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Abstract

In Ref. [1] Horava suggested, that the multi-fermion many-body system with topologically stable Fermi
surfaces may effectively be described (in a vicinity of the Fermi surface) by the theory with coarse-grained
fermions. The number of the components of these coarse-grained fermions is reduced compared to the
original system. Here we consider the 3 + 1 D system and concentrate on the particular case when the Fermi
surface has co-dimension p = 3, i.e. it represents the Fermi point in momentum space. First we demonstrate
explicitly that in agreement with Hofava conjecture, in the vicinity of the Fermi point the original system is
reduced to the model with two-component Weyl spinors. Next, we generalize the construction of Horava to
the situation, when the original 3 + 1 D theory contains multi-component Majorana spinors. In this case the
system is also reduced to the model of the two-component Weyl fermions in the vicinity of the topologically
stable Fermi point. Those fermions experience the emergent gauge field and the gravitational field given
by the emergent vierbein. Both these fields (the emergent gauge field and the emergent gravitational field)
originate from certain collective excitations of the original system. We speculate, that the given construction
may be relevant for the high energy physics in the paradigm, in which the Lorentz symmetry as well as the
gravitational and gauge fields are the emergent phenomena, i.e. they appear dynamically in the low energy
approximation of the underlined high energy theory.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
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1. Introduction

As in particle physics, the condensed matter systems are described by the multi-component
fermionic fields. In addition to spin they may have Bogoliubov spin, layer index in the multilay-
ered 2 4 1 systems, etc. In crystals the band indices are added, and the spinor acquires infinite
number of components. In the low energy corner the effective number of degrees of freedom is
essentially reduced. The gapped (massive) degrees of freedom are frozen out and only gapless
states survive. The gaplessness is the fragile property, since it can be violated by interaction be-
tween fermions. However, there exist fermionic systems, in which the gaplessness (masslessness)
is robust to interaction. These are the topological materials, where stability of nodes in the energy
spectrum with respect to deformations is protected by the conservation of topological invariants
of different types [1].

Examples of topologically protected zeroes in fermionic spectrum are: Fermi surface in met-
als [2]; Fermi points in 3+ 1 D Weyl superfluid 3He-A [2]andin3+1D Weyl semimetals [3—7];
Dirac points in graphene [8,9]; fermionic edge modes on the surface and interfaces of the fully
gapped topological insulators [ 10—12] and superfluids [13,14].

The Fermi or Weyl points represent the exceptional (conical, diabolic) points of level cross-
ing, which avoid the level repulsion [15]. Topological invariants for points at which the branches
of spectrum merge were introduced by Novikov [16]. In our case crossing points occur in mo-
mentum space [17,18].

The spectrum near the point nodes typically acquires the relativistic form, which is the
consequence of the Atyah—Bott—Shapiro construction applied to the nodes with unit value of
topological invariant [1]. This results in emergence of effective gauge and gravitational field as
collective Bose modes [19,2,20,21]. This means, that the fermionic excitations reside in curved
space—time. The geometry of this space—time is given by the vierbein formed by certain collective
excitations of the microscopic system.

The higher values of topological invariant give rise to exotic Weyl or Dirac fermions, with
nonlinear touching points of positive and negative energy branches. The 2 4+ 1 D example of
such system is given by the multilayer graphene with the ABC stacking [22]. The nonlin-
ear Dirac spectrum results in the effective gravitational and gauge field theories, which obey
anisotropic scaling of Hotava type [23-26], see [27-30]. The multilayer graphene also demon-
strates the reduction of the degrees of freedom at low energy. The original tight-binding model
may be described by the field theory with the multi-component fermionic field, which carries
the spin, pseudospin, and layer indices. Due to the specific interaction between the fermions
that belong to different layers, in the emergent low energy theory the layer index drops out. The
final effective theory operates with the two-component spinors existing in the vicinity of each
of the two Fermi points. These spinors also carry the flavor index that corresponds to the real
spin.

The general theory that describes reduction of the fermion components and the emergent
gravity experienced by the reduced fermions is not developed so far in sufficient details. The
main progress in this direction has been made by Hotava [ 1], who considered the general case of
d + 1 dimensional condensed matter system with d—p dimensional Fermi surface (d—p dimen-
sional manifold of zeroes in the d dimensional momentum space). The classification of the fully
gapped topological materials [31,32] can be obtained from Hotava classification by dimensional
reduction (see examples in [2]).

We are interested in the particular case of the 3 4+ 1 D systems with Fermi-point, i.e. with
the node of co-dimension p = d = 3. In this particular case it follows from the statement of [1],
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that in the vicinity of the Fermi-point the system is effectively described by the two-component
fermion field ¥. The action of this two-component field is given by

S=/du (P, ©)¥ (p, w) DY (p, w), (1)

where u is the integration measure over momentum and frequency p, w. It was claimed in [1],
that operator D contains the construction of Atyah—Bott—Shapiro that enters the expression for
the topological invariant corresponding to the nontrivial 73(GL(n, C)) = K(R?), where n is the
original number of the fermion components:

D=elo"(py—p)+- )
Here p, is a 4-momentum; eff is an emergent vierbein; p,(LO) is the position of the Fermi point,
whose space—time variation gives rise to the effective dynamical U (1) gauge field B, ; and dots
mean the subdominant terms, which include the emergent spin connection C,,.

The emergence of this Eq. (2) has been advocated by Froggatt and Nielsen in their random
dynamics theory, where the infinite number of degrees of freedom is reduced to 2 x 2 subspace
of Hermitian matrices (see page 147 in the book [19]). In superfluid 3He-A this Eq. (2) has
been explicitly obtained by expansion of the Bogoliubov—de Gennes Hamiltonian near the Weyl
point [20]; for the expansion near Dirac point in 2 4 1 D graphene see Refs. [33,34,30]. In both
cases the complicated atomic structure of liquid and electronic structure in crystals are reduced to
the description in terms of the effective two-component spinors, and this supports the conjecture
of Froggatt and Nielsen and the Horfava approach.

The emergence of Weyl spinor has important consequences both in the condensed matter
physics and in the high energy physics. This is because the Weyl fermions represent the build-
ing blocks of the Standard Model of particle physics (SM). Emergence of Weyl fermions in
condensed matter together with Lorentz invariance, effective gravity and gauge fields and the
topological stability of emergent phenomena suggest that SM and Einstein theory of gravitational
field (GR) may have the status of effective theories. The chiral elementary particles (quarks and
leptons), gauge and Higgs bosons, and the dynamical vierbein field may naturally emerge in
the low-energy corner of the quantum vacuum, provided the vacuum has topologically protected
Weyl points.

When considering the possible emergence of SM and GR, one should resolve between the
symmetries which emerge in the low energy corner (Lorentz invariance, gauge symmetry, etc.)
and the underlying symmetry of the microscopic system — the quantum vacuum. The discrete and
continuous global symmetries of the underlying microscopic systems influence the topological
classification producing the additional classes of system, which are protected by the combined
action of symmetry and topology [2,31,32,35,36]. They also determine the effective symmetries
emerging at low energy, such as SU(2) gauge symmetry in >He—A, which follows from the
discrete Z, symmetry of the underlying high-energy theory [2].

Especially we are interested in the case, when the original multi-fermion system consists of
real fermions, i.e. it is the system of the underlying Majorana fermions of general type not obey-
ing Lorentz invariance. This case may be related both to emergent gravity and to the foundations
of quantum mechanics. The equations of ordinary quantum mechanics are described in terms of
complex numbers. These are the Weyl equation; the Dirac equation obtained after electroweak
symmetry breaking, when particles acquire Dirac masses; and finally the Schrédinger equation
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obtained for energies below the mass parameters. As is known, Schrodinger strongly resisted
to introduce i = v/—1 into his wave equations (see Yang [37]). The imaginary unit i = =1
is the product of human mind, which is mathematically convenient. However, all the physical
quantities are real, which implies that the imaginary unit should not enter any physical equation.

