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ABSTRACT

The effect of changing magnetic parameters on the size and density of skyrmions in a hexagonal lattice is investigated using micromagnetic
simulations. Achieving control of the skyrmion density, for instance, by applied voltages, is a route to magnetic neuromorphic computing
devices. Here, we show how small changes in the uniaxial magnetic anisotropy and Dzyaloshinskii–Moriya interaction lead to large changes
in the skyrmion size and density, which occurs for parameters that do not support isolated skyrmions. The effect of a grain structure on the
density of skyrmions is modeled through the introduction of a locally varying anisotropy. This shows that a higher density of skyrmions is
favored for a wider distribution of magnetic anisotropy. The results provide a clear understanding of systems where the skyrmion density
can be externally controlled and assist the design of functional skyrmion-based devices.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0181599

I. INTRODUCTION

Magnetic skyrmions have been extensively studied for
memory and logic device applications.1–3 They are also interesting
as a topological magnetic particle displaying rich physical proper-
ties, such as the skyrmion Hall effect.4 In thin films, skyrmions are
stabilized by the competition between magnetic energy terms: the
exchange interaction, uniaxial anisotropy, dipolar fields, and the
Dzyaloshinskii–Moriya interaction (DMI).1 One area of interest is
creating skyrmion devices, which can be controlled by an applied
voltage.5–7 Skyrmions can be nucleated and moved by electrical
currents,2,3 but manipulating skyrmions with applied voltages
would remove the effects of Joule heating and allow devices to
operate with greater energy efficiency.6,8

Despite a large number of device proposals, the experimental
implementation of digital logic with skyrmions has been limited,
often due to the effects of disorder, which can lead to strong sky-
rmion pinning.9 Recently, skyrmion devices which exploit a differ-
ent computing paradigm, that of reservoir computing,10 have been
demonstrated.11–13 Here, the response of the magnetic state acts as
a reservoir with a high inherent dimensionality, which can be con-
trolled by inputs such as magnetic fields,12 applied currents,11 or
voltages.13 Necessary features of the reservoir for neuromorphic
computing are a non-linear response to the input and a memory
effect.10 In terms of skyrmion density-based devices, these features
translate into a non-linear dependence of the skyrmion density on
the input strength and duration and hysteretic behavior in the

skyrmion density when the input is swept. By training an output
layer, it has been shown that these devices can be used to imple-
ment classification tasks11–13 as well as predicting the dynamics of
a chaotic system.13

Previously, it has been shown in a variety of different material
systems that the density of skyrmions can be controlled by applied
voltages.5,7,14–17 This effect can generally be attributed to changes
in the uniaxial anisotropy constant5 or the DMI.15 The skyrmion
density is also controllable via applied magnetic fields18–20 or by
changing the temperature, which acts to alter the exchange stiff-
ness, magnetic anisotropy, or DMI.18,21

As well as experimental results, significant work has been
carried out using simulations and theoretical calculations. For iso-
lated skyrmions, the change of the skyrmion size as a function of
the magnetic parameters has been derived,22 which shows that
decreasing anisotropy or increasing DMI leads to larger skyrmions.
In contrast to the results for isolated single skyrmions, simulations
on dense skyrmion lattices, based on different physical systems,
indicate that decreasing magnetic anisotropy and increasing DMI
lead to smaller skyrmions.20,23,24 In this paper, we investigate the
skyrmion energy as a function of skyrmion size for fixed skyrmion
density in order to extract the relationship between the size and
density of skyrmions for different sets of material parameters.

Our approach fixes the skyrmion density in each simulation.
This is different from the more typical approach whereby the
density is allowed to evolve from a defined starting position either
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through annihilation or nucleation of skyrmions.19,23,25 The common
approach does not necessarily lead to an equilibrium density of
skyrmions due to the finite energy required to nucleate or annihi-
late skyrmions. Moreover, it can lead to different skyrmion sizes
and densities due to the effects of the size of the simulation and the
use of periodic boundary conditions.

