' Aalto University

Karczewski, Rafat; Souza, Amauri H.; Garg, Vikas
On the Generalization of Equivariant Graph Neural Networks

Published in:
Proceedings of Machine Learning Research

Published: 01/01/2024

Document Version
Publisher's PDF, also known as Version of record

Published under the following license:
CC BY

Please cite the original version:

Karczewski, R., Souza, A. H., & Garg, V. (2024). On the Generalization of Equivariant Graph Neural Networks.
Proceedings of Machine Learning Research, 235, 23159-23186.
https://proceedings.mir.press/v235/karczewski24a.html

This material is protected by colpyright and other intellectual property rights, and duplication or sale of all or
part of any of the repository collections is not permitted, except that material may be duplicated by ?/ou for
your research use or educational purposes in electronic or print form. You must obtain permission for any
other tuhse: Elgctronic or print copies may not be offered, whether for sale or otherwise to anyone who is not
an authorised user.


https://proceedings.mlr.press/v235/karczewski24a.html

On the Generalization of Equivariant Graph Neural Networks

Rafal Karczewski! Amauri H. Souza'? Vikas Garg '’

Abstract

E(n)-Equivariant Graph Neural Networks (EG-
NNs) are among the most widely used and suc-
cessful models for representation learning on
geometric graphs (e.g., 3D molecules). How-
ever, while the expressivity of EGNNs has been
explored in terms of geometric variants of the
Weisfeiler-Leman isomorphism test, characteriz-
ing their generalization capability remains open.
In this work, we establish the first generalization
bound for EGNNs. Our bound depicts a depen-
dence on the weighted sum of logarithms of the
spectral norms of the weight matrices (EGNN pa-
rameters). In addition, our main result reveals
interesting novel insights: ¢) the spectral norms
of the initial layers may impact generalization
more than the final ones; 77) e-normalization is
beneficial to generalization — confirming prior
empirical evidence. We leverage these insights
to introduce a spectral norm regularizer tailored
to EGNNs. Experiments on real-world datasets
substantiate our analysis, demonstrating a high
correlation between theoretical and empirical gen-
eralization gaps and the effectiveness of the pro-
posed regularization scheme.

1. Introduction

Leveraging symmetries of the underlying domains/signals is
a key design principle underlying successful neural network
architectures for structured data (Bronstein et al., 2021; Kipf

& Welling, 2017; Cohen et al., 2018; Gilmer et al., 2017).

Typically, this boils down to identifying relevant symmetries
captured in the form of groups (e.g., groups of translations)
and then building predictive models by composing layers of
equivariant (or invariant) transformations to the actions of
such groups on the inputs. As classic examples, linear layers
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in convolutional neural networks (CNNs) (Fukushima, 1980;
LeCun et al., 1990) implement shift-equivariant functions;
graph neural network (GNN) (Gori et al., 2005; Scarselli
et al., 2009; Gilmer et al., 2017) layers are equivariant to
node permutations. Remarkably, equivariant/invariant archi-
tectures have led to breakthroughs in tasks such as drug dis-
covery (Stokes et al., 2020), weather modeling (Verma et al.,
2024), simulation of physical systems (Sanchez-Gonzalez
et al., 2020), traffic forecasting (Derrow-Pinion et al., 2021),
and recommender systems (Ying et al., 2018).

Recently, F(n)-equivariant graph neural networks (EGNNs)
(Satorras et al., 2021) have emerged as an efficient and pow-
erful approach for learning representations of geometric
graphs — i.e., graphs embedded in Euclidean space. EG-
NNs employ a GNN-like message-passing scheme (Gilmer
et al., 2017), where the embeddings of each node are refined
using messages from its neighbors in the graph at each layer.
Their design ensures that EGNNs inherent the permutation-
equivariance property of regular GNNs while also being
equivariant to actions of the Euclidean group E(n), which
comprise all translations, rotations, and reflections in R™.
EGNNSs have been successfully applied to molecular prop-
erty prediction (Satorras et al., 2021), drug binding structure
prediction (Stérk et al., 2022), generative modeling (Gar-
cia Satorras et al., 2021), structure-based drug design (Fu
et al., 2022) and molecular dynamics (Arts et al., 2023).

Uncovering the strengths and limits of machine learning
models from a theoretical standpoint is imperative to seed-
ing a path to novel principled approaches. For instance, one
of the most important aspects of any learning machine is its
ability to generalize beyond seen data. Outlining general-
ization guarantees for a given model class can profoundly
impact its applicability. Another relevant aspect concerns
the functions a model class can approximate. In this regard,
Joshi et al. (2023) have recently analyzed the expressive
power of EGNNSs in terms of a geometric version of the
Weisfeiler-Leman isomorphism test (or 1-WL test) (Weis-
feiler & Lehman, 1968) — which has been extensively used
to study the expressivity of regular GNNs (Maron et al.,
2019; Morris et al., 2019; Sato et al., 2019; Xu et al., 2019).
In contrast, establishing theoretical guarantees for the gen-
eralization capability of EGNNSs remains an open problem.

In this paper, we study the generalization of the EGNNs
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from a theoretical perspective and derive a high probability
bound for their generalization error using the PAC-learning
framework (Valiant, 1984; Mobhri et al., 2012). Our analysis
reveals three new insights: (i) the generalization gap de-
pends on the weighted sum of logarithms of spectral norm
of weight matrices; (i) bottom layers have higher weight
(aligning with common knowledge that bottom layers gener-
alize better); and (¢47) e-normalization is essential to obtain
a bound polynomial in depth instead of exponential. We
compare this bound with existing results on Multilayer Per-
ceptrons (Bartlett et al., 2017; Neyshabur et al., 2018).

Furthermore, we validate our results empirically on a real-
world problem of molecular property prediction (Ramakrish-
nan et al., 2014), a task particularly well-suited for EGNNSs.
Specifically, we first establish that our theoretical bound
highly correlates with the empirical one across different
model hyperparameters. Second, we support our claims
that e-normalization reduces the generalization gap when
increasing the depth of the model.

Finally, inspired by our theoretical findings, we propose a
new regularization method. We evaluate it experimentally
and compare it with a commonly used regularization based
on the spectral norm. We find that ours leads to lower
test loss and generalization gap across different tasks and
choices of model hyperparameters (e.g., number of layers).

In summary, our main contributions are: ) we derive the
first generalization bounds for E(n)-Equivariant Graph Neu-
ral Networks; 7) we validate our theoretical analysis with
experiments on real-world data; 74¢) we show theoretically
and empirically that e-normalization helps generalization;
1v) we propose a new regularization method tailored to EG-
NNs and assess its performance on twelve regression tasks.

2. Related Work

Expressivity and Generalization of GNNs. Understand-
ing the expressivity and generalization capabilities of Graph
Neural Networks (GNNG5) is crucial for their application
across diverse domains. Xu et al. (2019) demonstrated the
potential of GNNs to capture complex graph structures,
setting a benchmark for their expressivity. However, chal-
lenges in expressivity and generalization are highlighted
by Oono & Suzuki (2020) and Loukas (2020), who show
that GNNs can lose expressive power or face limitations
based on their depth and width. Theoretical advances by
Barcel6 et al. (2020) and Garg et al. (2020) further dissect
the logical expressiveness and representational boundaries
of GNNs, respectively. Recent studies, such as (Tang &
Liu, 2023) and (Yang et al., 2023), offer new insights into
GNNSs’ generalization, suggesting inherent advantages of
GNN architectures over MLPs in graph learning tasks.

Expressivity of geometric GNNs. Joshi et al. (2023) de-
velops a geometric Weisfeiler-Leman (GWL) test to eval-
uate the expressivity of geometric GNNSs, revealing how
equivariant and invariant layers affect their ability to distin-
guish complex geometric graphs. Meanwhile, Wang et al.
(2024) introduces ViSNet, an efficient model that enhances
molecular structure modeling through geometric informa-
tion, showcasing improved performance on molecular dy-
namics benchmarks.

Equivariant neural networks. Equivariant Neural Net-
works have reshaped model design by embedding data sym-
metries directly into network architectures. Introduced by
Cohen & Welling (2016), these networks ensure equivari-
ance to group actions, a concept expanded in Euclidean
spaces (Weiler & Cesa, 2019; Satorras et al., 2021) and Lie
groups (Finzi et al., 2020). For 3D data, Tensor Field Net-
works (Thomas et al., 2018) and SE(3)-Transformers (Fuchs
et al., 2020) exemplify their utility. The approach is theo-
retically deepened by Lang & Weiler (2021) and adapted
to dynamics with imperfect symmetries (Wang et al., 2022)
and particle physics (Bogatskiy et al., 2020).

Generalization of equivariant GNNs. Recent studies have
advanced our understanding of the generalization capabil-
ities of equivariant GNNs. Petrache & Trivedi (2023) ex-
plore approximation-generalization trade-offs under group
equivariance, while Behboodi et al. (2022) establish a PAC-
Bayesian generalization bound for these networks. Bulusu
et al. (2021) focus on translation-equivariant neural net-
works, and Kondor & Trivedi (2018) consider equivariance
to the action of compact groups. Additionally, Elesedy &
Zaidi (2021) demonstrate a strict generalization benefit for
equivariant models, and Liu et al. (2023) highlight how
physical inductive biases can enhance generalization. San-
nai et al. (2021) further provide improved generalization
bounds through quotient feature spaces.

