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Abstract

A mathematical model is proposed for a precipitation process of magnesium carbonate in a heterogeneous
stirred tank reactor. The model includes a description of dissolution of Mg(OH)2, absorption of CO2 and
precipitation of MgCO3. The Nernst-Planck equation is used in the dissolution model to maintain the mass
balance and electroneutrality. The van Krevelen–Hoftijzer expression is introduced to describe the
enhancement effect of reaction between dissolved CO2 and OH- on the mass transfer rate of dissolution and
absorption. In the precipitation model, a simplified population balance equation is solved by a moment
method for both dissolving and precipitating particles. Unknown precipitation kinetics parameters for
Mg(OH)2-MgCO3 system are fitted against experimental data and compared with Ca(OH) 2-CaCO3 system.
According to the present analysis, the liquid-solid and gas-liquid mass transfer dominate the global rate of
precipitation. The precipitation kinetics and pH have strong influences on the concentration of reactants and
the yield of precipitation.
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1. Introduction

With increasing carbon levels in the atmosphere, carbon dioxide (CO2) capture and storage are gradually
regarded as a significant approach to avoid the potentially devastating consequences of global warming and
climate change. Mineral carbonation is considered as one of the most efficient technologies where a reaction
between CO2 and alkaline-minerals forms carbonates. The mineral carbonation is a complex chemical
process including not only chemical reaction but also precipitation.

Precipitation refers to the unit operation both in the manufacturing of solid materials and in the separation of
chemical components with varying solubilities or melting points (Mullin, 2001). Here we consider the
precipitation process taking place in a stirred tank reactor. To model the precipitation process from a
heterogeneous solution is not a trivial modelling task. The quality of the simulation depends on the accurate
precipitation kinetics modelling and appropriate fluid field prediction (Jones et al., 2005). Along with the
increasing computing power, several precipitation models combined with fluid field calculation have been
published over the past decade (Wei and Garsude, 1997; Al-Rashed and Jones, 1999; Cheng et al., 2012).
These studies led to a better understanding of mechanisms for precipitation. The overall kinetic model of the
solid-gas-liquid precipitation, however, has remained relatively unexplored until now due to the complicated
mechanism including simultaneous dissolution, absorption and precipitation.

As the first step of precipitation, the reactive dissolution is widely studied in leaching processes and solid–
liquid catalyzed reactions, such as in production of terephthaloyl chloride and alkylation of the potassium
salts of carboxylic acids (Sidorov et al., 1986). The reactive dissolution of a solid in a liquid solution mainly
contains two steps: a reaction at the solid-liquid interface and a diffusion of the dissolving component
towards the bulk solution (Dokoumetzidis et al., 2006; Macheras and Iliadis, 2006). The slower step has a
dominating influence upon the rate of dissolution. The diffusion control is typically hypothesized under the
condition of fast surface reaction (Noyes and Whitney, 1897; Khoury et al., 1988; Missel et al., 2004a,
2004b). As the interface concentration is impossible to measure, the equilibrium concentration calculated
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from the solubility product is typically used in the mass transfer model models describing the phenomena.
The classical assumption treats each ion individually and does not necessarily satisfy even the basic
constraints, such as electroneutrality. In order to revise the defect in the above assumption, the Nernst-Planck
equation has been introduced into the mass transfer model in the electrolyte solution. The Nernst-Planck
equation describes the flux of ions under the influence of both ionic concentration gradient and electric field
(Newman, 1991). It can also extend Fick’s law of diffusion for the case where the diffusing particles are also
moving with respect to the fluid by electrostatic forces. In addition, the dissolution of solids is enhanced by a
second order reaction between carbon dioxide and hydroxide ion in the liquid film near solid-liquid interface
(Uchida et al., 1975). The shrinking diameter of dissolving particle has significant influence on the solidliquid mass transfer coefficient and mass transfer area as well.

In the absorption processes where CO2 is one of the reagents, the mass transfer between gas and liquid
phases could become the rate limiting step. Therefore accurate modelling of the absorption process is also
needed (Ramachandran and Sharma, 1969; Sada et al., 1977; Velts et al., 2011; Lin et al., 2006). Models of
these studies mentioned above can be directly used when building a comprehensive model for a
heterogeneous precipitation.