This suggests that the underlying microscopic physics is described solely in terms of the
real numbers, while the complexification occurs on the way from microscopic to macroscopic
physics, i.e. complexification of quantum mechanics (and of the quantum field theory) is the
emergent phenomenon that appears at low energies. To see that we start with underlying micro-
scopic system described in terms of the real-valued multi-component spinor, whose evolution is
governed by the differential equation with real coefficients. We find that if the vacuum is topo-
logically nontrivial, the low energy phenomena will be described by the emergent Weyl quantum
mechanics, which is expressed in terms of the emergent complex numbers.

The quantum dynamics of the corresponding field system is described by the integral over the
n-component Grassmann variables ¥ that does not contain imaginary unity. In the low energy
approximation the multi-component Majorana fermions are reduced to the two-component Weyl
fermions, which description is given in terms of the complex-valued two component wave func-
tion. The functional integral of ¢’S is over the two sets of 2-component Grassmann variables ¥
and ¥, where S is the action for the emergent Weyl fermions ¥ (and the conjugated fermions ¥)
in the presence of the emergent vierbein e/, and emergent gauge field.

It is worth mentioning that in most of the cases the main symmetry of the gravitational theory
(invariance under the diffeomorphisms) does not arise. For emergence of the diffeomorphism
invariance the Lorentz violation scale must be much higher than the Planck scale. If this hierarchy
of scale is not obeyed, in addition to Eq. (1) the effective action contains the terms that do not
depend on ¥, ¥ but depend on e,ﬂ, C,, and B, directly. These terms are, in general case, not
invariant under the diffeomorphisms. That’s why in the majority of cases we may speak of the
gravity only as the geometry experienced by fermionic quasiparticles. The fluctuations of the
fields e,ﬁ, By, and C,, themselves are not governed by the diffeomorphism-invariant theory.

We shall demonstrate, that under certain reasonable assumptions the emergent spin connection
Cﬁb in the considered systems is absent. This means, that we deal with the emergent teleparallel
gravity, i.e. the theory of the varying Weitzenbock geometry.'

On the high-energy side the application of the given pattern may be related to the unification
of interactions in the paradigm, in which at the extremely high energies the Lorentz-invariance as
well as the general covariance are lost. In this paradigm Lorentz symmetry, the two-component
Weyl fermions that belong to its spinor representation, the gravitational and gauge fields appear
at low energies as certain collective excitations of the microscopic theory.

The paper is organized as follows. In Section 2 we describe the original construction of
Horava [1] and give its proof for the particular case of the 3 + 1 D system, in which Fermi-
surface is reduced to Fermi-point. In Section 3 we generalize the construction of Section 2 to the
case, when the original system contains multi-component Majorana fermions. In Section 4 we
end with the conclusions.

1" The Riemann—Cartan space is defined by the translational connection (the vierbein) and the Lorentz group connection.
There are two important particular cases. Space is called Riemannian if the translational curvature (torsion) vanishes.
If the Lorentz group curvature vanishes, it is called Weitzenbock space.
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2. Emergent Weyl spinors in the system with multi-component fermions (Horava
construction)

2.1. The reduction of the original multi-fermion model to the model with minimal number of
spinor components

Following [1] we consider the condensed matter model with n-component spinors 1. The
partition function has the form:

= f Dy Dl/_/exp(i f dr Y ()i, — ﬁ)wxa)). 3)

Here the Hamiltonian H is the Hermitian matrix function of momentum p = —i V. We intro-
duced here the symbol of the summation over the points of coordinate space. This symbol is to
be understood as the integral over d>x for continuous coordinate space. First, we consider the
particular case, when there is no interaction between the fermions and the coefficients in the ex-
pansion of H in powers of p do not depend on coordinates. We know, that there is the “repulsion”
between the energy levels in ordinary quantum mechanics. Similar situation takes place for the
spectrum of H.The eigenvalues of H are the real-valued functions of P-

Several branches of spectrum for the Hermitian operator H repel each other, i.e. any small
perturbation pushes apart the two crossed branches. That’s why only the minimal number of
branches of its spectrum may cross each other. This minimal number is fixed by the topology of
momentum space that is the space of parameters p.

Let us consider the position p(o) of the crossmg of Nreduced branches of H. There exists the
Hermitian matrix §2 such that the matrix H (p) = QTAQ is diagonal. In this matrix the first
Nreduced X Mreduced block Hreduced corresponds to the crossed branches (i.e. all eigenvalues of
Hreduced(p) coincide at p = p(o)) The remaining block of matrix HInagswe corresponds to the
“massive” branches. The functional integral can be represented as the product of the functional
integral over “massive” modes and the integral over nedqyced reduced fermion components

v(x) =112y (x), W(x) =y )T It “4)

Here IT is the projector to space spanned on the first nyeguced cOmponents. Let us denote the
remaining components of ¥ by

O =1 -T2y (x), Ox) =y @R*(1-I") (&)

Let us denote the only eigenvalue of I:Ireduced(p(o)) by Eg. The transformation ¥y —
e~ iEot Yx, H(p) = H(p) — Eo leaves the expression in exponent of Eq. (3) unchanged. That’s
why we can always consider the matrix Hieqyced €qual to zero at the position of the branches
crossing p9. We are left with the following expression for the partition function:

Z:/DW D¥ DO DO exp(i/dt Z[lp )0, — reduced)w ()

X

+ Ox (1) (i3, — ﬁmassiva@x(r)]) (6)

where Hpassive = (1 — I H (1 — IT).
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Spectrum of operator Hreduced has exceptional properties around vanishing eigenvalues. The
corresponding eigenfunctions do not depend on time. The key point is that at low energy the in-
tegral over ¥ (x) dominates. The other components @ contribute the physical quantities with the
fast oscillating factors, and, therefore, may be neglected in the description of the long-wavelength
dynamics. As a result at the low energies we may deal with the theory that has the following par-
tition function:

Z=/D'1/ DY exp(i/dt le_/x(t)(iat —lflreduced)wx(r)) (7

Here we consider the situation, when Fermi energy coincides with the value of energy at the
branches crossing. It was suggested by Froggatt and Nielsen in their random dynamics theory,
that this case may be distinguished due to the specific decrease of particle density as follows
from the Hubble expansion [19].

2.2. Momentum space topology, and the two-component spinors

This consideration allows to prove the Hofava conjecture presented in [1]. According to this
conjecture any condensed matter theory with fermions and with the topologically protected
Fermi-points may be reduced at low energies to the theory described by the two-component
Weyl spinors. The remaining part of the proof is the consideration of momentum space topology.
It protects the zeros of ﬁreduced (i.e. it is robust to deformations) only when there is the corre-
sponding nontrivial invariant in momentum space. The minimal number of fermion components
that admits nontrivial topology is two. This reduces the partition function to

Z= f DV DY exp(i / dt Z B (1) (i, — mE ()& — m(f)))lllx(t)) (8)
X
where functions m ,f, m are real-valued.

Let us, in addition, impose the CP symmetry generated by CP = —io? and followed by the
change x — —x. Its action on the spinors is:

CPY(x) = —ic? ¥ T (—x) )
It prohibits the term with m (p). Thus operator H can be represented as
H= ) mips* (10)
k=1,2,3

The topologically nontrivial situation arises when m’ (p) has the hedgehog singularity. The
hedgehog point zero is described by the topological invariant

.. . a"L 8"L L
Nzel-_’k/dsl,ﬁL. in , mLzm_ (11)
8w op; Ipk

where o is the $? surface around the point.