3. Background

This section overviews E(n)-equivariant graph neural net-
works and provides definitions and results from learning
theory we leverage in our analysis. For readability, we
summarize the notation used in this work in Appendix A.

3.1. E(n)-Equivariant Graph Neural Network

We consider geometric graphs and denote them by G =
(V,&,C, Z), where V is the set of vertices, £ C V? is the
set of edges, C = {c, }oey C R is an indexed set of
vertex attributes (or colors), and Z = {2, },ey C R% is an
indexed set of vertex coordinates. The neighborhood of a
vertex v is given by J (v) = {u : (u,v) € £}.

Let & be a group acting on two sets X and X’ by the
representations ® and ¥, respectively. We say a function
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Figure 1. Visualization of rotation equivariance of the EGNN
model. Colors depict node features.

f X — X' is G-equivariant if it commutes with the
group actions, i.e., for all g € & and x € X, we have that
f(@(g)x) = U(g)f(x). Here, we are interested in graph
models that are equivariant to: ) the Euclidean group E(n),
which comprises all translations, rotations, and reflections
of the n-dimensional Euclidean space; i7) the permutation
group X,,. To represent actions of these groups on graphs,
it is convenient to assume (WLOG) that V = {1,2,... ,n},
the sets features C, Z are organized as matrices C' € Rnxde
Z € R™*9= and the graph connectivity is given by the
adjacency matrix A € {0, 1}"*"™ — in this case, we denote
graphs as G = (A, C, Z). Thus, any g € %, can be repre-
sented by a corresponding permutation matrix Py that acts
on G by (PyAP,, P;C, PyZ). On the other hand, each
element g € F(n) (or more precisely E(d,) in our case)
is a translation (represented by a vector t; € R%=*1) fol-
lowed by a linear transformation via an orthogonal matrix
Qg € R%>*%: that acts on G by (A,C,(Z + 1,t;)Qq).
where 1,, is a n-dimensional column vector of ones.

E(n)-Equivariant GNNs (EGNNs, Satorras et al., 2021) are
arguably the most popular models for geometric graphs. The
basic idea consists of modifying message-passing GNNs
by incorporating distances between vertices based on the
geometric features into messages and recursively updating
the geometric features in an E(n)-equivariant fashion. This
way, EGNNs maintain the permutation equivariance of GNN
layers while also being equivariant to E(n).

Let hq(JO) = ¢, and zq(JO) = z, Yv € V. Also, assume that
each edge (u,v) € &€ has an associated feature a,,, € R%.
At each layer ¢ = 0,1,..., Legnn — 1, EGNNs compute
the incoming messages to each vertex v from its neighbors

u € J(v)as

p = 0t (OO, 120 = 20w ), ()

where <;Sf; is commonly parameterized by multilayer percep-
trons (MLPs). Whenever an MLP has multiple inputs, we
assume that they are concatenated into a single vector as in
the original implementation !.

Next, the messages to each vertex v are used to recursively
update its coordinates using an auxiliary MLP ¢¢ and a

normalization term 7(2’&07 z,(f), €) as

Zl()£+1) — Zl(,é)‘i‘

4 4
x A A ey @
TN, (20, 280,67

and then combined using sum aggregation:

pd =" .. 3)
u€eJ (v)

We then recursively update the embedding of vertex v using
a MLP ¢ as

R = g (hD ). 4)

Remark 3.1 (e-normalization). In their original formulation
(Satorras et al., 2021), EGNNSs do not include normalization,

ie. y(z,(f), zf,e),e) = 1. In our analysis, we consider &-

normalization, i.e. 'y(zi(f),zl(,e),s) = ||z£f) - sz)”g +e.
This variant is available in the original implementation, but
not discussed in the manuscript. We will see later in Section
5 that e-normalization plays a crucial role regarding the

generalization of EGNNS.

In graph-level prediction tasks, we often obtain a repre-
sentation for the entire graph by applying a mean readout
function to the output of the last EGNN layer, i.e.,

1
he = = > b, ®)
|V‘ veEV

Finally, we send the graph embedding hg through a final
MLP ¢, to achieve the graph-level prediction

g(G) = d)out(hG)' (6)

Hereafter, we refer to the full mapping g(-) (i.e., EGNN +
final MLP) as the scoring model.

3.2. Generalization bounds via Rademacher Complexity

The first important notion is that of generalization error (or
gap), defined as the difference between the expected (or
true) and empirical risks w.r.t. an arbitrary loss function.

'github.com/vgsatorras/egnn/blob/main/
models/gcl.py, lines 203, 216
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Definition 3.1 (Generalization Error). Let f : X — ) and
L:YxY — Ry bealoss function. Let S = {(x;, y:) }7
be a finite collection of i.i.d. samples from a distribution D
over X x ). The generalization error of f is defined as the
difference between the expected loss and the sample loss:

m

Zﬁ(f(xi)ayi)~

i=1

Rsc(f) = Biapnl £/ (@), )] ~
Deriving generalization bounds for a function class often
involves obtaining some measure of its size (or capacity). In
this regard, the Empirical Rademacher Complexity (ERC) is
one of the most popular tools. In particular, ERC measures
how well a function class can fit random noise.

Definition 3.2 (Empirical Rademacher complexity). Let
F C R¥* be a class of bounded functions and S =
{z;}*; C X a fixed set of size m. The empirical
Rademacher complexity of F with respect to S'is

Rs(F) =E,

1 m
?up — Zaif(%)] . )
S

m
FI =

where o = [0, ..., 0,,] is random vector of i.i.d. random
variables such that P(o; = 1) = P(0; = —1) = 0.5.

Notably, a fundamental result in learning theory bounds the
generalization error in terms of the ERC (Theorem 3.1).

Theorem 3.1 (Mohri et al. (2012)). Let L : Y x Y — [0, 1]
be loss function and F C Y~ a class of functions. Then for
any 0 > 0, with probability at least 1 — 0§ over choosing a

m-sized sample S ~ D™ from a distribution D over X x Y,
the following holds for any f € F:

log

IS

Rs.c(f) < 29?{5(]:,6) +3

; ®)

2m

where
Fr= {(‘T>y) l—)ﬂ(f(l‘),y) : f 6]:}

From Theorem 3.1, finding a generalization bound reduces
to bounding the ERC. We will use standard tools for bound-
ing ERC, for which we need to introduce a concept of a
covering number.

Definition 3.3 (Covering number). Let © be a set and || - ||
be a norm. We say that O is r-covered by a set O, with
respect to || - ||, if for all § € © there exists §’ € © with
|0 — ¢'|| < r. We define the covering number of © as the
cardinality of the smallest ©’ that r-covers O, and denote it

by N(©, 7, | - ).

Importantly, the result in Lemma 3.1 relates the ERC of a
function class with its covering number.

Lemma 3.1 (Bartlett et al. (2017)). Let F C [—f3, 5] be
a class of functions taking values in [—(3, ). Also, assume
that fo € F, where fo(x) = 0Va € X. Define ||f|lco =
SuD,c |f (@) 2. Then, for any set § = {w}m, C X

a>0 \/ﬁ

12 [2BvVm
+7
m

R (F) < inf (40‘
)]

\/IOgN(]:v T ” ’ |00)d7n> :
We will analyze function classes parametrized by weight
matrices, and the following result regarding the bound of
the covering number of sets of matrices will be useful.
Lemma 3.2 (Chen et al. (2020)). Let W = {W € Ré1xdz .
W2 < A} be a set of matrices with bounded spectral
norm, and r > 0 a constant. The covering number of VW
can be bounded in terms of the Frobenius norm || - || r as

min{v/di, @}A)dldz
. .

(10)

N - 1) < (1 42

4. Main results

To derive our generalization bound, we make the following
mild assumptions.

Assumption 4.1 (Inputs are bounded). The elements of the
input graphs are contained in an Euclidean ball with a radius
8. More specifically, there exists a 8 > 1 such that for all
graphs G = (V,&,C, Z),and all v € V and (v, u) € € with
feature vector a,,,, we have that

max{[cy |2, [[20 = zull2; [|aus 2} < B.

Assumption 4.2 (EGNNs are parametrized with MLPs).
For all £ = 0,..., Legnn, the functions gbi, fl, and gbﬁ are
MLPs with identical number of layers, denoted by Lg. The
scoring model ¢q, is also an MLP with L, layers. In
addition, all activation functions v(-) are K,;-Lipschitz, for
some K, > 1, and ¢(0) = 0.

Assumption 4.3 (Weights have bounded spectral norm).
Let Wf denote the weight matrix of the ¢-th (linear) layer
of the MLP ¢. For all layers 4 of the MLPs ¢ € {¢% }éL;gg“ U
{gf1remy {‘bz}eLfo U {¢out }» there exists a 3; 4 > 1 such
that ||WZ¢||2 < ,Bi)(zg.

These assumptions are standard in the generalization litera-
ture (Chen et al., 2020; Bartlett et al., 2017). In particular,
commonly used activation functions are 1-Lipschitz and
vanish at O (e.g. ReLU, tanh, LeakyReLU, SiLU, and ELU).

Our derivation of generalization bounds proceeds through
the following steps: (z) Show that the scoring function is
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Our results

Lemma 4. Lemma 4.2 Background
EGNNs are E-norm. preserves Theorem 3.1
bounded Lipschitz continuity ERC bounds

generalization gap
Lemma 4.3 Lemma 3.1
EGNNS are Lipschitz Covering number
wrt parameters bounds ERC
Lemma 4.4 Lemma 3.2
N . Covering number
. chrmg sl i for matrices
Lipschitz wrt parameters —

Generalization bound

Figure 2. Overview of our results and their dependencies.

