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ABSTRACT

The measurement of the spin angular momentum of circularly polarized light by Beth [Phys. Rev. 50, 115
(1936)] can be explained by using a microscopic torque density. However, the experiment does not resolve the
space- and time-dependent evolution of the spin density of light and the wave plate and the covariant form of the
microscopic torque density. Here we focus on the covariant description of the helicity, spin, and torque densities
of light in materials using the chiral-stress-energy-momentum tensor. We also perform simulations of Gaussian
light pulses in quarter-wave-plate geometries made of birefringent and dielectric materials.
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1. INTRODUCTION

The spin angular momentum of circularly polarized light was quantitatively measured in a seminal work by Beth
in 1936.! Beth proved experimentally that the torque on a quarter-wave plate when linearly polarized ther-
mal light from a tungsten ribbon filament incomes to the quarter-wave plate and leaves it circularly polarized
corresponds to the gain of spin angular momentum of light equal to £/ per photon. Beth also presented a theo-
retical model reproducing this experimental result by assuming that the spin-torque density on the homogeneous
birefringent material of the quarter-wave plate is given by!

7. =P x E. (1)

Here P is the polarization field and E is the electric field. In the experiment, by observing the rotation of
the quarter-wave plate, Beth could only determine the volume integral of the spin-torque density. The space-
and time-dependent evolution of the spin-torque density inside the birefringent material was not resolved. The
boundary conditions at the fringe of the quarter-wave plate were not discussed in detail in Beth’s experiment.
The behavior of the fields at the boundary has been shown to have an important contribution to the conservation
of the total angular momentum in Beth’s experiment by Allen and Padgett? in their response to the question
“Does plane wave not carry a spin?” by Khrapko.3

In phenomenological terms, we associate the spin density of light to the property of light to give to a material
local classical spin angular momentum whenever, in a scattering process, a small differential part of the light
wave is absorbed or converted to another polarization state. We neglect the atomic structure of the material
and mean by the spin angular momentum of the microscopic material body, its rotation around its center of
mass. To highlight the point-rotational nature of the torque density in Eq. (1), we call it the spin-torque density
in distinction to the classical torque density (r — r) x f, which we call the Poynting torque density, and which
is determined by the force density f and the point of reference r. However, note that, at the microscopic level,
the origin of all force and torque densities is on the Lorentz forces on elementary charges as discussed in Sec. 2
below. In this sense, both the Poynting torque density and the spin-torque density are quantities that arise in
the effective field theory, where the description of the microscopic structure of the material is replaced by the
effective polarization and magnetization fields that are spatially smooth functions over the atomic or molecular
structure. Consequently, in this work, we assume that the fields are spatially averaged over the atomic or
molecular structure, but not over the wavelength of light. This is a broadly used assumption in classical optics.
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In this work, we develop a theory of classical spin of light in materials that applies to a general time-varying
field, and not only to the special case of the monochromatic field, which has been widely studied in previous
literature.*® We study the possibility that, following the general principle of measurability in classical physics,
one could measure the spin-torque density of the material as a function of the position and time. This would,
in principle, enable determining the exact position- and time-dependent form of the spin-torque density and the
position- and time-dependent spin density of classical light inside birefringent materials, linear dielectrics, and
vacuum. For the case of the monochromatic field, we also formulate the covariant description of the angular
momentum transfer by introducing the chiral-stress-energy-momentum (CSEM) tensor.

