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While the Hamiltonians used in standard quantum mechanics are Hermitian, it is also possible to extend
the theory to non-Hermitian Hamiltonians. Particularly interesting are non-Hermitian Hamiltonians satisfying
parity—time (P7) symmetry, or more generally pseudo-Hermiticity, since such non-Hermitian Hamiltonians
can still exhibit real eigenvalues. In this article, we present a quantum simulation of the time-dependent
non-Hermitian non-P7 -symmetric Hamiltonian used in a pseudo-Hermitian extension of the Landau—Zener—
Stiickelberg—Majorana (LZSM) model. The simulation is implemented on a superconducting processor by using
Naimark dilation to transform a non-Hermitian Hamiltonian for one qubit into a Hermitian Hamiltonian for a
qubit and an ancilla; postselection on the ancilla state ensures that the qubit undergoes nonunitary time evolution
corresponding to the original non-Hermitian Hamiltonian. We observe properties such as the dependence of
transition probabilities on time and the replacement of conservation of total probability by other dynamical
invariants in agreement with predictions based on a theoretical treatment of the pseudo-Hermitian LZSM system.

DOI: 10.1103/PhysRevResearch.6.023246

I. INTRODUCTION

Standard quantum mechanics is formulated in terms of
Hermitian Hamiltonians, which guarantee real values for en-
ergies as well as unitary time evolution. However, it is possible
to extend the theory to non-Hermitian Hamiltonians in order
to model open systems that significantly interact with their en-
vironment [1]. The study of open, effectively non-Hermitian
quantum systems already began in the early days of quan-
tum theory with studies such as Gamow’s use of a complex
energy for an a-decaying radioactive nucleus in 1928 [2]
and Majorana’s theory of a-particle absorption by a nucleus
[3]. Subsequent early applications of non-Hermitian quantum
theory included a derivation of the nuclear dispersion formula
[4] and a unified theory of nuclear reactions [5,6].

Non-Hermitian features are also a well-established part
of fields such as superconductivity [7,8] and x-ray absorp-
tion spectroscopy [9], where an imaginary term i’ is often
added to energies to model the phenomenon of lifetime
broadening; i.e., the broadening of measured excitation peaks
caused by the finite lifetime of the excited state. In the
context of superconductivity, I" is referred to as the Dynes
parameter.

The above historical examples mainly feature non-
Hermitian elements (such as the addition of imaginary
terms to energies) as ad hoc modifications of otherwise
Hermitian standard quantum mechanics. However, in 1998
Bender and Boettcher showed [10] that non-Hermitian Hamil-
tonians (NHHs) satisfying parity-inversion and time-reversal

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2024/6(2)/023246(10) 023246-1

(PT) symmetry can exhibit real eigenvalues (i.e., energies)
despite their non-Hermiticity, which led to an increased in-
terest in the study of explicitly non-Hermitian Hamiltonians.
In 2002, Mostafazadeh [11] showed that P77 symmetry be-
ing associated with real eigenvalues is a consequence of
‘PT-symmetric Hamiltonians being a subset of the larger
class of pseudo-Hermitian Hamiltonians, and that the pseudo-
Hermiticity of a Hamiltonian is a necessary but not sufficient
condition for it having real eigenvalues.

Interest into P7 -symmetric NHHs in particular has been
driven by the fact that they can be experimentally realized
as effective Hamiltonians in systems that involve a balanced
gain-loss interaction with the environment [1]. These experi-
mental realizations have been especially prominent in the field
of optics [12,13], where the Maxwell equations governing the
dynamics of an electromagnetic wave in a waveguide under
certain conditions can be written in a way that is identical
with the Schrddinger equation describing a P7T -symmetric
system, thus providing an analog to P7 -symmetric quantum
mechanics [14-18]. P7T -symmetric optics have been used to
demonstrate exciting and exotic phenomena such as unidi-
rectional invisibility [18-21] and single-mode lasing [17,22—
26]. Alongside optics, PT -symmetric behavior has also been
realized on a large variety of other experimental platforms,
such as the spins of ultracold SLi atoms [27], multilevel
superconducting transmons [28], coupled LRC circuits [29],
electromechanical resonators [30], trapped ions [31,32], Be-
labeled chloroform dissolved in acetone-d6 [33], optically
induced atomic lattices [34], and even macroscopic coupled
pendula [35].

