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Research paper 

The influence of waves and hydrodynamic interaction on energy-based 
evaluation of ice loads during a glancing impact in sea states 
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Mikko Suominen a 

a Aalto University, Marine and Arctic Technology Group, 02150, Espoo, Finland 
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A B S T R A C T   

This research investigates the effect of waves and hydrodynamic interaction on the ice loads during a glancing 
impact between an ice floe and a ship advancing at low speed in various sea states. An extended energy-based 
model is proposed for the ice loads estimation, accounting for hydrodynamic interaction through added mass 
and wave-induced motions, where the hydrodynamic interaction is fully involved between an advancing ship and 
a free-floating ice floe. The influence of sea states is investigated by calculating the added mass and motions of a 
ship and ice floes in six degrees of freedom under different significant wave heights and peak periods. The effect 
of ice floe size is analyzed by using three ice floes with different diameters. The results reveal that sea waves 
significantly affect ice loads by altering the relative velocity between the ship and the ice floe right before the 
impact. Furthermore, the influence of added mass on ice load predictions is not as pronounced as the effect of 
wave-induced motions. This research underscores the importance of considering hydrodynamic interactions and 
wave conditions in the accurate assessment of ice loads, which is crucial for the design of ice-strengthened ships 
and for the selection of safe speed according to sea state in ice-infested waters.   

1. Introduction 

Navigating ships in ice-infested waters presents significant chal-
lenges, primarily due to the collision-induced ice loads that may damage 
the ship’s hull. In the Marginal Ice Zone (MIZ), where the sea surface is 
partially covered with small or medium size ice floes, sea waves can 
cause wave-induced motions of ships and ice floes, altering their mo-
mentum and consequently the ice loads during collision. Traditional 
prediction methods (Popov et al., 1967; Daley, 1999; FSICR, 2017) 
overlook the influence of waves and consequently overlook motions 
induced by waves. Therefore, exploring the effect of six degrees of 
freedom (DoFs) motions on ice load evaluation is crucial because ac-
curate assessments are vital for ensuring the safety and efficiency of 
operations in ice-infested waters, guiding the development of 
ice-strengthened ship designs and operational strategies. 

The methods for the evaluation of ice loads can be briefly categorized 
into semi-empirical methods, numerical methods, and first-principle- 
based methods, etc. The semi-empirical methods rely on statistical 

models and extensive datasets from experimental tests and in-situ 
measurements to develop parameterized ice load distributions (Kujala, 
1994; Choi et al., 2012; Suyuthi et al., 2013; Suominen and Kujala, 
2014; Rahman et al., 2015; Kotilainen et al., 2017; Suominen et al., 
2017a, 2017b, 2024; Kujala et al., 2019; Li et al., 2021a, 2021b). The 
semi-empirical methods utilize simplified physical models that make 
certain assumptions about ice properties and collision mechanics to 
predict ice loads (Barooni et al., 2022). One notable simplified mecha-
nism is based on the principle of energy conservation, where the change 
of kinetic energy in both ship and ice is fully consumed by the work of 
ice loads (Popov et al., 1967; Daley, 1999). Another simplification is that 
the nominal contact area and average pressure in this area are often 
utilized to calculate the ice loads (Daley, 1999; Dolny, 2018; Kim and 
Tsuprik, 2018), despite the discrete high-pressure zones in the contact 
area (Riska et al., 1990; Muhonen, 1991; Jordaan, 2001; Taylor et al., 
2019) and the decrease of pressure with the increase of the contact area 
(Masterson et al., 2007). The numerical methods have been extensively 
adopted to the analysis of ship-ice interactions because they are more 
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accessible than testing facilities. The development of numerical methods 
has offered various approaches, including Finite Element Method (Li 
et al., 2020; Xu et al., 2020, 2022), Discrete Element Method (Polojärvi 
et al., 2015; Di et al., 2017; Ranta and Polojärvi, 2019; Long et al., 2020; 
Ji and Yang, 2022), and Cohesive Element Method (Hilding et al., 2011; 
Lu et al., 2014; Patil et al., 2021). Each of these methods has advantages 
and disadvantages, contributing uniquely to understanding and pre-
dicting ice loads. Thus, all of them offer a range of tools for researchers 
and engineers working on ice-strengthened ship designs and operations 
in ice-infested waters. 

However, these research efforts largely focus on ice failure processes 
and structural responses, with limited consideration for the hydrody-
namic effects on ship-ice interaction, particularly the absence of ship 
and ice hydrodynamic interaction consideration. Traditional methods, 
such as the one proposed by Popov et al. (1967), account for the added 
mass of ship and ice using oversimplified empirical formulas, neglecting 
the influence of geometry and sea waves on the added mass evaluation. 
In addition, wave-induced motions and ship-ice hydrodynamic in-
teractions are also overlooked, despite the established effect of geometry 
and sea waves on marine dynamics for decades (Newman, 2018). 
Ommani et al. (2018) demonstrated that the added mass could signifi-
cantly increase in sway due to hydrodynamic interactions between ship 
and ice, suggesting that these interactions are more critical than previ-
ously acknowledged. In recent years, there has been a shift towards 
incorporating ship motions into the evaluation of ship-ice interactions, 
with researchers like Su et al. (2010, 2011) and Tan et al. (2013) making 
notable contributions. Lu et al. (2021) developed a numerical model to 
calculate the first order and mean drift motions of small glacial ice, 
aiming to enhance ice load evaluations by considering the design kinetic 
energy. Yoon et al. (2023) investigated the motion and structural 
damage occurring during a ship-ice collision by combining potential 
flow theory with finite element analysis. Yet, these models still do not 
incorporate hydrodynamic interaction, representing a complex 
Fluid-Structure Interaction (FSI) challenge. Particularly, the ship’s 
advance speed greatly increases the difficulty because the different 
speeds of ship and ice induce different boundary conditions in way of the 
free surface for the moving ship and free-floating ice. Addressing this 
gap, Jiang et al. (2022, 2023) introduced a novel potential flow model 
capable of managing the diverse free surface boundary conditions 
through linear superposition and the encounter frequency method. This 
advancement enables the incorporation of hydrodynamic interactions 
into the evaluation of ice loads resulting from ship-ice impacts. 

The present research aims to investigate the hydrodynamic effect on 
the evaluation of ice loads due to glancing impacts between a ship and 
small to medium-sized ice floes, focusing particularly on the influence of 
sea waves and hydrodynamic interaction between the two bodies. Uti-
lizing the model developed by Jiang et al. (2023), this research 

calculates the added mass and six degrees of freedom motions of both 
the ship and ice, incorporating these into an energy-based method. This 
approach facilitates the estimation of ice loads resulting from the 
glancing impact between an ice floe and a ship moving at low speed 
across various sea states characterized by differing significant wave 
heights and peak periods. Main findings reveal that the sea waves can 
alter the ice loads by changing the relative velocity immediately before 
the glancing impact. While sea waves also influence added mass, their 
effect on ice load predictions is less pronounced than that of 
wave-induced motions. In addition, the proposed approach is verified by 
the conventional Popov method because of its maturity for evaluating 
ice loads (Daley, 1999, 2000; Dolny, 2018; Idrissova et al., 2019; Zhang, 
2019). This investigation is specifically focused on the glancing impacts 
between a ship and small to medium-sized ice floes. The primary 
objective is to predict the amplitude of ice loads, which have the po-
tential to damage the ship’s hull. Consequently, aspects such as ice 
resistance and ship speed post-impact are not considered within the 
scope of this research. 

