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3+1-dimensional Weyl fermions in interacting systems are described by effective quasi-relativistic
Green’s functions parametrized by a 16 element matrix eµ
α in an expansion around the Weyl point.
The matrix eµ
α can be naturally identified as an effective tetrad field for the fermions. The correspondence between the tetrad field and an effective quasi-relativistic metric gµν governing the Weyl
fermions allows for the possibility to simulate different classes of metric fields emerging in general
relativity in interacting Weyl semimetals. According to this correspondence, there can be four types
of Weyl fermions, depending on the signs of the components g 00 and g00 of the effective metric. In
addition to the conventional type-I fermions with a tilted Weyl cone and type-II fermions with an
overtilted Weyl cone for g 00 > 0 and respectively g00 > 0 or g00 < 0, we find additional “type-III”
and “type-IV” Weyl fermions with instabilities (complex frequencies) for g 00 < 0 and g00 > 0 or
g00 < 0, respectively. While the type-I and type-II Weyl points allow us to simulate the black
hole event horizon at an interface where g 00 changes sign, the type-III Weyl point leads to effective
spacetimes with closed timelike curves.
PACS numbers:

I.

INTRODUCTION

Weyl fermions1 are massless fermions whose masslessness (gaplessness) is topologically protected2–5 . They appear
as the building blocks of the Standard Model (SM) of fundamental interactions and as quasi-relativistic quasiparticles
in topological semimetals6–26 and chiral superfluid 3 He-A27,28 . In terms of the energy spectrum of the single-particle
Hamiltonian, the Weyl point is a topologically protected point where two non-degenerate bands touch each other
with linear dispersion29,30 . In the vicinity of the exceptional band touching, the spectrum is described by a 2 × 2
effective Weyl Hamiltonian, which incorporates only the two touching bands. The most general 2 × 2 Hamiltonian
H(p) = eiα σ α pi contains 12 parameters eiα which correspond to the elements of a tetrad field in general relativity
(GR). Depending on the relations between these parameters, the Weyl fermions associated with the Weyl point can be
divided into two distinct classes31 called type-I and type-II32 . In the type-II case, the Weyl point is the topologically
protected conical point in momentum space, which connects the electron and hole pockets in the semimetal. In GR
such a fermionic spectrum can emerge behind a black hole horizon33,34 .
Here we suggest that for the interacting fermions the situation can be more complicated. In the vicinity of the
Weyl point in 4-momentum space pµ = (ω, p), the expansion of the Green’s function contains all 16 components eµα of
the tetrad field. This leads to two additional distinct classes of Weyl points, type-III and type-IV, depending on the
four signs of the elements g 00 and g00 of the effective metric. This allows us to simulate the other specific solutions
of Einstein equations at interfaces where the components of the metric change sign, which includes spacetimes with
closed timelike curves.
II.

GENERAL WEYL POINTS FOR INTERACTING FERMIONS

The general 2 × 2 matrix Hamiltonian describing Weyl fermions in the vicinity of the Weyl point at p = 0 has the
form
H(p) = ei0 σ 0 pi + eia σ a pi ,

(1)

where σ 0 = 1 and σa for a = 1, 2, 3 are the Pauli matrices. Recently, the Weyl points with overtilted cones due to
non-zero vector coefficient ei0 ∼ v were dubbed type II Weyl fermions32 . The coefficients in the linear expansion – the
vector ei0 and the matrix eia – are equivalent to the components of the tetrad field eµα in relativistic theories, where
µ, α = 0, 1, 2, 3 in 3+1 dimensions. More specifically, in the first order formalism of general relativity, a given metric
is expressed in terms of the tetrad field as
g µν = η αβ eµα eνβ ,

(2)

2
where the (dimensionless) metric η αβ = diag(1, −1, −1, −1) has Lorentzian signature. In general, the fermions couple
to the tetrad and the metric gµν even in flat space, since the gamma matrices in the background metric (2) are given
as
γ µ = eµα γ α ,

(3)

and satisfy the Clifford anticommutation relations {γ µ , γ ν } = 2g µν with γ 0 = τ1 ⊗ 1, γ a = iτ2 ⊗ σ a for α = 0, a, and
τi are Pauli matrices in the chiral basis, labeling two Weyl points of opposite chirality. In contrast to the full 4 × 4
Dirac representation in Eq. (3), here we focus on a single two-component Weyl fermion with Hamiltonian Eq. (1)
around a Weyl point.
Neither the Weyl Hamiltonian Eq. (1) nor the Dirac Hamiltonian contain all the components of the tetrad field:
the elements e0a and e00 are missing. This is because in the Hamiltonian description the zero component p0 of the four
vector pµ = (ω, p) is absent. Nevertheless, the p0 component appears in the Green’s function formalism, since the
Green’s function G(ω, p) depends on frequency ω ≡ p0 . For noninteracting fermions, the Green’s function
G−1 (ω, p) = H − ω = e00 σ 0 p0 + ei0 σ 0 pi + eia σ a pi .