2. MICROSCOPIC DERIVATION OF THE TORQUE DENSITY

Theoretical determination of the spin-torque density in Eq. (1) is relatively straightforward. We consider the
spin torque on an atomic dipole as a sum of Lorentz-force-generated torques on the positive and negative charges
of the dipole with respect to the center of the dipole. The force applied on a single electric charge £¢. in an
electric field E and magnetic flux density B at position r4, and time ¢ is known as the Lorentz force, and it is
given by

dr
Fag,(t) = 2o |Brag, ) + =% x Blrey, 1)]. (2)

We approximate the external electric field E(ry,,,t) by its value at the center r of the electric dipole made of
two charges as E(ri,,t) = E(ro,t). The torque on a single charge is given by 'y, (t) = r1q, X F14 (). Noting
that the second term of Eq. (2) gives a negligible contribution to the torque on an electric dipole in its rest frame,
the net torque on the two charges of the dipole is then given by

I‘e(t) = I‘+(Ie (t) + ]'-‘_(Ie (t)
= @eltq, X E(ro,t) — ger—q, X E(ro, t)
=pX E(ro,t). (3)

Here we have defined the dipole moment p of the dipole as p = ge(ry4, —r—q. ). Multiplying both sides of Eq. (3)
by the number density of the dipoles, denoted by n,, defining the spin-torque density as 7. = n,I'c and the
polarization field by P = n,p, we obtain the equation of the spin-torque density in Eq. (1). Note that, in the
case of nonbirefringent, nondispersive linear materials, the orientation of the induced dipole moment follows the
orientation of the electric field. Consequently, the cross product on the last line of Eq. (3) is zero. Therefore,
the spin-torque density is zero for nonbirefringent linear materials.

3. SPIN DENSITY OF LIGHT

We assume that the fields in the material are initially zero. Consequently, the free and bound charge and current
densities in the material are also initially zero. Then, an electromagnetic wave is assumed to enter the material.
Regarding the angular momentum density of classical light, we generalize the results of light in vacuum by
Cameron et al.'? to apply to more general linear and birefringent materials. We propose that the space- and
time-dependent helicity density pg em, spin density pg o, and the spin-stress tensor ng em, called ij-infra-zilches
by Cameron et al.,'” are given in the laboratory frame by

1
m:iA'H_ 'E7 4
Poem = 5 ( C-E) (4)
1
Ps.em = §(D X A+Bx C)) (5)
1
nsem=5|(A-H-C-E)l-A9H-H@A+COE+ExC|. (6)

The constitutive relations of the electric and magnetic field strengths E and H, electric and magnetic flux
densities D and B, and the polarization and magnetization fields P and M are given in the laboratory frame
by D = ¢gE + P and B = puoH + puoM, where €9 and pg are the permittivity and permeability of vacuum.
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Furthermore, in a nondispersive material, the electric flux density D and the magnetic field strength H can be
written in terms of the fields E and B by the conventional linear relations D = gpe,E and H = (,uour)’lB,
where €, and p, are the relative permittivity and permeability tensors.

Under our assumption that the electric and magnetic fields in the material are initially zero at time ¢ = —oo,
the fields A and C in Egs. (4)-(6) are unambiguously determined by the electric and magnetic fields as A =
— ffoo Edt’ and C = — fioo Hdt'. Thus, A and C have no gauge freedom associated to them. It follows that A
and C are related to the electric and magnetic fields by the derivative relations E = —%A and H = —%C. From
Faraday’s law, we find that B = V x A, and from the Ampere-Maxwell law, in the absence of free electric current
density, we find that D = —V x C. Thus, A and C can be identified with the well-known vector potential'! and
the dual vector potential,’ which are here effectively forced to be in the radiation gauge.

4. CONSERVATION LAWS OF HELICITY AND SPIN

Using the spin-related quantities in Eqgs. (4)—(6), we obtain the dynamical equations of the helicity and spin
angular momentum densities of the electromagnetic field, given by

1 0pp,em o
c ot +V pS,em - 2 ) (7)
0
Past,cm +V -ngem =—7. (8)

Here ¢ is the helicity-conversion density and 7 is the spin-torque density, which is the generalization of 7., given
in Eq. (1). Equation (7) is the differential form of the conservation law of helicity and Eq. (8) is the differential
form of the conservation law of the spin angular momentum. The conserved quantities, called constants of
motion, are the volume integrals of the corresponding densities of the full system of the field and the material.
The corresponding conservation laws have been studied in the case of the electromagnetic field in vacuum in the
absence of the source terms by Cameron et al.'®