Subsequent to this introduction, Section 2 outlines the theoretical 
formulations of the numerical model. Section 3 details the case study, 
which involves a single ship and three ice floes of varying diameters, to 
analyze the size effect of the ice floes. Section 4 presents the findings and 
discussions. Finally, the conclusions are drawn in Section 5. 

2. Method 

The coordinate system comprises a global framework and two local 
coordinate systems fixed to the ship and ice, respectively, paralleling to 
the global system, as depicted in Fig. 1. The global coordinate system, 
denoted as O(X, Y, Z), is stationary relative to the Earth and overlaps 
with the ship-fixed Cartesian reference point, O1(x1, y1, z1), where x1 
represents the forward direction, y1 the port side, and z1 upward di-
rection. The system’s origin, O1, is positioned amidships on the mean 
free surface. Parallel to the ship-fixed system, the ice-fixed Cartesian 
coordinate system, O2 (x2, y2, z2), places its origin, O2, at the ice floe’s 
horizontal center and also situated on the mean free surface. 

2.1. Hydrodynamic interaction 

The potential flow theory considers the fluid inviscid and irrota-
tional, therefore the velocity of fluid point can be expressed with the 
gradient of potential ϕ. Thus, the mass conservation of incompressible 
fluid can be described with Laplace equation 

∇2ϕ=
∂ϕ2

∂x2 +
∂ϕ2

∂y2 +
∂ϕ2

∂z2 = 0 (1) 

Based on the linear superposition principle, when only one ship and 
one ice floe is considered in the multibody system, the potential of ship- 
ice system can be expressed (Jiang et al., 2023) 

ϕ=
∑2

m=1

∑6

j=1

(
− iωηm

j ϕm
j

)
+ a0

(

ϕ0 +
∑2

m=1
ϕm

7

)

(2)  

where the upper script m is the body’s serial number (m = 1 represents 
the ship and m = 2 represents the ice floe), ω is the wave frequency, ηm

j is 
the j-mode motion amplitude of body m, ϕm

j is the corresponding radi-
ation potential, a0 is the amplitude of incoming waves, ϕ0 is the po-
tential of incoming waves, ϕm

7 is the scattering potential of mth body. 
Following the above superposition of velocity potential, the radiation of 
the multibody system can be expressed as 

akj +
i
ωbkj = − ρ

∫

∑2

m=1
Sm

∑2

m=1
ϕm

j

∑2

m=1

∂ϕm
k

∂n
dS for k, j = 1,2,⋯,6 (3a) 

Fig. 1. Global and local coordinate systems.  
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akj +
i
ωbkj = − ρ

∫

S1

∂ϕ1
k

∂n
ϕ1

j dS − ρ
∫

S1

∂ϕ1
k

∂n
ϕ2

j dS − ρ
∫

S2

∂ϕ2
k

∂n
ϕ1

j dS

− ρ
∫

S2

∂ϕ2
k

∂n
ϕ2

j dS= a11
kj + a12

kj + a21
kj + a22

kj +
i
ω

(
b11

kj + b12
kj + b21

kj + b22
kj

)
(3b)  

where akj and bkj are respectively the added mass and damping, Sm is the 
wetted surface of mth body, n represents the normal vector of wetted 
surface positively pointing inward the fluid domain. 

Herein, the encounter frequency method is introduced to deal with 
the ship’s advancing speed 

ωe =ω − kUcosθ (4)  

Where ωe is the encounter frequency, k = ω2/g is the wavenumber, g is 
the acceleration of gravity, θ is the propagating angle of waves. Within 
the encounter frequency method, only the radiation potentials in pitch 
and yaw are considered speed-dependent 

ϕj =ϕ0
j , j = 1,2, 3,4 (5a)  

ϕ5 =ϕ0
5 +

U
iωe

ϕ0
3 (5b)  

ϕ6 =ϕ0
6 −

U
iωe

ϕ0
2 (5c) 

Thus, the added mass and damping of ship and ice floe can be 
expressed 

a12
kj = a12 0

kj , b12
kj = b12 0

kj k = 1, 2, 3,4 j = 1, 2,⋯, 6 (6a)  

a21
kj = a21 0

kj , b21
kj = b21 0

kj k = 1, 2,⋯,6 j = 1, 2,3, 4 (6b)  

a12
5j +

i
ωb12

5j = − ρ
∫

S1

∂ϕ1 0
5

∂n
ϕ2 0

j dS −
U

iω1
e

ρ
∫

S1

∂ϕ1 0
3

∂n
ϕ2 0

j dS j = 1,2,⋯,6

(6c)  

a12
6j +

i
ωb12

6j = − ρ
∫

S1

∂ϕ1 0
6

∂n
ϕ2 0

j dS +
U

iω1
e

ρ
∫

S1

∂ϕ1 0
2

∂n
ϕ2 0

j dS j = 1,2,⋯,6

(6d)  

a21
k5 +

i
ωb21

k5 = − ρ
∫

S2

∂ϕ2 0
k

∂n
ϕ1 0

5 dS −
U

iω1
e

ρ
∫

S2

∂ϕ2 0
k

∂n
ϕ1 0

3 dS k = 1,2,⋯,6

(6e)  

a21
k6 +

i
ωb21

k6 = − ρ
∫

S2

∂ϕ2 0
k

∂n
ϕ1 0

6 dS +
U

iω1
e

ρ
∫

S2

∂ϕ2 0
k

∂n
ϕ1 0

2 dS k = 1,2,⋯,6

(6f)  

where the upper script 0 indicates the potential induced by the body 
without advancing speed. 

In the scenario of a ship passing by an ice floe, the motions of these 
two bodies can be expressed as 

⎡

⎣
M11

kj +a11
kj a12

kj

a21
kj M22

kj +a22
kj

⎤

⎦

⎧
⎪⎨

⎪⎩

ẍ1
j

ẍ2
j

⎫
⎪⎬

⎪⎭
+

⎡

⎣
b11

kj b12
kj

b21
kj b22

kj

⎤

⎦

⎧
⎨

⎩

ẋ1
j

ẋ2
j

⎫
⎬

⎭
+

⎡

⎣
C11

kj 0

0 C22
kj

⎤

⎦

⎧
⎨

⎩

x1
j

x2
j

⎫
⎬

⎭

=

⎧
⎨

⎩

F1
k

F2
k

⎫
⎬

⎭
k, j=1,2,⋯,6

(7)  

where M is the mass of ship or ice, xj is the displacement of j-mode 

motion, C is the hydrostatic stiffness of ship or ice, 
Fm

k = − iωρa0
∫

Sm

(
ϕ0 +ϕm

7
)
nkdS is the wave loads. 

2.2. Added mass and wave induced motions in short term sea state 

Section 2.1 introduces frequency domain analysis, which generates 
the Response Amplitude Operator (RAO) concerning wave frequency in 
regular waves. However, actual sea conditions are irregular, which can 
be decomposed into countless regular waves of varying heights and 
periods. Unlike direct wave loads, waves do not directly influence ice 
loads during a glancing impact. Instead, waves first alter the added mass 
and motions of both the ship and the ice floe. These changes subse-
quently influence the kinetic energy absorbed during the impact by the 
ice load and finally alter the ice loads. This process differs significantly 
from the dynamics of wave loads in irregular waves. It is presumed that 
contribution of every regular wave with specific frequency and height in 
a spectrum of irregular waves is equally considered in the evaluation of 
added mass and wave-induced motions. Consequently, the stochastic 
mean of added mass and motions within a sea state is utilized in the 
energy-based evaluation of ice loads. 

m0 =

∫ ∞

0
S(ω)|a(ω)|2dω

amean =
̅̅̅̅̅̅̅̅̅̅̅̅
2πm0

√

⎫
⎬

⎭
(8)  

where m0 is the zero moment of response spectrum; S(ω) is the wave 
energy spectrum; a(ω) is the transfer function; amean is the stochastic 
mean. 