Lipschitz continuous w.r.t model parameters; (¢%) Show that
the Cartesian product of coverings of weight matrices de-
fines a covering of function class of scoring models; and
(#77) Use Lemmas 3.2, 3.1 and Theorem 3.1 to establish
the generalization bound. We present a diagram of our
theoretical contributions and their dependencies in Figure 2.

4.1. Lemmata

We begin by proving that the outputs of the EGNN model
remain bounded as long as inputs are bounded:

Lemma 4.1 (Boundedness of EGNN embeddings). Con-
sider an EGNN model as described in Equations (1)-(4).
For any graph G, we have that¥v € V, and u € J (v):

max{[|A{7|z, 257 =20 [l2, Dllui, 12} < €89, (A1)

where D is the maximum degree in the graph, C' = 8Dp3,
N2
and B9 = (20D)" (1‘[520 M(’)> with

MO —

max Ky Bi6 (12)
oe{g) ot <¢>;~1}H "
where i is the bound of ||W}|l2, and Ly, the number of
layers of ¢, and K., the Lipschitz constant of the activation
function.

The proof consists of deriving a recursive relation for the
bound as a function of the number of layers, determining its
growth rate, and an induction argument (Appendix C).

Next, we show that e-normalization preserves Lipschitz
continuity:

Lemma 4.2 (Lipschitz continuity preserved under
e-normalization). Let f be a K ;-Lipschitz function and

|| - || any norm. Then the e-normalized function

e
PO +e
is K y_-Lipschitz with K, = 3K/

fe() =

The proof involves a telescoping trick and two forms of
triangle inequality. See Appendix D for the detailed proof.
Now, we move on to the key result that will be used to derive
the generalization bounds for the EGNN model, namely
Lipschitz continuity of the EGNN node embeddings with
respect to model parameters:

Lemma 4.3 (Lipschitz continuity of EGNN wrt params).
Consider EGNNs as defined in Equations (1)-(4). Let
hg) (W) denote the embedding of node v at layer ¢ produced
by an EGNN with parameters W = (Wg, , Wy, , Ws,.),
where Wy = {WPYE, — recall that WY denotes the
weight matrix of the i-th (linear) layer of the MLP ¢.

For any two EGNNs with parameters VW and W, we have

1RO W) = KO W) |2 < CQIBOdist, (W, W), (13)
where

dist, (W, W) Z Z Z IWe W22,

U=1geqgl —1 gl —1 gt} =1

D, C, 8O, M are as defined in Lemma 4.1, and

Q =224D? maX{C, 1}
€

, 3, . (14)
BO — <H M@)) ER
=0

i=0
with the convention that an empty product is equal to 1.

The proof is in Appendix E.

Finally, we can show that the scoring model defined in
Equation 6 is also Lipschitz continuous w.r.t. its parameters.

Lemma 4.4 (Lipschitz continuity w.r.t. parameters of the
scoring model). Let W9 = (W, Wy ) denote the pa-
rameters of the scoring model g as defined in Equatlon (6),
with W as defined in Lemma 4.3, W, = {W "”’} ~ and

g(G; W) the output of the scoring model with pamme-
ters W) Then, g is Lipschitz continuous w.r.t. the model
parameters:

lg(Gs W) — g(G; W) < Kydist (W, W),

where

Lout
W)+ (W =Wl

=1

dist( W9, W9 = dist,

egnn
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C, Q, BY) are as defined in Lemma 4.3 and
Lous
Ky =2 (H Kwﬁi,%) CQLam b
i=1

The proof can be found in Appendix F. We now proceed to
our main result on the generalization of the scoring model.

4.2. Generalization bounds

We have developed all the necessary machinery to derive the
generalization bound. To simplify notation, we introduce
the stretching factor of a weight matrix:

E(W) = max{lvHWHQ}a (15)

which we will see plays an important role in the bound.

Proposition 4.1 (Generalization bound of the scoring
model). Let G be the space of geometric graphs as de-
fined in Section 3.1, ¥ = [0,1] the space of labels,
g : G — R the scoring model as defined in (6) and
L(y,y) = min {(ﬂ— v)?, 1} the loss function. Then for
any 0 > 0, with probability at least 1 — § over choosing a
sample S ~ D™ from a distribution D over G x Y of size
m, the following holds:

o dﬁ\/EJr\/lOgE 7
vm vm

where L = 3Ly Legnn + Loy is the total number of weight
matrices, d is the maximum width across all layers, and

Rs.c(g) = (16)

eg i {)ur

A= Z Z Z%¢+Z%¢W,

=0 ge{or 10t gt} =1
Vi = Wi log(I - k(W)

Wi s — 1 f0r¢ = ¢0ul
"7 Legm — £+1 foré € {of, 6L, 04}
_ dmLDBK,
—

To prove it, we (i) use the fact that g is Lipschitz continuous
w.r.t. weight matrices to show that an appropriately chosen
matrix covering yields the covering of the class of scoring
models (Lemma G.1); (ii) Use Lemma 3.2 to bound the
covering number; (iii) Leverage Lemma 3.1 to bound the
ERC and; (iv) Establish the bound via Theorem 3.1. The
exact bound together with the detailed proof can be found
in Appendix G.

5. Discussion

In this section, we discuss the derived generalization bound
and some of its implications.

Table 1. Comparison with existing generalization bounds. We
compare with bounds for MLPs (Bartlett et al., 2017; Neyshabur
et al., 2018) and Equivariant EGNNs (&-EGNNs) (Behboodi et al.,
2022). All values are given in Big-O notation.

d (width) W (weights) L (depth)
R NG
MLPs (2017) ogd)  T12, Wil (Zle (Urtes) ) 1

A

MLPs (2018)  +/dlog(d) T, IWilley /S5, e Ly/log(L)
L y L [Will:

®-EGNNs (2022)  dy/log(d) T2, IWillay /S0, Tt Ly/log(D)

EGNNs (ours) d+/log(d) Zlelog(ma.x{lt [[Will2}) L+/log(L)

Comparison with existing bounds. In Table 1 we compare
the derived bound with existing bounds for MLPs (Bartlett
et al., 2017; Neyshabur et al., 2018). Most notably, our
bound depends on the sum of logarithms of the spectral
norms of weight matrices as opposed to their product, which
makes it less sensitive to high spectral norms. On the other
hand, since our bound ignores weight matrices with a norm
lower than 1, it cannot get arbitrarily small. We provide
more details on the comparison in Appendix H. Note that
it is difficult to directly compare different bounds as they
make different assumptions (Xu & Wang, 2018).

e-normalization. In our proofs and experiments we as-
sumed the EGNN layer to be defined by equations (1)-(4)
with 'y(zg),z,ge),e) = ||z([) zf,e)||2 + €. The original
formulation (Satorras et al., 2021) includes this variant in
the implementation, but the manuscript and experiments

consider only the unnormalized model corresponding to

(z,(f), zf,/), ¢) = 1. In subsequent work (Garcia Satorras
et al., 2021) it has been found empirically that using the

normalized variant with € = 1 yields more stable results.

Note that e-normalization does not affect the equivariance
properties nor the expressivity. The former follows since

fy(sz), zq(} ), ¢) is E(n)-invariant while the latter from uq(fl,,,

depending on Hz(e) 20 |l2. We now argue theoretically
why normalization plays a crucial role in generalization.

Concretely, following the same reasoning as in the proof of
Proposition 4.1, we obtain the bound, which is exponential
in the number of layers as opposed to polynomial in the case
of the normalized model. See Appendix I for more details.
We provide additional empirical evidence in Section 6.

Spectral norm. Proposition 4.1 shows that the general-
ization gap depends on the spectral norm of weight matri-
ces, which is generally well known (Bartlett et al., 2017;
Neyshabur et al., 2018; Behboodi et al., 2022). However,
our derivation of the bound for EGNNSs reveals new insights.
First, not all layers contribute equally. From Equation 16 it
can be seen that the bottom layers have a higher weight than
the top layers. This aligns with the intuition that bottom
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layers learn more abstract, high-level information, which
makes them generalize better as opposed to top layers learn-
ing more fine-grained, task-specific information.

Second, the dependence on the spectral norms is logarithmic.
This implies that the bound is less sensitive to outliers than
e.g., the sum of spectral norms. Furthermore, from the
definition of x (Equation 15), we see that weight matrices
with spectral norms lower than 1 are ignored, implying that
decreasing the norms further yields no additional gains.

Dependence on the training set. We note that the spectral
norms of the weight matrices depend on the (size of the)
training set, and in general, one cannot decouple this de-
pendence for an already trained network, e.g., we cannot
assume the spectral norm would not change as we vary the
number of examples while evaluating the effect of sample
complexity (i.e., size of the training set size) on generaliza-
tion. The dependence of the spectral norm on the training
set, learning algorithm, etc. was not considered in this study.

Spectral regularization. Multiple regularization methods
relying on the spectral norm have been proposed, including
the sum of squared spectral norms (Yoshida & Miyato, 2017)
or explicitly enforcing the spectral norm to be 1 (Miyato
et al.,, 2018). We propose a new regularization method
that leverages the findings unique to our study, i.e. explicit
minimization of the generalization gap:

ROW) = Zwi’¢log(ﬁ(Wi¢)). (17)
¢

Since log is concave, this can intuitively be considered an
example of concave regularization (Zhang & Zhang, 2012),
which generally favors sparse solutions. To see this, note
that the derivative of log is %, and therefore gradient-based
optimization will prioritize decreasing norms of weight
matrices, whose norm is the lowest. However, note that
in our context, instead of log we use logok, which is
no longer concave in the entire domain. We empirically
evaluate R in Section 6.