For the topological invariant N = 1 in Eq. (11) the expansion near the hedgehog point at p§0)
in 3D p-space gives

mFm) = £ (pj — ). (12)
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Here by fl.j we denote the coefficients in the expansion. It will be seen below, that these constants
are related to the emergent vierbein. As a result, Eq. (8) has the form:

Z= /DlllDlI/exp( fdtZW(t)zB, £®;-pP)s )wm) (13)

Remark 2.1. In the absence of the mentioned above CP symmetry we have, in addition, the
function m(p) that is to be expanded around p©: m(p) ~ £ (p; — p&o)), i,j=1,2,3. The

new quantities foj are introduced here. So, in general case we arrive at the expression for the
partition function of Eq. (13), in which the sum is over k =0, 1,2, 3, and j =1, 2, 3 while o0 =
1. The situation here becomes much more complicated, than in the presence of the CP symmetry.
Namely, when | foj [f _1]?| > 1, we have the more powerful zeros of the Hamiltonian (better to
l]a

say, of its determinant). For | foj [f~ j| > 1 there is the conical Fermi-surface of co-dimension

p =1 given by the equation

fkf'(pj_p;‘))):o, j=1,2,3; k=0,1,2,3 (14)

There exists the choice of coordinates, such that on this Fermi surface the energy of one of the
two branches of spectrum of H is equal to zero. The energy corresponding to the second branch
vanishes at p(o) only, where the two branches intersect each other. However, in this situation the
first branch dominates the dynamics, and we already do not deal with the Fermi-point scenario
of the effective low energy theory. That’s why the CP-invariance is important because it protects
the system from the appearance of the Fermi surface in the vicinity of the branches crossing. It is
worth mentioning, that in the marginal case | foj [f _1]‘]‘.| = 1 we deal with the line of zeros of the
Hamiltonian (Fermi-surface of co-dimension p = 2). We do not consider here the other marginal
cases, such as that, in which det faj =0.

In the following we shall imply, that there is the additional symmetry (like the mentioned
above CP symmetry) that protects the system from the appearance of the more powerful zeros in
the spectrum of the Hamiltonian (i.e. Fermi surfaces and Fermi lines). The CP symmetry may be
approximate instead of exact, i.e. it may be violated by small perturbations and the interactions.
The approximate CP symmetry is enough to provide the inequality | f0 [f~ 1]“| < 1 that restricts
the appearance of the Fermi-surfaces of co-dimension p =1 and p = 2. In this case we may
apply Lorentz transformation (boost) that brings the system to the reference frame, in which
foj =0 for j = 1,2,3. In the following the value of p¥ may be interpreted as the external

vector potential. The interpretation of quantity fkj in terms of the emergent gravitational field
will be given in the next subsection.

2.3. Taking into account interaction between the fermions
Next, we should consider the situation, when the coefficients of expansion of H in powers

of p, depend on coordinates and fluctuate. The original partition function for the fermions with
the interaction between them can be written as follows:

=/D¢ Dy D® exp(iR[¢]+i/dt Zl/_/x(t)(iat—fl(@))wx(t)) (15)
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Here the new fields that provide the interaction between the fermions are denoted by @. R is some
function of these fields. Now operator H also depends on these fields. In mean field approxima-
tion, when the values of @ are set to their “mean” values we come back to the consideration
of the previous subsections. However, at the end of the consideration the fluctuations of the
fields @ are to be taken into account via the fluctuations of the field f;' and the Fermi-point
position p@@.

Let us consider for the simplicity the low energy effective theory with only one emergent Weyl
fermion. The interaction between the particles appears when the fluctuations of p(0> and fk are
taken into account. We assume, that these fluctuations are long-wave, so that the corresponding
variables should be considered as if they would not depend on coordinates. Nevertheless, in the
presence of the varied field @ the time reversal symmetry is broken. As a result the partition
function of the theory receives the form

Z= / DY D¥ D® exp(i R[®])

X exp(i / dt Z T () (19 — mb  (P)G* — mq>(f)))llfx(t)> (16)
Here

mh ) ~eel(p;—B)).  mo(®)~Bo+ee)(p;—Bj). i.j=1273 (17
The appearance of the field By reflects, that in the presence of interaction the value of energy
at the position of the crossing of several branches of spectrum may differ from zero. We repre-
sented the quantity f; J of Eq. (12) (that depends now on the coordinates) as f; g e , where
the fluctuating long-wave fields e¢[@], B[®] depend on the primary fields &. This representa-
tion for fl.j is chosen in this way in order to interpret the field eij as the vierbein. We require
eg =0fora=1,2,3,and e x 88 =1.Heree ! = e8 x det3 w3 ei = 68 is equal to the determi-
nant of the vierbein e' In the mean field approximation, @ is set to its mean value @¢, while
Bo[Po] =0, and ee [@0] = f , where variable f was introduced in Section 2.2. It is implied
(see Remark 2.1), that the approximate CP symmetry is present, that may be slightly violated by
the interactions. This means, that the values of eé are suppressed compared to the values of e,i
for k =1, 2, 3. This allows to keep the Fermi point in the presence of interactions.

As a result, the partition function of the model may be rewritten as:

Z:/Dll/ DU D ¢, DBye'SteaB)- 771 (18)
with

S = Sole, B]+ %(/ dre Un(n)e)6 Djun(n) + (h.c.)), (19)

where the sum is over a, j = 0, 1,2,3 while o9 =1, and D is the covariant derivative that
includes the U (1) gauge field B. Sple, B] is the part of the effective action that depends on e
and B only.

Remark 2.2. It is worth mentioning, that to write the expressions for the functional integral
Eq. (18) and the expression for the action Eq. (19) is not enough to define the field system. Be-
sides, we are to impose boundary conditions on the fields. Typically, the anti-periodic in time
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boundary conditions are imposed on the spinor fields in quantum field theory. These boundary
conditions correspond to the choice of vacuum, in which all states with negative energy are oc-
cupied. This is important to point out the reference frame, in which these anti-periodic boundary
conditions in time are applied. Here and below we always imply, that these boundary conditions
are imposed in the synchronous reference frame, i.e. in the one, in which the mean values (e(]))
vanish for j =1, 2, 3.

Remark 2.3. Eq. (19) is reduced to Eq. (16) with m, m% given by Eq. (17) if the particu-
lar gauge (of the emergent SO(3, 1)) is fixed. In this gauge e? =0 for j = 1,2, 3. Besides,
we rescale time in such a way, that eeg = 1. This means, that the term Sy contains the corre-
sponding gauge fixing term. Even modulo this gauge fixing the theory given by Eq. (19) is not
diffeomorphism-invariant. The fermionic term alone would become diffeomorphism-invariant if
the spin connection of zero curvature is added. Then, in addition Eq. (19) is to be understood
as the result of the gauge fixing corresponding to vanishing spin connection. In some cases
Sole, B] may be neglected, and only the second term of Eq. (19) contributes the dynamics. Then
the fields e,’: and B, may be identified with the true gravitational field (vierbein) and the true
gauge field correspondingly (modulo mentioned above gauge fixing). Their effective action is
obtained as a result of the integration over the fermions. It is worth mentioning, that in most
of the known condensed matter systems with Fermi-points (say, in He—A) we cannot neglect
the term So[e, B]. That’s why the given opportunity in the condensed matter theory remains
hypothetical.