As the final step of the precipitation process, the formation of the precipitated particles should be predicted.
This is best done by the population balance equation (PBE) in company with material balances and the
kinetics model of precipitation. The PBE can be solved with various numerical methods which are classified
into four main categories: classes methods, moment methods, weighted residuals methods and stochastic
methods. Moment methods transform the PBE from partial differential equations (PDEs) into a set of
ordinary differential equations (ODEs) of low-order moments. Although the precise shape of the CSD is lost,
the low-order moments contain most of the useful information, such as number, surface area, volume and
mean particle size depending on the moments selected to be resolved (Wang and Fox, 2003).
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Regarding to the reaction mechanism, the complex interaction between mass transfer, chemical reaction and
precipitation needs to be considered (Sada et al., 1988; Wachi and Jones, 1991a, 1991b; Jones et al., 1992).
Unfortunately, no such model exists for precipitation of MgCO3 in the literature. In this paper, the
dissolution, absorption and precipitation were first analyzed individually and then combined to build a
holistic precipitation model. The relevant kinetics parameters were furthermore fitted against available
experimental data (Han et al., 2014a, 2014b). The proposed model is capable of predicting precipitation
process performance in cases where the rate controlling step may vary (Lin et al., 2006). This is highly
preferable in scale-up and in cases where the raw material or product property demands are changed.

2 The Mathematical Model

In the precipitation model, the mass transfer with chemical reaction in gas-liquid absorption and the
population balance equation in precipitation are generally described by PDEs. In order to simplify the model
and to transform PDEs into ODEs, the following assumptions are made:

1. The reactant particles are of uniform size and spherical. The liquid volume is assumed to be constant. The
reference volume for the specific area of particles and bubbles is the total volume of dispersion (gas, solids,
and continuous liquid).

2. Only ions of Mg2+, H+ and OH- are involved in the dissolution model. The dissolution rate of Mg(OH)2 is
controlled by the mass transfer between solid-liquid interface and bulk solution. The interface concentration
is at equilibrium (Lin et al., 2006).

3. The absorption and precipitation in liquid film adjacent to the gas-liquid interface are neglected. The
model assumes that the gas absorption and precipitation only occur in the bulk solution (Jones et al., 1992).
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4. The nucleation and crystal growth rate can be expressed as power-law functions of the supersaturation in
the bulk solution. The crystal growth rate is taken to be independent of crystal size.

5. Aggregation and breakage of the precipitated crystals are neglected.

6. Prefect micro-mixing and macro-mixing are assumed in the stirred tank.

2.1 Dissolution Model

The rate of dissolution is assumed to be controlled by mass transfer of the dissolving solids away from the
solid-liquid interface (Bhaskarwar, 1988; Hsu et al., 1991; Riazi and Faghri, 1985; Rice and Jonea, 1979). A
shrinking-particle model has been found suitable for describing the dissolution reaction of a nonporous
sphere and is adopted here (Levenspiel, 2007). The dissolution scheme is described as follows:

Mg(OH) 2 (s)  Mg2  2OH 

(1)

The flux between the solid-liquid interface and bulk is used to calculate the mass transfer rate in Eq. (2):

dci / dt   S NiVdisp / VL

(2)

Vdisp  VL  Vg  Vs

(3)

where ci are the concentration of components i, mol·m-3; Ni are the flux between solid-liquid interface and
bulk solution, mol·m-2·s-1; αS is the specific area for the mass transfer, m2/m3; Vdisp is the total volume of
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dispersion system, m3; VL is the volume of liquid, m3; VG is the average volume of gas, m3; VS is the total
volume of Mg(OH)2 and MgCO3, m3.

According to the assumption 1 stated earlier, total number of dissolving particles Ntot is constant. The total
particle surface area can be calculated as follows:

A   SVdisp  d p N tot
2

dp 

(4)

 SVdisp
N tot

(5)

where A is the total mass transfer area, m2; dp is the average diameter of the dissolving particle, m.