(4)

contains the term with e00 with fixed e00 = −1, but the term with e0a is still missing. This term may appear in a
interacting system, e.g. from the fermion self-energy, where the general form of the 2 × 2 Green’s function is:
G−1 (pµ ) = e00 σ 0 p0 + ei0 σ 0 pi + eia σ a pi + e0a σ a p0 .

(5)

The effective metric Eq. (2) for the Weyl fermions can be obtained by consideration of the poles of the Green’s
function, which are given by equation
(e00 p0 + ei0 pi )2 − (ei pi + e0 p0 )2 = 0 , ei ≡ eia , e0 ≡ e0a .

(6)

The dispersion relation Eq.(6) can be written in terms of the metric g µν :
g µν pµ pν = 0 ,

(7)

and leads to Eq.(2) for both Weyl and massless Dirac fermions, since the metric cannot resolve between the spinor
representations. Equivalently, the symmetric matrix g µν defines a quadratic surface in 4-momentum space which
is conical for the quasi-relativistic Lorentz signature η αβ . We note that in our conventions we take η αβ to be
dimensionless, so e0α is dimensionless, while eiα carries the dimensions of velocity.
A.

Effective interacting Weyl geometry

While the coefficients e0a do not enter the single-particle Weyl Hamiltonian Eq. (1), the emergence of the tetrad
elements e0a in an interacting system may drastically change the behavior of the fermions. First, the matrix element
g 00 = e00

2

− e0

2

(8)

,

in the fermion dispersion relation now may cross zero and become negative. Second, the matrix element g 0i contains
the two tetrad vectors e0a and ei0 :
g 0i = e00 ei0 − e0 · ei .

(9)

Let us consider the effect of these two vectors in the simplest spatially isotropic case, i.e. when the matrix eia is
isotropic and characterized by the “speed of light” or Fermi-velocity c of an isotropic Weyl cone. In this case we can
parametrize
e00 = −1 , eia = cδai , ei0 = v i , e0a =

wa
,
c

(10)

Both tetrad vectors ei0 , e0a can be now be characterized in terms of the two velocity fields v and w, respectively, from
which the effective metric g µν = g µν (v, w) for the interacting Weyl point follows as
g 00 (v, w) = 1 −

w2
, g 0i (v, w) = −(wi + v i ) , g ij (v, w) = −c2 δ ij + v i v j ,
c2

(11)
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with the determinant
g(v, w) ≡ det gµν = −

1
1
=− 2 2
, e ≡ det eµα = −c(c2 + v · w) .
2
e
c (c + v · w)2

(12)

These enter the equation for the poles in the Green’s function in the following way:

or


w 2
(ω − v · p)2 − c2 p + 2 ω = 0 ,
c

(13)



v
w2
ω 2 1 − 2 − 2ω(w + v) · p − c2 (p2 − ( 2 · p)2 ) = 0 .
c
c

(14)

It follows that the dispersions of the two bands touching at the Weyl point are given as
p
−g 0i pi ± g 00 (−g ij pi pj ) + (g 0i pi )2
ω± (p) =
g 00
q
2
p · (v + w) ± (1 − wc2 )(c2 p2 − (p · v)2 ) + (p · (v + w))2
=
.
2
1 − wc2

(15)

(16)

From these equations, we see that the velocity field w is the “time-like” equivalent of the Type I-II perturbation or
velocity field v. They characterize the poles of Green’s function Eq. (14) almost symmetrically between ω and p.
The line-interval or covariant metric gµν (v, w) corresponding to the inverse of g µν (v, w) follows directly from Eq.
(11) but its form is not very illuminating for general v and w. However, the time-like components g 00 and g00 are
given as
g00 (v, w) =

c4 (c2 − v 2 )
,
g

g 00 (v, w) = 1 −

w2
c2

(17)