Using the conservation laws in Eqgs. (7) and (8), the definitions of py em, Pg em, and ng in Egs. (4)-(6), the
definitions of the vector potentials A and C, the radiation gauge relations V- A = 0 and V- C = 0, and the
constitutive relations of the fields, we straightforwardly obtain the helicity-conversion and spin-torque densities,
given by

1 J.-C
i mA_ ’
=P xE+M xB. (10)

Here J, = %—1;’+v XM is the bound electric current density and J,,, = %—l\t/l —c2V x P is the bound magnetic current
density. Equation (10) of the spin-torque density is the generalization of Eq. (1) for a general instantaneous

electromagnetic field in materials that are both polarizable and magnetizable.

Since the physical quantities in Egs. (7) and (8) are determined by the same electric and magnetic fields as
the electromagnetic energy and momentum densities, the helicity and spin conservation laws are not independent
of the energy and momentum conservation laws. In this sense, helicity and spin are quantities that are conserved
simultaneously with energy and momentum. The helicity and spin are needed for determining the local spin-
torque density experienced by the material through Eq. (8), which is different from the orbital torque density
(r — 1) x f, determined by the force density f and the point of reference T.

5. SPIN AND TORQUE EQUIVALENCES
5.1 Spin equivalence

For Gaussian light pulses in vacuum, it is well known that the volume integral of the spin density of the field over
the full light pulse is equal to the volume integral of the Poynting angular momentum density (r — ree) X Gem,
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where Gepn, = E x H/c? is the momentum density of the field and r. is the center of energy of the pulse.!® This
equivalence is written as

/ps,emd3r = /(r - I'ce) X Gemdgr. (11)

It can be noted that the momentum density of the field can also be written as Gem = Ppem + 3V X P om-
The first term of this expression is the orbital momentum density and the second term is the spin momentum
density.?> 1214718 For Gaussian light pulses, only the spin momentum density contributes to the integral on the
right of Eq. (11). In studies of the total angular momentum density of the coupled field-material state of light
in materials, the Poynting angular momentum density is associated with the angular momentum density of the
atomic mass density wave driven forward by the optical force density.'?

5.2 Torque equivalence

At all instants of time, the net torque on an arbitrarily-shaped material body in an electromagnetic field is equal
to the volume integral of the spin-torque density 7, which is equal to the volume integral of the classical Poynting
torque density (r — T) x f, where f is the force density given in Appendix A, as

/deSr = /V(r — ) x fd®r. (12)

The choice of the reference point r is arbitrary. The choice of ¥ does not, however, contribute to the value of
the integral over the full volume of the material. The dependence of (r — r) x f on T indicates that this classical
Poynting torque density has no physical meaning as a local quantity. In contrast, the spin-torque density T has
a clear physical meaning as a local quantity, which is also indicated by the microscopic derivation in Sec. 2.

In the case of a piecewise homogeneous material, one can divide the volume V into interior volume V; and
the boundary volume Vj,. The integral of 7 over the infinitesimal boundary volume is zero, while the integral of
(r — ) x f over the boundary volume is generally nonzero and can be converted into a surface integral expressed
in terms of the electromagnetic stress-tensor T, given in Appendix A, as

/V(r—f*)><fd3r:/Vi(r—f')xfd?’r—/av(r—f')X‘Iem-dA. (13)

The values of the two integrals on the right of Eq. (13) separately depend on the choice of the origin even though
the sum of these terms is independent of the origin. This clearly demonstrates that (r — r) x f has no local
physical meaning as discussed above.

6. CHIRAL-STRESS-ENERGY-MOMENTUM TENSOR OF LIGHT

Next, we define the CSEM tensor for a monochromatic field. The CSEM tensor is given in units of the energy
density in the same way as the conventional stress-energy-momentum (SEM) tensor, given in Appendix A.
However, the chiral energy density, chiral momentum density, and chiral stress density components of the CSEM
tensor are not related to the true energy density, momentum density, and stress tensor, which are components
of the SEM tensor.

