) — V(x,L), and the marginal cost of bad news,
A(x) = V(x,L) — V(0,L).

LEMMA 1 (Sequential Rationality): Fix Markov beliefs (a,7). Strategies
(@, ) 2o are sequentially rational if and only if after any history, at almost all
times, a, solves

aren[%}] AD(x,)a — ca

and m, solves

ﬂlél[%’)%] PA(X) T — k.

2The law of motion for beliefs may be discontinuous. Therefore, there are some Markov strategies where
the corresponding beliefs are not well defined (see Klein and Rady 2011). To resolve this, throughout this paper
I restrict attention to believed strategies (4,7) and corresponding belief process x, that satisfy the admissibility
restrictions from Board and Meyer-ter-Vehn (2013) and are consistent with the discrete time approximation. See
Appendix Al.
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The firm invests in quality if the marginal value of quality exceeds the cost of
investment and wants to censor news if the marginal loss from bad news exceeds the
cost of censorship.

The firm has the strongest incentives to either invest or censor when beliefs are
high because then it stands to lose the most from bad news. There is a tight relation-
ship between D(x) and A(x).

LEMMA 2 (Value of Quality): Fix Markov beliefs (a,7). The value of quality D

(x) is
D(x) = [ e V(1 — m(x))A () + kn(x)]d.
Moreover, payoffs satisfy the following properties for any beliefs:
(1) V(- .H) and V(- L) are strictly increasing.
(2) V(x,H) > V(x,L) forall x.
(3) A(x) is strictly increasing.

(4) D(x) is weakly increasing and is strictly increasing in a neighborhood of any

x where D(x) # k/(r+ ).

The loss from bad news A (x) and the value of quality D(x) are both increasing in
the firm’s reputation. This is a consequence of the bad news monitoring structure. At
higher reputations, bad news is more costly for the firm. Thus, the firm’s incentives
to censor are stronger, as are the firm’s incentives for investment.

The ability to censor limits the difference between the value of high and
low quality, D(x). Since the firm can always censor bad news, the integrand,
M(l — w(xt))A(xt) + km(x), is at most k. The firm wants to have a high-quality
product because then bad news no longer arrives, but censorship mitigates the threat
of bad news.

Lemma 2 implies that the equilibrium can be expressed in cutoff strategies, sim-
plifying the analysis.

PROPOSITION 1: An MPE exists. If (1 +r/ )\)c =% k, then in any MPE there exist
cutoffs x, € [O, 1] and x. € (0, 1] such that equilibrium strategies take the form

afx) = {1 if x >xa’

0ifx < x,

_{1ifx>x7r

0if x < x;

I call an equilibrium full-shirk if the firm does not invest with positive probability
from any interior initial condition, i.e., a(x) = 0, and full-work if the firm invests
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at every reputation, i.e., a(0) > 0. In equilibrium the firm invests in quality and
hides bad news to keep consumers from learning it is selling a bad product. Since
the firm’s payoffs are impacted the most by bad news when its reputation is high, it
will censor and/or invest when it has established a high reputation.

B. Patience and the Cost of Censorship

The next two sections characterize the equilibrium set and establish the following
result. Let

M, = {xo V(x,H) + (1 — x0) V(x,L) : V is an MPE value function}
be the set of ex ante MPE payoffs for discount rate r, and let

Vi = supM,

be the highest equilibrium payoff. To highlight the stark discontinuity in the value of
V* as k increases, I present the main result in terms of the limit of the highest average
discounted payoff, rV}, as r — 0.3

THEOREM 1: For any x, € (0, 1), the highest average discounted payoff con-
verges to

(i) the lowest possible payoff, lim,_orV; = 0,ifc > k,
(ii) the first best, lim,_orV; = (1 —c),ifk > c.

In the game where the firm cannot censor, the highest average discounted equilib-
rium payoff lies below 1 — c in the limit as r — 0, payoffs lie strictly below 1 — ¢
for a nonempty open set of parameters.

This result, and a similar result outside of the patient limit, will be established
over the next three sections. The following definitions will be useful for establishing
it.

DEFINITION 2: An equilibrium has a reputation trap if with positive proba-
bility ex ante the firm’s long-run reputation reaches and remains at zero, i.e.,
Pr(z < oo) > 0, where T = inf{t:xs =0Vs > t}. A firm is in a reputation
trap ifPr(I < oo) = 1.

DEFINITION 3: An equilibrium has persistent perfect reputation if with pos-
itive probability ex ante the firm’s reputation goes to one in the long run, i.e.,
Pr(lim,_..x, = 1) > 0. This occurs almost surely if Pr(lim,_x, = 1) = 1.

3The equilibrium characterization in the remainder of this paper establishes a similar, albeit harder to exposit,
version of this same discontinuity outside of the limit.
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In the long run, because of the bad news incentive structure, two possible outcomes
can arise. A firm may acquire a reputation above x,, produce a high-quality product,
and achieve a persistent perfect reputation. In this case along almost all trajectories
where x;, — 1, in finite time product quality becomes high and stays high from then
on, and the firm eventually starts, and never stops, investing in quality. Alternatively,
if the firm’s reputation reaches a low enough level, it has weak incentives to invest
and falls into a reputation trap. Given the cutoff structure described in Lemma 2, if
at time ¢ a firm is in a reputation trap, it must be that a(x,) = 0 at all future times,
and beliefs are monotonically decreasing along all trajectories, so quality eventually
becomes low and the firm’s reputation decays until reaching zero.

If the firm was unable to censor, as in the model of Board and Meyer-ter-Vehn
(2013), the threat of reputation traps creates incentives. Firms invest at high rep-
utations, both to avoid the immediate losses in reputation from bad news and to
avoid falling into a reputation trap and losing incentives for future investment.
In equilibrium the firm can achieve a persistent perfect reputation but also risks
falling into a reputation trap. But with the introduction of censorship, the firm has
another mechanism to avoid these losses. The firm could invest in producing a
high-quality product to avoid bad news, but it could also hide that news directly.
When censorship is sufficiently inexpensive ((1 +r/ )\)c > k), it completely
crowds out investment; the firm uses censorship to limit how much it could lose
from having a low-quality product, but then the threat of bad news is never enough
to support investment. In contrast, expensive censorship gives the firm a way to
avoid reputation traps without destroying the incentives for investment they pro-
vide. The firm now wants to invest to avoid having to censor reputation-damaging
bad news.

In the following three sections, I explore these dynamics by characterizing
the set of equilibria. I then use that characterization to establish the three parts
of Theorem 1. First, if censorship is inexpensive, the unique equilibrium is the
full-shirk. Then, if the cost of censorship is high, a patient firm’s payoffs approach
the first best. Finally, in the game without censorship, payoffs may be bounded
away from the first best.