Therefore the total amount of Mg(OH)2 and the specific mass transfer area of the dissolving solids are
calculated as follows:

d p N tot  Mg ( OH )

 S  Mg (OH )

3

nMg ( OH ) 
2

6M Mg ( OH )

2

1.5

2



6 N tot M Mg ( OH )

 6 0.5 N tot 0.5 nMg ( OH ) M Mg (OH )
S  
1.5

 Mg (OH ) Vdisp

2

2

2






1.5

Vdisp

2

0.5

0.5

(6)

2

2/3

(7)

where nMg(OH)2 is the total amount of Mg(OH)2, mol; MMg(OH)2 is the molar mass of Mg(OH)2, kg·mol-1;
ρMg(OH)2 is the density of Mg(OH)2, kg· m-3.

According to the Nernst-Planck equation, the flux between interface and bulk solution, Ni, is the sum of
migration, diffusion and convection of electrolyte (Newman, 1991):
5

N i   zi

Di
F ci   Di ci  ci v
RT

(8)

In dilute nonelectrolyte solutions, species diffuse independently according to their concentration gradient and
diffusion coefficient. However, in electrolyte solutions solutes do not diffuse independently. The diffusion
potential exists in the solution due to the current which is calculated as:

I  F  ( zi N i )   F 2  ( zi
i

i

2

Di
ci )  F  ( zi Di ci )  F  ( zi ci v)
RT
i
i

(9)

In the case of no electric current, such as in mass transfer between electrically neutral particles and
surrounding liquid, the current (I) must be zero. Also the convection term (last one on the right hand side) is
zero due to electroneutrality in the liquid phase. After reorganizing the equation, the flux between interface
and bulk solution is related as:

N i  zi

 ( z i Di ci ) 
Di  
  D c
ci i
i
i
2

RT
( z i Di ci ) 

 i


(10)

Under the homogenous mixing assumption, all mass transfer resistances are assumed in the liquid film.
Linear concentration profiles are assumed in the liquid (Ala-Kaila, 1998):

ci 

c c i  c b




(11)

where δ is the thickness of the liquid film, m; ci is the concentration of components at the interface, mol·m-3;
cb is the concentration of components in the bulk solution, mol·m-3.
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Average concentration in the liquid film is:

ci  cb
ci 
2

(12)

The correlation between diffusion coefficient Di and convective mass transfer coefficient ks,i is:

k s ,i 

Di

(13)



After combining the equations, the final expression of flux between interface and bulk solution is written as:

  ( z i k s , i  ci ) 

N i  k s , i  ci  k s , i z i ci  i
  (z 2k c ) 
 i i s ,i i 

(14)

where ks,i is the solid-liquid mass transfer coefficient, m·s-1.

The first term on the right side of Eq. (14) is the typical expression of mass transfer rate in non-electrolyte
solutions. The second term is the contribution of Nernst-Planck equations due to electroneutrality and zero
electric current. This part ensures that the calculated mass transfer fluxes always fulfill zero current
assumption.

The mass transfer coefficient is not only determined by the mixing condition and geometry of the impeller
but also by the diameter of dissolving particle (Beenackers and Vanswaj, 1993). For the fine particles, ks,i is
calculated as (Asai et al., 1989):

N Sh  [25.8  (0.61N Re N Sc )5.8 ]1/ 5.8
0.58

1/ 3

(15)
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where NSh is the dimensionless Sherwood number; NRe is the Reynolds number; and NSc is the Schmidt
number.

2.2 Absorption Model

The physical dissolution of gaseous CO2 at ambient temperature and pressure could become the rate
controlling step when the dissolution rate of small reactant solids becomes very fast at the end of the
precipitation. As the gas feed is pure CO2, its concentration in gas phase is assumed to be constant,
determined by the pressure and temperature. Hence the equilibrium concentration of CO2 in liquid phase at
gas-liquid interface is constant as well. It can be calculated by Henry’s law. Thus the flux of CO2 (l) between
gas and liquid phase becomes:

 H CO  H O M CO CO2 ( g )IN P 

  CO2 (l )
N CO  k L 

 CO



2

2

2

2

(16)
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where NCO2 is the flux of CO2(l) between gas and liquid phase, mol·m-2·s-1; kL is the gas-liquid mass transfer
coefficient, m·s-1; HCO2-H2O is the Henry’s constant for carbon dioxide in water, mol· m-3·atm-1; M CO2 is the
molar mass, kg·mol-1; [CO2(g)]IN is the concentration of the inflow gas which depends on the temperature
and pressure, mol· m-3;

The average gas-liquid mass transfer coefficient and average specific area of bubbles can be correlated by
equations (Garcia-Ochoa and Gomez, 2004):

kL 

2



DCO

2

  L

 L

1/ 4





(17)

8

aG  6 / d b

(18)

where ρL and μL are the density and dynamic viscosity of liquid phase, kg· m-3 and Pa·s-1; ε is average energy
dissipation, w·kg-1; αG is the specific area of bubbles, m2/m3; φ is the gas hold up; db is the average diameter
of bubbles, m.

In the liquid phase, dissolved CO2 forms carbonate ions. This ionization affects the apparent solubility and
must be taken into account. The equilibrium reactions are (Cents et al, 2005):

k /k
CO2 (l )  OH  
 HCO3
11
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k /k
HCO3  OH  
 CO3
21

22

2



(19)

 H 2O

k /k
H   OH  
 H 2O
31

32

(21)


k /k
CO2 (l )  H 2O 
 HCO3  H 
41

42

(20)

(22)

The expressions of reaction rates are:

r1  k11CO2 (l )[OH  ]  k12[ HCO3 ]




2

(23)

r2  k21[ HCO3 ][OH  ]  k22[CO3 ]

(24)

r3  k31[ H  ][OH  ]  k32

(25)


r4  k41[CO2 (l )]  k42[ HCO3 ][ H  ]

(26)

where the kij are reaction rate constants, m3·mol-1·s-1 , mol· m-3·s-1 and s-1.

2.3 The enhancement factor of mass transfer
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The solid-liquid mass transfer and gas-liquid mass transfer can be enhanced by the second order chemical
reaction between CO2(l) and OH- in the liquid film near the solid-liquid interface and gas-liquid interface
(Uchida et al., 1975). This phenomenon can be described by the enhancement factor E (van Krevelen and
Hoftijzer, 1948):

EA 

M
tanhM

( Ei  E A ) /(Ei  1)

1/ 2
reaction ( Ei  E A ) /( Ei  1) 

reaction

1/ 2

(27)

where EA is the enhancement factor for second order chemical reaction; Ei is the asymptotic enhancement
factor for the same reaction in the instantaneous regime; Mreaction is the reaction parameter. Ei and Mreaction can
be calculated as follow:


c Bb DB 

Ei  1  i
 bcA D A 

(28)

D A k r c Bb
M reaction 
k f 2

(29)

where cBb is the concentration of component B in the bulk solution, mol·m-3; cAi is the equilibrium
concentration of component A on the interface, mol·m-3; DA and DB are the diffusion coefficient of
components, m2·s-1; kr is the second order chemical reaction rate constant, m3·mol-1·s-1; kf are solid-liquid
mass transfer coefficient (ks) near the solid phase and gas-liquid mass transfer coefficient (kL) near the gas
phase, m·s-1.

The enhancement factor above is derived by assuming instantaneous reaction. The reaction between CO2(l)
and OH- in the liquid film has been calculated by the diffusion-reaction model based on the real physical
boundary conditions. Almost all of the OH- is consumed by the reaction in the liquid film near the solidliquid interface. Therefore, the film reaction can be assumed fast. The solid-liquid mass transfer and gasliquid mass transfer can be expressed as:
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N i ,sL

N CO

2

  ( z i k s ,i ci ) 

 k s ,i E sL ci  k s ,i E sL z i ci  i
  (z 2k c ) 
 i i s ,i i 
 H CO  H O M CO CO2 ( g )IN P 

  CO2 (l )
 k L E gL 

 CO



2

, gL

2

2

(30)

(31)

2

where EsL and EgL are the enhancement factors of solid-liquid and gas-liquid mass transfer; Ni,sL and NCO2,gL
are the enhanced fluxes respectively.