The quantities pyem; Pgem> and Ng em in Egs. (4)-(6) do not form a covariant second-rank tensor on their
own. We propose that the CSEM tensor of light with angular frequency w is given by

T v WPp,em WPS em
Tem)* = ’ . 14
( ¢ ) pr,em (w/c)ns,em ( )

The CSEM tensor of light in Eq. (14) is found to enable the covariant description of the spin angular momentum
and torque densities of light. In the general inertial frame, the components pyem, Pgem, and ngem obtain
dependencies on the velocity field of the material, which are not given in Egs. (4)—(6). We leave these dependencies
as a topic of further work.
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7. SIMULATION OF ELECTROMAGNETIC FIELDS IN A BIREFRINGENT
MATERIAL

We investigate the propagation of light in a birefringent material, where the relative permittivity and permeability
tensors are generically written as

Exx 5zy Exz Mxx Hay Mz
Er = | Cyz Eyy Eyz |, M= | Hyz Hyy My |- (15)
€z Ezy Ezz Mzz  Hzy Hzz

The elements of these tensors are assumed to be real valued. The typical case when the relative permittivity
tensor is a diagonal matrix e, = diag(egs, €yy, €2-) and the relative permeability tensor is equal to an identity
matrix, given by pu, = diag(1,1, 1), is a special case of the more general solution. Furthermore, for a quarter-wave
plate, in which light propagates parallel to the 2z axis and whose fast axis is aligned parallel to the z axis, we
have ., = n2, and e,, = n? . For e,,, we use £,, = n2,,, where nay, = %(nfast + Nslow)-

In all simulations of the present work, the wavelength of light is assumed to be A\g = 1064 nm. The refractive
indices of the fast and slow axes of the quarter-wave plate are ng.st = 1.5 and ngow = 1.6. The thickness of
the birefringent material in the quarter-wave plate is dgap = Ao/[4(Nslow — Nfast)] = 2.66 pm. The antireflective
coating layers at the entry and exit interfaces of the quarter-wave plate have a refractive index n¢oat = 1.2248
and thickness deoat = Ao/ (4Ncoat) = 217.17 nm. The harmonic average of the Poynting vector magnitude at the
beam or pulse center is (Sp) = 1.2496 x 101 W /m?. In the laser pulse studies, the relative standard deviation of
the central angular frequency wy is set to Awg/wo = 0.05.

7.1 Propagation of a plane-wave Gaussian pulse through a quarter-wave plate

We search for a transverse electromagnetic plane wave solution propagating parallel to the z axis in a birefringent
material and whose electric field amplitude is made of two linear polarization components parallel to the x and
y axes. The electric field amplitude is given by

E(z,t) = Re[iwA(e!F1* Dk 4 ¢ilkez—wtgy), (16)

Here w is the angular frequency, A is a normalization constant, k; and ko are the wavenumbers of the two
components, and X and y are unit vectors parallel to the x and y axes. The refractive indices n; and no of the
two components of the wave are determined by the wavenumbers as ny = k1 /kg and ny = ko/ko, where kg = w/c
is the wavenumber in vacuum, in which c is the speed of light.

A propagating plane wave solution to Maxwell’s equations in the absence of free or bound electric and
magnetic charges is found when the elements of the relative permittivity and permeability tensors are not
completely arbitrary, but they satisfy the constraints, given by

Eyzll Exylt
Erx = Ezy = Hzax = Hzy = 0, Hxy = Ma Hyz = ey (17)
Then, the refractive indices n; and no of the two components of the wave and the average refractive index naye,
corresponding to the average velocity of the wave in the birefringent material, are given by

ny + na
N1 = \/Exallyy — Eyxllyx, N2 = \/Eyylzx — Exylay, Nave = T (18)