III. Equilibrium Characterization
A. Cheap Censorship

In many settings censorship is relatively inexpensive. It may be inexpensive to
incentivize consumers not to post bad reviews; it may be cheaper to cheat on emis-
sions tests or bury research than to develop a cleaner engine. In this situation the
ability to censor crowds out the firm’s reputational incentives. When censorship is
sufficiently inexpensive, there is a unique equilibrium, and in this equilibrium the
firm never invests in quality.

PROPOSITION 2: When censorship is sufficiently cheap, (1 +r/ A)c > k, there is
a unique equilibrium. That equilibrium is full-shirk, i.e., an equilibrium where the
firm never invests in quality.
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The firm’s ability to censor limits how much it can lose from low quality relative
to high quality. Since the firm can always censor bad news, it never loses more than
the cost of censorship, k, at any instant from low quality. Therefore, it would never
invest when & is low enough relative to the cost of investment. If censoring bad news
is inexpensive, then the firm substitutes censorship for investment.

This contrasts with both the game without censorship and the case of expensive
censorship. In both these games the firm has strong incentives to invest at high rep-
utations to avoid bad news. But inexpensive censorship destroys any incentives for
investment, leading to full-shirk being the unique equilibrium.

This equilibrium is reminiscent of oil companies suppressing research about cli-
mate change or cigarette companies suppressing research about the health impacts
of smoking. Instead of investing in safer and more effective products, these com-
panies spent significant amounts of money to hide bad news. This was both bad for
consumers and significantly damaged the firms’ reputations in the long run.

Figure 1 illustrates the dynamics of this equilibrium. This full-shirk equilibrium
has many undesirable properties from the firm’s perspective. In the unique equi-
librium reputation vanishes in finite time, along with the firm’s profits and product
quality.

LEMMA 3: Ifc > k, limrV: — 0.

Since the firm’s reputation almost surely goes to zero in finite time in the unique
equilibrium, the firm’s average discounted payoffs must also go to zero as the firm
becomes patient. In contrast, if the firm was unable to censor, this becomes the set-
ting studied in Board and Meyer-ter-Vehn (2013). In that game there exist equilibria
with persistent reputation building. This comparison is discussed in more detail in
Section IIIC.

B. Expensive Censorship

Once censorship is sufficiently expensive, it becomes a powerful tool for the firm.
Without censorship, if initial quality is low, 6, = L, a firm is vulnerable to repu-
tation traps. With positive probability ex ante, regardless of the firm’s initial repu-
tation, bad news arrives and pushes the firm’s reputation to zero, where investment
incentives are lowest. Investment and censorship work in tandem. Investment gives
the firm a way to prevent bad news in the long run, while censorship lets the firm
stop bad news in the short run, thereby avoiding the risk of ending up in a reputation
trap.

When k£ > (1 +r/ )\)c, there exist equilibria where the firm invests in quality.*
As shown in the Proof of Proposition 1, there always exist equilibria of the form
illustrated in Figure 2, where the firm stops investing at a lower reputation than it
stops censoring.

#In the knife-edge case where k = (l +r/ /\)c, the equilibria may not be in cutoff strategies, as AD(x) can be
kept constant and equal to ¢ over an open interval of reputations. This nongeneric case unnecessarily complicates
the analysis, so I omit it.
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FIGURE 1. THE STRUCTURE OF A FULL-SHIRK EQUILIBRIUM

Notes: The solid arrows describe the drift of beliefs, while the dotted arrows illustrate how beliefs move after news;
0 is an absorbing state. In the leftmost region the direction of the drift is ambiguous and behaves according to one
of the three arrows, depending on the relative size of A and p.
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FIGURE 2. THE STRUCTURE OF AN EQUILIBRIUM WHERE THE FIRM STOPS INVESTING AT A LOWER REPUTATION THAN
It STOPS CENSORING

In this equilibrium the firm invests and censors when it has a high reputation,
does not censor at intermediate reputations, and does not invest or censor at low
reputations. Equilibria of this form highlight the three distinct long-run dynamics
that may arise in equilibrium. When x; is below x,, the firm is in a reputation trap.
The firm’s reputation decays over time, drifting toward zero until bad news arrives,
which immediately lowers its reputation to zero. Between x, and x,, the firm’s rep-
utation is path dependent; there are reputation traps but also the possibility that the
firm can establish a persistent perfect reputation; the firm’s reputation converges to
one with positive probability. Finally, when x, > x,, the firm has a persistent per-
fect reputation almost surely.

A second type of equilibria, where x, > x,, may also exist. These are illustrated
in Figure 3. In equilibria of this form, the long-run behavior of reputation is entirely
determined by the initial reputation. If x, < x,, then the firm is in a reputation trap—
with probability one, its reputation will fall to zero and never recover. In contrast,
if X, > x,, then the firm has a persistent perfect reputation a.s.—with probability
one, its reputation converges to one. In both of these types of equilibrium, firms with



508 AMERICAN ECONOMIC JOURNAL: MICROECONOMICS FEBRUARY 2023

<
>
® T T 9
0 Don't invest Xr Don't invest Xa Invest 1
‘ Don’t censor , Censor Censor
N
~ ~ /,
S~ ___ _7
Bad news

FIGURE 3. THE STRUCTURE OF AN EQUILIBRIUM WHERE THE FIRM STOPS INVESTING AT A HIGHER REPUTATION THAN
It STOPS CENSORING

sufficiently high initial reputations are able to secure the highest possible reputation
in the long run with probability one.

Proposition 3 characterizes when equilibria where the firm a.s. attains a persistent
perfect reputation exist.

PROPOSITION 3: Suppose k > (1 + r/)\)c. There exists an equilibrium that is
not full-work where the firm has persistent perfect reputation a.s. if and only if

A — A
L < ( + rxg — ¢(r + ))u
- r(r—{—)\—l—u)

Moreover, if this condition holds, all equilibria either have persistent perfect
reputation a.s. or at xy the firm is in a reputation trap, i.e., Pr(I < oo) = 1, where
T = inf{t:x, = 0 Vs > t}.