2.3. Energy-based ice loads evaluation 

Popov et al. (1967) introduced a method for evaluating ice loads 
during ship-ice collisions, involving two phases: 1) Phase I applies mo-
mentum conservation to determine the reduced mass and reduced ve-
locity, facilitating the calculation of the ship-ice system’s kinetic energy; 
2) Phase II employs energy conservation, assuming the kinetic energy is 
entirely absorbed by the ice load’s work during the process of crushing, 
thereby estimating the ice load’s amplitude and its displacement 
(crushing depth) using the principle of least action. However, the Popov 
method simplifies the hydrodynamic effect during ship-ice collisions, 
notably neglecting wave-induced motions and considering only the 
ship’s forward speed in Phase I. This study integrates wave-induced 
motions into the reduced velocity evaluation of the ship and ice, 
incorporating hydrodynamic interactions through the model outlined in 
Section 2.1. Furthermore, the added mass used in ice load calculations is 
derived from the same model, enhancing the method’s accuracy by 
including hydrodynamic effects. According to the research of Jiang et al. 
(2024), the used added mass should be aij = a11

kj + a12
kj for the ship and 

a2 ij = a21
kj + a22

kj for the ice floe since both ship and ice oscillate in 
waves. Therefore, utilizing the law of momentum conservation, the 
subsequent formulas facilitate the calculation of reduced velocity and 
reduced mass, for the ship 

(M1 + a11)(v1 − v0) = − l1S
(M1 + a22)(u1 − u0) = − m1S
(M1 + a33)(w1 − w0) = − n1S
(Ix + a44)(p1 − p0) = − λ1S(
Iy + a55

)
(q1 − q0) = − μ1S

(Iz + a66)(r1 − r0) = − ν1S

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(9)  

for the ice floe 

Z. Jiang et al.                                                                                                                                                                                                                                    



Ocean Engineering 310 (2024) 118719

4

(M2 + a2 11)(v2 − v02) = l2S
(M2 + a2 22)(u2 − u02) = m2S(
M2 + a2 33

)
(w2 − w02) = n2S(

Ix2 + a2 44
)
(p2 − p02) = λ2S(

Iy2 + a2 55
)
(q2 − q02) = μ2S(

Iz2 + a2 66
)
(r2 − r02) = ν2S

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(10)  

where M1 and M2 are the mass of ship and ice floe, respectively; S is the 
impact momentum; Ix, Iy, Iz are the moments of inertia of ship in roll, 
pitch, and yaw, respectively; Ix2, Iy2, Iz2 are the moments of inertia of ice 
in roll, pitch, and yaw, respectively; v0, u0, w0, p0, q0, r0 are the velocity 
of ship before impact in surge, sway, heave, roll, pitch, and yaw, 
respectively (note that v0 involves the ship’s advancing speed); v1, u1, 
w1, p1, q1, r1 are the velocity of ship after impact in surge, sway, heave, 
roll, pitch, and yaw, respectively; v02, u02, w02, p02, q02, r02 are the ve-
locity of ice floe before impact in surge, sway, heave, roll, pitch, and 
yaw, respectively; v2, u2, w2, p2, q2, r2 are the velocity of ice floe after 
impact in surge, sway, heave, roll, pitch, and yaw, respectively; l1, m1, n1 
are the cosine of angle between the norm of hull surface at the impact 
point and the axes of O1x1, O1y1, O1z1, respectively; l2, m2, n2 are the 
cosine of angle between the norm of hull surface at the impact point and 
the axes of O2x2, O2y2, O2z2, respectively; λ1 = y1n1 − z1m1, μ1 = z1l1 −
x1n1, ν1 = x1m1 − y1l1 are the moment arms of impact momentum in 
roll, pitch, and yaw for the ship, respectively; λ2 = y2n2 − z2m2, μ2 =

z2l2 − x2n2, ν2 = x2m2 − y2l2 are the moment arms of impact mo-
mentum in roll, pitch, and yaw for the ice, respectively; x1, y1, z1 are 
coordinates of impact point on ship; x2, y2, z2 are coordinates of impact 
point on ice. 

Assuming that the velocities of ship and ice becomes equal in the 
impact direction at the end of impact, the following formula can be 
obtained 

l1v1 +m1u1 + n1w1 +(q1z1 − r1y1)l1 +(r1x1 − p1z1)m1 +(p1y1

− q1x1)n1 = l2v2 +m2u2 + n2w2 +(q2z2 − r2y2)l2 +(r2x2 − p2z2)m2

+ (p2y2 − q2x2)n2

(11) 

Jointly solving equations (9)–(11), the impact momentum can be 
obtained 

S=
vred

C1
M1

+ C2
M2

(12)  

where vred is the reduced velocity; C1 and C2 are the coefficients for the 
reduced mass of ship and ice, respectively. 

vred = l1v0 +m1u0 + n1w0 + μ1q0 + ν1r0 + λ1p0

− (l2v02 +m2u02 + n2w02 + μ2q02 + ν2r02 + λ2p02) (13)  

C1 =
l21

M1 + a11
+

m2
1

M1 + a22
+

n2
1

M1 + a33
+

λ2
1

Ix + a44
+

μ2
1

Iy + a55
+

ν2
1

Iz + a66

(14)  

C2 =
l22

M2 + a2 11
+

m2
2

M2 + a2 22
+

n2
2

M2 + a2 33
+

λ2
2

Ix2 + a2 44
+

μ2
2

Iy2 + a2 55

+
ν2

2
Iz2 + a2 66

(15) 

The reduced mass of ship-ice system can be expressed as 

Mred =
1

C1
M1

+ C2
M2

=
M1redM2red

M1red + M2red
(16)  

where M1red = M1/C1 and M2red = M2/C2 are the reduced mass of ship 
and ice, respectively. 

By using the reduced mass and velocity, the kinetic energy of ship 
and ice, consumed by the work of ice load, W, can be expressed as 

T1red =
M1redv2

red
2

T2red =
M2redv2

red
2

W =

∫ ζ

0
Fdζ

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

(17)  

where T1red is the ship’s kinetic energy consumed by ice crushing, T2red is 
the ice’s kinetic energy consumed by ice crushing, F is the contact 
crushing force; ζ is the maximum crushing indentation, see Fig. 2. 

Based on the principle of least action, the integral of Lagrangian 
function, L = T1red + T2red − W, over time must be minimum 

I(ζ, x1)=

∫ t

0

[
M1redẋ2

1
2

+
M2red(ẋ1 − ζ̇)2

2
−

∫ ζ

0
Fdζ

]

dt =min (18) 

Euler’s equations must be satisfied to reach the minimum I(ζ, x1), 
leading to a differential equation to determine the crushing indentation 
and the contact force 

M1redζ̈ = − F
(

1+
M1red

M2red

)

(19) 

If the contact force F is defined as the integral of crushing strength of 
ice, σc, over the contact area, the contact force can be expressed 

F=

∫

σcdP (20) 

Fig. 2. The ice crushing indentation during the impact, I–I is the hull position 
at start of impact, II-II is the hull position during impact, III-III is the ice position 
at start of impact, IV-IV is the ice position during impact. 