Recall, that we have considered the long-wavelength fluctuations of the emergent fields B
and e. That is we neglected the derivatives of these fields. In the fermion part of the action
in Eq. (19) there are no dimensional parameters. The only modification of this action that is
analytical in B, e and their derivatives and that does not contain the dimensional parameters is
if the covariant derivative D receives the contribution proportional to the derivative of e. That’s
why, even for the non-homogeneous variations of e and B in low energy approximation we are
left with effective action of the form of Eq. (19) if the value of the emergent electromagnetic
field is much larger than the order of magnitude of quantity |Ve’a‘|. Such a situation takes place,
for example for the consideration of the emergent gravity in graphene [30].

Let us formalize the consideration of the given section as the following theorem.

Theorem 2.1. The multi-fermion system without interaction between the particles in the vicin-
ity of the Fermi-point (Fermi surface of co-dimension p = 3) is reduced to the model that is
described by the two-component Weyl fermions described by partition function Eq. (16). In ad-
dition, we require, that the (approximate) CP symmetry is present. This symmetry prohibits the
appearance of the Fermi surfaces of co-dimension p =1 and p = 2 and results in the suppres-
sion of the values of m(p) compared to the values of m™(p). The nontrivial momentum space
topology with the topological invariant of Eq. (11) equal to unity provides that the effective low
energy theory has the partition function of Eq. (13) with some constants fk] that depend on the
underlying microscopic theory.

When the interaction between the original fermions in this system is taken into account (while
momentum space topology remains the same as in the non-interacting theory), the partition func-
tion of the low energy effective theory receives the form of Eq. (18) with the effective action
Eq. (19). This is the partition function of Weyl fermion in the presence of the emergent vierbein e
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and the emergent U (1) gauge field B. Both these fields represent certain collective excitations
of the microscopic theory. (It is assumed, that the value of the emergent electromagnetic field is
much larger than the order of magnitude of quantity |Ve’a‘ l.)

Remark 2.4. One can see, that in the considered long wave approximation the emergent spin con-
nection C, does not arise. That’s why we deal with the emergent teleparallel gravity described
by the vierbein e‘j only.

The given theorem represents the main statement given without proof in [1] in a more detailed
and elaborated form (for the particular case of 3 + 1 D system with Fermi-surface reduced to the
Fermi-point). We considered only one Fermi point. This case also corresponds to the situation,
when there exist several Fermi points, but the corresponding collective excitations do not corre-
late with each other. The situation, when the correlation is present is more involved. We make a
remark on it at the end of Section 3.

3. Emergent Weyl spinors in the system of multi-component Majorana fermions

In this section we consider the generalization of the problem considered in the previous section
to the case, when the original system contains multi-component Majorana fermions.

3.1. Path integral for Majorana fermions

On the language of functional integral the evolution in time of the field system is given by the
correlations of various combinations of the given fields. The lagrangian density for n-component
Majorana fermions ¥ can be written in the form:

LMajorana = I/IXT ()0 + ii&)wx(t)a (20)

where A is the arbitrary operator that may be highly non-local. First, we consider the situation,
when there is no interaction between the original Majorana fermions. This means, that operator
A does not depend on the other fields. As a result the partition function is represented as

z= / Dwexp(— / dr Yy (1D +A>wx<r>> @1)
Various correlators of the field I//Xal‘e given by
(W) (1) ¥y (12) -+ Yy (12)
= / Dy exp(— / dr Yy Y (0@ + wa(r))wxl (1) Yrsy (12) -+ Yoy (12) (22)

Here ¢ is the n-component anti-commuting variable. The Majorana nature of the fermions is
reflected by the absence of the conjugated set of variables ¥ and the absence of the imaginary unit
in the exponent. The dynamics of the system is completely described by various correlators of
the type of Eq. (22). It is worth mentioning that the complex numbers do not enter the dynamics
described by Eq. (22). It can be easily seen, that if A is linear in the spacial derivatives, and
is represented by the product B, V¢, where B, do not depend on coordinates, then B, should
be symmetric. (For the anti-symmetric B, expression y . I/JXT B, V¢ vanishes.) We feel this
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instructive to give the representation of the partition function of Eq. (21) in terms of the analogues
of the energy levels.

We consider the functional integral over real fermions basing on the analogy with the integral
over complex fermions (see [38]). We start from the partition function of Eq. (21). In lattice
discretization the differential operator Ais represented as the skew-symmetric Nn x Nn matrix,
where N is the total number of the lattice points while » is the number of the components of the
spinor vr. As a result there exists the orthogonal Nn x Nn transformation §2 that brings matrix A
to the block-diagonal form with the 2 x 2 blocks of the form

Exf = Ex (‘1) o ) @3)

with some real values Ej. We represent ¢ as {(x,) = Zn Can(t)Wan(x), wherea =1, 2, and
A has the above block- diagonal form in the basis of ¥, ,. These vectors are normalized to unity
( f d3x lllaa un = 1). Further, we represent

Z= / dcexp(— Z Tcl, [—in+ EnB]Cr;,n>v (24)
n,n

where the system is considered with the anti-periodic in time boundary conditions: ¢ (t + 7, x) =
— (¢, x). We use the decomposition

cn(t) = Z e_i”’cn,n. (25)
n=%Qk+1),keZ
Integrating out the Grassmann variables ¢, we come to:

@
Z=[]]I(@+Ed(=n+ E)T?) = nn(n+E)T l—[cos E. (26)

n>0 n

The values E, depend on the parameters of the Hamiltonian, with the index n enumer-
ating these values. Eq. (26) is derived as follows. Recall that in (25) the summation is over
n= % (2k + 1). The product over k can be calculated as in [38]:

(14 o) =eo s @7
22k +1) 2

keZ

Formally the partition function may be rewritten as
~ E,T
Z =Det'?[3; + A]=[ [ cos % (28)

n

The explanation that the square root of the determinant appears is that operator [9; + A] itself
being discretized becomes the skew-symmetric matrix. Via the orthogonal transformations it
may be made block-diagonal with the elementary 2 x 2 blocks. In the latter form the functional
integral is obviously equal to the square root of the determinant because for the 2-component
spinor n

/dnexp[nT<2 _Oa)n]zazDetl/z(g _Oa) (29)
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We get (see also [38]):

7= Z exp(%ZEn—iTZKnEn) (30)
{Kn}=0,1 n n

Following [38], we interpret Eq. (30) as follows. K, represents the number of occupied states

with the energy E,. These numbers may be O or 1. The term ), E, vanishes if values E,

come in pairs with the opposite signs (this occurs when the time reversal symmetry takes place).

We can rewrite the last expression in the form, when the integer numbers represent the numbers

of occupied states of positive energy and the holes in the sea of occupied negative energy states:

Z(T= Y exp(%DEa—iTme) 31)

{K»}=0,1

After the Wick rotation we arrive at

Z(=i/Ty= ) exp(%DEu—%me), (32)
1 n n

{Kn}=0,

where T is temperature. This shows, that in equilibrium the configuration dominates with the
vanishing numbers K,,. This corresponds to the situation, when all states with negative energy
are occupied. This form of vacuum is intimately related with the anti-periodic in time boundary
conditions imposed on 1. The other boundary conditions would lead to the other prescription for
the occupied states in vacuum.

The values E,, are given by the solution of the system of equations

A§1 =E{
AL =—Eg (33)

for the pair ¢!, ¢2 of the real-valued n-component wave functions. Alternatively, we may solve
equation

0=[A+ 8¢ (34)

Here the complex-valued n-component wave function £ = | +i¢> has the particular dependence
on time &£(x,1) = é (x)e~"En! However, Eq. (34) does not contain imaginary unity. Therefore,
we may consider its real-valued solutions. These solutions may be interpreted as the time-
dependent real-valued spinor wave functions of Majorana fermions. It is worth mentioning, that
there are no such real valued wave functions that would correspond to definite energy.