This proposition establishes the existence of an equilibrium with persistent perfect
reputation a.s.’ For intermediate costs of censorship, the firm either has a persistent
reputation or is in a reputation trap it cannot escape from. Consumers don’t believe
the firm is investing in quality, so the firm doesn’t invest in quality, and its reputa-
tion vanishes. The equilibria with persistent reputation arise from the interaction
between censorship and investment. The firm has the incentive to invest because, if
product quality becomes low, it has to censor news to maintain its high reputation.
Since censorship is expensive, the firm wants to avoid this, so it invests. This effect
is strongest at high initial reputations, as there the firm stands to lose the most from
losing its reputation, which in turn incentivizes censorship and investment. In equi-
librium sufficiently expensive censorship provides the firm the credibility it needs
to build up a persistent reputation. Moreover, to maintain this high reputation, the
firm has incentives to invest in quality. In any equilibrium with persistent perfect

3The full-work equilibrium always has this property, but a full-work equilibrium only exists for very low costs
of investment. I establish sufficient conditions for the nonexistence of such an equilibrium in Lemma A.5. This
condition implies that full-work equilibria do not exist for any discount rate if ¢ > 1/ (2(/\ + ) )
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reputation, Pr(a(x,) = 1) = 1 for all . Not only does the firm make high profits
in this case; it also produces a high-quality product.®

These equilibria with persistent perfect reputation give payoffs that approach
the first-best payoff. This result is what underlies the stark discontinuity in the
maximum payoff. Even outside of the patient limit, a small increase in k so that
k > (1 +r/ )\)c potentially leads to a large jump in the highest possible payoff the
firm could achieve in equilibrium. Above the cutoff, in any equilibrium it is either
the case that x; lies below x; and above x,, in which case the reputation dynamics are
path dependent, or x; lies below both x, and x,, in which case the firm’s reputation
a.s. goes to zero in the long run.

Corollary 1 concludes the characterization of the set of equilibria when censor-
ship is expensive.

COROLLARY 1: Suppose k > (1 +r/X)c.

o Ifk > ()\ +rxyg —c(r + )\)),u/(r(r + A+ u)), then every equilibrium is
either full-work (a(0) > 0) or has a reputation trap.

s Ifk > (1 —c)(r+ )\)u/(r(r + A+ u)) then the firm never censors in
equilibrium.

Finally, there exists an equilibrium where x, < 1 if and only if

¢ < ,lt)\/((r—l—u)(r+ )x)).7

Figure 4 illustrates the equilibrium characterization. Unsurprisingly, if censor-
ship is very expensive, then it becomes hard to incentivize censorship in equilibria.
Then reputation dynamics begin to resemble those in the setting where the firm can-
not censor. In equilibrium either x, > x, > x,, in which case the firm’s reputation
converges to both zero and one with positive probability, or both x, > x;and x, >
Xp, in which case the firm’s reputation decays to zero in finite time a.s. But, the more
patient the firm is, the more valuable preventing bad news is for the firm and the
more willing the firm is to pay to censor bad news. So at any x, for a small enough
r, there exists an equilibrium with persistent perfect reputation a.s.

COROLLARY 2: The maximum average discounted equilibrium payoff rV;
converges to the first-best payoff, (1 — c),asr — 0.

A sufficiently patient firm is always able to secure approximately the first-best
payoff in some equilibrium. The more patient the firm is, the more it benefits from a
persistent perfect reputation. This both makes investment credible and gives the firm
incentives to censor early bad news until that investment is successful. So the firm
avoids reputation traps, initially through censoring bad news, then through success-
fully maintaining high quality.

SFormally, Pr(y < oo) = 1, where 75 = inf{t:0;, = H Vs > t}.
7The upper bound on ¢, )/ ( (r4 ) (r+ )\)) is an upper bound on AD(x) for any possible beliefs, so as long
as it is possible to incentivize investment, it can be incentivized if censorship is sufficiently expensive.
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FIGURE 4. MARKOV PERFECT EQUILIBRIA

Note: There do not exist equilibria with investment for ¢ > p\/ ( (r 4 p) (r+ )\)) for any k.

C. No Censorship

To close the analysis, I show that without censorship, payoffs are bounded away
from the first-best for an open interval of parameters.® In any equilibrium in this
game, the firm still follows a cutoff strategy, i.e., there exists an x, such that

1if x > x,
a(x) = {O if x < x,’
This leads to three qualitatively different types of equilibria: (i) shirk-work equilib-
ria where x, € [0,1) and a(O) = 0, (ii) full-shirk equilibria where x, = 1, and
(iii) full-work equilibria where x, = 0 and a(0) > 0.

Of these three equilibria, only the full-work equilibria delivers persistent perfect
reputation a.s. In both the full-shirk and shirk-work equilibria, the lowest reputa-
tion, x = 0, is an absorbing state. Since the firm cannot censor bad news, bad news
arrives with positive probability ex ante in any of the equilibria. Thus, with positive
probability, the firm falls into a reputation trap and never recovers. This possibil-
ity bounds equilibrium payoffs away from the first best in any equilibrium with a

reputation trap. Proposition 4 characterizes one such bound and provides sufficient
conditions to rule out the full-work equilibrium.

8 While this bound on payoffs is new, it builds on the more detailed analysis of this model without censorship
in Board and Meyer-ter-Vehn (2013).
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PROPOSITION 4: Suppose the firm cannot censor.

(i) In any shirk-work equilibrium, the average discounted payoff, r(xo V(x0,H)
+ (1 - xo)V(xo,L)), is bounded above by (1 — c) (xo + (1 =x0)(r+A)/
(r+A+ M))

(if) In any full-shirk equilibrium, the average discounted payoffis bounded above
by r(1/X+1/p).

(iii) A full-work equilibrium doesn’t exist for any r > 0ifc > u/ (2(>\ + ,u)>

This proposition establishes that, as r — 0, payoffs in any equilibrium other
than the full-work equilibrium converge to zero. Even in a shirk-work equilibrium,
where persistent reputations are possible, the firm cannot achieve the first best, as
bad news arrives with positive probability ex ante.” So, as long as a full-work equi-
librium doesn’t exist (e.g., when ¢ > pu/ (2()\ + ,u))) even as r — 0, payoffs are
bounded away from 1 — c. In that case

limsuprV; < (1 —¢) (xo + (1 - )@)ﬁ) < l-c
The term (1 — xo) (A)/ (A + p) captures the loss due to initially starting with a low
reputation and falling into a reputation trap. This dynamic is important for incen-
tivizing investment but also prevents the firm from achieving the first-best payoff.
Finally, combining these results gives Theorem 1, which I restate here.

THEOREM 1: For any x, € (O, 1), the highest average discounted payoff con-
verges to

(i) the lowest possible payoff, lim,_orV; = 0,ifc > k,
(ii) the first best, lim,_orV; = (1 —c),ifk > c.

In the game where the firm cannot censor, the highest average discounted equilib-
rium payoff lies below 1 — c in the limit as r — 0y strictly below for a nonempty
open set of parameters.