Table 1 
Mian dimensions of ship.  

Item [unit] Value 

Length, Loa [m] 164.4 
Breadth, B [m] 21.5 
Draft, T [m] 9.5 
Volume of displacement, ∇

[
m3] 2.2E+4 

Center of gravity above base, KG [m] 12.8 
Radius of inertia for roll, kxx [m] 7.0 
Radius of inertia for pitch/yaw, kyy/ kzz [m] 37.5 
Waterline angle at impact point, α [degree] 26.5 
Frame angle at impact point, β [degree] 40.6  
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where P = Aζa is the contact area; A and a are two coefficients 
depending on the geometry of ice floe’s edge at the collision point. By 
introducing the initial conditions, the maximum crushing indentation 
and contact force (ice load) can be obtained 

ζmax =

(
(1 + a)Mredv2

red
2Aσc

) 1
1+a

(21)  

Fmax =Aσc

(
(1 + a)Mredv2

red
2Aσc

) a
1+a

(22)  

3. Model setup 

3.1. Main dimensions of ship hull and ice floe 

This study calculates ice loads resulting from a glancing impact be-
tween an ice-class oil tanker, cruising at 5 knots (Fn = 0.07), and three 
ice floes. The tanker’s principal dimensions are detailed in Table 1, with 
its line drawing depicted in Fig. 3. The impact location is x1 = 67.7m,

y1 = 5.0m, z1 = 0.2m in the ship-fixed coordinate system. The ice floes, 
modeled as circular discs with a uniform thickness of 2 m, vary in 

diameter from 0.3Loa to 0.9Loa in increments of 0.3Loa. This variation in 
size allows for the examination of how different-sized ice floes react to 
sea waves and the hydrodynamic effects of the ship, thereby illustrating 
the size effect on ice loads. Given the circular disc shape of the ice floes, 
their geometric coefficients can be determined (Popov et al., 1967) 

a = 1.5

A =
4
3

̅̅̅̅̅̅
2R

√

cos1.5βʹ sin βʹ

⎫
⎪⎬

⎪⎭
(23)  

where R is the radius of ice floe; βʹ is the normal frame angle, tan βʹ =

tan β cos α; α and β are the waterline angle and frame angle at impact 
point, respectively. The compressive strength of sea ice exhibits signif-
icant variability due to many influencing factors (Weeks, 1967). In this 
research, the chosen compressive strength, σc = 2.94 MPa, falls within 
the range reported by Weeks (1967) and Wang et al. (2018). 

3.2. Wave conditions 

In the frequency domain simulation, the regular wave frequencies ω 

Fig. 3. Outline of the ship.  

Fig. 4. Scheme of ship and ice floes in the glancing impact.  

Fig. 5. Pierson-Moskowitz wave spectrum employed in the present research.  
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ranges from 0.13 rad/s to 3.15 rad/s with wave directions θ spanning 
from 0◦ to 180◦ in increments of 45◦. The 0◦ corresponds to waves 
propagating in the direction of the ship’s forward movement, whereas a 
direction of 90◦ signifies waves propagating from the starboard to the 
portside of the ship. Three wave heights (H = 1.5m, 2.5m, 3.5m) are 
employed for the calculation of ice loads in regular waves. Fig. 4 illus-
trates the configuration of the ship-ice during a glancing impact, 

identifying the diameters of the ice floes as D1, D2, and D3. 
The literature review reveals the challenge in obtaining a fully 

developed wave spectrum specifically for ice-infested waters. The wave 
conditions in the Marginal Ice Zone (MIZ) are complex, influenced by 
dynamic interactions between waves and various ice characteristics like 
floe size and concentration, as discussed by Alberello et al. (2022) and 
Passerotti et al. (2022). Passerotti et al.’s experimental work also 
revealed that the edge of continuous ice cover significantly affects wave 
behavior. Therefore, the Pierson-Moskowitz (P-M) spectrum is utilized 
to characterize the energy distribution of sea waves in short-term sea 
states. The Pierson-Moskowitz spectrum is defined by the following 
formula 

SPM(ω)=
5
16

H2
s ω4

pω− 5 exp
(

−
5
4

(ω
ωp

)− 4
)

(24)  

where ω is the wave frequency, Hs is the significant wave height, ωp is 
the peak frequency of the spectrum. Thus, the spectral peak period can 
be expressed as Tp = 2π/ωp. Cheng et al. (2017) reported a dataset of sea 
wave observations in a marginal ice zone. According to their observa-
tion, three significant wave heights are selected (Hs = 1.5m,2.5m,3.5m) 

Fig. 6. RAO of relative velocity in line of impact (reduced velocity) and its components in X, Y, Z directions at impact point, dashed curves indicate the small ice floe, 
Di = 0.3Loa, dotted curves indicate the medium ice floe, Di = 0.6Loa, solid curves indicate the large ice floe, Di = 0.9Loa. 

Fig. 7. Mean of reduced velocity at various sea states.  

Table 2 
The empirical formulas for the evaluation of added mass (Dolny, 2018).  

Added mass coefficients Ship Ice 

Surge 0 0.05 
Sway 2T/B 0.05 
Heave 2

3
B
T

Cwp

Cb

Cwp

1 + Cwp 

1 

Roll 0.25 1 
Pitch B

T
(
3 − 2Cwp

)(
3 − Cwp

)
1 

Yaw 0.3+
0.05L

B  
0.05  
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while the selection of three peak periods (Tp = 7.7s,14.8s,21.8s) is based 
on the scatter diagram for the North Atlantic (Det Norske Veritas, 2019). 
This selection leads to nine short-term sea states, with their corre-
sponding Pierson-Moskowitz (P-M) wave spectra depicted in Fig. 5. 

4. Results and discussion 

The energy-based method assesses ice loads by quantifying the ki-
netic energy expended in the ice crushing process, derived from the 
mass, added mass, and alteration in relative velocity in the direction of 
impact. Hence, the relative velocity and added mass are firstly outlined, 
followed by a discussion of the influence of sea waves and hydrody-
namic interaction. Subsequently, the variation of ice loads across 
different sea states is analyzed, illustrating how these factors influence 
ice load estimations. The hydrodynamic interaction model, used to 
calculate added mass and wave-induced motions of both ship and ice 
floe, has been rigorously examined and verified by Jiang et al. (2023). 
Furthermore, the ice load evaluation has been verified through com-
parisons with the Popov method, ensuring the reliability of our findings. 