. . Quarter-wave plate
Linearly polarized i

laser pulse

Right circularly
polarized laser pulse

AR coatings

Figure 1. Schematic illustration of the electric field of a linearly polarized Gaussian light pulse propagating through a
quarter-wave plate, in which the pulse becomes right circularly polarized. The wave plate has antireflective (AR) coatings
to minimize reflections. The electric field curves are taken from the simulation corresponding to Fig. 2.
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For p, = diag(1,1,1), we thus obtain e,, = n? and ¢,, = n3. Furthermore, as discussed above, we define

_ _ : . o 2 2 2
N1 = Niasy aNd N2 = Nglow, N Which case e, = diag(ng,4, Now: Nave)-

As an example, we simulate the propagation of a plane-wave Gaussian laser pulse through a quarter-wave
plate coated with antireflective coatings as illustrated in Fig. 1. The incident Gaussian pulse is assumed to be
linearly polarized along %(f{ +y). In the quarter-wave plate, the linear polarization is transformed into right-
handed circular polarization. In the right-handed circular polarization, the electric field vector at a fixed position
rotates clockwise as a function of time when viewed from the point of view of the source.

Figure 2(a) shows the instantaneous energy density of the Gaussian pulse at three instants of time. At 60
fs, the pulse propagates toward the quarter-wave plate in vacuum. At 105 fs, the center of the pulse is inside
the quarter-wave plate. At 150 fs, the pulse has fully passed through the wave plate and it is propagating away

o
§ 1000 (x ) T T T T T T T ]
= a
>
B
£ 500 60 fs 105 fs 150 fs |
s~
5] 0l ! L\w¥ !
&5 20 -15 -10 -5 0 5 10 15 20
~ X108 Position (pm)
'E T T T T T T T T
S 3 il
z7 (b)
220 ]
g1
< [ i
E 0 | | | 1 1
n -20 15 -10 -5 0 10 15 20

5
Position (pm)

5 WopPSs em,z 5 wWops.em,z
. 800} 1
p = 300 -
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£ £ 200}
@400 - 1 @
1] 2]
2 K 2
> > L
B 20| g 100
g g
& &
0 L 0 L L L L
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& . () TS psem 2dz
,_V} 'N’): ,//
~ E 05} "
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< 5 L =
= 2-05¢
E % el d
& ~\‘_j,xps.mat,z z
= QL e
0.5 1 1.5 2 2.5 80 90 100 110 120

Position (pm) Time (fs)

Figure 2. (a) Energy density and (b) spin density z component of a temporally Gaussian plane-wave laser pulse propagating
to the right at three instants of time. (c) Energy density and scaled spin density z component at 105 fs and (d) the same
quantities at 150 fs. (e) The distributions of the material spin density due to the spin-torque density of the Gaussian
pulse at 105 fs and 150 fs. (f) Time dependencies of the electromagnetic and material spin densities integrated over the
z axis. The vertical solid lines indicate the positions of the material interfaces.
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from it in vacuum. Due to the antireflective coatings, only a negligible part of the pulse has reflected from the
quarter-wave plate. This part cannot be seen in the scale of the figure. Before the wave plate, the energy density
of the pulse has variations under the Gaussian envelope proportional to the square of a sinusoidal function. After
the wave plate, the energy density of the pulse is almost Gaussian, and it has only small variations under the
Gaussian envelope. These variations originate from the different propagation velocities of the Gaussian envelopes
of the two linear polarization components in the quarter-wave plate.

Figure 2(b) shows the instantaneous spin density of the pulse at the three instants of time corresponding to
the energy density in Eq. 2(a). Before the quarter-wave plate, the pulse is linearly polarized, and therefore, the
spin density is zero. Inside the quarter-wave plate, the pulse is transformed so that it becomes right-handed
circularly polarized and the spin density increases. Figures 2(c) and 2(d) compare the energy and spin densities
of the pulse inside and after the quarter-wave plate. The spin density is scaled by the centaral angular frequency
wp. At the exit interface of the quarter-wave plate in Fig. 2(c) and after the wave plate in Fig. 2(d), the difference
between the energy and spin densities is small.