In addition to direct realizations, NHHSs can also be studied
with digital quantum simulation [36,37] by employing the
Naimark dilation method [38]. This has been successfully
applied to platforms such as nitrogen-vacancy centres in dia-
mond [39-41] and superconducting qubits [42]. However, all
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of these examples utilize a time-independent non-Hermitian
Hamiltonian.

In this article we perform a quantum simulation of a
time-dependent NHH. We extend the use of the Naimark di-
lation method to a time-dependent non-P7 -symmetric NHH
in order to simulate the pseudo-Hermitian Landau—Zener—
Stiickelberg—Majorana (LZSM) model [43] on a supercon-
ducting quantum processor. The LZSM model finds use in
the description of transitions in a large variety of two-level
systems, such as the valence/conduction bands in graphene
[44], molecular states in ultracold Cs, [45], electron transfer
between two As or P donors in a silicon nanowire transistor
[46], and even the in-plane and out-of-plane resonator modes
of a classical nanomechanical resonator [47]. The pseudo-
Hermitian extension of the LZSM model can be applied to,
e.g., the description of two electromagnetic modes traveling to
opposite directions in a waveguide [48], and boosting a weak
signal with a stronger one in the sum-frequency generation
process [49].

This article is organized as follows: The next
section (Sec. II) presents a theoretical overview of the
pseudo-Hermitian LZSM model. Section III then outlines the
methods employed to simulate a non-Hermitian Hamiltonian
on a quantum processor, and Sec. IV presents the results of
the application of this methodology to the simulation of the
LZSM model described in Sec. II. Section V ends the main
article with a brief conclusion. After the main article there
are two appendices: Appendix A presents the mathematical
definitions of P7T symmetry and pseudo-Hermiticity, and
Appendix B includes calculations showing the application of
these definitions to the pseudo-Hermitian LZSM model.

II. THE PSEUDO-HERMITIAN

LANDAU-ZENER-STUCKELBERG-MAJORANA MODEL

The  pseudo-Hermitian  Landau—Zener—Stiickelberg—
Majorana (LZSM) model [43] features a Hamiltonian of the

form
A _1 —e(t) Qo
HU)"E[kQO s@J M
_1 O k+1,\ k_l,\ A 2
S PEPEI T R

where o; are the Pauli matrices and ¢ is varied linearly in time
at a rate of v,

e(t) = vt. 3)

All parameters in the Hamiltonian are assumed to be real, with
v being positive. The parameter k controls the degree of non-
Hermiticity; k = 1 reduces to the standard, Hermitian LZSM
model [50]. For k # 1 the Hamiltonian is not Hermitian
or PT symmetric, but is pseudo-Hermitian. Mathematical
definitions of P77 symmetry and pseudo-Hermiticity and de-
tails on how they apply to this Hamiltonian are included in
Appendixes A and B.

At Qp = 0, the eigenstates of the system are the diabatic

states [50]
|0>=[(1)] and |1>=m, o)
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FIG. 1. A plot of the energies E (in units of €2¢) of the diabatic
and adiabatic states |0) (cyan), |1) (yellow), |E,) (red), and |E_)
(blue) as functions of time (in units of 2y/v), with various values
of the parameter k. A system starting in the state |E,) = |0) (or
|E_) = |1)) at t = —o0 and traversing the avoided crossing region
towards t = oo will follow the diabatic state |0) (|1)) and transition
to |E_) (|E,)) with a probability of P (black arrows). Solid lines indi-
cate purely real energy values, while the dashed lines in the k = —1
case represent the imaginary parts of purely imaginary energy values.

with the energy levels
3

and E| = > (®)]

Adding a nonzero 2y gives rise to the adiabatic energy
states [50]

&
E()Z—E

—e £ AE
EL) = 6
with the corresponding eigenvalues
E. =+]AE, 0

where

AE =E, —E_ = [kQ% + &2 (8)

is the difference between the energy levels. Note that the form
given in Eq. (6) is not normalized.

Figure 1 presents the diabatic and adiabatic energy levels
as functions of time. For t < 0, |1) is the ground state and
|0) the excited state of the system, but at + = O these levels
cross, and for t > 0, |1) is the excited state. At large |f| the
diabatic and adiabatic levels approach each other, but at small
|t] the adiabatic energy levels diverge from the diabatic ones
and exhibit an avoided crossing near t = 0 [50].