4.1. Relative velocity between ship and ice 

Since the ship-fixed Cartesian reference point, O1(x1, y1, z1), is par-
allel to the ice-fixed Cartesian reference point, O2(x2, y2, z2), in this 
research, 

l = l1 = l2
m = m1 = m2
n = n1 = n2

⎫
⎬

⎭
(25) 

Thus, the reduced velocity at the impact point can be expressed as 

vred = l[(v0 − y1r0 + z1q0) − (v02 − y2r02 + z2q20)]+m[(u0 + x1r0 − z1p0)

− (u02 + x2r02 − z2p02)] + n[(w0 − x1q0 + y1P0) − (w02

− x2q02 + y2P02)]

(26) 

The above equation indicates that the reduced velocity is yielded 
from the relative velocity between the ship and ice floe at the impact 
point in X, Y, Z directions 

vrel = (v0 − y1r0 + z1q0) − (v02 − y2r02 + z2q20)

urel = (u0 + x1r0 − z1p0) − (u02 + x2r02 − z2p02)

wrel = (w0 − x1q0 + y1P0) − (w02 − x2q02 + y2p02)

⎫
⎬

⎭
(27) 

All velocity components in the six degrees of freedom (DoFs) are 
complex and include phase information. Consequently, the phase dif-
ference between the velocities of different structures is incorporated into 
the calculation of the reduced velocity. This approach results in a 
complex reduced velocity, vrel, which’s RAO is utilized in the calculation 
of stochastic mean for evaluating ice loads. 

Fig. 6 depicts the Response Amplitude Operator (RAO) of relative 
velocity in X, Y, Z directions between the ship and ice at the point of 
impact immediately before the collision. It is important to note that the 

Fig. 8. RAO of ship’s added mass induced by its own oscillation in six DoFs, dashed curves indicate the small ice floe, Di = 0.3Loa, dotted curves indicate the medium 
ice floe, Di = 0.6Loa, solid curves indicate the large ice floe, Di = 0.9Loa. 
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ship’s forward speed is excluded from the surge relative velocity 
calculation, focusing instead on the impact of sea waves and hydrody-
namic interaction on the motions of both ship and ice. Conversely, the 
ship’s advancing speed is factored into the evaluation of the stochastic 
mean in sea states, as shown in Fig. 7. 

In Fig. 6, each curve exhibits a pronounced peak at or below 1 rad/s, 
indicating the motions of the vessel and ice are highly sensitive to wave 
frequency, with RAO values significantly diminishing for frequencies 
above 2 rad/s. This sensitivity underscores the dynamic response of both 
the vessel and ice to varying wave frequencies. Despite the consistency 
in peak locations across different wave directions, the peak values 
markedly vary with wave direction changes, highlighting the influence 
of both the vessel’s geometry and the hydrodynamic interaction with the 
ice floe on motion sensitivity. It is well recognized that the ship’s mo-
tions are sensitive to the wave direction because its hull is not rotational 
symmetry. Although the ice floe’s circular geometry would suggest 
insensitivity to wave direction when floating independently, the pres-
ence of hydrodynamic interactions modifies its behavior, making it 
susceptible to wave direction as noted by Jiang et al. (2023). As a result, 
the wave direction shows a strong effect on the relative velocity. 
Furthermore, the impact of ice floe size on relative velocity is less sig-
nificant compared to sea waves, with varying influence across different 
motions. This might be attributed to the ice floe’s geometry, which tends 
to distribute the ice floe’s volume extensively in the horizontal plane. As 
a result, a significant portion of the volume is located far from the ship, 
thereby diminishing the effect of ice floe size on the motions. 

Utilizing the wave spectrum, the stochastic mean of reduced velocity 

is determined as outlined in Equation (8). Fig. 7 displays the mean 
reduced velocity across different sea states, computed using Equations 
(8), (13) and (24). Consistent with prior observations, relative velocity 
exhibits limited sensitivity to ice floe size, a trend also mirrored in the 
reduced velocity shown in Fig. 7. Here, the black dash-dotted line sig-
nifies the reduced velocity induced solely by the ship’s forward speed in 
calm waters, illustrating a pronounced increase in reduced velocity due 
to sea waves. This amplification correlates directly with the significant 
wave height and inversely with the sea state’s peak period, highlighting 
a greater impact of wave height over peak period. Notably, at a peak 
period of 7.7 s, curve fluctuations are most pronounced, indicating that 
wave direction’s influence varies with the sea state’s peak period. 
Fig. 6’s peak locations around 1 rad/s align closely with the wave 
spectra for sea states at a 7.7 s peak period, as depicted in Fig. 5, 
accentuating wave direction’s effect on relative velocity and contrib-
uting to Fig. 7’s curve fluctuations. The alignment of peaks between the 
relative velocity curves and wave spectra curves leads to an inverse 
correlation between the amplitude of reduced velocity and the peak 
period of the wave spectra, as explained by Equation (8). The relation-
ships between relative velocity and significant height, as well as be-
tween relative velocity and peak period, highlight the strong 
connections between the dynamics of relative velocity and the charac-
teristics of wave spectra. In addition, Fig. 6 indicates that the peak of the 
reduced velocity curve for the ice floe with Di = 0.3Loa, occurs at θ =

90◦ whereas the highest peaks for the ice floes with Di = 0.6Loa, and 
Di = 0.9Loa, locate at θ = 135◦. Alike, the peaks of the three ice floes, 
with diameters Di = 0.3Loa, Di = 0.6Loa, and Di = 0.9Loa, are also found 

Fig. 9. RAO of added mass acting on the ship due to the ship-ice hydrodynamic interaction in six DoFs, dashed curves indicate the small ice floe, Di = 0.3Loa, dotted 
curves indicate the medium ice floe, Di = 0.6Loa, solid curves indicate the large ice floe, Di = 0.9Loa. 
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at θ = 90◦, 135◦, and 135◦, respectively. This pattern aligns with the 
understanding that a floating body’s response in a given sea state can be 
predicted by its Response Amplitude Operators (RAOs). 

4.2. Added mass and reduced mass 

Traditional ice load evaluation relies on empirical and analytical 
formulas for determining added mass, often overlooking the effects of 
geometry, sea waves, and hydrodynamic interactions between the ship 
and ice. For instance, Dolny (2018) introduced formulas to compute the 
added mass coefficients for ships, focusing solely on the main di-
mensions and form coefficients of the ship’s hull. The added mass co-
efficients for ice are further simplified to constants. Refer to Table 2, 
where Cwp is the waterplane coefficient, Cb is the block coefficient. In the 
current research, reduced mass is determined by a11

kj + a12
kj for the ship 

and a21
kj + a22

kj for the ice floe, incorporating the influence of geometry 
and sea waves. The terms a12

kj and a21
kj specifically represent the hydro-

dynamic interactions. 
Fig. 8 presents the Response Amplitude Operator (RAO) of the ship’s 

added mass resulting from its oscillations in six Degrees of Freedom 
(DoFs). As dictated by Equation (4), the encounter frequency changes 
with wave direction, leading to varying encounter frequencies for 
different wave directions, even when the incoming wave frequency re-
mains the same. Consequently, the added mass curves differ across 
various wave directions, highlighting the significant impact of wave 
frequency and direction—an aspect entirely overlooked by empirical 

formulas. Since a11
ii , i = 1,2,…,6, represent the added mass induced by 

the oscillation of ship, the effect of ice floe size is not discernible in 
Fig. 8. 

Fig. 9 presents the RAO curves for the added mass on the ship 
resulting from ship-ice hydrodynamic interactions across six Degrees of 
Freedom (DoFs). The added mass a12

ii , i = 1,2,…,6, originate from the 
ship-ice hydrodynamic interaction, illustrating a clear influence of ice 
floe size. The degree of influence is directly related to the size of the ice, 
with its significance varying across different DoFs. As illustrated, this 
effect is more pronounced in vertical DoFs (heave, roll, pitch), while it is 
less marked in horizontal DoFs (surge, sway, yaw). In surge, sway, and 
pitch, a notable trough in the curves indicates a reduction in added mass 
due to hydrodynamic interactions, whereas an increase is observed in 
heave and roll, as evidenced by peaks in the added mass curves. In yaw, 
the added mass’s absolute value is considerably lower compared to other 
DoFs, attributed to the circular geometry of the ice floe, which results in 
minimal radiation in yaw, thereby diminishing the hydrodynamic 
interaction. Furthermore, the wave direction does not show an evident 
effect on a12

ii , i = 1, 2,…, 6. This is because the ice floe is free-floating 
without any advancing speed. 