II. METHODS

The magnetic parameters used in this paper are based on
those determined from experimental magneto-ionic devices
showing voltage control of the skyrmion density.17 The experimen-
tally studied sample consisted of a Ta (2 nm)/Pt (4 nm)/CoFeB
(0.9 nm)/Pt (0.2 nm)/LiPON (100 nm)/SiN (1 nm)/Pt (4 nm) struc-
ture, where the observed changes from voltages applied across the
LiPON layer are assumed to come from changes to the uniaxial
anisotropy or the DMI due to the accumulation of Li ions at the
CoFeB/Pt/LiPON interfaces. In this paper, micromagnetic simula-
tions are used to investigate how changing the uniaxial anisotropy
alters the size and density of skyrmions in the lowest energy state.
The simulations are carried out using the MuMax3 package.26,27 A
cell size of 2.5 nm in the x- and y-directions and 0.9 nm in the
z-direction is used. A single cell in the z-direction is used to match
the experimental layer thickness, as described above. The saturation
magnetization, Ms, is 1.209MA/m, as derived from experiments,
with the damping parameter, α, set to 0.1. The uniaxial anisotropy,
Ku, DMI and exchange constant, Aex, are varied around the experi-
mentally determined values (relating to a non-skyrmion state) of
9:94� 105 J/m3 and 0.74 mJ/m2 and is 14 pJ/m, respectively.

To study the effect of skyrmion density, a hexagonal skyrmion
lattice was created. This was achieved by using a rectangular simu-
lation grid with a ratio of

ffiffiffi

3
p

between the two sides (within discre-
tization limits). By placing skyrmions at the center of each face, a
hexagonal lattice is formed when periodic boundary conditions are
applied. An example is shown in Fig. 1(a), where a single cell is
outlined in blue. The tessellated pattern created by the periodic
boundary conditions is shown as well. In order to find the
minimum energy state, skyrmions of different sizes are nucleated
and the system is relaxed. In other words, the local minimum

energy is found without using the precessional term in the
Landau–Lifschitz–Gilbert equation. By running simulations with
skyrmions of different sizes [as shown in Figs. 1(b)–1(e)], the global
minimum can be found. This procedure is used because the solver
easily finds the local minimum (which largely involves modifying
spins in the domain wall) but it does not easily find the global
minimum if there are small energy differences between skyrmions of
similar sizes. Because of the effective hexagonal lattice created in the
simulations, the position of the skyrmions does not change during
the relaxation procedure. To study the effect of skyrmion density,
simulations are run using different numbers of cells in the x- and
y-directions. An example is shown in Fig. 1(f), where skyrmions are
simulated at the same size as in Fig. 1(a), but with a density of
0.13 skyrmions/μm2, as opposed to 0.61 skyrmions/μm2 in Fig. 1(a).

FIG. 1. (a) Geometry used to test the effects of skyrmion density. The sky-
rmions are the black circles (magnetization pointing down) with a skyrmion
diameter of around 846 nm positioned in a 1375� 2382:5 nm unit to produce a
hexagonal lattice when tessellated. A single unit of the tessellated grid is out-
lined in blue. This gives a skyrmion density of 0.61 skyrmions per square micro-
meter. Different skyrmion sizes are shown at the same density as (a), with
diameters (b) 175 nm, (c) 515 nm, (d) 1008 nm, and (e) 1140 nm. (f ) A 3000�
5195 nm unit with 846 nm diameter skyrmions, giving a density of 0.13 sky-
rmions per square micrometer.

FIG. 2. Areal energy density extracted from the simulation as a function of the relaxed skyrmion diameter for different skyrmion densities (given in skyrmions/μm2). In all
three panels, the uniaxial anistropy, Ku, is 9:82� 105 J/m3, with the DMI given by (a) 0.725 mJ/m2, (b) 0.815 mJ/m2, and (c) 0.875 mJ/m2.
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Periodic boundary conditions are used to create a similar effective
area for all the simulations of around 172� 298 μm2, by adjusting
the number of lateral repetitions. The diameter of the skyrmions is
extracted from the simulations after the relaxation procedure. For
skyrmions that are not round, such as those in Fig. 1(e), the diameter
indicates the equivalent circular area of the skyrmion.

III. RESULTS

Figure 2 summarizes the simulation results. The areal energy
density as a function of the skyrmion diameter is shown for differ-
ent skyrmion densities. The panels in Fig. 2 show the results for
different values of DMI, holding the other parameters constant. In
general, the shape of individual curves is similar to those found for
isolated skyrmions (see, e.g., Ref. 5). Figure 2(a) shows the results
for a low DMI value of 0.725 mJ/m2 for which the skyrmion state
is not energetically favorable. In this case, the energy density
increases with increasing skyrmion density. The minimum energy
density occurs for skyrmions simulated at the largest size and at
the lowest density. The largest skyrmions considered here are
around 1.6 μm in diameter, with the trend of the energy density
indicating that the energy will be further minimized by even larger
skyrmions. At these sizes, the system may be better described as a
multidomain state, rather than a skyrmion state.