The question asked and answered by the LZSM model is
the following: When time is scanned from t = —oco to t = 00
across the avoided crossing region, what is the probability P
that these following, equivalent statements happen? [50]
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(1) A system that starts in the diabatic state |0) or |1) at

t = —oo will remain in the same state at t = oo
(i) A system that starts in the adiabatic state |E.) or |E_)
at t = —oo will have transitioned to the other adiabatic state
att = 00
The answer is given by the LZSM formula [43,50]
sz
P=P =P =exp| —m=-2 9
2hv

As we see, increasing the value of the parameter 2y decreases
P (assuming k > O for simplicity). €2 determines the smallest
distance AE = vk|Qo| (found at 7 = 0) between the adia-
batic energy levels, with a large €2y meaning the levels are far
apart and transitions are unlikely. For the diabatic levels, as
the off-diagonal element of H, Q, represents the coupling be-
tween the states |0) and |1), and a large €2, makes transitions
between them more likely.

Counteracting the influence of €2 is the rate v of the
change in e(¢). If ¢ changes slowly (sz/Q% < 1), we have
P =~ 0. The system evolves adiabatically; i.e., it mostly fol-
lows the adiabatic state |E.) or |[E_). With a fast rate of
change (sz/Q% > 1) we have P ~ 1, and the system un-
dergoes diabatic evolution where it likely transitions from
|EL) to |E_) or vice versa by following the diabatic state
|0) or |1) [50].

In the Hermitian case, the probabilities Py and P of
transitions between diabatic states are simply equal to 1 — P
but in the pseudo-Hermitian case probability is not conserved
and these instead take the forms [43]

Py1 = k(1 = P), (10)

1
Pio = §(1 —P). )

The time evolution of a system under the pseudo-Hermitian
LZSM Hamiltonian presented in Eq. (1) has been analytically
solved [43], giving transition probabilities P,_, ;(t) between
states not just in the scenario where time evolves from #y) =
—o00 to t = 00, but also for any finite length of time evolu-
tion. The dynamical invariants of the system are given by the
formulas

kPoo(t) + Py 1 (t) =k, (12)

kP o(t) + Pi_1(t) =1, (13)

which replace the conservation of total probability that is
present in time evolution under a Hermitian Hamiltonian
[43,51].

For the k = —1 case, the transition probabilities and the
conservation law in Eq. (12) have also been presented by
Malla et al. [52], who investigated transition probabilities,
invariants, and integrability in the context of anti-Hermitian
LZSM systems.

III. METHODS
A. Time-evolution operators

The time-evolution operator U (t, tp) evolves an initial state
| (ty)) to a final state |y (¢)),

O, 10)lyr (1)) = Y1) (14)

Uz, 1y) is determined by the Hamiltonian of the system as a
time-ordered exponential

U, ty) = Texp(——/ H(t)dr)
_1+Zn'<——> fd[l/dlz /dl‘n

H(,)), as)

where T is the time-ordering operator

x T(Ht)H®). ..

AB@1) if 4 >t

T(A)B(1)) = {A . _ (16)
B(t)A@) it n>1,

which rearranges a product between multiple operators (there
can be more than two) in a decreasing order of time arguments
when read from left to right.

If the Hamiltonian H (¢) is Hermitian, U (¢, f) is a unitary
operator (UTU = 1), which means it preserves the inner prod-
uct between states,

({Upl0y) = BIUTIY) = (@1). a7

A particular consequence of this is the conservation of prob-
ability: if the state |1) has been normalized so that

(YOI @) =1 (18)

at some time ¢ = fy, then Eq. (18) will also hold for all other
values of ¢ as well.

B. Simulating time evolution
1. Hermitian Hamiltonians

A Hermitian Hamiltonian can be simulated on a quantum
processor by computing (either numerically or analytically)
the time-evolution operator U, ty) from Eq. (15) for a range
of time values #;. Each of these operators can then be imple-
mented as a quantum circuit by decomposing it into a product
of operators corresponding to quantum gates. In practice we
have used the QuantumCircuit.unitary [53] method from
the Qiskit library [54] to perform this decomposition.