Fig. 10 displays the RAO of the added mass for ice floes, triggered by 
their oscillations across six Degrees of Freedom (DoFs). Given the 
immobility of ice floe, it follows that the wave direction has no influence 
on the added mass a22

ii , i = 1,2,…,6. In contrast, the size of the ice floes 
significantly influences the added mass, as the added mass results from 
the floes’ oscillations. The distribution of the ice floe’s volume, pre-
dominantly in the horizontal dimension with a diameter substantially 

Fig. 10. RAO of ice floes’ added mass induced by their own oscillation in six DoFs, dashed curves indicate the small ice floe, Di = 0.3Loa, dotted curves indicate the 
medium ice floe, Di = 0.6Loa, solid curves indicate the large ice floe, Di = 0.9Loa. 
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exceeding its thickness, markedly affects the added mass in various 
DoFs. For example, a22

33 is notably larger than a22
11 and a22

22 by three orders 
of magnitude. a22

66, in contrast, exhibits minimal absolute values relative 
to the added mass in other DoFs, attributable to the ice floe’s circular 
geometry, a factor previously noted. 

Fig. 11 illustrates the RAO curves of the added mass on ice floes 
resulting from ship-ice hydrodynamic interactions across six Degrees of 
Freedom (DoFs). A comparison between the curves in Figs. 9 and 11 
reveals that a12

ii ≈ a21
ii , i = 1,2,…,6, suggesting a reciprocal interaction 

between the ship and ice, a finding supported by Gurjev (1997). Further 
analysis of the absolute values of a22 and a21 reveals that the hydrody-
namic interaction’s effectiveness varies across different DoFs. For 
example, a22

22 and a21
22 are of same magnitude, whereas a22

44 exceeds a21
44 

with approximately three orders of magnitude, suggesting a more pro-
nounced impact of hydrodynamic interactions on the ice’s added mass in 
sway. 

Fig. 12 presents the stochastic mean of the ship’s added mass with 
the effect of ship-ice hydrodynamic interaction across six Degrees of 
Freedom (DoFs). Compared to added mass values derived from empir-
ical formulas, incorporating sea waves generally increases the evaluated 
added mass. This increase correlates with the significant wave height of 
the wave spectrum, whereas the peak period’s impact is less significant. 
The influence of wave direction becomes notable only in sea states with 
a peak period of 7.7 s. The effect of ice floe size varies across the six 
DoFs: its effect is weak in surge, sway, and yaw, yet substantial in heave, 
roll, and pitch. An intriguing observation is that the ship’s added mass in 
heave and roll escalates with the size of the ice floe, whereas it slightly 

diminishes with ice floe size increase in pitch. This variation in influence 
likely stems from the ice floe’s geometry, which is predominantly 
distributed in horizontal dimensions, rendering the influence less 
marked in horizontal DoFs (surge, sway, and yaw) compared to vertical 
DoFs (heave, roll, and pitch). Moreover, the influence is most pro-
nounced in roll, a DoF where a ship’s added mass is typically minimal 
due to the hull’s transverse section’s near half-circle shape. Corre-
spondingly, the peak value of a12

44 is approximately 2.5 times that of a11
44, 

as shown in Figs. 8 and 9, illustrating the hydrodynamic interaction’s 
role in determining the effect of ice floe on added mass evaluations of 
ship in roll. The reduction in pitch added mass across varying ice floe 
sizes highlights the impact of hydrodynamic interaction: as ice floe size 
increases, the negative values of a12

55 become more significant in absolute 
terms. This trend yields smaller values of a11

55 + a12
55 with increasing ice 

floe size, ultimately resulting in a diminished stochastic mean of pitch 
added mass. 

Fig. 13 displays the stochastic mean of ice floes’ added mass with the 
effect of ship-ice hydrodynamic interaction across six Degrees of 
Freedom (DoFs). The inclusion of sea waves and hydrodynamic in-
teractions generally elevates the added mass in five DoFs, with the 
exception of yaw. This exception can be linked to the circular geometry 
of the ice floe, which leads to near-zero evaluations by the potential flow 
method, contrasting with empirical formulas that do not consider the ice 
floe’s geometry, thus yielding higher evaluations. The data in Fig. 13 
reflects ice floe motions, making the added mass directly proportional to 
the ice floe’s size. The curves show minimal fluctuation with wave di-
rection, indicating a negligible impact of wave direction on ice floe 

Fig. 11. RAO of added mass acting on ice floes due to the ship-ice hydrodynamic interaction in six DoFs, dashed curves indicate the small ice floe, Di = 0.3Loa, 
dotted curves indicate the medium ice floe, Di = 0.6Loa, solid curves indicate the large ice floe, Di = 0.9Loa. 
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added mass due to the ice floe’s free-floating condition. Similar to the 
ship, the significant wave height exerts a more substantial effect on the 
added mass than the peak period of the wave spectrum. Furthermore, 
the hydrodynamic interaction’s impact inversely correlates with the ice 
floe’s size, as seen in the comparison between roll and pitch added mass. 
Given the ice floe’s geometry possesses infinite orders of rotational 
symmetry, the added mass in roll and pitch would be identical in the 
absence of nearby bodies. However, a44 significantly exceeds a55 in 

column (a) of Fig. 13, with the discrepancy reducing from column (a) to 
(c). This trend suggests a diminishing effect of ship-ice hydrodynamic 
interaction as ice floe size increases. 

4.3. Ice loads in regular waves 

Conducting research in regular waves is both worthwhile and valu-
able as it offers insights into the influence of wave dynamics on ice loads 

Fig. 12. Mean of ship’s added mass with the effect of ship-ice hydrodynamic interaction in six DoFs, the black dash-dotted line represents the results deriving from 
empirical formulae, column (a), (b), and (c) represent the small ice floe Di = 0.3Loa, medium ice floe Di = 0.6Loa, and large ice floe Di = 0.9Loa, respectively. 
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under relatively simple conditions. This helps to separately demonstrate 
the influence of wave parameters, such as wave height, wave frequency, 
and wave direction. As shown in Fig. 14, the computations in regular 
waves with 1.5 m wave height in beam sea were first verified by 
comparing them with the conventional Popov method. Fig. 14 indicates 
a peak around 0.8 rad/s, where the ice loads from the present model are 
larger than those from the Popov method. In other regions, the ice loads 
are similar to those predicted by the Popov method. The increased ice 

loads observed in the peak region can be attributed to wave-induced 
motions, as evidenced by the correspondence between the peak loca-
tions of ice loads and reduced velocity. Additionally, the alignment of 
both curves suggests that as wave-induced motions increase the reduced 
velocity, they consequently enhance the kinetic energy involved, lead-
ing to larger ice loads. When the reduced velocity decreases, the ice 
loads predicted by the present model tend to align with those estimated 
by the conventional Popov method. This alignment suggests that the 

Fig. 13. Mean of ice floe’s added mass with the effect of ship-ice hydrodynamic interaction in six DoFs, the black dash-dotted line represents the results deriving from 
empirical formulas, column (a), (b), and (c) represent the small ice floe Di = 0.3Loa, medium ice floe Di = 0.6Loa, and large ice floe Di = 0.9Loa, respectively. 
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present model’s evaluations are consistent with the traditional Popov 
method when the effect of waves is minimal. Therefore, it can be 
concluded that the present model is effective in evaluating ice loads at 
the same level as the Popov method while incorporating the influence of 
wave effects. 