Figure 2(e) depicts the spin density of the quarter-wave plate material resulting from the torque density that
the birefringent material experiences due to the Gaussian pulse. The spin density of the material is shown at
105 fs and at 150 fs. The values at 150 fs are smaller since, at this instant of time, the pulse has fully passed
the wave plate. Positive spin is given to the field and negative spin is given to the material. The total spin of
the system is zero throughout the simulation. The spin densities of the electromagnetic field, the material, and
their sum integrated over the z axis are shown as a function of time in Fig. 2(f).

7.2 Propagation of a 3D Gaussian beam through a quarter-wave plate

Next, we consider a 3D Gaussian beam with a finite beam waist radius propagating through the quarter-wave
plate with the focal plane located at the the entry interface of the wave plate at z = 0 pum. The geometry of the
quarter-wave plate is the same as that illustrated in Fig. 1. The beam waist radius is wg = 3Ag/2. Since the
electric and magnetic fields of the laser pulse and the material parameters of the birefringent wave-plate material
have no azimuthal symmetry, full 3D simulations are necessary.

Figure Fig. 3(a) shows the instantaneous energy density. The maxima of the instantaneous energy density
before the wave plate in vacuum are equal to the maximum value of the energy density of the plane wave pulse
of Fig. 2(a) before the wave plate in vacuum. The Gaussian beam spreads when going away from the focal
plane. However, this divergence cannot be seen in the scale of Fig. 3(a). Figure 3(b) shows the energy density
of Fig. 3(a) time-averaged over the harmonic cycle. The time-averaging removes the variations of the energy
density inside the harmonic cycle, which are associated with linear polarization.

Figure 3(c) shows the instantaneous spin density z component of the Gaussian beam. The time-averaged spin
density is presented in Fig. 3(d). In analogy to the plane-wave pulse case in Fig. 2(b), the spin density is zero
before the quarter-wave plate in vacuum. The spin density increases in the wave plate, where the beam becomes
right-handed circularly polarized. The instantaneous and time-averaged spin-torque densities are depicted in
Figs. 3(e) and 3(f). The instantaneous spin-torque density has large variations inside the harmonic cycle, where
it obtains both positive and negative values. The values of the time-averaged spin-torque density are negative.
The spin-torque density gives a negative spin to the material that is of equal magnitude to the positive spin
obtained by the field.

The transverse components of the Poynting vector and their magnitude at the exit interface of the quarter-
wave plate are shown in Fig. 3(g). These components are the origin of the Poynting angular momentum density
in the integrand on the right of Fig. (11) calculated with respect to r. = (0,0,0) and whose time-averaged z
component is depicted in Fig. 3(h). The time-average of the corresponding Poynting torque density z component
is presented in Fig. 3(i). In agreement with Eq. (12), it is found that the volume integral of the spin-torque
density over the quarter-wave plate is equal to the volume integral of the Poynting torque density. Since the
off-axis components of the Poynting vector of the Gaussian beam are not exactly normal to the exit interface,
the surface integral term of Eq. (13) has a contribution to the Poynting torque density.
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Figure 3. (a) Energy density, (b) time average of the energy density, (c) spin density z component, (d) time average of
the spin density z component, (e) spin-torque density z component, (f) the time average of the spin-torque density z
component, (g) transverse components of the Poynting vector (arrows) and their magnitude (background), (h) classical
Poynting angular momentum density z component, and (i) the corresponding Poynting torque density z component as a
function of the position when a linearly polarized 3D Gaussian beam propagates through the quarter-wave plate in which
it becomes circularly polarized. The quantities presented as a function of the x and y coordinates are in the plane after
the quarter-wave plate. The vertical dashed lines indicate the positions of the material interfaces.