An example of a two-qubit quantum circuit is presented
in Fig. 2. The circuit consists of U(6, ¢, 1) quantum gates
[55] with controlled-NOT (CNOT) gates [56] between them.
A U0, ¢, 1) gate performs a three-dimensional one-qubit
rotation by the Euler angles 0, ¢, A, and has a matrix repre-
sentation of

U@, ¢, 1) =

—e™ sin (g)
, (19)
(5

)
2) @M cos

)

When a quantum circuit that implements a time-evolution
operator is executed, its effect on the initial state |y (¢y)) of
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. U |
qU'blt 0.744, 0.934, —-2.64 n, —3n/4, 3n/4 0.742, 2.64, —-0.724 m
. H |
anCIIIa n/2, 0, —=3n/4 + 1.46, —2.02, 1.12 + 2.3,1.25, -2.03 m
classical ¥ ﬂ

register

FIG. 2. An example of a quantum circuit obtained by decom-
posing a time-evolution operator [including state initialization as
described in Eq. (29)]. This particular circuit was used for the final
data point (at t = 204/7i/v) for the k = 0.5 case in the results pre-
sented below in Fig. 3. The circuit features two qubits (the system
qubit and the ancilla) as well as a two-bit classical register where
the state of the system is measured to at the end of the circuit. The
colored boxes are U(6, ¢, 1) quantum gates that represent three-
dimensional single-qubit rotations by the three given Euler angles.
The blue symbols are controlled-NOT gates, with the smaller circle
denoting the control qubit and the larger one the target qubit.

the qubits is equivalent to an operation by U (t;, 1), so that
the state of the qubits at the end of the quantum circuit is
U, 1)V (t)) = |¥(#;)). Upon measurement, each qubit is
collapsed into one of the basis states |0) and |1). Using a
large number of shots (i.e., individual executions of a quantum
circuit, each ending in a measurement) per circuit thus gives a
good estimate of the probabilities of different measured states
(which consist of |0) and |1) in a 1-qubit circuit, |00), |01},
[10), and |11) in a 2-qubit one etc.). When this process is
repeated for all values #; in the selected range, data series
describing the time evolution of the system in the form of
probability functions Py (¢) are obtained.

2. Non-Hermitian Hamiltonians

For a non-Hermitian Hamiltonian, the simulation proce-
dure described above cannot be used without alterations.
The time-evolution operators U (t;, fy) produced by a non-
Hermitian Hamiltonian can be nonunitary, and thus cannot
be decomposed into a product of quantum gates, which only
produce unitary transformations. However, it is possible to
simulate a Hermitian system, which contains a subsystem that
evolves in a non-Hermitian fashion. More specifically, we use
the mathematical technique of Naimark dilation to transform
I-7q, a non-Hermitian Hamiltonian for one qubit, into ﬁaq, a
Hermitian Hamiltonian for a qubit and an ancilla, so that the
ancilla = O subspace of the system evolves according to ﬂq.

C. Naimark dilation

The Hermitian Hamiltonian H,q, obtained from Hy as a
result of Naimark dilation, can be expressed as [39,42]

Hyt) =10 A@)+6,0 @), (20)

where 1 is a 2 x 2 identity matrix and 6y is the Pauli-y matrix.
The operators f\(t) and f‘(t) are defined as

di(t)
dt

f\(r>=[ﬂq<t)+i +ﬁ(z>ﬁq<r)ﬁ<r>]M—‘<r> (@2

and

A ¥ 7 d,\
O i[Hq(t)ﬁ(t) — OH() =i Zy)

]M_l(t), (22)

where
() = M) — 112, (23)

and

M(t) =T exp < - % / ﬁ;(r)dr)M(to)

x T exp (%f ﬁq(t)dr>. (24)

In the last equation, T is the time-anti-ordering operator;
which arranges time arguments in an increasing instead of
decreasing order.

The initial value M (o) = M, must be set so that M(¢) — 1
is positive for all ¢ in the simulated interval. This is accom-
plished as follows: My is initially defined as

My =my x 1, (25)

where my > 1 is an arbitrary constant. Then the eigenvalues of
M'(t) are obtained for all ¢ in the desired interval (in practice
a discrete lattice of ¢ values is used). The smallest eigenvalue
(minimized over both the time axis and over the two different
eigenvalues per time point) is labeled ptyin, and 1\% is replaced
by the final value

mo
Mmin
where f > 1 is another arbitrary constant.

Finally, in order to produce the desired time evolution for
the qubit in the ancilla = 0 subspace, the qubit-ancilla system
must be initialized in the correct initial state. The qubit can
be initialized in an arbitrary state |q); this state serves as the
initial state for the non-Hermitian time evolution. The initial
state |a) of the ancilla is produced by rotating the state |0)
around the y axis by an angle 0,

la) = Ry(0)]0), R, (0) = e /2. 7

Mo =

fx1, (26)

The angle 0 is given by
6 = 2 atan ng, (28)

with #(f) = no x 1; i.e., no is the scalar equivalent of the
matrix 7)(fp).