Impact of equivariance. Since the EGNN network without
the equivariant update (Equation 2) reduces to a regular
message passing GNN, we can compare our bound to the
Rademacher bound for message passing GNNs (Garg et al.,
2020). To make that comparison possible, we need to make
the following simplifications to our setting: we assume that
(1) each MLP has only a single hidden layer; (2) different
GNN layers share the same weight matrices; and (3) there
is no output MLP ¢.

We include three variants of the MP-GNN bound: MP-
GNN,, MP-GNNj;, and MP-GNN_, because Garg et al.
(2020) report a different dependence on various parameters,
depending on the value of the percolation compexity, which
depends on the Lipschitz constants of non-linearities and
the spectral norm. See Table 2 for the comparison.

We observe that the EGNN bound enjoys a better depen-
dence on the node degree D, the spectral norm of the
weights W, and possibly better (but certainly not worse)
on the node depth d. However, it has a worse dependence
on the depth L. We leave further in-depth analysis of the
impact of F(n)-equivariance for future work.

Table 2. Comparison with message-passing GNNs (MP-GNNs)
(Garg et al., 2020). The a, b, c subscripts denote different model
variants. All values are given in Big-O notation.

d (width) D (node degree) W (weights) L (depth)
MP-GNN,  dylogd Dy/log D w(W)3/log k(W) Tog L
MP-GNN, dv/Togd D\/log D k(W)3\/log k(W)  Ly/logL
MP-GNN,.  d\/dlogd Dy/log D k(W)3\/logw(W)  /LlogL
EGNNs (ours)  dy/logd Viog D /log k(W) Ly/Llog L

6. Experiments

This section substantiates our theoretical analysis with ex-
periments on real-world regression tasks. In particular, we
first consider the generalization behavior of EGNNs as a
function of the model variables (e.g., number of layers). We
demonstrate that our bounds highly correlate with empir-
ical generalization gaps. We also empirically assess the
beneficial impact of the e-normalization on generalization,
validating our findings. Lastly, we show the efficacy of regu-
larized EGNNSs obtained from our analysis, highlighting per-
formance gains compared to another regularization method
and empirical risk minimizers (no regularization). Our code
is available at https://github.com/Aalto—QuML/
GeneralizationEGNNs.

Evaluation setup. We consider four molecular property
prediction tasks from the QM9 dataset (Ramakrishnan et al.,
2014). From the data split available in (Satorras et al., 2021;
Anderson et al., 2019), we select a subset of 2K molecules
for training and use the entire val/test partitions with ap-
proximately 17K and 13K molecules, respectively. We train
all models for 1000 epochs using the Adam optimizer. We
run five independent trials with different seeds. We provide
further implementation details in Appendix J.

Empirical vs. theoretical generalization gaps. To demon-
strate the practical relevance of the bounds extracted from
our analysis, we contrast the empirical and theoretical gen-
eralization gaps in terms of: ¢) the spectral norms across
epochs; ¢7) the maximum number of hidden units (hidden
dim, d); and i77) the number of EGNN layers (Lcgyn). We
also report Pearson correlation coefficients between the gen-
eralization curves. Figure 3 shows the results (mean and
standard deviation) over five runs.

Regarding the spectral norm (top row in Figure 3), we ob-
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Figure 3. Empirical vs. theoretical generalization gaps as a function of the spectral norms over epochs (top), width (middle), and number
of EGNN layers (bottom). Overall, our bounds (black curves) highly correlate with the empirical generalization gap (blue curves). The
variables egomo, Ag, pt, and eLymo denote molecular properties on the QM9 dataset.

€EHOMO Ae
%U*IU I Non-norm.
)
g I -norm. 0.10
go05
E I II 0.05
=
5}
O 0.00 -
0.00
€ELUMO
& 0.3
) 0.2
=
£0.2
g
= 0.1
£0.1
=
5}
&}
0.0 0.0
1 3 5 7 1 3 5 7

Legnn Legnn

Figure 4. Impact of e-normalization in terms of the number of
layers. Using e-normalization yields smaller generalization gaps
as the depth (Legnn) increases.

serve that our bound can capture the trend of the empirical
gap, which settles down at epochs 500 (egomo and ) or
250 (Ae and e ymo). In 3 out of 4 tasks, the average cor-
relation is greater than 0.8. We can observe an even better
correlation when looking at the dependence on hidden di-
mensionality and number of layers — in 7 out of 8 cases, the
correlation is over 0.9. These outcomes support our theory.

To evaluate the impact of the e-normalization, we run ex-
periments with and without the normalization for Leg,, €
{1, 3,5, 7}. Figure 4 reports bar plots for each property. As
our theory suggests, e-normalization positively affects gen-
eralization, especially as we increase the number of layers.

Spectral norm regularization. To assess the effectiveness
of our bound on the spectral norm as a regularizer
(Equation 17), we compare it against a baseline called
SPECAVG that takes the average of the spectral norm over
all layers as the regularization term. Using the average
(or sum) of spectral norms (or their square) is a common
practice (Yoshida & Miyato, 2017). We also report results
without regularization. Again, we consider regression tasks
from QMO. For both regularizers, we select the optimal
penalization factor A € {1, le-3, le-5, le-7} using the
validation set. Details are given in Appendix J.

Table 3 shows the results in terms of test error (MSE)
and generalization gap for different numbers of layers and
tasks. Remarkably, our method significantly outperforms
SPECAVG in virtually all cases. Also, our approach was
able to produce both smaller test errors and generalization
gaps than the baselines. Overall, SPECAVG achieves better
results than models without regularization.

Additional results. In Appendix K, we provide additional
visualizations and experiments. More specifically, we show
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Table 3. Test mean squared error (MSE) and generalization gap on QM9 for different regularization methods. ‘None’ denotes EGNNs
without regularization. We denote the best-performing methods in bold. In almost all cases, employing the method derived from our
theoretical analysis leads to the smallest test errors and generalization gaps. Results are multiplied by 100 for better visualization.

Test MSE Generalization gap

Task  Legnn None SPECAVG Ours None SPECAVG Ours
3 5.72 + 048 5.43 +0.37 5.76 + 0.51 3.61 + 0.50 3.33 £ 049 3.71 £ 048
E£HOMO 5 9.66 + 1.32 845+ 128  6.71 +048 877+ 140 7294142 3714156
7 11.13 £0.73  9.25+0.70 7.90 + 0.50 1045 090  8.33 +1.02 443 +1.12
3 12.40 + 1.34 1236 + 1.34  11.61 + 1.09 8.02+ 152 794+ 146  6.00+ 1.90
Ae 5 2542 4+7.53 2538 +7.77 17.39 + 1.37 2292 +6.87 2291+7.04 10.22+5.17
7 28.49 +£4.35 2628 500 23.93+273 2746 +£3.83 2514 + 434 18.16 + 7.39
3 30.56 + 1.18  30.03 +£0.98 29.56 + 0.47 8.11 + 1.96 7.78 +1.47 5.76 + 1.76
o 5 30.94 £ 1.95 3048 226 2843+ 0.26 1291 £22 11.80 £ 1.38  8.47 +2.85
7 31.73 £2.46 31.35+259 28.86+0.73 1842 +1.71 1740+ 1.66 9.79 + 4.45
3 568 +£045 568+045 5.11+0.36 3.07 £0.53 3.07+£053 246+ 041
ELUMO 5 7.51+£1.76 6.74 + 1.07 5.85 + 0.56 6.01 + 1.68 5.17 +0.90 3.75 £ 1.07
7 7.87 £ 1.03 745 +0.73 7.16 -+ 0.90 7.03 +1.17 6.71 + 0.88 5.58 +2.29

the behavior of generalization gaps over training to illustrate
that gaps from our method decrease with the values of ), as
expected. In contrast, SPECAVG has little effect in reducing
the gap compared to non-regularized models for most
penalization values. We also compare our regularizer with
SPECAVG on other eight QM9 regression tasks. Overall,
our method achieves smaller generalization gaps and com-
petitive MSE values. Lastly, we report the average time per
epoch of our regularizer for different tasks to show its com-
putational overhead. For the largest model, the regularized
vs. non-regularized time ratio is approximately 1.5.

7. Conclusion

In this work, we analyzed the generalization capabilities of
E(n)-Equivariant Graph Neural Networks (EGNNs) from
a theoretical perspective. We provided high probability
bounds of the generalization error and discussed in detail
its implications. Specifically, its logarithmic dependence on
the spectral norm of weight matrices, the uneven impact of
different layers, and the importance of e-normalization. We
performed extensive experiments to validate our theory.

Additionally, we proposed a novel regularization method
inspired by our theoretical results. We show experimentally
that it helps reduce both the test loss and the generalization
gap and performs better than the commonly used sum of
spectral norms of weight matrices.
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A. Notation
Table 4: Summary of notation and abbreviations.
Notation Description
L loss function
G=WEC 2) Geometric graph
% Set of nodes in the graph
Ecy? Neighbourhood structure
C Set of node features
Z Set of node coordinates
ferF f is a function from the function class F
S, m S is a training set consisting of m input-output samples, i.e., S = {(zs,¥:) }ie1
[[W]|2 spectral norm of a matrix W & R91 %42
|z||2 Euclidean norm of a vector z € R?
D Maximal degree in the graph G
10} Multilayer Perceptron (MLP)
P Activation function
Ky >1 Lipschitz constant of ¢
Wf) weight matrix of i-th layer of ¢
Bip >1 bound of the spectral norm of W2, i.e., [|[W?2||2 < Bi.