3.2. Repulsion of fermion branches — the reduced number of fermion species at low energy

The notion of energy in the theory described by operator A may be based on the definition of
the values E,, given above. Besides, we may introduce the notion of energy scale £ as the typical
factor in the dependence of various dimensionless physical quantities ¢ on time: ¢ & f(€1),
where f is a certain dimensionless function of dimensionless argument such that its derivatives
are of the order of unity. With this definition of energy it can be shown, that at low energies
only the minimal number of fermion components effectively contributes the dynamics. Below
we make this statement explicit and present the sketch of its proof.
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As it is explained in Section 3.1, operator A in lattice discretization is given by the skew-
symmetric Nn X Nn matrix, where N is the total number of the lattice points while n is the
number of the components of the spinor ¥. As a result there exists the orthogonal Nn x Nn
lattice transformation £2 that brings matrix A to the block-diagonal form with the 2 x 2 blocks
of the form Ej ,3 = Ek((l) _01) with some real values Ej. In the continuum language matrix £2
becomes the operator that acts as an n x n matrix, whose components are the operators acting on
the coordinates. There are several branches of the values of Ey. Each branch is parametrized by
the 3D continuum parameters. Several branches of spectrum of Ej repel each other because they
are the eigenvalues of the Hermitian operator. This repulsion means, that any small perturbation
pushes apart the two crossed branches. That’s why only the minimal number of branches of its
spectrum may cross each other. This minimal number is fixed by the topology of momentum
space (see below, Section 3.3.4).

As it was mentioned, there exists the orthogonal operator 2 (it conserves the norm
[ d®x xT xx) such that the operator

Ablock diagonal _ QT AS} (35)

is given by the block-diagonal matrix with the elementary 2 x 2 blocks:

BEX(P) 0 - 0
Ablock diagonal _ O ﬂEz (P) O (36)
0 . 0 BE.(P)

Here we denote by P the three-dimensional vector that parametrizes the branches of spectrum
and the basis vector functions that correspond to the given form of A. The first nyedqyced val-

ues Ej coincide at P = p(O). This value is denoted by Eg = E| (p(O)) = Ez(p(o)) = --.. The first
block diagonal

reduced corresponds to the crossed branches. The remaining

2Nreduced X 2Mreduced block A

., block diagonal « - . .
block of matrix Am;);:sw;agona corresponds to the “massive” branches. The functional integral can

be represented as the product of the functional integral over “massive” modes and the integral
over 2nreduced reduced fermion components

WP, 1) =BTy, 1) (37)

Here by 3 we denote 21 educed X 2reduced Matrix S ® 1, while I7 is the projector to space spanned
on the first 2nedquced cOomponents. Let us denote the remaining components of v by

OP,ty=0-H) 2y (P,t) (38)

We arrive at

Z= f DY DO exp<— / dt S [Wh@)eFo P (3 + ADSek el (py)e=Fo bty (1)
P

massive

+ @7];(8t + A’\blockdiagonal(,})))@p]>’ (39)

where AP0k diagonal ony A (PYITT while APOR el opy APy (1 — 1TT).

reduced massive
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The exponent in Eq. (39) contains the following term that corresponds to the contribution of
the fermion fields defined in a vicinity of P = p©:

A0 = / o Y w00+ B[EP) — Ex(p)]) ¥ p (). (40)

P.k=1,..., Nreduced

We have the analogue of the 27 educed X 2Mreduced Hamiltonian H (P) = [Ex(P) — Ex(p?)] that
vanishes at P = p?). Following Section 3.1 we come to the conclusion, that in the expression for
the partition function Eq. (31) the small values of energies dominate (when the negative energy
states are occupied), and these energies correspond to the reduced fermions ¥. It is important,
that in order to deal with vacuum, in which negative energy states for Eq. (40) are occupied we
need to impose the antiperiodic boundary conditions in time on ¥ (not on the original fermion
field v). The other components ® contribute the physical quantities with the fast oscillating fac-
tors because they are “massive”, i.e. do not give rise to the values of E,, from the vicinity of zero.
Therefore, these degrees of freedom may be neglected in the description of the long-wavelength
dynamics.

Any basis of the wave functions is related via an orthogonal operator £2 to the basis of
the wave functions, in which Areduced has the form of the block-diagonal matrix (Eq. (36)).
We require, that 2 commutes with ,3 for the transformation to the basis associated with the
observed low energy coordinates. This observed coordinate space may differ from the primary
one, so that £2 is not equal to 2 of Eq. (35). This new coordinate space in not the primary notion,
but the secondary one. [£2, 8] = 0 is the requirement, imposed on the representation of the the-
ory, that allows to recover the usual Weyl spinors and the conventional quantum mechanics with
complex-valued wave functions (see the next subsection). We denote the new coordinates by Z
to distinguish them from the original coordinates X, in which the partition function of Eq. (21)
is written. In this new basis Areduced is given by the differential operator. It is expressed as a se-
ries in powers of derivatives with real- Valued 2nreduoed X 2Nreduced Matrices as coefficients. From

.Q , B] = 0 it follows, that in this basis [Areduced ﬂ]

3.3. The reduced 4-component spinors

3.3.1. Analytical dependence of Areduced o P

In Section 3.2 it was argued that the number of fermion components at low energies should be
even. The minimal even number that admits nontrivial momentum space topology (see below)
is 4. That’s why we consider the effective low energy four-component spinors. This corresponds
to the crossing of the two branches of the energy.

The two values Ej coincide at P = p©. The corresponding value of E 1,2 is denoted by

Ey=E 1(7?(0)) =FE; (P(O)). The first 4 x 4 block AblOCk diagonal of Eq. (36) corresponds to the

reduced
.. . block diagonal 7 .
crossed branches. The remaining block of matrix A oo 814 corresponds to the “massive”

branches. The Fermi point appears at p) if chemical potential is equal to Eq. Then the four re-

duced components dominate the functional integral while the remaining “massive” components

decouple and do not influence the dynamics. The form A];elgzl; : diagonal =diag(E{(P) ﬁ, E>,(P) B )

of the reduced matrix is exceptional. It is related by the 4 x 4 orthogonal transformation §2’
that commutes with ,3 with the 4 x 4 matrix Areduced(P) of a more general form. In this form
Areduced (P) also commutes with ,é In general case the dependence of Arequced(P) on P is an-
alytical. This is typical for the functions that are encountered in physics. The non-analytical
functions represent the set of vanishing measure in space of functions. However, this is not so for
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block diagonal .

the exceptional block-diagonal form A _; .4 in case of non-trivial topology that protects

the levels crossing.

Example. Let us illustrate this by the example, in which

Areduced(P) = fP, Z¢ (41)

Here the three real-valued 4 x 4 X-matrices form the basis of the su(2) algebra and have the
representation in terms of the three complex Pauli matrices:

yl=0olg1l, P =igr! 33, P =0x1 (42)

There exists the orthogonal matrix §2’ that brings A to the block-diagonal form:

block di 1 .
Aot Py =0 @it |y PuPy 43)
a

One can see, that in the form of Eq. (41) the matriX Areduced 1S analytical at P = 0 while in the
block-diagonal representation it is not.

In the following, speaking of the low energy dynamics, we shall always imply, that Areduced is
discussed, and shall omit the superscript “reduced”. We shall refer to space of parameters P as
to generalized momentum space. The zeros of A in this space should be topologically protected;
i.e. they must be robust to deformations.

3.3.2. Introduction of new coordinate space

Let us identify the quantities P with the eigenvalues of operator P=— B %. Here by Z we
denote the new coordinates. They do not coincide with the original coordinates x. This means,
that the fields local in coordinates x are not local in coordinates Z and vice versa.