and a natural proxy for singular behavior in the Weyl spectrum is when these components of the effective metric
change sign. Similar behavior of the metric, i.e. where g 00 , g00 change sign, also arises for solutions in GR with
physical singularities, although in that case the metric, nor any of its components, are not directly physical due to
the general coordinate invariance of GR.
In case of the Weyl metric, for v 2 > c2 , the components g00 and g vv of the metric change sign, whereas g 00 changes
sign for w2 > c2 . In the latter case for w = 0, the effective velocity of the lower branch in the direction v changes
sign, forming the type-II Weyl point. On the other hand, for w2 > c2 and v = 0, both g 00 and ω± change sign and
the frequency becomes complex in general. We will call spectra with w2 > c2 and v 2 < c2 , i.e. g 00 < 0 and g00 > 0,
type-III Weyl. In addition to this, a distinct type-IV spectrum corresponding to the region with both g 00 < 0 and
g00 < 0 also emerges.
Lastly, in the limiting case when either of the velocity fields v and w vanishes the metric and its inverse acquires a
simple form. It turns out that the remaining non-zero perturbation enters the effective Weyl metric g µν (v, w) in Eq.
(11) similarly as the so-called shift vector N i in the 3+1-dimensional Hamiltonian or ADM decomposition of general
relativity35 , where
ADM
ds2 = gµν
dxµ dxν = N 2 dt2 − g̃ij (dxi + N i dt)(dxj + N j dt),
!
 2

1
Nj
−
N − N i Ni −Nj
µν
2
2
ADM
N
N
gµν =
, gADM =
.
i
j
−Ni
−g̃ij
− N2i N N2 − g̃ ij
N

(18)
(19)

N

In condensed matter applications, we can fix N = 1 by a time reparametrization, leaving the spatial metric g̃ij and
N i as parameters. For w = 0, we can directly identify N i = v i and g̃ ij = c2 δ ij (as expected) from g µν (w = 0).
ADM
On the other hand, from g µν (v = 0), we identify the matrix form of the ADM covariant metric gµν
Ni = wi and
2
g̃ij = c δij and vice versa. For both v, w 6= 0 the inverse gµν (v, w) is more complicated and in-between the two
extremes in (19) corresponding to v = 0 or w = 0 .
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III.

SINGULARITIES IN THE INTERACTING WEYL SPECTRUM
A.

From type-I to type-II

The singularity takes place when the velocity w(r) reaches the ”speed of light” c(r) of the non-interacting system
and crosses it. For w2 < c2 , the system reproduces the conventional behavior of Weyl fermions: they behave as type-I
Weyl fermions for v 2 < c2 and as type II Weyl fermions for v 2 > c2 . The effective interval ds2 = gµν dxµ dxν has
g00 =

c4 (c2 − v 2 )
,
g

g 00 = 1 −

w2
,
c2

(20)

implying that g00 of the effective geometry crosses zero at v 2 = c2 . The interface v 2 = c2 between semimetals
with type-I and type-II Weyl fermions serves as the analog of either the ergosurface or of the horizon of an analog
blackhole34 , and now this depends on the orientations of the two velocity vectors v, w with respect to the interface
w 2 = c2 .
B.

From type-I to type-III

For w2 > c2 one has g 00 < 0 and the frequency of the Weyl fermion becomes complex in general. This is somewhat
similar to the surface of the black hole singularity in Fig. 32.10 of Ref. 28, where a bosonic “ripplon” mode acquires
complex frequency, which leads to the vacuum instability behind the singular surface of an effective metric. In the
ripplon case the determinant of the metric g changes sign. The general relativity example where the determinant of
the metric changes sign can be found in Ref. 36. However, in contrast to the ripplon case, in the fermionic system
the determinant of the metric g in Eq.(11) does not change sign, only the metric component g 00 .
The simplest example is when v = 0, where the effective Weyl metric (11) gives:
2

1
1
(21)
ds2 = dt + 2 w · dr − 2 dr2 .
c
c
and the dispersions:


p
1
2 c2 − (w × p)2
p
w
·
p
±
2
1 − wc2


q
1
2 p2 + (c2 − w2 )p2 ,
wp
±
c
=
k
2
⊥
k
1 − wc2

ω± (p) =

(22)
(23)

where pk and p⊥ are defined with respect to w. For w < c one has the type-I Weyl point with tilted cone. For w > c
the energy has both positive and negative imaginary parts for the directions of momentum, at which |w × p̂| > c. This
manifests the instability of the system or localization in the directions transverse to w. The surface in momentum
space, which separates
the propagating fermionic states from the fermionc states with complex spectrum, form the
q
2

cone pk = ±p⊥ wc2 − 1. We call such conical point a Weyl point of type-III. Analogously, Weyl fermions with both
w > c and v > c can be called type-IV fermions.
C.

Lifshitz transition with a change of sign of tetrad determinant

There is also the Lifshitz transition, which is not manifested in the metric g µν , but is seen in the tetrad field. This
happens when the tetrad determinant in Eq.(12) crosses zero at v · w = −c2 . To see the physical meaning of this
transition, let us consider the tetrad field with anisotropic speeds of light:
e00 = −1 , eia = cx x̂i x̂a + c(ŷ i ŷa + ẑ i ẑa ) ,

(24)

and choose the direction of either of the vectors ei0 and e0a along x̂. Then the tetrad determinant is:
e = det eµα = −c2 (cx + ei0 e0i ) .