Lq& 5 Lout ) Legnn

Number of layers of ¢, # layers of the scoring MLP ¢, # layers of the EGNN

-1 -1 0
h 7¢z a¢,u

MLPs in the ¢-th EGNN layer

h(f)7 zﬁ“, ,uff), u&@v EGNN embeddings and messages after ¢ layers (Equations (1-4))

s>1 Bound of the input - Assumption 4.1

B. Lipschitz Continuity of Multilayer Perceptrons

In this section, we show that multilayer perceptrons (MLPs) are Lipschitz continuous, both with respect to their inputs as
well as their parameter matrices. We begin with defining the MLP.

Definition B.1 (MLP). A Multi-layer perceptron ¢ with L, layers and activation function 1 is given by
d):fwg o"'ofwii’v
¢

where Wid’ is the i-th weight matrix and f is given by:
fw () = (W),
where 9 is the activation function. Additionally, we will write
¢’“:fW,‘f°"'°fo’
to denote the output of the k-th layer (¢ = ¢r,) and
p(x) = oz Ws)
for Wy = {Wf}fjl whenever we want to emphasize which weight matrices were used.
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Consider now a function given by
fowvp (@) =Wz +b).

One can augment the input space by appending a constant 1 to x to obtain Z and redefining the weight matrix as W =
concat(W, b). Thus the function can be expressed as

f(W,b) (z) = fvi/(i")-

Given this representation, we can assume WLOG that b = 0.

Lemma B.1 (Boundedness of MLP). Consider an MLP ¢ with Ly layers, where i is the activation function, Wf’ is the
i-the weight matrix. Suppose that 1 is K,,-Lipschitz and satisfying (0) = 0. Then for all x:

Ly
le@)ll2 < | T KelWell2 | Ila-

i=1
Proof.

[6() 2 = 192, @)l = [OVE, 611 @Dl = [V, 61,-1(@) = 9(0)l2 < KW, 61,1 @)2
Ly
< Kyl WP, lollor,—1@)lls < -+ < llalls [T Kol W7o
i=1

O

Lemma B.2 (Lipschitz continuity of MLP w.r.t. model parameters). Consider two Lg-layer MLPs given by two sets of
parameters: Wy, and Wy, sharing the same activation function v with Lipschitz constant K, and 1(0) = 0. Assume further
that all weight matrices have bounded norm, i.e. for all i, max{|W?||o, [W?||2} < Bi.¢ for some ;.4 > 1. Then for all
x, W¢, W¢ N

Lg
6z Wo) = ole: Wo)lla < llalla | [ ] KuBio | distOV, We), (18)
i=1
where
Lg¢
dist(We, W) = 3 _ I — 7|2
i=1
Proof. For presentation clarity, we assume throughout this proof |||| = ||||2 - spectral norm for matrices and Euclidean norm

for vectors.

6 We) — d(a Wo)ll = [0(WE, dr,—1(x; We)) — b(WE, br,—1(x: Wy))|
< Kpl|WP br, (2 We) =W b, -1 (2 W)

Now using the telescoping technique:

WP b1 (W) = WP, dr, 1 (; W)
<WP br, (s Wo) =W br, 1@ W)l + W7, b, -1 We) = W7 dr, 1 (W) |
WP 62,1 (@ We) = br,—1 (2 Wo)ll + [dr, -1 (@ W) - W, = WY |

Ly—1

< WP - loz,—1(e: W) — dr—a (W)l + llzll [ TT Kol W21 | W2, — W2 .

i=1

14
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Therefore

l6(as W) — dlas W)l < llallzye | T IWEN | IWE, = WE I+ KW, [6n,-1(2:Ws) — dr,—1 (a3 W)
=1

and by induction we get

Ly
- I -
@ W) — d(ms Wy)ll < |zl Ky* > asl|[ W = WP,
i=1
where
i-1 Ly Ly
ai = JTIW?I IT 1w <118
j=1 Gl=i+1 j=1

O

Lemma B.3 (Lipschitz continuity of MLP w.r.t. model input). Let ¢ be a Ly-layer MLP with a K ,-Lipschitz activation
Sfunction 1. Then ¢ is Lipschitz continuous with respect to the input:

Lg

lo(@) = éW)llz < | [T EolWYll2 | llz = yll2-

i=1

Proof. Below we assume || - || = || - |2

l6(z) = dW)| = 6L, (@) = b1, W) < Kyl|W7 || 6L, -1(2) = 1, -1()l|
Lo
< TTEIW2 ) Nl =yl

i=1

IN

O

Lemma B.4 (Multiple inputs MLP). Suppose ¢, a Lg-layer MLP takes multiple inputs x1, . .., xx by concatenating them
into a single vector v = CONCAT([x1, . .., xk]). Then the output is bounded:

Ly K
lo(z1,. . ex)lle < VE | TT KW 2 | D llille.
=1 =1

Proof. Claim follows from Lemma B.1 and the inequality:

K
]2 = \/Ilwlllg +o A ekl < VE maxfal; < VEY il

i=1

C. Proof of Lemma 4.1

In this section, we prove Lemma 4.1. We recall it for completeness:

Lemma 4.1 (Boundedness of EGNN embeddings). Consider an EGNN model as described in Equations (1)-(4). For any
graph G, we have thatVv € V, and u € J (v):

max (|72, |27 = 247 |l2, Dl ll2} < €89, (11)

uU—v

15
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N2
where D is the maximum degree in the graph, C' = 8Dp, and B©) = (20D)* (Hf:o M(’)> with
Lg
MO = max KyBig (12)
se{or ot oL} E ’

where [3; 4 is the bound of HW;s
function.

2, and Ly, the number of layers of ¢, and K, the Lipschitz constant of the activation

Proof. In the proof we assume || - || = || - ||2- First note that (11) implies that for all v and ¢: ||u£f) | < CBY due to the

definition of ,uq(f) as a sum aggregation of u&@v. We will show the result by induction. Note that, from Lemmas B.3 and

B.4:
1
152, 1 = N6 (B, O, 20— 2O a0 ) | < 2028 + 5 + HM® < SCKO)

and thus establishing the base case of £ = 0. Now assume that (11) holds for £’ < £.

From Lemmas B.3, B.4 and the inductive hypothesis:

1RO < V2MO (IR + |ui V) < 2v2M W et < 08,

v

where the last inequality holds because 2v/2 < 20D and MY < (M (5))2. Similarly for z:

sz) _ 21()4) _ 27(1671) _ 275471)
-1 -1
1 AV =Y $1 (D)
\j(u)| weT ) ”Zl(f—l) o Zq(f;_l)H +e z u —u (19)
(1) (-1
1 ) — 2z, _ (e—1)
- — - O 1y )
|7 (v)] GZJ() 12870 = 2| 4 e -

and therefore:
128 = 20| < €8V +2M B <3mMOCpD < o),

because 3 < 20D. Finally for yu:
1Ol < 20O (IO + 1AL + 1289 = 201 + oo )
<2M® (4\/§M“> +142M© 1) B
<20 (M<e>>2 Cpe-D — %Oﬁm’

where the last inequality holds because 4 + 41/2 < 10.

O
D. Proof of Lemma 4.2
In this section we prove Lemma 4.2. We recall it for completeness:
Lemma 4.2 (Lipschitz continuity preserved under e-normalization). Let f be a K ¢-Lipschitz function and || - || any norm.
Then the e-normalized function
£y = L
IFOl +e

is Ky_-Lipschitz with Ky = 3Ky/e.

16
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Proof.

H fy)
1f (2 ||+€ If W)l +e

< TETFaraTFa M@~ fwi+

Lijw—yll+ ‘ If I f () = [1f ()] f(y)
U@l + )l )l + )

[f=(z) = fe(y

H(Ilf( Yl +e)f(x) = (f @)l +e)f H
f @ +e)(1f )l +€) ‘

WIS ) =1/ (@) f(y
@I +a)Uf Il +e)

IN

Focusing on the numerator of the last term:

HLF @I @) = [LF @@ = M) = [1F @I () + [ @1 f (@) = [ @)1F @)l
<A = NF @I - Lf @)+ 1 @) - (1 (=) = )l
< Nf @I (Ll =yl + (1 @) = 11 @I
< 2| f (@) Lyllz =yl

where in the last step we used the fact that |||a]| — ||b]|| < ||a — b]|. Therefore:

|l i) At 2y,
@I+ U+ || = T+ @+ = <
and
1£e(e) ~ £ )]l < 2L iz .
E. Proof of Lemma 4.3

In this section we prove Lemma 4.3. We recall it for completeness:

Lemma 4.3 (Lipschitz continuity of EGNN wrt params). Consider EGNNs as defined in Equations (1)-(4). Let h( )(W)
denote the embedding of node v at layer { produced by an EGNN with parameters W = (Wy, ,Wy_, Wy, ), where

Wy = {Wf}f:“’l — recall that Wf’ denotes the weight matrix of the i-th (linear) layer of the MLP ¢.
For any two EGNNs with parameters VW and W, we have

157 (W) = RO W)z < CQEBWdiste (W, W),

where

dist, (W, W) Z Z Z ||W¢ W¢||2,

E=tge{ol ey ol y T
D, C, B9, M® are as defined in Lemma 4.1, and

Q =224D? maX{C, 1}
€

¢ 301
BO _ (H M(z‘)) I 5.
i=0 i=0

with the convention that an empty product is equal to 1.