141 D example We illustrate the appearance of the new coordinates Z by the following simple
example. Let us consider the two-component Majorana spinors in 1 + 1 dimensions with original
non-local operator A given by

A =exp(—Ga) O 0 exp(Ga), (44)
0 ok
where « is parameter while the integral operator G is given by

[Gol(x) = / dy fx—y)6' o(y) (45)

with some odd function f(x). This operator is well-defined for the functions ¢ that tend to zero
at infinity sufficiently fast.
Our aim is to find the two representations:

(1) Generalized momentum space, where A=E P) ,3 for a certain function E (P) of generalized
momenta P. .
(2) New space with coordinates Z, related to momentum space via identification P = —fdz.

This aim is achieved via the following operator

2 =exp(—Ga) (46)
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It is orthogonal and brings A to the form corresponding to the new coordinates Z:

QTAG = (32 0 ) e )
0 oz

This defines the new coordinates Z, in which operator Ais proportional to ,é Space of coordi-

nates Z differs from space of coordinates x just like conventional momentum space differs from

the conventional coordinate space: the functions local in one space are not local in another one

and vice versa. In generalized momentum space operator A receives the form A = E(P) ﬂ with

E(P) =

3.3.3. How the fermion number conservation reduces the general form of A for3+1D
Majorana fermions

It was argued, that for the low energy effective fermion fields in new coordinate space opera-
tor A has the form of the series in powers of the derivatives with the 4 x 4 real valued constant
matrices as coefficients. Moreover, the reduced operator A commutes with B= ( 10 ) The lat-
ter condition may be identified with the fermion number conservation, that is rather restrictive.
Below we describe the general form of the 4 x 4 operator A that may be expanded in powers
of derivatives with real-valued constant matrices as coefficients. It may always be considered as
skew-symmetric (D, X{sz =—> XZTAAX] for real-valued spinors 2, i.e. AT = —A) be-
cause the combination ) wTéw vanishes for any symmetric operator B and Grassmann valued
fields ¥. We shall demonstrate how the fermion number conservation reduces the general form
of such skew-symmetric operator. Let us introduce the two commuting momentum operators:

Pg=-BV, Py =—aV 48)
where
B=—1®f3f1=—1®i1'2, a=—-0301Q1l=—-icr®1 49)

The two commuting operators 755 and P, have common real-valued eigenvectors correspond-
ing to their real-valued eigenvalues. Matrix A can be represented as the analytical function

A=F(Ps. P i*. 59, (50)
where

IF=61®8,-a®1,6308),

= @@, -108,60%H). Sy

More specifically, it can be represented as

A=Y mpPplt+ Y miPu)s

k=1,2,3 k=1,2,3
+ml(PI" —mb (PHI' + mb (P) P — mE (PP +m?(Pg)B. (52)
Here
i1=51®f3, i3=53®f3 (53)

while m,f P), m;f(P), m ,ﬁ (P), m°(P) are real-valued functions of the momenta P. Functions
m,{(P), m{, (P) are odd; L* and S¥ are the generators of the two SO(3) groups; ,(3 and @ are real
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antisymmetric matrices that commute with all L¥ (or §%) correspondingly; / /¥ are the matrices
that commute with & ® ,3 but do not commute W1th either of & and ,B (Notice, that ,BL2 =482 =
—a @ B. That’s why odd part of the function m2 may be set equal to zero.)

According to our condition operator A commutes with matrix ,3 =1® (—itp). The coor-
dinates of new emergent coordinate space are denoted by Z. Matrix B anticommutes with St
k=1,3 and fk, k=1,2,3,4. Yet another way to look at this symmetry is to require, that the
momentum defined as 73,3 =— ,3 % is conserved, i.e. commutes with A. This requirement reduces
the partition function to

Z= / DlI/eXp<— / dt Y ] () (3 + ierrmf (Pp) 2k+ieffm(73ﬁ))wz(z)) (54)
Z

where m(Pg) =m°(Pg) — mg (Py). We introduced the effective 4 x 4 imaginary unit

A

ieff = B. (595)

Thus operator A can be represented as the analytical function of Pg and L¥ only:

A=F (75,9, Lk ). Here we have introduced (see Eq. (42)) the 4 x 4 matrices forming the quater-
nion units X%, that can be represented in terms of the 2 x 2 complex Pauli matrices. Matrix 1 ® t3
becomes the operator of complex conjugation.

3.3.4. CP-symmetry and topology of zeroes
First, let us impose the CP symmetry generated by CP = —io >t = §3 and followed by the
change Z — —Z. Its action on the spinors is:

CPY(Z) = —ic’ty (—1Z) (56)
It prohibits the term with m(P). Thus operator A can be represented as
=F(Pp. L) = > mlPpLk (57)
k=1,2,3

The topologically nontrivial situation arises when m” (P) has the hedgehog singularity. The
hedgehog point zero is described by the topological invariant

.. . on on L
Nze’_fk/dslnaL. ixi ,ﬁLzm_ (58)
8 apj pk |mL|

o

where o is the S? surface around the point. For the topological invariant N = 1 in Eq. (58) the
expansion near the hedgehog point at P;O) in 3D P-space gives

mE(P)= ] (P; - P”). (59)
As aresult, Eq. (60) has the form:

Z:fDW exp(—/dt ZWZ (t)(0 +lefffk( — p(O)) )llfz(t)> (60)
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Operator A can be written in the basis of the eigenvectors of P. As aresult, we arrive at the 4 x 4
matrix function of real variable P: A(P) = ieffm,f (P)X*. The matrix A(P) near the node has
the form

AP) =i ' ] (P; — P). 61)

In the presence of the CP symmetry the topological invariant responsible for the singularity can
be written analytically if one considers the extended matrices A(Py) = A(P, P4y) = P4+ A(P).
As a result, for generator of 73 we have (compare with the generator of n3(R,) for n > 3 on
page 133 of Ref. [39]):

€afuv -1 —1 -1
N = 1872 Tl‘/dSaA apﬁAA 8P;LAA anA' (62)

o

Here o is the $3 spherical surface around the node in 4D Du-space.

As in Section 2.2 in the absence of CP symmetry we should introduce the new variables foj
and imply summation over k =0, 1,2, 3 in Eq. (60), where ¥ 0 is identified with unity matrix.
In this case Eq. (62) does not represent the topological invariant. According to Remark 2.1 we
require, that the CP symmetry may be violated only slightly. The explicit meaning of the word
“slightly” is given in Remark 2.1. This provides, that the more powerful manifold of zeros — the
Fermi surface — does not appear in the vicinity of the Fermi point.

Remark 3.1. Up to the CPT transformation (that is the overall inversion t — —t, Z — —Z)
the mentioned above CP symmetry coincides with the time inversion transformation 7. (This
will become clear below, when we represent these emergent four-component Majorana spinors
in the form of the two-component left-handed Weyl spinors.) For the original multi-component
Majorana fermions the CPT transformation understood as t — —¢, Z — —Z may already not be
the symmetry. The time reversal transformation T for the original multi-component fermions may
be defined as the composition of + — —¢ and a certain transformation of the multi-component
spinor ¥ — T, such that 72 = —1 and its action on the reduced 4-component fermions is
given by 7 = CP = —io?t3. The CP transformation of the original multi-component spinors
may be defined as CPT x T. The CP transformation of the low energy emergent fermions may
originate, for example, from CP or T symmetry of the original multi-fermion system.