In fact, while these differences are starkest in the patient limit, Propositions 3
and 2 imply a discontinuous change in the highest equilibrium payoff between the
cheap and expensive censorship cases even outside of the patient limit. Figure 5
illustrates this discontinuity.

Outside of the limit, the comparison between payoffs in this environment and
the environment without censorship (or where censorship is so prohibitively expen-
sive that it’s never used) is ambiguous. An impatient firm that faces a high cost

9Unsurprisingly, as in Lemma 3, full-shirk payoffs go to zero as r — 0. A tighter bound than the bound
described here is constructed in Lemma A.7.
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FIGURE 5. HIGHEST EQUILIBRIUM PAYOFF

Notes: . = X = 1,¢c = 0.3, x) = 0.2, r = 0.1 in left figure, » = 0.3 in right figure. The dotted line is the
highest payoff in the game from Board and Meyer-ter-Vehn (2013).

of censorship may prefer to commit to never censoring and benefit from the more
favorable drift of beliefs.

D. Bad News and Promotion

In a related work Hauser (2021) studies how a firm’s reputational concerns inter-
act with its ability to disclose information about its product. Quality behaves as in
the model studied here, and at random intervals a promotional opportunity arrives,
when the firm can pay cost k and disclose its quality. Among the settings they study
is an environment where consumers learn both through the firm’s promotion and bad
news the firm cannot influence.

While their setting has some similarities to the setting studied here, the results
are technically and conceptually distinct. In the environment with censorship, incen-
tives for investment are generated by the desire to avoid bad news and reputation
traps, either directly or indirectly through the threat of having to censor any news
that arrives, in some sense replacing the original incentives delivered by bad news.
Promotion, in contrast, can’t stop bad news from arriving. Instead, inexpensive pro-
motion creates incentives for investment at low reputations that bad news could not
deliver, as the firm can promote after successful investment. This eliminates repu-
tation traps but potentially reduces incentives for investment at high reputations by
reducing the threat of bad news, meaning quality and reputation cycle in the long
run.

From atechnical perspective, this paper and Hauser (2021) use different techniques
to analyze the respective models. Allowing the firm to control the monitoring prob-
lem changes the firm’s problem in two ways relative to Board and Meyer-ter-Vehn
(2013). First, the news process is now endogenously determined by the firm, and
second, the value functions vary discontinuously as equilibrium beliefs change; a
small change in the relative positions of the believed cutoffs can lead to a large
change in reputation dynamics.
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In this paper I take advantage of the structure of the belief process to construct
an equilibrium and show that other equilibria are similar above the investment
cutoff x,. To do this, I solve a pair of auxiliary problems where the value functions
are well behaved and whose solutions together pin down the promotion and invest-
ment cutoffs consistent with the MPE where x, > x,.

In contrast, in the game with promotion studied in Hauser (2021), the belief
dynamics are less well behaved. There are many different possible belief dynamics
that may arise in equilibrium, including not only reputation traps and persistent
reputation but also the possibility of long-run reputation cycles. This makes more
explicit equilibrium characterizations difficult, as these different belief dynamics
have very different implications for payoffs. While an explicit construction is diffi-
cult, promotion provides a powerful potential deviation; the firm can always invest
in quality and then promote when quality is high to restore a high reputation. This
observation allows for the construction of bounds on payoffs that hold across all
MPEs, which they use to rule out both reputation traps and persistent perfect rep-
utations. There isn’t a similar deviation that I can exploit in the environment with
censorship; the firm has no way to credibly signal to consumers that it has produced
a high-quality product beyond the inference consumers draw from the absence of
bad news. In particular, if the market believes that the firm isn’t investing at zero,
then there’s no way the firm can meaningfully alter the belief dynamics through any
deviation.

IV. Conclusion

Censorship dramatically changes reputation dynamics. It allows firms selling
low-quality products to avoid bad news and preserve their reputations. Inexpensive
censorship eliminates investment incentives and drives payoffs to zero. In contrast,
expensive censorship allows the firm to build a persistent reputation, and a patient
firm can achieve the first-best payoff. This manifests as a discontinuous change in
the highest possible payoff. So even a small, unanticipated shock that makes censor-
ship cheaper can have a large negative impact on quality.

In addition expensive censorship can lead to higher levels of investment than
eliminating censorship altogether. These results suggest that policies that make
censorship more difficult, even if they do not seem to discourage censorship much
in the short run, can have large effects in the long run. A policymaker may want to
make censorship more expensive but not so incredibly difficult that a firm cannot
censor bad news at all, to encourage investment. That’s not to say that censorship
is always beneficial if it is sufficiently expensive. An impatient firm may benefit
from not being able to censor, or a policymaker who is worried that the product’s
price does not internalize the negative costs of selling a low-quality product (for
instance, due to negative externalities) may want to make censorship impossible
to make it easier to detect low-quality products, even if this discourages future
investment. That said, expensive censorship can be a powerful tool to drive invest-
ment in quality; it maintains the strong incentives for investment created by repu-
tation traps but also provides the firm with a tool to avoid falling into a reputation
trap.
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APPENDIX
Al. Admissibility

As noted in Klein and Rady (2011) and Board and Meyer-ter-Vehn (2013), there
are Markov strategies (a, 7r) for which the differential equation

X = A(a(x,) —x,) + u(l - W(x,))x,(l - Xx)

has no solution or admits multiple solutions. In order to resolve this, I impose addi-
tional admissibility restrictions on believed strategies. These restrictions are iden-
tical to the restrictions placed in Board and Meyer-ter-Vehn (2013) and Hauser
(2021). If beliefs follow the law of motion %, = g(x,), then the drift g(x) must
satisfy one of the following conditions at any point of discontinuity:

(1) g(x) =0
(2) g(x) > Oand 7(x),a(x) are right continuous at x,
(3) g(x) < Oand7(x),a(x) are left continuous at x,

and beliefs can be partitioned into a finite set of intervals such that both the believed
investment and censorship choices are Lipschitz continuous on the interior of all
these intervals and satisfy the above conditions at the boundaries. Under these con-
ditions, the Picard Lindelof theorem implies that the belief process admits a solu-
tion (see Board and Meyer-ter-Vehn (2013, section A.1)), and whenever it admits
multiple solutions, I select the one consistent with the discrete time approximation.
Note that these restrictions are placed on believed strategies, not on the firm’s actual
strategy. No restrictions are placed on possible deviations the firm could make.

A2. Preliminary Proofs

LEMMA A.1: Fix any admissible Markov beliefs (d,ﬁ') and pair of initial condi-
tions xy > x(and let (x;) 2y and (x;) =g be the corresponding stochastic processes,
then x, > x,forallt < T, where Tis the first time news arrives.