Proof. Throughout the proof we assume || - || = || - ||2. We will show the result by induction. We will show a stronger

(ORNO; ()

statement, namely that all hy ’, 2, * and py, 24 are Lipschitz continuous. The base case obviously holds for h( ) and 2y

they do not depend on model parameters.

17
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We see from Lemma B.2 and our assumption that inputs are bounded:
1182, (W) = 0, (W) || < MO8Bdist (Wi, Wes) < CM O dist(Wyo, Wey) < —C’M(O)dlbto(W W) (20

and thus establishing the base case for induction. Assume now that for all £ < £ there exist K }(fl), K 3'), K £f'> such that for
all u,v and all W, W:
A W) h“’><v”v ) < K“”disw( W, W)
127 W) — 2T W) < K diste (W, W) 1)
12, W) = w3, V)| < K“ diste (W, ).

Note that (21) implies that ||,u£,é/) w) — ugfﬂ) W) < K;(f/)distg/ (W, W). We start with / and proceed with a telescoping
argument:

1R (W) = B )|
= [ B W), WD W) W) = 67D OR), D W) W)

H(bffl (5—1)(W)’M£€_1)(W);quf;l)— ﬁil(hge_l)(w)a/JE;Z_U(W);W(M;I)

e DO T WS W) = 917 (RO O, D OV W)

Now we use Lemmas B.2, B.4 and 4.1 to bound the first term and Lemma B.3 to bound the second
1h$7 W) = P V)|
< VRMO(RF=D )+ [l6f =D W) IDdist (W1, Wie-)
+V2MO (RS O) = DOV |+ D) = D)) (22)
< 2V2MOCBUDdist (W e, Wiyemr) + V2M O (KD 4 K1 )dist 1 (W, W)
<V2MW 20 4 Kk & + KD dist (W, W).

Moving on to z:
157 (W) = 20 )|
= [l W) = 2D )|

(e-1) (e-1)
1 D) — AV o) )
+ — — (bz (/'1’1(1 v (W)7W [*1)
|j('l})| ue;('u) ||Z(€ 1) (W) _ Z@(f 1) (W)H +e — 039
(1) (i
B V0 Rk i U1 VR YT S
1280 — 20 1><w>|| e >

< Kizil)distg_l (W, W)

(6—1) (¢-1)
1 W) — zu W) 0—1/, (£—1) 0—1¢, (£-1 A
T o5 (WSS D W) Wyemr) — 51 (5D V), W)
IJ(v>|u§U 125wy = 2D )| + € - o - ot
b e D o ) |2 W>—Z¥*”<W> ATV - SEV0)
T 2, e T g o e r ”(w)— OO e

Now, since (from the inductive assumption) z(e 1) ,(f_l) are both Lipschitz continuous with a constant K §‘"1), it

(b=1) _ (=1) 4 (

follows that z, 2 is Lipschitz continuous with a constant 2K fﬁl). Therefore, using Lemma 4.2, we know that

18
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(z 1) _ (z 1) . . . . 6K (-1
m is Lipschitz continuous with a constant —=— and we can bound:

6K(871)
< z

H Aunww_zgﬂow Ml( W) — MIXW) diste_1 (W, W).

1) =2V +e 12550 08) — D)+

and consequently:

6K(£ 1)
9

1257 (W) = 20 W) < (Ki«“) + MO |5 v )II) diste—1 (W, W)

(23)
1 _ _
+ D IO WS OV W) = 627 (5 V) W)
Tl 2
To bound the last term we perform additional telescoping step:
65 (RS V) Wyemn) = 65 (5D V) We )|
< H(be 1(:“5%11;) (W)v qﬁ*l) - (bﬁ_l(:ugfﬁ};) (W)a W,;gﬁ*l)H 24)
165 (WSS V) Wigen) = 67 (W50 (W) Wea)l
< MO piS) W) distW,e-1, Wyea) + MO ulED (W) = ulS) (V)]
Now from Lemma 4.1 we have ||,u1(f_7i) (W)l < CBY¥Y and by applying (24) to (23), we obtain:
(e-1) )
I200W) - 20 09)]| < (Ky—” + 2B MO 4 MO ope M“)K,ff—”) disty (W, W)
6K )
<M®¥ (cg“-” + KD+ KD 4 — opl U) diste (W, W)
Finally, for ;¢ we will simplifiy notation with w' (W) = ({2 (W), B9 W), || W) — 2 V)], awo):
42, 0m) = 12, 0M)|| = (66 (w2 W) Wi ) = o (w20M W )|
= 65 (20 g ) ol (w209 Wg ) +of, (w2000 g ) —f (2005000 ) |
< ||k (w20W) ) = (w20W) W ) | + 0f (w20 Wy ) = 0t (w2 OW ) |
< MOl W) [[dist (W, Wee ) + MO|wl) (W) — wi V).
We will now determine bounds for ||w(e)( W)|| and Hw(z) w) — wit) JON)||. Starting with the first:
oMl < 2 (IKL O+ KLV + 120 W) — O V)] + )
(25)

2
< 8C3Y = 160D (M“)) cp-n

19
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and the second:

Hw“)( W) =l W)

<2 ([|AP ) = KO W) + 1AL W) = B O )
+2 (\ A0W) = W) = 120 09) = = o))

<2 (I ) = KOOV + AL V) = KL V)| + 1|49 ) = 2L OV + |40 ) = =L 0V
< 4v/2M (205Z Doy K b KD dist (W, W)

6K(€ 1)

+aM®© (Cﬁ“” + KD 4+ KD 4 —= Bt ”) dist, (W, W)

GKZ(Z71)

<4M® (40/3“—” oKy Y w3k Y L KD Cﬁ“—”) dist, (W, W)

and therefore:

~ 3 ~
1O W) — u®, ( )Hgmop (M“)) OBV dist, (W, W)

> . KD ) (26)
4 (M“)) 4CBUY oY 43K L KD 4 =BV ) dist (W, W).
In summary, we have the following recursive relationships:
@) _ 0) -1 (¢=1) -1
Ky =v2MO e + K,V + KY)
cELD
K;Z) _ Cﬂé 1)+K([ 1)+K(f 1) ?05(471)
27

3
%Kff) — 160D (M) CpeD

2 - 6K
+4(M(‘f)) (406“‘1) +2K;(f 1) +3K;(f_1) TR fcﬁw—l)

We now determine the growth rates of the constants. Specifically, we will now show by induction that

K}(f) S CQZB(E)

l ¥4 4
K\ <cQ'BY (28)
K" < 0Q'BY,

A\ 3 )
where Q = 224D? max{%, 1} and BYO = (Hf:o M (Z)> Hf:é () with the convention that empty product is equal to 1.
To show the base case, we recall that K ,(10) =K ;‘” =0and K ,SO) =CM©, Now, assuming that (28) holds for all ¢’ < ¢,
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we will show that it also holds for ¢. Using the fact that M 0 >1, 15} () > 1 and B > 1 for all ¢, we obtain:

Kf(f) < vam® (205(5—1) n QCQe—lB(E—l)) < /2001 (M(e))gﬁ(e—nB(e—n

< 4v/2 max {(j 1} cQ''BY < c@‘BW
KO < M® (05(4—1) +20Q1 B | GCQe—lB(e—l)CB(e—1)>

9

< (1 +2+ 65) cQt (M“)>3 pU=D B < 9max {S 1} CQ"'BY <c@'BY (29)
K < 160D (M<‘>)3 Cp¢Y +4D (M(f))2 <405<“> +60Q BN 4 SC/3<“>CQ“B<“>>

< (160D2 +16D + 24D + 24DC> Q' (M“>)3 =D g(e-1)

3

< (160D? + 64D) max {C, 1} cQ"'BY < c@'BY
g

F. Proof of Lemma 4.4

In this section, we prove Lemma 4.4. We recall it for completeness:

Lemma 4.4 (Lipschitz continuity w.r.t. parameters of the scoring model). Let W9 = (W, We,...) denote the parameters

of the scoring model g as defined in Equation (6), with W as defined in Lemma 4.3, W, = {Wf’”"}i’“{ and g(G; W)
the output of the scoring model with parameters W\9). Then, g is Lipschitz continuous w.r.t. the model parameters:

lg(G; W) — g(G; W) < K,ydist (W, W),

where
Low

dist(W(g), W(g)) = dist;, (W, W) + Z HW;ﬁM o Wf’"“’ )

egnn
i=1

C, Q, BY) are as defined in Lemma 4.3 and

Lou
K, =2 (H Km-,%,) CQLem BLam).

i=1

hS)Legnn )

Proof. In the proof we assume || - || = || - ||2. From Equation 5: hg = \Tll > and therefore h¢ retain Lipschitz

veY
continuity of each individual hULeg“") with the same constant. It holds that:

19(Gs WD) — g(G; WD) = [[ou(ha W) W) — Gou(ha(V); Wy,
< [ pou(haOV); We) = dou(ha V) Weo )| + [[ou(haOV); W) — dou(ha OV); Wy, ) |