3.3.5. Propagator, Hamiltonian and Schrodinger equation

It follows from the functional integral representation, that one can introduce the propagator
(the Green’s function) and the Hamiltonian. In the presence of the CP-symmetry (when foj =0)
we have:

G = ietA(P,) = —Hp + icft Py. (63)

This means that the Green’s function here is determined on the imaginary axis, i.e. it is the
Euclidean Green function. In terms of the Green’s function the topological invariant N in Eq. (62)
has the following form:

Capuv -1 -1 -1
= 1822 Tr/dS"‘ G0y, G~ G0y, GGy, G, (64)
o

where o is 3 surface around the Fermi point in (Py, P>, P3, P4) space.



532 G.E. Volovik, M.A. Zubkov / Nuclear Physics B 881 (2014) 514-538

If the Hamiltonian belongs to topological class N =1 or N = —1, it can be adiabatically
deformed to the Weyl Hamiltonian for the right-handed and left-handed fermions respectively:

H=N(Z'P,+2*P,+ 3°P,)), N=x=I, (65)

where the emergent Pauli matrices X' describe the emergent relativistic spin.

The matrix icfr, which commutes with the Hamiltonian, corresponds to the imaginary unit in
the time dependent Schrodinger equation. The latter is obtained, when p4 is substituted by the
operator of time translation, ps — 0;:

leff0r x = Hy. (66)

The whole wave dynamics may be formulated in terms of real functions only. The Hamilto-
nian is expressed through the momentum operator 75,3. Its eigenvalues are parametrized by the
eigenvalues P of momentum, the projection n = =1 of emergent spin 3 on vector m(P), and
the eigenvalue C = %1 of the conjugation operator C=1®n:

ICon, PY = [e2en =P o ierPX] ) @ |n), 67)

where |C) = %(711"’ +CC), and |n) = %( Jf‘ an), while rotation around the vector ¢ by the angle
equal to its absolute value transforms a unit vector directed along the third axis into the one
directed along m (P). Vectors |C, n, P) are the eigenvectors of Hamiltonian correspondent to the
eigenvalues £ = C|m(P)|. Once at t = 0 the wave function is given by |C, n, P}, its dependence

on time is given by:

X () = e P C o, P) (68)
3.4. Interaction between the fermions

3.4.1. Effective action for reduced fermions

In this subsection we take into account the interactions between the original Majorana
fermions. We consider for the simplicity the low energy effective theory with only one emergent
Weyl fermion. The consideration is in general similar to that of Section 2.3. However, there is
the important complication related to the Majorana nature of the original fermions. The partition
function for the fermions with the interaction between them can be written in the form:

z:/nw D@bexp(—R[(D]—/dt ZWXT(I)(Z),—FA((P))IﬂX(t)) (69)

Again, the new fields that provide the interaction between the fermions are denoted by @. R is
some function of these fields. The fields @ are assumed to be bosonic. All existing fermionic
fields of the system are included into . For the applications in condensed matter physics the
function R is allowed to be complex-valued. However, the situation may be considered, when R
is real-valued function. In this situation the functional integral Eq. (69) does not contain imag-
inary unity at all, which means, that the corresponding dynamics may be naturally described
without using complex numbers. Matrix A also depends on @. When the values of @ are set to
their “mean” values @ = @ we come back to the consideration of the system without interac-
tion. In this system the reduced fields ¥ and massive fields @ are defined.

The next step is to take into account the fluctuations of the fields @. We write again the
effective action in terms of the fields ® and ¥. However, now the cross terms appear in the
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action that correspond to the transition between the two. Besides, the operator Aredquced depends
on the fields @ and does not necessarily commute with B Integrating out ® we arrive at the
effective action for the reduced four-component fields ¥ and @. This effective action in general
case contains the products of more, than two components of ¥, but those combinations are
suppressed at low energies because the fields @ are massive.

As a result we come to the partition function

Z = / DY D® exp(— / dt Z lI/ZT(t)(at + Areduced[ﬁp])‘lll(l‘)) (70)
Z

Now operator A[(D] does not necessarily commute with 8. As a result A[QD] has the general
form of Eq. (52) with functions m that depend on @. We assume, that these fluctuations are
long-wave, so that the functions m should be considered as if they would not depend on coor-
dinates. Besides, we define the new two component spinors starting from the four-component
spinor ¥ = (W1, w2 @3 wHT Those two-component spinors are given by

(W) +ivi(x) (vl —ivix)\
T = (lI/3(x) +ilI/4(x)) , T®= <w3(x) - il1/4(x)> 7

In terms of these new spinors the partition function receives the form:

Z:/DT DT D@ ¢ RIPIHiSI®.T.T] (72)
with
S= % ( f dt Y Tz () (id —mb ()% — mo ) T2 () + <h.c.>> +Srrs (73)
Z
where m é’  and mg are some real functions of momenta p = —iV while the term Sy contains

various combinations of Y478 and ’l_fc ’)_”D:
1 A N
Srr=—3 ( / dt Y Tzt (uh ()6 +ue () Tu(t) + (h.c.>) (74)
Z

with some complex-valued functions u ,f u. Recall, that without the fluctuations of @ (when we
set @ equal to its average @) the term Sy does not appear.

3.4.2. Fermion number conservation. Emergent gauge field and emergent vierbein

As in Section 2.3 we expand functions mf;, ; and mg_ ; around the Fermi-point and take into

account that the parameters of the expansion fluctuate:
mh (P)~eel (P —B)), mo(P)~eBo+ee)(P;—B)), i,j=1,23 (15

We represented here fij =e eij . The fluctuating long-wave fields e[®@], B[®] depend on the pri-

mary fields @. This representation for fl.j is chosen in this way in order to interpret the field el.j
as the vierbein. This means, that we require

6220, fora=1,2,3; exe8:1; e_l:egxdetgx3eé:egzdet4x4e;
(76)
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If @ is set to its mean value @, we need
Bol®ol=0.  eek[®@ol= £}, (77)

where variable f was introduced in Section 3.3.4.
Besides, we expand complex-valued functions u,’;, u around the Fermi point:

ub (Py~eW;+eq/ (P;—B)j), us(P)y~eWo+eq)(P;—B)), i,j=123
(78)

with complex-valued W;, ql.j . We set qg =0, fora=0,1,2,3. As a result the partition function
of the low energy effective theory receives the form

Z= / DY DY De DB Dg DW ¢/Sle:B-a.-WI+iSle.B.q.W.7.T] (79)

with the action given by
1 - i A .
S = E/dzeZ(Tz(t)e;o—“zD,TZ(r) +ieap T4 (OTF (W)
Z

+Y2(0q] 81 i D;Y7(t) + Y2(1)ql 631D Yy (0) + Yu(t)gli D Yz (0) + (hc))),  (80)

where the sum is over a, j =0, 1,2,3 while 0% =1, and D is the covariant derivative that
includes the U (1) gauge field B. Sole, B, g, W] is the part of the effective action that depends
on bosonic fields only. The second term of Eq. (80) contains the combination of Weyl spinors
entering the Majorana mass terms. The other fermion number breaking terms do not have the
interpretation within the model of Weyl spinors in the presence of the gravitational field.

This interpretation does appears when we imply, that there exists the mechanism that sup-
presses those fluctuations of the fields @ of Eq. (69) that break the fermion number conservation
for the reduced Weyl fermions 1", 7" (i.e. forbids the appearance of terms proportional to 141z
and 747 8). This formulation of the fermion number conservation is equivalent to the require-
ment, that the operator A acting on the four-component spinors ¥ commutes with 3 . Then,
similar, to Section 2.3 we come to the following theorem:

Theorem 3.1. The system of multi-component Majorana fermions without interaction between
the particles in the vicinity of the Fermi-point is reduced to the model that is described by the
two-component Weyl fermions with partition function Eq. (70). In addition, we require, that the
(approximate) CP symmetry is present. This symmetry prohibits the appearance of the Fermi
surface and results in the suppression of the values of m(P) compared to the values of m* (P).
The nontrivial momentum space topology with the topological invariant of Eq. (58) equal to
unity provides that the effective low energy theory has the partition function of Eq. (60) with
some quantities flf’ that depend on the underlined microscopic theory.