Although the enhancement factor approach above is strictly valid only for cases where bulk phase
concentration is negligible, the above equation can be used in practice with driving force Δci defined in a
traditional way. The reason for this is that whenever the enhancement factor deviates significantly from unity,
the bulk phase concentrations are anyway very small due to fast reaction rates and the above equation
reduces to the classical enhancement factor formulation (Danckwerts, 1970). When reaction rate is relatively
slow, the above equation reduces to the classical mass transfer model as the enhancement factor is unity.
Although in between these limiting cases the formulation is not strictly correct, the deviation from precise
intermediate reaction rate profiles is minor. In this way, a single equation can be used both for fast and
moderate reaction rate regimes without a need to switch between different mass transfer models.

2.4 Precipitation Model

In this study, the precipitation of magnesium carbonate was given by:

2

Mg 2  CO3  MgCO3 (s)

(32)

In the precipitation model, supersaturation, nucleation, size-independent crystal growth and the first four
moments (μ0, μ1, μ2, μ3) were taken into account in the population balance equation. The nucleation and
crystal growth rates were calculated by power-law functions (Nielsen, 1964):
11

B  k n (S ) n

(33)

G  k g (S ) g

(34)

where B is the nucleation rate, #· m-3·s-1; G is the growth rate, m·s-1; kn is the nucleation rate constant, moln

·m(3n-3) ·s-1; kg is the growth rate constant, mol-g·m(3g+1)·s-1; n, g are exponent of nucleation and growth

respectively. S is the supersaturation in the bulk solution (Rigopoulos and Jones, 2001):

2

S  [ Mg 2 ][CO3 ] 

K sp,MgCO

3

(35)

The general population balance equation for semi-batch precipitation system is (Randolph and Larson, 1988;
Wachi and Jones, 1992):

n( L) (Gn ( L))

 B(n( L))  D(n( L))
t
L

(36)

This formulation of the population balance equation is valid for the semi-batch processes with constant
volume. The volume expansion due to the feeding gas is relatively small compared to the volume of liquid.
Therefore, the total volume of solution can be assumed to be constant in this work. For semi-batch processes
with feeding with liquid solution, the “dilution” effect should be included.

According to the above assumptions, the PBE can be simplified and expressed as:

n( L)
n( L)
G
0
t
L

(37)

where n(L) is the number density related to the size of the crystal L, m-4; B(n(L)) and D(n(L)) are birth and
death functions.
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In order to transform the PDEs into ODEs, the moment transformation was introduced as follows (Randolph
and Larson, 1988; Jones et al., 1992):



 j  0 n( L)Lj dL
d j
dt

(38)

j
 jG  j 1  L0 B ( j  0,1,2,3)

(39)

where μj is the jth moment of the crystal distribution, mj-3. L0 is the primary nucleate crystal dimension, m.
The crystal mass deposition rate due to the nucleation and crystal growth, DB and DG:

DB   MgCO L0 B

(40)

DG   MgCO  2G / 2

(41)

3

3

3

where α and β are volume shape factor and surface shape factor . For spherical particles, they are π/6 and π
respectively.

Based on the above considerations, the comprehensive model including dissolution, absorption and
precipitation can be used to describe the heterogeneous precipitation:

d CO2 (l )
 N CO
dt

2

 GVdisp / VL  r1  r4

, gL

d [OH  ]
 N OH , sL S Vdisp / VL  r1  r2  r3
dt

(42)

(43)
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d[ H  ]
 N H , sL S Vdisp / VL  r3  r4
dt

(44)



d [ HCO3 ]
 r1  r2  r4
dt

(45)

2

d [CO3 ]
 r2  DB  DG
dt

(46)

d [ Mg 2 ]
 N Mg , sL S Vdisp / VL  DB  DG
dt

(47)

dnMg ( OH )
dt
d j
dt

2

  N Mg , sL S Vdisp

(48)

 jG  j 1  L0 B( j  0,1,2,3)
j

(49)

The values of the reaction rate constants and physical parameters used in the above models are summarized
in Table 1 (Cents et al, 2005).