(25)

For ei0 = e0i = 0 and cx > 0, c > 0, the determinant e < 0 and the Hamiltonian describes the right-handed fermions.
At ei0 e0i = −cx a Lifshitz transition takes place, and in the region where ei0 e0i + cx < 0 the determinant becomes

5
positive, e > 0. In this region one can continuously change the sign of cx without the change of sign of e. Then
pushing ei0 e0i to zero again, one obtains the diagonal tetrad field with cx < 0, c > 0 and e > 0, which corresponds to the
left-handed fermions. This means that the Lifshitz transition at v · w = −c2 in Eq. (12) allows for the transformation
of the right-handed fermion to the left-handed one. In case of Dirac fermions, this transition would correspond to the
interchange of the right- and left-handed components of the Dirac fermion. Without the tetrad components ei0 or e0a ,
the transition changing the chirality would always encompass a nodal line in the spectrum.
The continuous change of sign of the determinant of the tetrad field may happen in quantum gravity, and it is argued
that because of that the quantum gravity cannot be constructed using the diffeomorphism invariant theories37,38 .
D.

Closed timelike curves

Using the Weyl point of type III, one may simulate the closed timelike curves in general relativity. That is, in the
instability region, one may have closed timelike curves f (τ ), satisfying f˙µ f˙ν g µν > 0.
Let us consider the simplest example with v = 0, the Eq.(21). If one takes an axially symmetric velocity field
w = w(r)φ̂, one obtains the following effective line-interval for Weyl fermions:


1
1
w2 (r)
w(r)
2
2
2
2
ds = dt − 2 (dz + dr ) − 2 1 −
r2 dφ2 − 2 2 rdφdt .
(26)
c
c
c2
c
At w2 (r) > c2 one has gφφ > 0, and the closed timelike curves appear with t = const, z = const and r = const:
ds2 = gφφ dφ2 =


r2
w2 (r) − c2 dφ2 > 0 , w2 (r) > c2 .
c4

(27)

So, while the interface between type-I and type-II Weyl points simulates the black hole horizon or ergoregion,34
the interfaces between type-I and type-III Weyl points or between type-II and type-III Weyl points simulate closed
timelike curves.
In general relativity the closed timelike curves appear as the solutions of Einstein equations, see e.g. Refs.39,40 . In
our case they appear only in the unstable state of semimetal, where the element g 00 in effective metric has wrong
sign, and the fermionic vacuum becomes unstable.
IV.

CONCLUSION

The interacting Weyl fermions are described by all 16 elements of the matrix eµν of the tetrad field. This allows us
to simulate different classes of the metric field in general relativity. According to this correspondence, there can be
four types of Weyl fermions, depending on the signs of the effective metric elements g 00 and g00 in (17). In addition
to the conventional type-I fermions with tilted Weyl cone for g 00 > 0 and g00 > 0 and the type-II fermions with
overtilted Weyl cone for g 00 < 0 and g00 > 0, there are type-III and type IV fermions with complex frequencies for
g 00 < 0, g00 > 0 and g 00 < 0, g00 < 0 correspondingly. Moreover, the sign of the determinant of the tetrad field can
change at a yet another Lifshitz transition, where the right and left handed fermions are interchanged.
While the type-II Weyl point is the topologically protected conical point in momentum space, which in semimetals
connects the electron and hole pockets, the type-III Weyl point marks the topologically protected cone, which separates
the propagating fermions from the fermions with complex spectrum. The transitions between type-I, type-II, type-III
and type-IV Weyl points are peculiar forms of Lifshitz transitions. The interfaces between the states with different
types of Weyl points serve as analogs of the special surfaces in general relativity, such as event horizon, ergosurface.
When the type-III and type-IV Weyl points are also involved, the interfaces represent the physical singularities,
which cannot be removed by coordinate transformations. Behind such singular surfaces the closed timelike curves are
possible to exist.
In some cases the topology of interacting fermionic systems can be described using the effective41–43 (or
topological44,45 ) Hamiltonian, which is represented by the Green’s function at zero frequency:
Heff (p) = G−1 (ω = 0, p) .

(28)

This effective Hamiltonian is applicable for description of type-I and type-II Weyl points with v 6= 0, w = 0 and can
resolve between them. However, it cannot resolve the transition to the type-III or to the type-IV Weyl point with
w 6= 0. This demonstrates the breakdown of the approach with the topological Hamiltonian in Eq. (28) for the
interacting case with non-zero e0a ∼ w in the Green’s function.
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