PROOF:
Consider the belief trajectories in the absence of news, x, and x;. These are contin-
uous in ¢. If x, = x;at any ¢, then for any s > ¢, x, and x; both solve

X, = )\(d(xs) —xs> + u(l - ﬁ(xs))xs(l - X)

with the same initial condition. Since the solution to this is the unique solution that
is consistent with the discrete time approximation, x; and x; must be equal. So if it
is ever the case that x, = x,, the two processes must be the same from then on, so
X > x.1
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PROOF OF LEMMA 1:
Fixing admissible Markov beliefs (a,7), truncating at the first arrival on any
process, the firm’s payoff from this strategy can be rewritten as

V(x,0) = Supj(;ooef(rHJml{“:L})t [x, + Lip-r) (,mr,A(x,) — km, + ,LLV(O,L))
+ Aa,D(x;) + AV(x,L) — ca,] ds,

where x, solves x, = )\(El(x,) — xt) + ,u(l — ﬁ(x,))xt(l — x) with xy = x.
This strategy is optimal if a(x) solves

max )\D(x)a —ca
aG[O,l]

and the optimal 7 (x) solves

7Tren[:':(i)?] PA(x)7 — km

since these maximize the integrand pointwise. Similarly, any strategy that does not
satisfy that equation a.e. gives a value strictly lower than a strategy that does. B

PROOF OF LEMMA 2:
Given admissible Markov beliefs (a, ), fix a sequentially rational pair of strate-
gies (a,m). Lemma 5 of Board and Meyer-ter-Vehn (2013) shows that

V(x.0) — V(i) = [ T = Loy (1(1 = 7(x)) A () + k()
+ Aa(x)D(x) + V(x.L) = V(x.0)) = ca(x,) | ds.
Subtracting the two value functions gives
D(x) ~D(x) = ["[n(1 = 7(x))A(x) + kr(x) — AD(x)]ds.
Applying lemma 5 of Board and Meyer-ter-Vehn (2013) again,
D(x) = | e D1 = m(x))A(x) + kr(x,)]ds.
Now we can show the monotonicity properties:

V(x, 9) Strictly Increasing in x.—Fixing 6, for any two initial conditions, x > x/,
the firm facing consumers with prior x, = x could instead follow the strategy it
would have followed if it faced consumers with prior x, = x'. This would induce
the same probability measure over signals and quality. Moreover, until bad news
arrives, the firm that faced consumers with a higher prior has a higher reputation at
any point in time by Lemma A.1, and has a strictly higher reptuation for an initial
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interval of time, and thus receives a higher flow payoff. Since the firm’s payoffs must
be greater than the payoff from mimicking the x-strategy, V(x, 0) is increasing in x.

V(x, 9) Is Increasing in .—The high-quality firm gets a weakly greater pay-
off than the low-quality firm since it can generate the exact same distribution over
future quality changes as a firm that starts with low quality. Moreover, since bad
news never arrives when quality is high, the firm’s flow payoffs must be higher at
every time  when compared with a low-quality firm that started with the same initial
reputation. So V(x,H) > V(x,L).

A(x) Is Strictly Increasing.—The cost of news A(x) = V(x,L) — V(0,L) is
strictly increasing since V(x, L) is strictly increasing.

D(x) Is Increasing —Finally, since

D(x) = foooe*(rﬂ)t[lu(l - W(x,))A(x,) + kw(x,)]dt,

where 7(x;) maximizes

(%) [,uA (%) — k].

Recall that ,uA(x,) — k is strictly increasing. Thus, by Lemma 1, if beliefs
start at a larger x,, then the integrand is larger pointwise. So D(x) is increas-
ing, strictly so unless the 7, = g at all future instances of time, in which case
D(x) = k/(r+X).

Continuity of Value Functions.—As long as the belief differential equation has a
solution, the value functions satisfy some standard continuity properties. Lemma A.2
establishes that value functions are only discontinuous at the points where the believed
strategies are not only discontinuous but cause the drift to change signs.

LEMMA A.2: Under any admissible Markov beliefs, functions t — V(xl, 9) and
t — Xx; are continuous. Moreover, V(x, 9) is continuous at any x where

(i) There exists an e > 0 and ad > 0 such that if |x — x| < 0, then the drift
of beliefs at x' is greater than e.

(i) There existsan e < 0and ad > 0 such that if |x — x| < 0, then the drift
of beliefs at x' is less than e.

(iii) There exists ad > 0 such that if |x — x| < 0, the drift of beliefs at x'is 0.

PROOF:

Appendix A.1 of Board and Meyer-ter-Vehn (2013) establishes that given
admissible beliefs, a solution exists to the belief ODE X, = g(x) and r — x is
continuous.
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Fix a pair of sequentially rational strategies (a, ). Truncating at the first arrival,
for any times t < 7/,

‘ V(xt, 9) — V(x,/, 9) ‘

jt",e—(r-&-ul{a:L}"‘)‘)(s_’) [xs + )\(as V(xs, H) + (1 - as) V(xS’L)>
1oy RV ) ~4) + (1= m)av(0.0)) —ca]ds
O

< <1 +2)\+++M)|t— r'l,

where the inequality follows from x, being bounded above by 1, V(x) being
bounded above by 1/r, and 1 — e~ ("#1e-;+3) (") being bounded below by
(r+p+ At =1

Suppose there is some J where g(y) > ¢ > 0 in a neighborhood for all
y € (x = dx + 0). Let f(z) be function implicitly defined by 7 — x, with
Xo = x — /2. This is a strictly increasing function when restricted to the interval
defined by |0,f" l(x + 4/ 2)] So it has a continuous inverse on this interval, and
therefore V(x, 9) is continuous at x since it is the composition of a continuous func-
tion and # — V/(x,0), which is continuous.

If g( ) is constantly zero on some interval (x,)?) containing x, then the firm’s
problem in this interval simplifies to

V) = e EE 0t — ol = 0),

for any y € (x,X). The objective function is continuous in y, so by the maximum
theorem, this is continuous at x. i

A3. Equilibrium Construction
PROOF OF PROPOSITION 1:

The cutoff structure of equilibrium is a direct implication of Lemmas 1 and 2.
D(x) and A(x) are increasing. The optimal 7(x) and a(x) solve

Trél[%’)%] pA(x)T — k7

and

max )\D(x)a — ca,
aE[O,l]
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respectively. Moreover, A(x) is strictly increasing, and at any x, D(x) is either
strictly increasing or

© k
D(.X) = j(; e (Jr)\)kdt = H—)\ ?é C/)\,

so the solutions to these maximization problems define cutoff strategies. Suppose
there was an equilibrium that wasn’t in cutoff strategies, (a, 7r). Then at any x,
this must agree with the solution to those maximization problems a.e. Let x, be a
point where it doesn’t. Let g(x;) = X;. If g(xy) = O, then beliefs are constant so
(a (x,),Tr(x,)) doesn’t agree with the maximization problem a.e. If g(x) > (<)
0, then (a,7) are right (left) continuous by admissibility, so they can’t solve the
maximization problems a.e.