In Fig. 2(b), the energy density as a function of skyrmion size
is shown for a system with a larger DMI of 0.815 mJ/m2. Now
there is a more pronounced energy minimum for the skyrmion
states, which is lower in energy density than the uniformly magne-
tized state (�58:81 μJ/m2 for all simulations in this figure). A
minimum in the energy density is attained for skyrmion diameters
between 0.7 μm and 1.3 μm with a range of skyrmion densities
having similar energy minima. For this parameter set, there is a
clear relationship between the size and density of the skyrmions
with denser lattices comprising smaller skyrmions. In Fig. 2(c), the
DMI is increased further leading to a more pronounced minimum
in the areal energy density and a shift of the minimum energy to
smaller skyrmion diameters for the same skyrmion densities as in
Fig. 2(b). Notably, the observed decrease in the skyrmion size with
increasing DMI is opposite to what has been simulated for a single,
isolated skyrmion.22

The exchange constant, Aex, also strongly affects the skyrmion
size,22 and skyrmions are generally expected to be more stable for
lower Aex. In Fig. 3, the exchange constant is changed by either
reducing it by 10% [Fig. 3(a)] or increasing by 10% [Fig. 3(b)] rela-
tive to the simulations in Fig. 2(c). For the reduced exchange cons-
tant, the most notable change is in the energy density, with the
minimum relating to the densest skyrmion state becoming deeper,
even though the skyrmion size at the minimum does not change
significantly. For the increased exchange used in Fig. 3(b), the
minimum energy shifts to less dense but larger skyrmions, similar
to the effect of reducing DMI seen in Fig. 2.

Simulations similar to those in Figs. 2 and 3 are carried out
for a range of anisotropy and DMI values using the same value for
the exchange constant as in Fig. 2. Figure 4 shows results where the
skyrmion diameter [Fig. 4(a)] and density [Fig. 4(b)] at the
minimum energy are extracted. For example, from the data in
Fig. 2(c) a point with a skyrmion diameter of 0.85 μm and a

density of 0.61 skyrmions/μm2 is found for Ku ¼ 9:82� 10�5 J/m3

and DMI of 0.875 mJ/m2. For some of the simulations, the sky-
rmion state with minimum energy is not well defined in the range
of the simulations. In the bottom right corner of Fig. 4(a), the dark
gray area corresponds to solutions where the lowest energy state is
the smallest skyrmion size in the simulations which is found in the
least dense lattice considered, as seen in Fig. 4(b).

For lower values of magnetic anisotropy and higher values of
DMI, moving toward the top left corner of both graphs, it can be
seen that the skyrmion diameter rapidly decreases in parallel with a
rapid increase in the skyrmion density, demonstrating a strong cor-
relation between these two parameters.

FIG. 3. Areal energy density extracted from the simulation as a function of the
relaxed skyrmion diameter for different skyrmion densities (given in skyrmions/
μm2) with an exchange constant of (a) 12.6 pJ/m and (b) 15.4 pJ/m. In both
panels, the uniaxial anistropy, Ku, is 9:82� 105 J/m3 and the DMI is 0.875 mJ/m2

as in Fig. 2(c).
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The change in skyrmion density as a function of anisotropy or
DMI produces diodic-like non-linear functions.10 The skyrmion
density is fairly flat as a function of Ku or DMI in the bottom right
corner of Fig. 4(b) but it increases linearly as the anisotropy is
decreased or the DMI is increased. This is similar to the rectified
linear activation (ReLU) function widely used in neuromorphic
computing applications.28 In Fig. 4(c), the filling factor of the sky-
rmions, given by the fractional area covered by skyrmions, is shown
for these simulations. In the direction of low Ku and high DMI, the
increased density of skyrmion leads to an increase in the filling
factor—that is, it is not completely offset by the reduction in the
skyrmion size.