The rotation Iéy (0) is combined with the time-evolution op-
erator U (1;, ty) before decomposition into a quantum circuit,
so that the action of the quantum circuit upon the uninitialized
state [00),q can be mathematically expressed as

¥ t))ag = U1, 10)aq ([Ry(0)], ® [Init(1g))], )100)aq, (29)

where Init(|g)) is an operator that initializes the qubit to its
given initial state |g). The lower indices a and q indicate
whether a state or an operator applies to the ancilla, the qubit,
or both.

IV. RESULTS
A. Time evolution of probabilities

The dilation procedure described above was applied to
simulating the non-Hermitian LZSM model, with the aim
of replicating theoretically predicted results [43]. Figure 3
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FIG. 3. The probabilities of the states |0)q (Po—o, blue) and |1)4
(Po—»1, orange) as functions of time (in units of +/7i/v), with |0)4 as
the initial state, 2y = \/ﬁ, and various values of k. The invariant
kP + Po—1 (green), which should be equal to k, is also included.
Solid lines represent theoretical results, crosses are results obtained
assuming a perfectly accurate quantum computer, and dots are results
computed with a real quantum computer.

presents the results of the simulation of a qubit that starts in
the state |0)q attg = —20+/%/v and evolves until t = 20/ /v
under the Hamiltonian from Eq. (1). The blue line and markers
indicate the probability Py_o(t) of the qubit remaining in
the initial state |0)q at a given time value, while the orange
line and markers indicate the probability Py_,(¢) of the qubit
having made the transition to |1).

The solid lines represent a numerically computed theoreti-
cal prediction for the time evolution of the system, while the
crosses represent the quantum circuits sent to be executed by
the quantum processor. Any difference between the solid lines
and the crosses is an error caused by numerical inaccuracies
in the Naimark dilation process and/or the decomposition of
a time-evolution operator into a quantum circuit. The dots
represent the results returned from the quantum processor;
any difference between the crosses and the dots is an error
introduced by the quantum processor, and is not present if a
simulator emulating a perfectly accurate quantum processor is
used in the place of a real quantum processor.

The simulation was performed on the ibm_lagos proces-
sor, accessed through the IBM Quantum Platform [57] cloud
service. The first qubit (index 0) of ibm_lagos was used as
the simulated non-Hermitian qubit, while the second qubit
(index 1) served as the ancilla. Each data point was calculated
with 10 000 shots to ensure that the statistical uncertainties in
the results are negligible.

Running a quantum circuit on the processor returned values
indicating how many times the system was found in each
of the basis states [00)uq, |01)aq, [10)aq, and [11),q of the
qubit-ancilla system. This data corresponded to the time evo-
lution of the Hermitian system with the Hamiltonian H,,, and
these basis states were equivalent to tensor products of the
individual basis states of the qubit and the ancilla,

lij)aq = li)a ® |j)q, 1, J € {0, 1}. (30)

k=1.0 k=0.5
L0 J3¥%¥ %%y ] 1.0
> 4
= P,
£ el Poo 11
3 05 —oo.ooo.o.z $¥¥xxux¥y
2 %010 ﬁ "8 302 20 2.4
A [EEigeuttsin
0.0 . f:nnn-lln‘l .
=20 0 20 =20 0 20
k=—-1.0 k=2.0
L0 Tvevvvvvws 1.0 H
z ¥
= $¥xS sunn
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< 0.5 0.5 | sunguguuy
S L
& seveNsewy
0.0 - g!!!&!s&!!f**”"”"’l‘ 0.0 - 'lﬂ----nxxllw

T
=20 0 20 =20

0 20
t/\/hfo t/\/hjo

FIG. 4. The data from Fig. 3 before the postselection process.
The probabilities of the states [00),q (Pao— 00, blue), 01)aq (Pao—o1,
orange), [10).q (Pao—10, green), and [11),q (Pso—11, red) as functions
of time (in units of +/%i/v), with €y = +/%iv and various values of k.
The qubit starts in the state |0)4, while the initial state of the ancilla
(the a in P,) is given by Eq. (27).

Data corresponding to the time evolution of the non-Hermitian
system with the Hamiltonian ﬁq was acquired through post-
selecting for the ancilla = 0 subspace. The results for the
ancilla = 0 states |00),q and |01),q were used as those of the
single-qubit subspace states |0)q and |1)4 respectively, while
the results for the ancilla = 1 states [10),q and [11),q were
ignored. Results from before the postselection process are
presented in Fig. 4.