W
LOUI - LO“[ -
<H Kwﬁmsom) [ha )| distWey, s W) + (H Kwﬁam) |haW) — haWV)|

IN

i=1 i=1

IN

Lout
<H Kwﬂi,%ul) C(BU=) 4 QLem Bl )dist (W), W)

i=1

LOU[
=2 <H Kwﬂz‘,%m) CQeem BlEam) dist (W) W W),

i=1
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G. Proof of Proposition 4.1

In this section, we prove our main result, i.e. Proposition 4.1. We begin with a useful lemma:

Lemma G.1 (Weight matrices’ coverings yield a function class covering). Let F = {fw,, _.w, : W; € W;} be a class of
functions parametrized with n weight matrices. Suppose further that for all W;, W;:

Wb = it i, | = SO0, () = e, )< K (I = Wb < W = Wl )

Then

n

NF el < IV (W =1l -

Proof. Let C; be an (-5 )-covering of W such that |C;| = N" (W, =, || - ||r) and define
C={fwi,..w, :Wi€C}.
Let fw, ... w, € F. For all i we can choose W; € C; such that W — W, | < =-. Therefore
1w = Toir i oo < K <||W1 —Wallg 4 [Wa — Wn”F) <e

and fi3, 4. € C. Hence, C is an e-covering of F w.r.t. || - [|oc and

N (Foe - o) < lel =TT =TTV (Wes o - D)
=1 =1

We now move on to proving Proposition 4.1:

Proposition 4.1 (Generalization bound of the scoring model). Let G be the space of geometric graphs as defined in Section
3.1, Y = [0,1] the space of labels, g : G — R the scoring model as defined in (6) and L(y,y) = min { (§ — y)?, 1} the loss
function. Then for any § > 0, with probability at least 1 — § over choosing a sample S ~ D™ from a distribution D over

G x Y of size m, the following holds:
0] dﬁ\/ﬁ + - bt
vm vm ’

Rs.clg) = (16)

where L = 3Ly Legun + Loy 1s the total number of weight matrices, d is the maximum width across all layers, and

fﬁ"’” mtf

A= Z Z Z Yie t Z Vi bou

=0 pe{py ' ot ot} =1 =
Vi = w; s log(T - k(W)

we 1 for & = bous

YT  Legm — £+ 1 ford € {gh, ¢, 04}
_ dmLDBK,
e

Proof. From Theorem 3.1 we can see that in order to bound R g . it suffices to find a bound for DA‘{S (Fr), where
Fe=A(x,y) = L(f(z),y) : f € F}
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and
F={g(-- WD) : VY € {df,, 6%, dL,, dou} Vi [W7]] < Big}

is the family of scoring models with bounded spectral norm of weight matrices. The primary tool that we will use for
bounding Rs(F.) is Lemma 3.1. However, to use it directly, the assumption fy € F, would need to be satisfied, which is
very restrictive as it assumes the existence of a perfect classifier in the model class. Instead, we observe that

={(@.y) = 1-f(x,y): f € Fr}, (30)

where

Fe=A{(x,y) = 1= L(f(2),y) : f € F).

It may seem tautological, but now there exists fo € Fr, because we can take fo = —1 and since y € [0, 1], it holds that
Y(z,y) fo(z,y) =1— L(fo(x),y) = 0. We can thus use Lemma 3.1 for  and obtain

0 2vm
R (Fz) < inf <f 12/ Vg N (Fz,7, | - l)d )

Now since (z,y) — 1 — L(z,y) is 2-Lipschitz in its first argument, an 7/2 covering of F yields an r covering of F, and
therefore

log N (Fz,r, || - ||} < log N (F, 5 I lloo)-

Furthermore, from Equation (30), one can easily check that DA%S (Fr) = EJA%S (.7:" ) and in summary it holds that

da 12 V7
Rs(Fr) < inf (; \/bg/\f 50l oo)df> :

However, since N'(F,, || - ||oo) is a decreasing function of r we see that

2/m 2/m 2/m
/ \/log/\/'(}",;,ﬂ-oo)drg/ \/1ogN e dr</ \/log./\/ - Nl ) dr

= 2y flog N (7, 5.1 ||oo)

By choosing o = ﬁ, we obtain a simplified bound

o~

24
Re(Fr) < —+ - log N/

4 1
2 2 floN (F = ). G1)

We now move on to finding a bound for log N/ (]:, ﬁ» [ - ||oo) From Lemma 4.4:

lg(s W) — (- WD) = sup 1g(Gs WD) — g(G;WD)||,

< K,dist W9, W9))

Lou

Z Z Z HW¢ I/Vd)”2 + Z ||W¢>om W(pou‘H
=0 pe{p; tot ot} =1 Py

Le gnn Lout

Z Z ZHW¢ W¢|| +Z||W¢om Wd)omH ,

=0 pe{g ot 0t} =1

IA
=
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where K, = 2 (H *1 Ko Bi,don CQ"%eem B(Leam) and the last inequality comes from the relationship between the spectral
and Frobenius norms. Thus, for L = 3Legnn L + Loy (total number of weight matrices), we can use Lemma G.1, i.e. that it

suffices to find an (ﬁ) -covering for each weight matrix Wf and their cartesian product yields an r-covering of F:
g

Legnn Lou

r T
log N (F, 7 || - [|oo) < Z Z Zlog/\/ <W¢ IK,’ Al 'F) +;logj\/' (Wf5 ’LKg’H : ||F>

(=0 pe{ont ot gt} 1=1

Now, since the spectral norm of weight matrices is bounded, we can use Lemma 3.2 and obtain

ALK B
log ' <W¢ Uy |F> < &log <1 +2w> :
LK T

Legm Ly o o . . . _
where d = max,*; MAX e 461 5e-1 4o ¢0u}maxi=¢1 dim(W;) is the width of the scoring model and dim(W) =

max(dy,dg) for W € R4*9 Choosing r = yields

Vo
)
log NV <]—", N | - oo) < 2 Z > Zlog (1 +4VdmLK ,f;, )
£=0 gpe{gy =t ot 1 9t} =1
Loul

4 d2 Z log (1 + 4\/%11[(951'7%”)
i=1

Legnn Lou

a0 Z Zlog (5vm LKgB“b)—i—Zlog (5VAmLE,Bi.0..)

£=0 ge{or 0t gt} 11
(32)

and plugging into (31) gives

LEE““ oul

%S(ﬂ)gé \2/@ D Zlog(5rLKgﬂv) Zlog(SrLKgﬂ7¢oul) (33)

=0 ge{ont ot gt} i=1

=X
We now proceed to simplify the bound. Note that

Lfg“ﬂ Low

% = Llog(5vVdmL) + Llog(K,) + > Z Zlog (Bi0) +Zlog Bisu)
(=0 ge{e, "t op} =1
and
LOU‘

log(K,) = log(2 —s—Zlog Ky Bipo) +108(C) + Legnn 1Og(Q)+log(B(chm))
=1
Loul

— log(16) + log(DB) + Zlog (K Big0a)

8D
+ Legnn log (224D2 max {ﬁ, 1})
€
Legnn Legnn7 1

2
+3> log(M¥)+ Y log | (20D)" <HM )
=0

£=0
LOUI LEgnn ‘e
D L —
< Cy log ( éﬂ) w +Zlog Kyfig.) +3) ) log(MY),
£=0 1=0
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where C does not depend on the parameters of the model and é = min{1,¢}.
. L
Since M (6 = max¢e{¢fl—1)¢£—1,¢ﬁ} Hi:qbl Kwﬁi@, we have

Ly
log(M @) < Z Z log(Kyf3j,6)

be{pi ol 91} I=1

and
DB\ Legnn(Legm — 1) <
log(K,) < Cslog ( E ) SRR ) log(KyBig,)
=1
chnn L¢’
+3> (Legm —L+1) > > log(KyBig)-
=0 oo, el eL) 1
In summary:
egnn Ld) Lout
E<GL| Y > D wiplog (DBig) + Y wipe, 108 (DBign) | -
£=0 gefg, 0t 0L} =1 =1
where
wi o 1 for ¢ = dou
i Legmn — L+ 1 for ¢ € {¢f,, 0%, 05}
_ dmLDBKy
—

We can now use Equation 33 and Theorem 3.1 to obtain the bound for the generalization error of the scoring model g with
probability at least 1 — §:

8 48d log 2
R <—+—=VX+3 J
S'C( )< m + \/mf—i_ 2m

Furthermore, for a given g(+; V), we observe that the stretching factor as defined in Equation 15 can serve as the bound, i.e.
we can set ;5 = k(W) and get

Legnn Louw
Rs,.c(g) < % 48d\ﬁ Z Z Z%QH'Z% ¢>om+3\/

=0 ge{or 1ot gt} =1

where

L= 3L¢>Legnn + Lout
Vi, = Wi,g log(l“/f(Wf))
_ dmLDBKy
N é
- 1 for ¢ = Pout
"7\ Legm — £ +1 for g € {0, 0%, 0}
k(W) = max{1, [W?[|2}
d= max dim(W?)

dim(W) = max(dy, do) for W € Réx4z
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H. Logarithmic dependence on spectral norms

In section 5 we discuss how our bound differs from existing ones, specifically the logarithmic dependence on the norm of
weight matrices. Here we provide more details on where this difference stems from. The logarithmic dependence comes
from Lemma 3.2 (Lemma 8 in (Chen et al., 2020)), which states:

in{dy, dso} A
log A ({A € R ; [ All, < A}z, | - ||r) < dyds log (1 4 gmm{;?}) .