In Fig. 4(d), the results of a different set of simulations are
shown where skyrmions are nucleated in the center of a 2048� 2048
cell. Periodic boundary conditions create a square lattice with a
density of 0.04 skyrmions/μm2 in this case, similar to the lowest

skyrmion density in the hexagonal lattices considered in Figs. 2
and 4. For the square lattice, the local energy minimum of the sky-
rmion state is found and the skyrmion diameter is extracted. The
results indicate that in the region where skyrmions are stable their
diameter is smaller than in the hexagonal array. This likely shows
that the skyrmion size is sensitive to small differences in the dipolar
fields caused by the difference in the coordination and nearest neigh-
bor distance between square and hexagonal lattices. Despite these
differences, the region of skyrmion stability in Fig. 4(d) occupies a
similar parameter space to the region of the lowest skyrmion density
as found in Fig. 4(b). The skyrmion densities in these two simula-
tions are similar (around 0.04 skyrmions/μm2) and the density is low
enough that the simulations are a reasonable approximation to an
isolated skyrmion in an extended film. This shows that an increased
skyrmion density is required to stabilize skyrmions in the high
DMI/low anisotropy part of the graph.

FIG. 4. (a) Skyrmion diameter found at the density with the minimum energy as a function of magnetic anisotropy and DMI. (b) Skyrmion density with the minimum
energy as a function of magnetic anisotropy and DMI. (c) The spatial filling factor is given by the fraction of the total area covered by skyrmions as a function of magnetic
anisotropy and DMI. (d) Simulation results for the skyrmion diameter on a square lattice at a density of 0.04 skyrmions/μm2 (similar to the least dense hexagonal lattice).
The skyrmion diameter is plotted as a function of magnetic anisotropy and DMI.

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 134, 243901 (2023); doi: 10.1063/5.0181599 134, 243901-4

Published under an exclusive license by AIP Publishing

https://pubs.aip.org/aip/jap


In the previous figures, the simulations did not incorporate
any form of defects as typically found in thin film systems.
Material systems studied for the voltage control of magnetism tend
to be sputter-grown with polycrystalline layers. The effect of a gran-
ular film structure on skyrmion properties has been widely
studied.9,19,29,30 Typically in these studies, the grains are assumed
to affect the magnetic anisotropy or DMI of the individual grains,

where typically the anisotropy or DMI is randomly drawn from a
Gaussian distribution.19,29 The grains are produced by a Voronoi
process where the average grain size is specified. Here, an average
of 10 nm grain is used. This approach is used in Fig. 5 in order to
understand the effect of grains on the size and density of sky-
rmions. In Fig. 5(a), a snapshot of a simulation with grains, where
the anisotropy of each grain is taken from a Gaussian distribution
with a variation of 1%, is shown. As can be seen in the figure, the
variation in anisotropy causes some noticeable deviations from cir-
cularity in the skyrmion shape. The plot of the areal energy density
vs skyrmion diameter, shown in Fig. 5(b) for different skyrmion
densities, shows well-defined minima with a global minimum for
the second highest density. The energies shown are determined by
the average of five simulations, which use a different initialization
of the grains. The skyrmion diameter is calculated by finding the
average area of the skyrmions and giving the equivalent diameter
of a circle of the same area. If the variation in anisotropy is
increased to 5%, as shown in Fig. 5(c), the increased edge rough-
ness of the skyrmions is apparent. Comparing the skyrmion energy
density in Fig. 5(d) to that in Fig. 5(b), several features are notice-
able. First, the whole energy of the simulation is shifted upwards.
Second, the minimum energy state is now associated with the
highest density of skyrmions simulated, although it is not well-
distinguished from the next highest density given the variation in
the simulations. Third, the depth of the minimum associated with
the skyrmion state is greater than in the preceding case. If the vari-
ation of the anisotropy is changed to 10%, the skyrmions, as shown
in Fig. 5(e), become significantly rougher. This is again associated
with a general increase in the energy of the skyrmions state as
shown in Fig. 5(f ). Also, the energy minimum density is now
clearly associated with the densest skyrmion state. The size of the
skyrmions at the minimum energy remains roughly the same with
increasing variation in anisotropy.

IV. DISCUSSION

This study was motivated by the finding that the skyrmion
density can be continuously controlled in experiments exploiting
the voltage control of magnetism.17 The results of the simulations
are consistent with the changes in size and density seen experimen-
tally assuming that the voltage causes changes in the anisotropy,
DMI, or a combination of both on the scale of 1%–2%. It is clear
that changing the magnetic anisotropy or DMI allows the size and
density of skyrmions to be changed and that this process is not
altered by the inclusion of an anisotropy variation. An interesting
feature of this is the reversal of the trends seen for isolated sky-
rmions in terms of the skyrmion diameter. For isolated skyrmions,
it has been found that increasing anisotropy or decreasing DMI
leads to smaller skyrmions.22 Here, as has been found previ-
ously,23,24 we see that in dense lattices decreasing the anisotropy or
increasing the DMI leads to smaller skyrmions. This has implica-
tions for using the skyrmion size as a key parameter in determining
the DMI constant, for instance, if other material parameters are
known, since it depends strongly on the skyrmion density.