Finally, note that if D(x) < k/ (r + A) soif (1 +r/ )\)c > k, then investment
is not sequentially rational.

It remains to establish existence. Depending on where the costs lie relative to
each other, the equilibria may have very different structures. To establish existence,
I break the problem up into these different cases and construct equilibria in each
specific case.

LEMMA A.3: If (1 +r/ )\)c > k, there exists an MPE where the firm never invests.

PROOF:

Here, I construct an equilibrium without investment and argue it must be unique.
At the censorship cutoff, one of two things can happen; either (i) the drift of beliefs
is negative at reputations above the censorship cutoff and positive at reputations
below it, in which case the drift at the cutoff must be zero or (ii) the drift is negative
on both sides of the cutoff. In either case if the initial belief is the censorship cutoffs,
beliefs never reach a belief above the initial belief at any point in the future.

As noted above, for any beliefs,

D(x) = fo‘x’e—vw[u(l — m)A(x)) +krlde < k/(r+ )< ¢/A

since sequential rationality immediately bounds the integrand above by k, so
a(x) = 0is optimal for any beliefs. This immediately implies that V(0,L) = 0in
any equilibrium. It remains to find a x; such that under the beliefs consistent with
that cutoff, uV(x;,L) = k(orx; = 1,and uV(x,L) < kforall L)

To avoid the potential discontinuity issues, I characterize the optimal strategy
under a set of auxiliary beliefs and show that it also describes the equilibrium
strategy. Let beliefs be

a(x) =0

#(x) = maX{O,l - ﬁ}

Under these beliefs, the drift is continuous and always weakly negative. Starting at
any X, these beliefs induce the same future belief trajectories as the beliefs consistent



VOL. 15 NO. 1 HAUSER: CENSORSHIP AND REPUTATION 519

with the cutoffs x, = 1,x, = Xx, since under both sets of beliefs at x; either (i) the
drift is zero and/or (ii) beliefs are drifting down at x; and the firm is believed to be
playing m = 0 at every belief that is reached in the absence of news from x, (and
after bad news beliefs are constantly zero).'° Let V. (x, 9) be the value function that
corresponds to these beliefs. This is strictly increasing and zero at zero. Let

xp = sup{x:pV(xL) < k}

(xp) = max{O,l - ﬁ}

a(x) = 0.

This, combined with the corresponding beliefs, characterizes an equi-
librium. By construction, under beliefs consistent with some cutoff x,
V(xﬂ,L) = V,w(xﬂ,L). Moreover, by Lemma A.2, V,. is continuous everywhere,
except possibly at X := 1 — \/pu, where the sign of the drift is negative at larger
x’s and zero at smaller x’s.

In fact, it is continuous at this point as well. Fix any ¢ > 0 and note that for
any two initial conditions x, x; and corresponding optimal strategies 7 and 7’ and
beliefs trajectories x;, x;, it follows from the optimality of strategies that

Eﬂ‘/(;ooe*ﬂ[xt — xt’]dl‘ > V,,C(XO,L) — Vnc(x('),L) > Eﬂrj(;ooe*rz[xt _ xt’]dt,

where the first inequality comes from the player with prior x( deviating to play the
same strategy as the x; player after every history, and the second comes from the x,
player making a similar deviation. The previous inequality implies that for any x’
such that [x" — X| < re, then, since beliefs that start at x" are either drifting toward
X for all ¢ or are constant,

[Vie(¥,L) = Vie(RL)| < ¢,

so it is continuous everywhere. So either uV,. (x;,L) =k or x; =1 and
pVe(x,L) < kforall x.

Now I consider the case where (1 +r/ )\)c < k.

Here, equilibria may exist with both investment and censorship. To show exis-
tence, I construct an equilibrium where x > x,, whenever the firm is censoring,
it is also investing. The main difficulty here is not only are value functions discon-
tinuous but that as the believed cutoffs vary, the firm’s payoffs can change discon-
tinuously, making it difficult to apply standard fixed point arguments. To construct
an equilibrium, I construct two “auxiliary games” where either the censorship or
investment strategies are fixed and then establish a linkage between the optimal
strategies under those beliefs and an MPE. The value functions from these games
will be used extensively in the analysis of this case.

1When 1 — A/ (u(l - xo)) < 0, beliefs drift down until x = 1 — A/ and then stop drifting under both
belief specifications.
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First, consider the game where the firm is free to choose any censorship strategy
but investment is restricted so that a(x) = a(x) = 1 (01~ Let Vi, be the value
function when beliefs are consistent with

a(x) = lisoy

These are the beliefs a firm would face if they were believed to be censoring every-
where and investing everywhere except zero.
Define Dy, and Ay, analogously. Let

Xt = max{x € [0.1]:puVp(x.L) < k}.

I’'ll show that this cutoff describes an equilibrium of this auxiliary game.

Second, we consider the game where the firm is restricted to follow the equi-
librium censorship strategy described by cutoff x; in the first game. Let V,(x) cor-
respond to the value function generated by beliefs consistent with cutoffs x. and
x, = y(with@(0) = 0,d(y) = lify > 0). Define D, and A, analogously. Let

X, = max{x € [0,x7] :ADy(x) < c};
this turns out to be an equilibrium of the game with the restricted censorship strategy.

LEMMA A 4: If (1 + r/)\)c < k, there exists an equilibrium where x, = x; and
X, = x; and a(0) = 0.

PROOF:

First consider the belief dynamics that generate V. The drift of beliefs is posi-
tive everywhere except zero. Moreover, on (0, 1] the value function Vj, is continu-
ous and strictly increasing and at OVM(O, 0) = 0. So x; is well defined and either
MV;%(X;’L) = korx; = landV;,(1,L) < k. Moreover, Vfw(x;,L) is equal to the
value in auxiliary game where the firm is believed to play cutoff x7, as the believed
strategies only differ on (O,x; ), which can’t be reached under any strategy profile
since beliefs drift up at x and zero is an absorbing state.

Now consider the other game. Given effort cutoff y, beliefs that start at or above
y never reach a nonzero belief below y, so under any strategy, the firm faces exactly
the same continuation beliefs as they would if they were working everywhere except
zero. Moreover, since D, (x) is continuous above y, on the interior

Do(y) = Jlim Dy(x) = Dy(3).