This is in contrast with perhaps a more commonly used result (Lemma 10 in (Chen et al., 2020), special case of Lemma 3.2
in (Bartlett et al., 2017)), which states:

)\2
log N ({A € R4>d2 . || Ally, < )\} &) < ?log(Zdldg).

The former yields a logarithmic dependence on the norm, while the latter produces a multiplicative one. However, these
are not directly comparable. Firstly, there is a tradeoff between the dependence on the norm and the width of the network
d = max{dy, ds}. The log of the covering norm in the former yields logarithmic dependence on the norm but quadratic on
the width, and it is the other way around in the latter. In particular, for large values of A and low values of d, the former may
be preferred, whereas the latter would be better for low values of A and high values of d.

Furthermore, these two lemmas provide bounds on the covering numbers of sets of matrices. Still, the former one assumes
that the spectral norm is bounded and gives a bound w.r.t. Frobenius norm, while the latter assumes that || - ||21 norm is
bounded and gives a bound w.r.t. spectral norm, which makes the comparison difficult.

I. Impact of c-normalization

In section 5 we argue that e-normalization plays an important role in the derivation of the generalization bound. Here,
we provide more details to support this claim. Specifically, suppose we follow the same reasoning as we did in Lemmas

4.1-4.4, for the unnormalized EGNN model, i.e. ’y(zq(f), zq(f), ¢) = 1 in Equation (2). Assume further that Vi, ¢, it holds that

|1 M gll2 < Bg.

Consider the bound of the ¢-layer EGNN embeddings 3, i.e. Hhsjl) o < BY). From Lemma 4.1, we know that for
BY) = O(CY) for some C; > 1 in the e —normalized EGNN model. However, from Equation (19), we can see that 5(*)
would satisfy the following recursive relationship:

3O — 20D(M©® BUED)2,

which implies
84 = o(cy)

for some Cy > 1. The super-exponential growth of 3(*) leads to a super-exponential Lipshitz constant of the unnormalized
EGNN and therefore an exponential dependence of the generalization gap on the number of EGNN layers.

J. Implementation details

The QM9 dataset (Ramakrishnan et al. (2014)) comprises small molecules with a maximum of 29 atoms in 3D space. Each
atom is defined by a 3D position and a five-dimensional one-hot node embedding that represents the atom type, indicated as
(H,C,N, O, F). The dataset has several different chemical properties (outputs), from which we arbitrarily chose 4 to assess
the generalization of EGNNs. We report the results for the remaining properties in Appendix K.

We implement all models using the PyTorch (Paszke et al., 2017) and train them for 1000 epochs using the Adam optimizer
and MSE loss function. We use batch size equal to 96 and cosine decay for the learning rate starting at 10~3 except for the
Mu (i) property, where the initial value was set to 5 x 10~%. We run five independent trials with different seeds.

For the experiments in Figure 3, we use width d = 64 (for all layers) and Legy, = 5 for the experiments regarding the
spectral norm, Ly, = 3 for the one regarding the width, and width d = 16 for assessing the generalization gap in terms
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of the number of layers. We apply e-normalization with € = 1. All internal MLPS (¢4, ¢, ¢,., ¢out) have two layers with
SiLU activation function. Following the original repo, we use the identity activation function at the last layer of ¢.. For the
experiments on the impact e-normalization, we use € = 1 and d = 128 (width).

We note that in their original, Satorras et al. (2021) do not update the positional features z over the layers on the experiments
using QM9. In our experiments, we consider full EGNN models.

For the experiments in Table 3, we use width d = 16, e-normalization (¢ = 1), and internal MLPs with two layers (i.e.,
Ly = Loy = 2) with SiLU activation functions. We consider 2K samples for training, and full validation and test sets. The
statistics are obtained from three independent runs, with different seeds. We perform model selection for the regularization
factor A € {1, 1e-3, le-5, le-7} using the validation set.

K. Additional visualizations and experiments

Figure 5 and Figure 6 show the learning curves (for a single run) obtained using our spectral regularizer and SPECAVG,
respectively. Here, we use Legnn = 5. Notably, our regularizer produces generalization gaps that decrease with the
regularization factor \. In contrast, SPECAVG shows a hard-threshold behavior: for A # 1, it has little effect; for A = 1, it

produces a very small generalization gap but high test error.
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Figure 5. Generalization gap over training epochs for the regularization method proposed in this work. Circles at the end of training
denote the final test MSE error.
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Figure 6. Generalization gap over training epochs for SPECAVG. Circles at the end of training denote the final test MSE error.

Time comparison.

We note that regularization does not affect inference time as it only applies during training. The impact

of the proposed method on training is reported in the Table 5. For the largest model (7 layers), the regularized version incurs
a computational overhead of approximately 50% — i.e., the regularized vs. non-regularized time ratio is around 1.5.

Additional QM9 properties.
For these experiments, we used width d = 32, cosine decay with an initial learning rate of 10~3, batch size of 96, and 2000
epochs. Overall, we observe that SpecAvg and our regularizer achieve similar Test MSE values, while our method obtains
smaller generalization gaps.
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Table 6 reports results (from three independent runs) for the remaining eight QM9 tasks.
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Table 5. Time per epoch (in seconds).

Task  Legnn None Our Regularizer
3 1.37 £ 0.04 1.76 + 0.29
alpha 5 1.52 £ 0.04 2.08 +£0.21
7 1.64 +0.04 2.42 £0.06
3 1.38 +£0.04 1.75 £0.32
Cv 5 1.44 + 0.04 2.08 +0.11
7 1.58 £ 0.05 2.44 + 0.08
3 1.37 £ 0.29 1.73 £ 0.05
G 5 1.46 4+ 0.05 2.07 £0.10
7 1.57 £0.13 2.38 £0.10
3 1.32 £ 0.05 3.54 £0.09
H 5 1.44 +0.04 2.07 £0.04
7 1.59 4+ 0.27 2.36 £ 0.05

Table 6. Test mean squared error (MSE) and generalization gap on additional QM9 tasks for different regularization methods. We denote
the best-performing methods in bold. Results are multiplied by 100 for better visualization.

Test MSE Generalization gap
Task  Legnn None SPECAVG Ours None SPECAVG Ours
3 42.87 +0.99 4272 +0.88 41.76 + 1.11 29.29 + 17.10  29.05 + 16.87  16.46 + 5.65
« 5 4147 +0.92 4131 +£040 41.24 + 1.30 3479 +10.96 3434 + 11.37 3441+ 11.19
7 4411 +1.97 43.10+093 4191 +2.27 38.98 + 576  28.67 + 14.88 18.78 + 22.20
3 7.59 +1.38  7.10+ 1.71 7.09 + 1.63 7.04 + 1.64 6.32 + 2.36 6.49 + 1.91
Cv 5 1211 £ 1.00 1132+ 1.03 11.28 + 1.21 12.09 + 1.01 11.30 £ 1.02  10.03 + 1.57
7 10.10 £2.28 1024 +245 9.08 + 0.51 10.08 + 2.28 10.23 +2.45 9.04 + 0.48
3 16.60 +7.35 1571 +6.62 16.00 + 6.08 15.17 +6.91 13.91 + 5.81 10.74 + 3.43
G 5 21.88 +9.19 20.63 +7.84 21.55+ 524 21.57 +9.00 19.93 + 7.18 17.26 + 4.95
7 28.92 +1.89 26.89 +3.39 26.11 + 4.67 28.83 +1.94  26.29 +4.01 22.84 +9.23
3 1549 +8.10 1491 +6.92 15.19 +4.33 13.23 +7.48 12.36 + 5.74 12.97 + 3.85
H 5 22.60 +8.35 2239 +7.58 23.00 +4.53 22.20 + 8.11 21.95 +7.28 11.67 + 5.77
7 25.75 +0.59 26.81 +2.47 2691 +5.16 25.64 +0.60  26.67 + 2.61 14.67 +9.72
3 56.63 +4.99 56.62 +499 56.65 4+ 4.94 3.80 +2.29 3.81 +2.31 379 +2.31
r2 5 5531 +1.07 5522+ 1.24 5553+ 1.17 5.03 + 1.45 5.02 + 1.45 495+ 1.63
7 58.28 +3.76 5825 +3.78 57.61 + 2.50 6.86 + 3.36 7.20 + 3.02 5.22 +0.54
3 15.80 +7.34 1546 +6.59 16.44 + 3.67 13.59 + 6.58 12.82 £ 5.15 14.03 + 2.68
U 5 2222 + 694 19.66 + 7.46 23.34 +4.77 21.84 + 6.68 1939 +7.16  17.75 +7.28
7 27.43 +1.49 25.63 +0.90 26.18 +2.99 2731 +1.52 25.09+1.77 2298 +8.18
3 1570 +7.18 1510 +599 15.87 +6.51 13.62 + 6.32 12.98 + 5.08 13.80 + 5.80
uo 5 22.03 +8.80 21.66 + 8.44 2279 + 4.57 21.74 + 8.63 21.30 + 822  12.67 +5.19
7 26.81 +3.12 21.71 +939 2133 +9.74 2671 +3.20  21.64 £9.46  21.13 +9.86
3 94.14 + 0.26 9425 +0.29 9421 +0.45 2.17 +0.81 2.13 +0.92 1.81 + 1.06
zpve 5 9529 + 041 94.82+0.25 9523+ 0.29 7.18 £2.95 1.67 + 0.50 3.82 +2.67
7 95.74 + 0.32  95.03 +0.29 95.14 + 0.22 19.62 + 13.81 495+ 3.97 2.03 +0.97
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