The drivers of this behavior are loosely ascribed to the balance
between dipolar fields and the domain wall energy. For the set of
parameters considered here, the domain wall energy, given by

FIG. 5. (a) Simulation snapshot for a skyrmion lattice with 1% variation in
anisotropy. The center of the anisotropy distribution is 9:84� 105 J/m3 and the
DMI is 0.875 mJ/m2. (b) Areal energy density extracted from the simulation in
(a) as a function of the relaxed skyrmion diameter for different skyrmion densi-
ties (given in skyrmions/μm2) for 1% variation in anisotropy. The data are the
average of five simulations. (c) As (a) but with 5% variation. (d) As (b) but with
5% variation. (e) As (a) but with 10% variation. (f ) As (b) but with 10% variation.
Note the different energy density scales.
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4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

AexKeff
p � πD, where Keff is the effective anisotropy given by
Keff ¼ Ku � 0:5μ0M

2
s , is always positive and D is the DMI strength.

Skyrmion lattices are also characterized31 by the parameter
κ ¼ πD=4

ffiffiffiffiffiffiffiffiffiffiffi

AKeff
p

, which is always less than 1 for the set of param-
eters used here. In the simulations shown here, the value of κ
varies from � 0:5 to � 0:8 from high anisotropy/low DMI to low
anisotropy/high DMI with the crossover to a dense lattice occurring
for κ ≃ 0:7. Here, the crossover occurs well below κ ¼ 1, which is
sometimes stated to be the boundary between isolated skyrmions
and lattice phases.22,31,32 The derivation of κ assumes that the
demagnetization energy can be approximated by setting
Keff ¼ Ku � 0:5μ0M

2
s . This assumption is valid for a uniformly

magnetized thin film and has been successfully applied to the case
of isolated skyrmions.22 However, similarly to the calculation of
stripe domain widths,33 the demagnetization energy for a dense
skyrmion array cannot be simply approximated and therefore
κ ¼ 1 does not necessarily represent a physical boundary between
lattice and non-lattice phases. For decreasing anisotropy or increas-
ing DMI, the domain wall energy reduces, and the equilibrium
shifts to a denser skyrmion lattice with smaller skyrmions, which
reduces the dipolar energy at the expense of increased domain wall
length. In experiments, this effect can also be recognized without
imaging by an increasingly slanted out-of-plane hysteresis loop that
saturates at higher fields.

The addition of a granular structure with a variation in anisot-
ropy strength leads to the minimum energy shifting to a denser
skyrmion lattice. Considering again the domain wall energy, the
rougher edge of the domain wall allows the wall to preferentially sit
on lower anisotropy grains, minimizing the total energy. The effect
of disorder is, therefore, to also shift the value of κ at which the
crossover to a skyrmion lattice state occurs. Second, increasing
the ratio of the perimeter to the area leads to a further reduction of
the dipolar energy of the system as the dipole fields are largest
closer to the domain boundaries in perpendicularly magnetized
systems. That the roughness follows the grain size, here on average
10 nm, adds further complications to determining magnetic parame-
ters from the skyrmion size, as this will depend on the typical scale
of the roughness, which is difficult to image on these length scales.

Here, a strictly ordered lattice has been investigated. In experi-
mental situations, disordered lattices and amorphous arrangements
of skyrmions are often found,19,34 where such arrangements can be
driven by temperature34 or material disorder.19 The recent experi-
ments on voltage control of skyrmions which prompted this
investigation17 show control of the skyrmion density, not in a well-
defined lattice, but in a disorder driven amorphous skyrmion array.
This indicates that a strong disorder is not enough to change the
existence of the effects shown here, although it is likely that the size
and density of skyrmions for any given set of magnetic parameters
will be altered by the extent of the disorder. A further difference to
experiments is the use here of 0 K simulations. Adding in the effects
of temperature is likely to modify the skyrmion interactions.35,36

The results shown here support the possibility of using the
skyrmion density as a parameter in neuromorphic devices. External
control, through voltages for example, can be used to alter the
anisotropy and DMI leading to non-linear changes in the skyrmion
density, which span more than an order of magnitude. Only one
small part of the very large parameter space where skyrmions are

present was explored here and the size of the density changes seen
here can likely be enlarged through the optimization of the relevant
parameters.
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