Because the time evolution generated by ﬂq could
be nonunitary, the probabilities Py_.o(t) = |(0|1p(r)>q|2 and
Pyi1(t) = |(1|1//(t))q|2 could be determined from the mea-
sured populations of the states [0)q and [1)q only up to a
constant normalization factor N;, which could be different for
each value of k. One possible way of determining N; was to
note that in the theoretical model, Py_o(tg) + Py 1(ty) = 1
regardless of k, and set 1 /N, equal to the sum of the measured
populations of the states |0)4 and |1)4 at o. However, with this
method any errors in the measured populations at #y would
affect the measured probabilities Py_.(t) and Py ;(¢) at all
values of ¢. This was particularly harmful in the k = —1 case,
where the relative errors for the low-r data points were large
due to the very small size of the ancilla = 0 subspace. To solve
this problem, optimal values for N, were determined through
performing a least-squares fit of the measured results (dots
in the figures) to the post-decomposition predicted results
(crosses in the figures).

B. Invariants

As can be seen in Fig. 3, in the non-Hermitian k # 1 cases
the total probability Py_.o + Py_; changes as a function of
time instead of being restricted to 1. However, Eq. (12) holds
for all k and ¢ (up to the limits of the accuracy of the quantum
computer), and replaces the total probability as the invariant
of the non-Hermitian system as predicted [43,51]. In order to
show that the invariant from Eq. (13) holds as well, Fig. 3 was
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FIG. 5. The probabilities of the states |0)q (P10, blue) and |1)4
(P11, orange) as functions of time (in units of +/7i/v), with |1)4 as
the initial state, 2y = \/ﬁ, and various values of k. The invariant
kP + P (green), which should be equal to 1, is also included.

recreated with [1)4 as the initial state; the results are presented
in Fig. 5.

Figure 6 presents the dependence of the total probability
Po—o + Po—1 (left subplot) and the left side kPy_.o + Po—1 of
the invariant relation given in Eq. (12) (right subplot) on the
values of k and time. The three-dimensional surface represents
numerically computed theoretical predictions, while the dots
and crosses are based on the same data as the dots and crosses
in Fig. 3.

C. Dependence on 2,

Figure 7 presents the dependence of the transition proba-
bilities Py, and Py_.; on the parameter €2y. The k = —1 case
has been omitted, because for that case the theoretical results
feature probabilities as high as 10'7, which were too large for
the numerical algorithms used in the simulation. The upper
row features probabilities calculated with zp = —204/7%/v and
t = 20+/R/v, so each data point there corresponds to the fi-
nal data point of a plot like those presented in Fig. 3, but
with varying values of €2y. These data points have been mea-
sured and normalized in the manner explained in Sec. IV A.

Pyo+ Py kPy o+ Py

k

FIG. 6. The dependence of the total probability Py_.¢ + Py and
the invariant relation kPy_,.o + Py_; on k and time (in units of \///v),
with Qq = Vhiv.
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FIG. 7. The probabilities of the states |0)q (Poo, blue) and |1)4
(Po—1, orange) as a function of €2 (in units of Vhv), with |0)q as
the initial state, t = 204/%/v, and various values of #, and k. As
Qo represents the coupling between the diabatic states, increasing
its value increases the probability Py, of a transition.

The lower row presents similar results but with #p = 0 and

t = 204/h/v instead.

V. CONCLUSIONS

We have realized a quantum simulation of a single
qubit under a time-dependent pseudo-Hermitian LZSM
Hamiltonian, and used the resulting data to validate previous
theoretical predictions. We have measured transition proba-
bilities and observed the nonconservation of total probability,
the dependence of the results on time and the parameters
k and 29, and the presence of the dynamical invariants of
the system. The quantum simulation employs the Naimark
dilation technique; by extending the Hilbert space with the
use of an ancilla qubit and postselecting on the ancilla state,
we were able to implement specific non-Hermitian dynamics.