Table 1
Physical and reaction kinetics parameters.
Parameter
DMg2+
DH+
DOHDCO2(l)
ρMg(OH)2
ρMgCO3
ρCO2
H
α
β

Value
7.06×10-10
9.21×10-9
5.17×10-9
1.59×10-9
2.34×103
2.96×103
1.80
35
π/6
π

Unit
m2·s-1
m2·s-1
m2·s-1
m2·s-1
kg· m-3
kg· m-3
kg· m-3
mol·m-3·atm-1
dimensionless
dimensionless

Parameter
k11
k12
k21
k22
k31
k32
k41
k42

Value
1.41×10
3.11×10-4
6.00×106
1.22×106
1.40×108
1.29
2.40×10-2
5.70×10

Unit
m3·mol-1·s-1
s-1
m3·mol-1·s-1
s-1
m3·mol-1·s-1
mol·m-3 ·s-1
s-1
m3·mol-1·s-1

3 Results and discussion

3.1 Experimental apparatus and initial input parameters
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The experimental results of the precipitation with Mg(OH)2(s)-CO2(g)-H2O(l) multiphase system have been
reported in the literature (Han et al., 2014a, 2014b).

The concentration of magnesium ([Mg2+]) was

measured by ion chromatography (ICS-1100 from Thermo Scientific Inc.). The mass fraction of Mg(OH)2 in
the solids was analyzed by the thermal measurements, thermogravimetry (TG) and differential scanning
calorimetry (DSC) because the dissolving particles and crystals of MgCO3 coexisted in the mixture during
the precipitation. To obtain the solid-liquid mass transfer coefficient in the model, the impeller input power
needs to be calculated based on the dimension of experimental apparatus and the initial input parameters in
Table 2 (Han et al., 2014b).

Table 2
Dimension of experimental apparatus and the initial input parameters.
Parameter
Dimpeller
Himpeller
Dtank
VL
T

Value
5.4×10-2
1.0×10-2
1.5×10-1
2.5×10-3
298

Unit
m
m
m
m3
K

Parameter
Qg
N
nMg(OH)2
dp
P

Value
1.67×10-5, 1.50×10-4
560, 650
1.71
2.64×10-5
1

Unit
m3·s-1
rpm
mol
m
atm

From the presented model of precipitation, the concentration of each component in the liquid phase and the
amount of solid reactant and product can be obtained at different operating conditions. However, the rate
constant and exponent of nucleation and crystal growth of MgCO3 have not been reported in the previous
studies. The kinetic parameters for CaCO3 were used first to test the model (Hostomský and Jones, 1995).
Then, the parameters for MgCO3 (kn, kg, n, g) were fitted against the experimental data by the least square
method (lsqnonlin function) in Matlab R2014a. In the literature, the nucleation constant (kn) was typically
fitted separately for each operating condition because the nucleation is sensitive to the geometry and mixing
conditions in the stirred tank reactor (Myerson, 2001). This approach is also followed here, although later a
tentative dependency on the operating conditions is proposed.

3.2 The effect of impeller speed (N) and gas flow rate (Qg)
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The concentration of magnesium ([Mg2+]) is presented in Fig. 1(a). It shows that [Mg2+] increases gradually
at the beginning. After reaching a peak value, [Mg2+] decreases substantially and tends to slow down at the
end of the process. The mass fraction of Mg(OH)2 in the mixture is shown in Table 3 (Han et al, 2014a).
According to the concentration of magnesium in the liquid phase and the mass fraction of Mg(OH)2, the
amount of Mg(OH)2 and MgCO3 are calculated independently in Fig. 1(b) and Fig. 1(c). The solids of
Mg(OH)2 dissolve gradually during the whole precipitation. The crystals of MgCO3 start to precipitate after
the [Mg2+] reaches the peak value.