Proc. of SPIE Vol. 12901 129010F-8



7.3 Scattering of a monochromatic plane wave from a quarter-wave plate cylinder

Next, we consider the case opposite to the investigation of the Gaussian beam above, where the spatial extent
of the beam was smaller than the quarter-wave plate in the  and y directions. In the opposite case, the spatial
extent of the electromagnetic field in the x and y directions is larger than the dimensions of the quarter-wave plate.
We study the scattering of a monochromatic linearly polarized plane wave from a quarter-wave-plate cylinder
with a diameter of two vacuum wavelengths as d = 2)\g. Apart from the cylinder shape of the quarter-wave
plate, the geometry of the materials is equal to that in Fig. 1.

The instantaneous energy density of the linearly polarized monochromatic field scattered from the quarter-
wave-plate cylinder is shown in Fig. 4(a). The time-averaged spin density is presented in the xz plane in Fig. 4(b)
and in the zy plane in Fig. 4(c). It is seen that the field that passes through the quarter-wave-plate cylinder has

(a) Energy density (J/m?) (b) Average spin density (Js/m?®) x10712 (c) Average spin density (Js/m?) x10712
2500 9 1
2000 2 05 1 0.5
; 1779%% 1000 =
-2 -2 05 05
500 2 .
N 0 N — -1
0 2 4 6 0 2 4 6 -2 -1 0 1 2
z (pm) z (pm) z (pm)
(@) Transverse Poynting vector [J/(m?s)] x10!! (e) Average Poynting AM density (Js/m®)  x10°% (f) Average Poynting AM density (Js/m*) x10~*
4 /
: 7/, :
5 -
bl
1 7L 1
g g - g
= 0 5 0 - 0 = 0 0
ES 8 EN
-1 \ -1
-2 &
N
-2 \ -2
4
0
2 1 0 1 2 0 2 4 6 -2 -1 0 1 2
z (pm) z (pm) x (pm)
Average spin-torque density (J/m?) (h) Average Poynting torque density (J/m?)
(g) | CTCTEC AP TOTRe COY 600 e e ey e
1 ' 400 1 200
0.5 1 ‘ 200 0.5 100
ES | 0 ESN 0
05 : , -200 0.5 -100
‘ -400 .
1 4l -200
N N N N N N . -600 o o o L L L .
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3

z (pm) z (pm)
Figure 4. (a) Instantaneous energy density, (b) average spin density z component, (c) average spin density z component
in the transverse plane, (d) transverse components of the Poynting vector (arrows) and their magnitude (background), (e)
average Poynting angular momentum density z component, (f) average Poynting angular momentum z component in the
transverse plane, (g) average spin-torque density z component, and (h) average Poynting torque density z component of
a linearly polarized plane wave scattered from a quarter-wave-plate cylinder with a small diameter. The dashed rectangle
and circle indicate the position of the quarter-wave-plate cylinder. The quantities presented as a function of the x and y
coordinates are in the plane after the quarter-wave plate. The energy, spin, and Poynting angular momentum densities

inside the wave plate are not shown since these quantities at certain positions inside the wave plate have values exceeding
the scale of the pertinent figures.
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a notable right-handed circularly polarized contribution associated with the positive spin density. Farther from
the optical axis, the field scattered from the cylinder forms regions of both positive and negative spin densities.

The transverse components of the Poynting vector at the xy plane after the cylinder are shown in Fig. 4(d).
These components are related to the formation of the Poynting angular momentum density, given by the integrand
on the right of Eq. (11) calculated with respect to rec = (0,0,0). The z component of the Poynting angular
momentum density is depicted in the xz plane in Fig. 4(e) and in the zy plane in Fig. 4(f). Since the Poynting
angular momentum density is equal to the cross-product of the position vector and the Poynting momentum
density, it attenuates much slower than the transverse components of the Poynting vector in Fig. 4(d). The
Poynting angular momentum density obtains both positive and negative values away from the axis of the cylinder,
where it is zero.