We assume, that in the presence of interactions the fermion number of the coarse-grained
fermions remains conserved while momentum space topology is the same as in the non-
interacting theory. The fluctuations of the original bosonic field @ are supposed to be long-wave.
Then there exists new coordinate space (we denote the new coordinates by Z.), in which the par-
tition function of the low energy effective theory receives the form

Z=/DT DT De DB ¢/Sle-B1+iSle.B.T.T] (81)
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with the action given by
1 - ; A
=3 / dted (Tz()ea6“iD;Yz(t) + (hc). (82)
zZ

Sole, B] is the part of the effective action that depends on the fields e and B only. Both these fields
represent certain collective excitations of the microscopic theory. (It is assumed, that the value of
the emergent electromagnetic field is much larger than the order of magnitude of quantity |Ve]; l.)
As well as in the previous section (Remark 2.2) we impose the antiperiodic boundary conditions

in time on the spinor fields in the synchronous reference frame, where ( eo =0forj=1,2,3.

Remark 3.2. If the functional R[®] of Eq. (69) is real-valued, then the appearance of the term
iS[e, B] in exponent of Eq. (81) (with real-valued S[e, B]) requires some comments. Let us
explain how this may occur in principle by the consideration of the following example. We start
from Eq. (81), and rewrite it as:

‘= / Dej DB "1 P1Z e}, Be], (83)
where
Z[ei, Bk] = f DY D'feiS[e{,,Bj,J/’tp] »

If there exists the transformation of fields ¢, B s 7, Y such that Z remains invariant while So
changes the sign, then we have:

Z:/De;;DBkcos(So[e, B])Z[ei,Bk]sz(D e KPIZ[el (@], Bi@]] (85)

with real-valued R.

Remark 3.3. Unlike the original Hotfava construction of Section 2 the action of Eq. (82) is written
in coordinates Z that differ from the original coordinates x of Eq. (69). The fermions in the two

coordinates are related by an operator ¢£0 8 et

Wy = E0 B Ty (86)

Here 2 brings operator A of Eq. (69) to the block-diagonal form of Eq. (36). The corresponding
coordinates are denoted by P and may be identified with the coordinates of “momentum space”.
IT projects to the reduced four dimensional subspace of the n- component spinor space. Opera-
tor £2 commutes with B and relates spinors in “momentum space” with spinors defined in the
new coordinates Z. Ej is the value of “energy” at the position of the branches crossing.

Remark 3.4. The considered above pattern of the emergent gravity and emergent U (1) gauge
field corresponds to the approximation, when the fields living at various Fermi points are not
correlated. The case, when such a correlation appears complicates the pattern considerably.
This may result in the appearance of non-Abelian gauge fields [2] and the generalization of
the vierbein to the form, when the field flk becomes matrix in flavor space. (Flavors enumerate
Fermi points and the corresponding Weyl spinors.) This remark is related also to the case of
Section 2.
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It is worth mentioning, that the action in the form of Eq. (82) corresponds to the left-handed

Weyl fermions in the presence of the emergent vierbein ¢. For our purposes it is enough to
consider only the emergent left-handed fermions as the right handed ones are related to them by
charge conjugation. The situation, when the two emergent left-handed fermions 77, 75> appear
may be considered as the appearance of one Dirac four-component spinor. Its left-handed com-
ponent is 7| while the right-handed component is defined as €45 '1_"23 . When these two spinors
are not correlated we have two different vierbeins and two different U (1) gauge fields. If, for
a certain reason, the two vierbeins coincide, then the two different U (1) gauge fields may be
represented as one common vector U (1) gauge field coupled to the Dirac fermion in a usual way
and the second common axial U (1) gauge field that may alternatively be considered as an axial
component of torsion originated from spin connection.

4. Conclusions

In this paper we discuss the many-body systems with multi-component fermions. First of
all, we consider in some details the particular case of the Hofava construction presented in [1],
when the Fermi surface of 3 + 1 D model is reduced to the Fermi point. We prove Theorem 2.1.
It contains the original statement of Hofava given in [1] without proof. Namely, in the vicinity
of the topologically protected Fermi-point with topological invariant N = 1 the emergent two-
component Weyl spinors appear. In the case, when the fields living in the vicinities of different
Fermi points do not correlate with each other, we may consider each low energy Weyl spinor sep-
arately. Then, the emergent gravity given by the emergent vierbein appears that is experienced
by the Weyl fermions as the geometry of space, in which the fermionic quasi-particles propagate.
Besides, the emergent U (1) gauge field appears.

If the fields that belong to the vicinities of different Fermi points correlate with each other,
instead of the U (1) gauge field the non-Abelian gauge field may appear [2]. Besides, in this case
the vierbein is to be replaced by matrix in flavor space (flavor index enumerates Fermi points and
emergent Weyl spinors). The consideration of this complication is out of the scope of the present
paper. The particular problem, which requires further investigation, is: what global discrete or
continuous symmetry of the underlying microscopic theory (including the flavor symmetry) may
reproduce the emergent gauge symmetries of SM or GUT?

Then we consider the generalization of the problem discussed in Section 2 to the case, when
the original system contains multi-component Majorana fermions. This case has been considered
in Section 3. Theorem 3.1 is proved, that is similar to Theorem 2.1. Again, in the vicinity of the
separate Fermi point the emergent two-component Weyl spinor interacting with emergent vier-
bein and emergent U (1) gauge field appears. The important difference from the case of Section 2
is that the Weyl spinors emerge in space of generalized coordinates Z that are different from the
original coordinates x. Besides, in order to arrive at the model of emergent Weyl fermions we
suppose, that the interactions do not break the fermion number conservation for the emergent
Weyl fermions. Remarkably, we do not need this requirement, when the interaction between the
fermions may be neglected. This suggests that there can be a special discrete symmetry in the
underlying microscopic theory, which forbids the violation of the fermion number conservation
in the lowest order terms. The higher order terms may reflect the Majorana origin of the chiral
Weyl particles, manifested in particular in possibility of neutrinoless double beta decay.

The considered general constructions may have applications both in the condensed matter
physics and in the high energy physics. There may exist various condensed matter systems with
multi-component fermions (both usual ones and Majorana fermions) and with the Fermi-points.
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In particular, certain Weyl semi-metals may belong to this class of systems. General properties
considered above predict, that the effective description of such systems may be given in terms of
the Weyl spinors interacting with emergent gravity and emergent gauge field.

In the high energy theory the applications may be related to the paradigm, in which Lorentz
symmetry, the fermions that belong to its spinor representations, the gravitational and gauge
fields appear in the low energy effective description of the underlined theory that works at ex-
tremely high energies. In the scenario, in which this theory contains multi-component Majorana
fermions, the observed coordinate space corresponds to the generalized coordinates Z, so that
the coordinate space is the emergent phenomenon, which follows from the matrix structure
in momentum space (see also [40]). Besides, the corresponding construction may be related
to the foundations of quantum mechanics. The original Majorana fermion is described by the
n-component real-valued wave function. The differential equation that describes its evolution
has the real-valued coefficients. The emergent low energy Weyl spinor, in turn, is described by
the complex-valued wave function. Thus, in this pattern the complexification of quantum me-
chanics is the emergent low energy phenomenon.
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