This article demonstrates a useful application of current
quantum computing technology, and shows that simulation
of time-dependent non-Hermitian Hamiltonians is possible on
a superconducting quantum processor. Future research will
be focused on extending the methodology presented in this
article to systems of more than one qubit, which will yield
insights into multi-qubit phenomena such as quantum entan-
glement in a non-Hermitian context.
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APPENDIX A: PT7 SYMMETRY AND
PSEUDO-HERMITICITY

1. PT symmetry

A Hamiltonian is considered P7T-symmetric if it com-
mutes with the P7T operator (A, 75’7'] = O) which is a
combination of the parity-inversion operator 7 and the time-
reversal operator 7. The parity-inversion operator P produces
a mirror image of a system by inverting the signs of all posi-
tions ¥ and momenta p on its right side [1,58,59],

Pi = %P, Pp=-pP. (A1)
The time-reversal operator 7 reverses the flow of time by
inverting the signs of momenta and replacing every i with a
—i (i.e., performing complex conjugation) [1,58,59],

T =T, Th=-pT, Ti=-iT.
In the simplest case of a two-state system, P is equal to
the Pauli matrix &, and 7 performs complex conjugation to

everything on its right side [35,42,59]. The generic form for a
P T -symmetric two-state Hamiltonian is [60]

A a b
H= [b* a*i|v

where a and b are complex parameters. The Hamiltonian can
also be expressed in terms of Pauli matrices as

ril + 6, + 6, + ir,6;,

(A2)

(A3)

(A4)

where r; are real parameters.

A remarkable property of P7 -symmetric Hamiltonians is
that of the symmetry existing in either a broken or an unbro-
ken state. P77 symmetry is considered unbroken when every
eigenstate of the Hamiltonian is also an eigenstate of the P77
operator. If this is the case, the spectrum (i.e., the multiset
of the eigenvalues) of the Hamiltonian is entirely real. The
symmetry is considered broken if some of the eigenstates of
the Hamiltonian are not eigenstates of the 77 operator; in
this case some eigenvalues appear as pairs of values that are
complex conjugate to each other [1,59].

If the Hamiltonian depends on a parameter, changing the
value of this parameter can move the Hamiltonian from a state
of broken P77 symmetry to a state of unbroken symmetry, or
vice versa. This P7T phase transition typically occurs at an
exceptional point in the parameter space, where the different
eigenvectors become parallel and the eigenvalues are equal
[1,12].

2. Pseudo-Hermiticity

While P7T -symmetric Hamiltonians are often associated
with real eigenspectra, P7 symmetry is in fact neither a
sufficient nor a necessary condition for a real spectrum.
In general, real eigenspectra are connected to the concept
of pseudo-Hermitian Hamiltonians, of which P7T -symmetric
Hamiltonians constitute a particularly simple subclass. An
operator H is considered #-pseudo-Hermitian if

H' =jH7™", (A5)

where 7 is an invertible Hermitian operator. In general, H
is considered pseudo-Hermitian if an operator 7 exists so
that Eq. (AS) holds. Generally 7 is not unique; there can

be several different 7, which can satisfy Eq. (AS5) for a

given Hamiltonian. Note that Hermiticity is a special case
of pseudo-Hermiticity, since a Hermitian operator is also
ﬁ-pseudo-Hermitian [1,11].

All Hamiltonians with real eigenvalues are pseudo-
Hermitian, but a given pseudo-Hermitian Hamiltonian does
not necessarily have a real spectrum. The following two theo-
rems apply to a Hamiltonian H with a complete biorthonormal
eigenbasis and a discrete spectrum and describe the conditions
under which a real spectrum is present:

Theorem 1. [1,11] H is pseudo-Hermitian if and only if
one of the following conditions holds:

(1) The spectrum of H is real.

(i) The eigenvalues of H appear in complex conjugate
pairs and the multiplicities of complex conjugate eigenval-
ues (i.e., how many degenerate eigenvalues correspond to an
eigenvector) are the same.

Theorem 2. [1,61] H has a real spectrum if and only if
there is an invertible linear operator O such that A is OO-
pseudo-Hermitian; i.e., A = OAOATI-?(OOA%)’I.

The requirement of a complete biorthonormal eigenbasis
is equivalent to stating that the Hamiltonian is diagonizable.
This is not a very strict requirement, as practically all physi-
cally relevant Hamiltonians fulfill it [62].

APPENDIX B: MATHEMATICAL DETAILS ON THE
PSEUDO-HERMITIAN LZSM HAMILTONIAN

1. PT symmetry
a. Original Hamiltonian

The pseudo-Hermitian LZSM Hamiltonian from Eq. (1) is
not P77 symmetric, as it does not match the generic forms
given in Egs. (A3) and (A4). An explicit calculation of the
commutator [H, P77 yields

(A, PT1 = APT - PTH

=2l ¥ ok
[ ofsslia 7]

1-bQ -2 71,
=§[ 26 (k—l)Qo]*’ BD)

where % is an operator that performs complex conjugation on
everything to its right side. The result further confirms the lack
of PT symmetry of the Hamiltonian. In the special case of
k =1, t = 0, the Hamiltonian is reduced to 26, /2, which is
‘PT symmetric.