The average spin-torque density z component inside the quarter-wave-plate cylinder is presented in Fig. 4(g).
The average Poynting torque density is shown in Fig. 4(h). While the spin-torque density is unambiguously
defined, the Poynting torque density, given in the integrand on the right of Eq. (12), depends on the reference
point 7. It is associated with an interface torque density not shown in Fig. 4(h). In agreement with Eqgs. (12)
and (13), the volume integrals of the spin and Poynting angular momentum densities over the quarter-wave-plate
cylinder are found to be equal.

8. CONCLUSIONS

In conclusion, we have studied the space- and time-dependent instantaneous and time-averaged spin and torque
densities of classical light. We have performed simulations of Gaussian light pulses and beams in quarter-wave-
plate geometries made of dielectric and birefringent materials. We have also presented the CSEM tensor for
the covariant description of spin and torque densities of light. The conservation laws written through the four-
divergence of the CSEM tensor are the helicity and spin conservation laws in a material, which are found to
be consistent with the torque density used by Beth to explain his seminal measurement!' of the spin angular
momentum of circularly polarized light.

ACKNOWLEDGMENTS

This work has been funded by the Research Council of Finland under Contract No. 349971. Aalto Science-IT is
acknowledged for computational resources.

APPENDIX A. STRESS-ENERGY-MOMENTUM TENSOR OF LIGHT

The stress-energy-momentum (SEM) tensor of the electromagnetic field in a material is given by!?
W cG
py em em
(Tem) [ cGem  Tem :| ' (Al)

Here Wy, is the electromagnetic energy density, Gep, is the electromagnetic momentum density, and ®y, is the
electromagnetic stress tensor. In the laboratory frame, the energy density, momentum density, and the stress
tensor components are given by

1
Wenm = 5(E-D + H-B), (A2)
ExH
Gem:T, (Ag)
‘Zem:%[(E-D+H~B)I—E®D—D®E—H®B—B®H —%(P-E+M-B)I. (A4)

The energy density Wy, is of the well-known form, the momentum density Gep, is equal to the so-called Abraham
momentum density. The first term of the stress tensor ¥y, is the conventional Abraham stress tensor and the
last term of Ty, results from the optical electro- and magnetostriction.!? 2
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A.1 Conservation laws of energy and momentum

In terms of the components of the SEM tensor, the conservation laws of the energy and momentum of the

electromagnetic field are given by!? 22724
1 OWem é
2 g TV Gem=—2 (A5)
aG"cm
at +v"zcm:*f. (A6)

Here f is the force density and ¢ is the power-conversion density. These quantities are related to each other by
¢ = f-v,.22 The power-conversion and force densities can be split into the free charge and current contributions
¢1, and fr, and homogeneous material contributions ¢, and fs, from which fs is known as the generalized
Abraham force.?%26 The force density additionally has a material interface contribution fi,; and the optostriction
contribution f,s;. Thus, we write the power-conversion density ¢ and the force density f as

¢:¢L+¢Aa f =1y + A + fine + fost (A7)

In terms of the fields, the different terms of Eq. (A7) are given in the laboratory frame by

¢L:Jf'Ea (A8)

1 OoP OE oM 0B
=3B G~ PB M) (49)
fi, = pr +Jg x B, (AlO)

0 M x E 1

fA_&(PxB— - )+§V><T, (A11)
fmt:%[P-(VE)—E-(VP)+M-(VB)—B.(VM)], (A12)
£ = %V(P ‘E+M-B). (A13)

Here the gradient of a vector is defined as VE = 0, E® é, + 0,E® &, + 0.E ® €,. The second term of fa in
Eq. (All), equal to fs = %V x T, is determined by the spin-torque density in Eq. (10). This term is analogous
to the spin-momentum contribution to the total momentum density of the electromagnetic field, when the total
momentum density of the electromagnetic field in Eq. (A3) is written as Gem = Pp om + iV x Ps.em» Where
Pp.em 18 the orbital momentum density. This splitting of the total momentum density of light into the orbital-
and spin-momentum densities has been studied in previous literature.?>12:14718 The relations above show that
the torque and force density dynamics are intimately related to each other.
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