So x + Dy(x) is strictly increasing and continuous on (0, 1), DO(O) = 0 and for
x > x7, payoffs agree with the fw payoffs and

D (x) = j(;ooe*(”)‘)tkdt > ¢/
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So x,; exists and is by definition less than x. By construction, if x; # 1,
a(x) = lpey)

m(x) = 1{xzx,~f}

is an equilibrium since V(x;,L) = Vj,(x7,L) and D(x;) = D,:(x,). Similarly, if
x; = land x; < 1, then a(x) defined as above and 7(x) = 0 is an equilibrium
by the same logic (since 1 is absorbing under both 7?(1 = 1 and 7?(1) = 0if

a(1) = 1).

<F)inally, ifboth cutoffs are equal toone, thena(x) = m(x) = Oisanequilibrium
since under these beliefs, x, is drifting down at any x,, as opposed to being constant
and equal to one if x, = 1 (as it is in the problems that determine Vfw(1,9) and
Dy(1)). Given beliefs where consistent with no censorship or investment,
V(LLL) < Vi (L,L) < k/p.  Similarly, D(1) < [ "Ny, (1,L)dr =
Dy(1) < ¢/X soa(l) = 0is optimal.

A4. Equilibrium Characterization and Proof of Theorem 1

PROOF OF PROPOSITION 2:
This follows immediately from Lemma A.3. By the sequential rationality condi-
tion, D(x) is bounded above by

k
< K
D(x) = r+ X
soif c > kA/(r+ A), the firm never invests.

Recall that in any equilibrium V,.(x,,L) = V(x,L) and V,.(x;,L) is strictly
increasing. So the equilibrium cutoff is unique. B

PROOF OF LEMMA 3:

Equilibrium payoffs in any full-shirk equilibrium are bounded below by zero.
It remains to show that they are bounded above by something that goes to zero as
r — 0. Intuitively, bad news arrives in finite time almost surely, so most of the time,
the firm is receiving a payoft of zero.

In equilibrium at x, either (i) beliefs are drifting down or (ii) beliefs are
drifting up until they reach the point where either the firm wants to start cen-
soring or 0 = x,(,u(l - x) — )\). In the second case uV(xp,L) < k, and as
D(x) < k/(r+A),V(xp.H) < k/p+k/(r+N).

Suppose beliefs are drifting down at x,. Let 7 = inf {t:xt < xﬂ}. Above the cen-
sorship cutoff X, = —\x, sox, = xye . Therefore, payoffs satisfy

! e~ —rrk X —(r —rrk
V(xpL) < j(;x()e eVt + e = (1 — e 4 e

X0

r4 A

< +

k
i
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Therefore, V(xo, L) < xo/ (r+ ) +k/pand V(xo,H) < (xo+k)/(r+X) +k/p,
so lim,_orV} = 0.1

PROOF OF PROPOSITION 3:

If the initial reputation, xy, is above max (x,,x;), then x, = A(1 — x;). This dif-
ferential equation with initial condition x; is solved by x, = 1 — (1 — xp) e M. We
can thus simplify Vj, from Proposition 1 by noting that, except at zero (where both
are equal to zero),

o . l—¢ 1-
Vio(x.H) = fo e rt[l—(l—x)e /\t—c]dt = rc—r_i_;\c;

Viw(x,L) = foooe*(’*)‘)’[l — (1 —x) e M—c—k+ AVfW(x,,H)]dt

_1-c kK 1—x

r r+X r+ X

These are exactly the payoffs a firm would receive in any equilibrium starting at any
Xo > max{x,Xx}.

Only if: For the firm to have persistent perfect reputation in an equilibrium where
a(0) = 0, it must be that xy > max{x,x,}. Suppose such an equilibrium exists
butk > ()\ + 1y —c(r+ )\))u/(r(r + A+ ,u)) Then V(xp,L) = Vj,(x,L) and
V(0,L) = 0. But then it must be the case that

k < u(V(xO,L) — V(O,L))

l—c k1 —x
k§u< r r4+ A r—{—)\)

_ ()\+rx0—c(r+ )\)),u
- r(r+ A+ p)

)

so this equilibrium cannot exist.

If: The equilibrium constructed in the Proof of Proposition 1 sets
X, = max{x:,uvfw(x,L) < k}, SO Xy > x, > x, in that equilibrium if
n7s (xO,L) > k, which can be rewritten as

_ ()\—I—rxo—c(r—l— )\)),u
- r(r+ X4 p)

Finally, suppose there exists another equilibrium where Pr(z < oo) < 1, where
7 = inf {t:xs =0Vs > t} but the firm also does not have persistent perfect rep-
utation a.s. For this to be possible, it must be that x, > x, > x, > 0. This means
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that ,uV(xO,L) < k. But the firm can always deviate and censor all bad news and
invest in quality, so

V(L) > [ e Uk — ¢~ k4 AV(o.H)|dt > Vi, (x0.L).

where the second inequality follows from the fact that x, > 1 — (1 — x) e M by
Gronwall’s inequality.'! But then 1V(xp,L) — V(0,L) > k, so this cannot be an
equilibrium. m

PROOF OF COROLLARY 1:

The first bullet is an immediate consequence of Proposition 3. The second
bullet follows from the following observations. By the previous lemma, there
is no equilibrium where the firm both invests and censors at any x € [0,1) if
k> (1—=c)(r+MNu/ (r(r + A+ ) ) Suppose the firm censored but didn’t invest
at some x,. Then censorship would still be optimal at x; if consumers believed the
firm was investing and censoring at xo, i.e., lety, = 1 — (1 — x) e My, > x, for
all# > 0 (since x, is drifting down whenever it’s above x,, while y, is always drifting
up), so payoffs would increase pointwise if the firm followed the same strategies but
beliefs followed the trajectory described by y,. Using the notation from Lemma A .4,
these are the payoffs the firm would achieve at x; if they were believed investing and
censoring everywhere except at zero, Vj, (xo, 9). It must be that

k//.L S V(XO, L) < Vfw<X0,L)
Therefore, censoring is also optimal at x; in the fw problem. But then

()\ +rxy—c(r+ A))u
r(r+ X+ p)

= Vi(x0. L) > k,

which is a contradiction.

To see the final statement, there are two cases to consider, either
(i) k< (1 =c)(r+ Np/(r(r + X + ,u)) and Proposition 3 implies this
immediately or (i) k > (1 — ¢)(r + A)u/(r(r + X + p)). Note that for
¢ > pN((r+p)(r+X), (1+r/A) > (1=c)(r+AN)p/(r(r+ X+ p)), so
the region where the firm can both invest and censor in equilibrium is empty.