Fig. 15 presents ice loads induced by ship-ice glancing impacts in 
regular waves with three wave heights, indicating the influence of wave 
frequency, wave direction, wave height, and ice size. The effect of wave 
frequency is clearly demonstrated, with pronounced peaks located be-
tween 0.5 and 1 rad/s. The location of these peaks corresponds to the 
reduced velocity in Fig. 6, indicating that the increase is mainly due to 
wave-induced velocity. Fig. 15 also demonstrates the effect of wave 
direction by showing the various ice loads at the same wave frequency 
but in different wave directions. For example, the peaks of ice load 
curves have different values in different directions. The wave height 
significantly influences ice loads, with a direct proportionality observed 
between wave height and ice load. Within the employed ship-ice hy-
drodynamic interaction model, the reduced velocity increases linearly 
with wave height. Thus, higher wave height leads to greater kinetic 
energy inputted into impact, as illustrated in Fig. 16, leading to larger 
ice loads. Additionally, the size of the ice floe plays a critical role in 
determining ice loads. Fig. 15 shows that the ice loads are directly 

Fig. 14. Comparison of reduced velocity and ice loads between the present 
model and conventional Popov method in regular waves, θ = 90◦, Di = 0.3Loa. 

Fig. 15. Ice loads in regular waves induced by impact between ship and ice floes, dashed curves indicate wave height H = 1.5m, dotted curves indicate wave height 
H = 2.5m, solid curves indicate wave height H = 3.5m. 

Fig. 16. Kinetic energy of ship (T1red) and ice floes (T2red) reduced in line of impact, ρ is the water density, ∇s is the displacement of ship, U is the ship speed, dashed 
curves indicate wave height H = 1.5m, dotted curves indicate wave height H = 2.5m, solid curves indicate wave height H = 3.5m. 
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proportional to the size of the ice floe. Larger ice floes have greater mass 
and added mass, as predicted in Figs. 10 and 11, resulting in more ki-
netic energy being consumed by the ship-ice impact (Fig. 16) and 
consequently generating larger ice loads. Fig. 16 indicates that the ki-
netic energy of the ship does not vary as significantly as that of ice floe at 
the same wave frequency and direction in the impact with different ice 
floes. In the hydrodynamic interaction between ship and ice floes, 
different ice floes exert different hydrodynamic effects on the ship, 
resulting in different response of ship in the identical wave conditions. 

The variation is weak because the ship’s hydrodynamic behavior is 
dominated by its own hydrodynamic properties. This can be uncovered 
in the comparison of added mass coefficients a11, a12, a21, and a22. In 
contrast, the variation in the ice floes’ kinetic energy is more substantial, 
primarily due to the change in ice floe size. This significant fluctuation 
underscores the substantial impact of ice floe size on the dynamic in-
teractions and resultant ice loads in maritime environments. 

Fig. 17. Kinetic energy of ship reduced in line of impact, ρ is the water density, ∇s is the displacement of ship, U is the ship speed, columns (a), (b), (c) represents 
impact with the small ice floe Di = 0.3Loa, medium ice floe Di = 0.6Loa, and large ice floe Di = 0.9Loa, respectively. 
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4.4. Kinetic energy in sea states 

The energy-based evaluation of ice loads operates under the premise 
that the kinetic energy is expended in the work of the ice load, estab-
lishing a direct correlation between the kinetic energy of the ship and ice 
floe and the amplitude of ice load. This section aims to illustrate how the 
kinetic energy of the ship and ice floe, reduced in the line of impact 
across various sea states, varies under the influence of sea waves and 
ship-ice hydrodynamic interaction. 

Fig. 17 demonstrates how the ship’s reduced energy during collisions 
with different ice floes changes across various sea states. Notably, the 
ship’s reduced energy is generally higher when sea waves and hydro-
dynamic interaction are accounted for. This increase is logical, as wave- 
induced motions raise the reduced velocity (see Fig. 7). Moreover, the 
ship’s added mass tends to be greater with the consideration of sea 
waves and hydrodynamic interaction (as shown in Fig. 12). The influ-
ence of significant wave height on ice loads is more pronounced than 
that of the peak period, as indicated by the gradient of ice loads across 

Fig. 18. Kinetic energy of ice reduced in line of impact, ρ is the water density, ∇s is the displacement of ship, U is the ship speed, columns (a), (b), (c) represents 
impact with the small ice floe Di = 0.3Loa, medium ice floe Di = 0.6Loa, and large ice floe Di = 0.9Loa, respectively. 
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different sea states. While wave direction does affect the magnitude of 
ice loads, its impact is less significant compared to significant wave 
height and peak period, and this influence diminishes with longer peak 
periods. The ice floe size has a weak impact on ice loads, which varies 
depending on sea wave conditions. For instance, ice load fluctuations 
are more significant in sea states with Hs = 3.5m,Tp = 7.7s compared to 
other sea states. 

Fig. 18 displays the reduced energy of ice floes during collisions with 
the ship across various sea states, clearly showing that the ice floe’s 
reduced energy is directly proportional to its size. This correlation arises 
because both the mass and added mass of the ice floe, as evidenced in 
Fig. 13, increase with its size, whereas the reduced velocity remains 
relatively stable, as indicated in Fig. 7. Similarly to the ship’s reduced 
energy, the inclusion of sea wave effects notably elevates the ice floe’s 
reduced energy. This increase directly correlates with significant wave 
height and inversely with peak period. The effect of wave direction on 
the ice floe’s reduced energy mirrors its impact on the ship’s reduced 
energy, with the most significant influence observed in the sea state with 
Hs = 3.5m,Tp = 7.7s. 

4.5. Ice loads in sea states 

This section utilizes an energy-based model, originally proposed by 
Popov et al. (1967), for the assessment of ice loads, incorporating con-
siderations of added mass and wave-induced motions. Unlike the orig-
inal formulation by Popov et al., which does not account for the effects 
of sea waves and ship-ice hydrodynamic interactions - resulting in an 
assumption of uniform added mass across different sea states and an 
oversight of motions beyond the ship’s forward advancement - this 
updated application integrates these elements. The presentation of re-
sults using the traditional Popov method serves two purposes: (1) to 
validate the outcomes of the current model, and (2) to elucidate the 
significant influence of sea waves and ship-ice hydrodynamic in-
teractions on ice load evaluations. As the significant wave height de-
creases, the ice loads evaluated by the present model should approach 
those derived from the Popov method. Therefore, reduced velocity and 
ice loads are calculated at three significant wave heights (Hs = 1.5m,

0.75m, 0.375m) and an identical peak period (Tp = 7.7s), as shown in 
Fig. 19. Fig. 19 demonstrates that the present model’s predictions 
converge with those of the Popov method as significant wave height 
decreases, indicating the reliability of the present approach. Further-
more, this trend verifies that the present approach effectively reflects the 
influence of waves on ice load evaluation. 