*>

b. Rotated Hamiltonian

While the Hamiltonian from Eq. (1) is not P77 symmetric,
it can be transformed into a P7-symmetric one by a /2
rotation around the x axis. This rotation transforms the Pauli
matrices as 6y — 6y, 6, — 6, and 6, — —6,, so that Eq. (1)
is transformed into

S ATk+1 k=1

rot = E 5 Qo6y + €6y — i Qo6
1] —ilQ, “Qp—ie
Z ) 2 > ’ B2
o e, 2
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which matches the forms given in Eq. (A3) and Eq. (A4). The

commutator is
Qo —ie [o 1]
i, |10

. A 1 —l—Q
[Hrot» PT] - = k1
TQO—HS
[0 1} i, HlQy+ie
1 O I%IQQ — i —Z—Q()
¥=0, (B3)

which explicitly shows the P77 symmetry.

2. Eigenvalues and eigenvectors
a. Original Hamiltonian

The following calculation shows that the expressions given
in Eqgs. (6) and (7) are indeed the eigenvectors and eigenvalues
of the Hamiltonian H from Eq. (1):

. IT—e Q[—e+AE
H|Ei) B §|:on & ][ on i|

=(AE)
2 4 k2 1
1 AE _
_ L=e + &7 + k$2; — 4 AE e+ AE '
2 +kQoAE 2 ko
E.
=Ex =|Es)

(B4)

b. Rotated Hamiltonian

For the rotated Hamiltonian H,o, from Eq. (B2), the eigen-
values are the same as given in Eq. (7), but the eigenvectors
change to

+AE — I—QQ
|Et)ro = [ Q)+ ie } (B5)
since
. 1 —ilQ, HlQ,—ie
— 2 2
Hr0t|Ei)rol - 2 [I%IQO + i&‘ 11%190
+AE — i1 Q
X
BlQy +ie
=(AE)?
—_—~—
1| F5 QAE + kQ5 + &7
—2 :I:k“QOAE + ieAE
jE1 +AE —i*1Q B6)
2 k+lQO +

E =B o
The eigenvalues are real when kQ% +&% >0, and appear
as imaginary complex conjugate pairs when k23 + & < 0.
kQ2 +¢&2=01isan exceptional point where the eigenvalues
and eigenvectors of both H and H,, become degenerate.
Based on the realness of eigenvalues, sz +&% >0 can be
assumed to be the region of unbroken P 7" symmetry for Hy,
with kQ§ + &* < 0 corresponding to broken P7 symmetry.
This can be confirmed by computing the effect of the P7T

operator on the eigenstates |EL ), of I-?mt,

PHIE 0 1 iAE—z—QO
| i)mt - _1 0 %904_18
k+1 .
—Qo—lé‘
V=T (£AE —i%51 Q)
T £AEy +iElQ - B7)
Ay + i 2 (5L + i)
i BlQy +ie 2

Here we can transform the fraction in the first element of the
vector into

uQQ —ie (%Qo — iS)(ﬂQO + iS)
TAE —if1Q,  (£AE — i51Q)) (510 + ie)
+AE +i551Q
=k+1—2.0 (B3)
TQO+I£‘
since
k+1 k+1
( —; Qo—i8>< —; Qo+i8>
k—1_\?
=< QO) + k) + &?
2 ~———
=(AE)?
k-1 k—1
= [+AE +i Q| +AE —i Q). B9

In the region where AE € R < kQ3 + &2 > 0, the complex
conjugation in the second element of the vector in Eq. (B7)
has no effect, and we have

A +AE + ikt SZO :i:AE—zk ¥}
PTE)hot = ————— [ 0

%Q +l€ k+lQ +

=|E+)ror

]. (B10)

This shows that the eigenstates of H,. are also eigenstates of
PT, which is the condition for unbroken P77 symmetry.

3. Pseudo-Hermiticity

The Hamiltonian H from Eq. (1) can be easily seen to be
f-pseudo-Hermitian with

A kK O k+1 . k—1
n—a[o 1]—aT]l+a 5 G, (B11)
where a is a real constant, since
Arya—1 k O l —& Qo l % 0
nH —“[O 120k & |al0 1
_l —& kQO ot
_5[90 . }_H . (B12)

Note that this choice of 7 is a particularly simple solution, but
not a unique one.
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