—Ar (

et y, = 1 — x. y, < —y, A (strictly so between x, and x,), so | — x, < (1 = x)e strict when

X € (Xpr))-
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In this second case if x, < 1, then the firm has incentive to invest at
reputation 1, so its payoffs in equilibrium are bounded by

VL) = [ el = STONZS

B

where the inequality follows from the firm playing never censoring and
V(O,L) > (. Therefore,

—e (r+X)(1 -0 p(l —c)
b(1) = lr B r(r+ A+ p) - r(r+A+p)

So it is impossible for the firm to invest at one and thus invest in any equilibria if

pA(1 = c)
UA

ESETR

Finally, to show that there’s always an equilibrium with investment for high enough
Xo, recall that there always exists an equilibrium where a(O) = 0 by the construc-
tion in Lemma A.4. Moreover, by the equilibrium construction in Lemma A.4, the
firm invests at any point where ADy(x) > ¢, where Dy(x) is the difference between
the 8§ = H and # = L value at x when the firm is believed to be investing every-
where except zero. In such an equilibrium

N Gl | el IO (Sl
D(1) = 454 rre X)) r(reAtp)

so the firm invests at 1if A/ ((r+ A)(r+p)) > ¢, and since Dy(x) is continuous
except at zero, x, < 1.1

Dy(1) =

PROOF OF COROLLARY 2:

By Proposition 3, there exists an equilibrium where the firm has persistent perfect
reputation if k& < (X +rxg — ¢(r+ X))/ (r(r + A + p) ). The right-hand side of
this expression goes to co as r — 0, so for any x, € (O, 1 ), there exists an 7 such
that if r < 7, then an equilibrium with persistent perfect reputation exists. In such
an equilibrium

_(1—¢c k. 1-x _
rV(xO,L)—r< - X r—|—/\>—>1 c

and

rV(xO,H) = r(l_c—l_xo> — 1—c,

solim,_orVi =1 —c.0
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LEMMA A.5: Both the game with censorship and the game without censorship
do not have any full-work equilibria if ¢ > Au(p + )\)/((r +A)(r+ A+ )
X (r 42X+ 2u)).

PROOF:

Suppose a full-work equilibrium exists. Then, in such an equilibrium,
AD(0) > c. In this equilibrium (with equality in the game without censorship)

V(O.L) > [T 0Ly — e 4 uV(0.L) + AV(x, H)|dr

r+ A _ e N A —rt H —(r+Xp)r
SAvoL) = | c)[u+)\e e dr

D(0) = V(0,H) — V(0,L)

_ [ I e 1 D N B (M)t
_j(;x,<e Y [M—i-)\e +M+)\e

)a

0 _ (M)t i e — rp —(r A )t
< Jy - ><(r+)\)(u+/\) r+ N+ )‘”

p(p+A)
(r+X)(r+ A+ p)(r+2X+2u)’

where the second inequality follows from %, < (1 — x)(A + ) and Gronwall’s
inequality.'> So full-work is not an equilibrium if ¢ > Au(p + X)/ ((r + A)
X (r+ A4 p)(r+2X+ 2u)). Note, as we take r — 0, if ¢ > ,u/(2()\ + u)),
then full-work cannot be an equilibrium for small enough r. B

PROOF OF PROPOSITION 4:

LEMMA A.6: In any shirk-work equilibrium

r+ A )
r+A+p)

r(xV(%LH) + (1 —x)V(%L)) < (1 —c) (xo + (1 —x)

PROOF:
Fix any equilibrium with x, € (0,1) and let ¥ = max(x,%,). The value from
low quality satisfies

V(fc,L) = j(;ooe (rA+p)t [ c+)\f r(s=1) (% —C)ds]dt
_ o0 o A —rt H —(r+Atp)t
= fo (% c)[—/\+ue +—>\+,ue / ]dt.

2y, = x— Ly, < —y(A+ p), so by Gronwall, x, — 1 < —e~ (M)t
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So ex ante payoffs are bounded above by

r(xo V(%,H) + (1 - xO)V(fc,L))

— rfow(xt—c)[<xo+(1—xo)AiM>erz+(1_xO)AL+Me(mw)t]dt
< foo(l— —&)e (N ¢)

)\ —71 1% —(r "
X |:<X{)+(1—XO)m>€ t+(1—X0))\+ILL€ (+)‘+/)l:|dt

r+ A o
- (1—c)<x0+(1—x0)—r+)\+u)— (1=
r4+2\A4+pu
(XO+ (1- )r+2)\—|—2,u)

which, by just dropping the negative term, implies the desired bound. It follows
immediately from Lemma A.5 that for sufficiently small rif ¢ > 1/2(\ + ), then
full-work cannot be an equilibrium.

To complete the Proof of Proposition 4 and (and Theorem 1), all that remains is
showing the payoffs in the full-shirk equilibrium converge to zero as r — 0. This
is an immediate consequence of Lemma 5 if any other equilibrium exists, as the
payoffs in any full-shirk equilibrium must be lower than the payoffs in any equi-
librium with investment (the firm in the other equilibrium could always deviate to
never investing and would receive a higher payoff than in the full-shirk equilibrium
due to more favorable market beliefs). In fact, in the limit as r — 0, it’s clear that
payoffs in a full-shirk equilibrium go to zero. To complete the argument for the case
where the full-shirk equilibrium is the unique equilibrium, I construct a very simple
bound. B

LEMMA A.7: In a full-shirk equilibrium

(r+p+ )X 5
”(XOV(XO,H) + (1 - XO)V(XO,L)) < V<Xom + (1 - Xo)ﬁ ,
where X = max{xo,l — )\/u}.

PROOF:

Letx = max{xo, 11—/ u}. In any full-shirk equilibrium, at x, until bad news
arrives, either beliefs are drifting down or beliefs are drifting up until they reach X,
where the drift of beliefs is zero. So for all ¢, x, < X. Therefore,

A

V(XO,L) < f() e () Rdr = rjflu’
and
rJr)\tA X - (r+,u+)\)5c
o) < Fefe ool - EEE
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So

%WWW+O—MW@M)S%%$§%§%+U—%h%p

Note that r[xo(r F AN/ ((rHA) (r )+ (1= x0)3/ (r+ u)] goes to zero
asr — 0.
This lemma immediately implies the bound in Proposition 4. The expression

( (r+p+X)3 % )

O T

is decreasing in r and increasing in X, so plugging in r = 0,X = 1 leads to the
bound from the proposition.

Therefore, in any equilibrium that is not full-work, as we take r — 0, pay-
offs stay bounded away from the first best, which when combined with Lemma 3,
Corollary 2, and Proposition 4, gives Theorem 1. B
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