Fig. 20 illustrates ice load calculations using the current model across 
various sea states and compares these to evaluations made with the 
conventional Popov method. The Popov method, lacking consideration 
for sea wave effects, produces uniform evaluations across different sea 
states, reflected as flat surfaces in each subplot of Fig. 20. Conversely, 
the current model reveals a pronounced impact of sea waves on ice 

loads. Typically, the influence of sea waves on ice loads directly corre-
lates with the significant wave height of the sea states and inversely with 
the peak period. The ice loads predicted by the new model align with 
those of the conventional Popov method as the significant wave height 
decreases, indicating that the new model can accurately forecast ice 
loads similar to the conventional method under conditions of minimal 
wave amplitude. The effect of wave direction is substantially less sig-
nificant than that of significant wave height and peak period. This lesser 
influence of wave direction can be attributed to the ice floe’s free- 
floating condition and its rotational symmetry, leading to reduced ve-
locity (as illustrated in Fig. 7) and ice floe added mass (as shown in 
Fig. 13) being largely unaffected by wave direction, thereby minimally 
impacting calculated ice loads. Both the conventional Popov method 
and the current model concur that ice loads increase with the size of the 
ice floe. This is a logical outcome since larger ice floes impart more ki-
netic energy during ship-ice collision, resulting in higher ice loads. 

According to Equation (22), the ice load magnitude depends on the 
reduced mass (Mred) and reduced velocity (vred) with given ice floe’s 
geometry and crushing strength. To explore the correlation of ice load – 
reduced mass and ice load – reduced velocity, we present the scatter 
plots of ice loads (Fmax) as a function of reduced mass (Fig. 21a) and 
reduced velocity (Fig. 21b), respectively. The correlation between two 
sets of data can be measured with Pearson Correlation Coefficient (γ) 

γ =

∑n

i=1
(xi − x)(yi − y)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑n

i=1
(xi − x)2∑

n

i=1
(yi − y)2

√ (28)  

where x and y represent data sets 1 and 2, respectively, n is the data 
count. Herein, Pearson Correlation Coefficient is employed to investi-
gate the correlations: 1) between Mred and Fmax, and 2) between vred and 
Fmax, respectively. Table 3 presents the Pearson Correlation Coefficients 
of Mred − Fmax (γ1) and vred − Fmax (γ2) against different ice floe sizes. It 
shows that γ2 > γ1, which indicates a stronger correlation between 
reduced velocity and ice loads. The reduced mass is determined by the 
mass and added mass while the reduced velocity is affected by the wave 
induced motions. This suggests wave-induced motions exert a more 
significant influence on ice loads. The strong correlation between 
reduced velocity and ice loads, reflected by γ2 being close to 1, is 
consistent across different ice floe sizes, implying that ice floe size does 
not significantly affect the relationship. In contrast, the variability of γ1 
across the ice floe sizes suggests a stronger effect of ice floe size on the 
correlation between the reduced mass and ice loads. Furthermore, 
Fig. 21 illustrates that ice loads are grouped based on significant wave 
heights, which have a proportional relationship with ice loads, high-
lighting the substantial influence of significant wave heights on ice 
loads. An intriguing observation is the increased dispersion of ice loads 
relative to reduced mass (Fig. 21a) and reduced velocity (Fig. 21b) with 

Fig. 19. Comparison of reduced velocity and ice loads between Popov method (dashed line) and present approach (dots) at various sea states: (a) magnitude of 
reduced velocity, (b) magnitude of ice load, (c) percentage difference of ice load. 
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rising significant wave heights. The dispersion between groups is larger 
than that within each group, which is caused by the peak period and 
wave direction. This suggests that higher significant wave heights 
contribute to greater variability in ice loads, reflecting the complex 
interplay between wave dynamics and ice load evaluations. Moreover, 
Fig. 21 demonstrates that the proposed model and the conventional 
Popov method yield identical correlations between reduced mass and ice 
loads (Fig. 21a), as well as reduced velocity and ice loads (Fig. 21b). This 

similarity provides positive verification of the proposed model. 

5. Conclusions and future work 

The research presented in this manuscript offers a comprehensive 
analysis of the influence of hydrodynamic interactions and wave- 
induced motions on the evaluation of ice loads during ship-ice colli-
sions in wave environments. A newly proposed potential flow method is 

Fig. 20. Ice loads evaluated with present model in various sea states and conventional Popov method without considering the sea waves, column (a), (b), and (c) 
represent impact with the small ice floe Di = 0.3Loa, medium ice floe Di = 0.6Loa, and large ice floe Di = 0.9Loa, respectively. 
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introduced to calculate the hydrodynamic interaction between an 
advancing ship and a free-floating ice floe. The influence of sea waves is 
analyzed by introducing random sea waves with various significant 
wave heights, peak periods, and wave directions. Key conclusions from 
this study include.  

(1) Hydrodynamic interaction significance: The study demonstrates 
that hydrodynamic interactions between the ship and ice signif-
icantly affect the evaluation of ice loads. These interactions were 
found to modify the added mass and motion responses of both 
ship and ice in six degrees of freedom, which are critical factors in 
the accurate prediction of ice loads.  

(2) Impact of sea waves: The results highlight that waves play a 
crucial role in influencing ice loads by changing the relative ve-
locity between the ship and ice immediately before the glancing 
impact, and consequently changes the reduced velocity and ki-
netic energy involved in the impact. Consequently, sea waves 
exert a considerable influence on ice loads, emphasizing the 
importance of accounting for wave dynamics in accurately 
assessing ice load magnitudes during ship-ice interactions.  

(3) Advancements in ice load predictions: By using an improved 
energy-based method with a newly developed potential flow 
model, this study indicates that the evaluation of ice loads can be 
significantly enlarged by accounting for the influence of hydro-
dynamic interactions and the dynamic effects of sea states. In 
addition, the correlation between reduced velocity and ice loads 
is stronger than that between reduced mass and ice loads. The 
findings emphasize the need for considering hydrodynamic ef-
fects and wave conditions in the design and operation of ice- 
strengthened ships since accurate ice load predictions are essen-
tial for ensuring the structural integrity and safety of ships 
navigating in ice-infested waters. 

The current study employs stochastic wave spectra for the determi-
nation of added mass and wave-induced motions under various sea 
states. However, this approach is limited in its capacity to generate the 
time history curve of ice loads, rendering the analysis of time-varying 

characteristics of ice loads during ice crushing processes infeasible. 
The approach also fails to account for the precise impact point, which 
fluctuates due to wave-induced motions. Additionally, the research 
presupposes that ice failure occurs solely through crushing, overlooking 
the multifaceted nature of ice failure mechanisms, which also include 
splitting and bending, alongside crushing. Incorporating a broader 
spectrum of failure patterns could significantly enhance the accuracy of 
ice load assessments. Furthermore, experimental and full-scale testing 
would further validate the model predictions and contribute to safer and 
more efficient designs and operation for ice-going ships. The approach in 
this study is not suitable for scenarios involving continuous ice failures 
with multiple failing circles, such as the evaluation of level ice resis-
tance. Additionally, this approach does not extend to predicting the 
ongoing motions of ships and ice after ship-ice impacts, which could be 
more accurately modeled using a time-domain ship-ice interaction 
model that incorporates wave effects. These specifications help to clarify 
the scope and applicability of our findings and sets a clear direction for 
future research efforts. 
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