Table 3
Mass fraction of Mg(OH)2 in the solid mixture.
N = 560 rpm
Qg = 1.67×10-5 m3·s-1
Time, min
Mass fraction, wt%
0
100
5
94.77
10
95.32
20
92.31
30
76.09
50
2.23

N = 560 rpm
Qg = 1.50×10-4 m3·s-1
Time, min
Mass fraction, wt%
0
100
5
97.01
13
92.15
20
84.62
30
25.99
50
0

N = 650 rpm
Qg = 1.67×10-5 m3·s-1
Time, min
Mass fraction, wt%
0
1
5
96.99
10
88.87
15
86.68
20
84.54
50
0.82

The influence of different operating conditions on the overall reaction rate and yield of crystals is shown in
Fig. 1. Higher impeller speed and gas flow rate improve the dissolution and precipitation rate significantly.
The gas flow rate presents stronger effect on the overall reaction rate than impeller speed in this work.

(a) Concentration of Mg2+.

(b) Amount of Mg(OH)2.
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(c) Mass of MgCO3.
Fig.1. Modeling vs experimental results from Han et al. (2014b): Exp (1) and Model (1): N = 560 rpm, Qg = 1.67×10-5
m3·s-1; Exp (2) and Model (2): N = 560 rpm, Qg = 1.50×10-4 m3·s-1; Exp (3) and Model (3): N = 650 rpm, Qg =
1.677×10-5 m3·s-1.

Three distinctive periods can be deduced according to the experimental and modelling results. The first one
is the induction which introduces supersaturation and nucleation. The magnesium and carbonate ions are
produced by the dissolution of Mg(OH)2 and absorption of CO2. The consumption of [Mg2+] is insignificant
compared to the accumulation because the volume of crystal nucleus is quite small. The model assumes that
the amount of nucleus has weak contribution to the amount of MgCO3 during the induction, which explains
the small deviation between the modeling and experimental result in Fig. 1 (c) during the first 1000s.
Another reason is that the higher local supersaturation near the gas sparger may lead to burst nucleation
during the induction period. The second period is growth of the nucleus. Once the nucleus reaches a critical
level, concentration of magnesium decreases sharply due to the high supersaturation and the following
growth of nucleus. The amount of MgCO3 begins to accumulate during the growth period as shown in Fig. 1
(c). The last of the three periods is the equilibrium period. The supersaturation produced by the magnesium
and carbonate ions is not high enough for further precipitation. The precipitation rate displays a deceasing
tendency at the end of precipitation. The [Mg2+] tends to remain at a relatively high value. It is interesting to
note that the dissolution rate tends to slow down during the crystal growth period in Fig. 1 (b).
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The liquid-solid and gas-liquid mass transfer influence the global rate of precipitation considerably. The
higher impeller speed leads to the increase of average energy dissipation in the stirred tank. Consequently,
the higher mass transfer coefficient in proportion to the energy dissipation accelerates overall rate of
dissolution and absorption. Meanwhile, the higher impeller speed and gas flow rate can also improve the
breakage of bubbles and increase the mass transfer area between gas and liquid phases. In the crystal growth
period, the deviation between modeling and experimental results may be caused by the non-ideal mixing
conditions in Fig. 1 (a). The consumption rate of [Mg2+] turns to be sensitive to the distribution of
supersaturation during the growth of crystals. According to the experimental observation, almost no gas
exists under the gas sparger in the tank. Therefore, the local supersaturation could be different from the
average value calculated by the model. Further model development with fluid dynamic considerations will be
needed to analyze this in the future.

3.3 The effect of pH and enhancement factor (E)

The experimental result and the prediction of pH are shown in Fig. 2(a). The pH drops sharply at the first
few seconds and then decreases gradually during the precipitation. The pH is a key parameter which
dominates the main species including CO2(l), HCO3- and CO32- in the CO2(g)-H2O(l) equilibrium system.
The concentration of carbonate, [CO32-], magnesium, [Mg2+] and supersaturation of the system are shown in
Fig. 2(b). [CO32-] begins to reduce when pH is lower than 8.5 and remains at relatively low value at the end
of precipitation. It shows that [CO32-] has a stronger effect than [Mg2+] on the supersaturation. The nucleation
and growth of crystal tends to slow down due to the decreasing surpersaturation. Therefore, [Mg2+] remains
at relatively high value even under further introduction of carbon dioxide. In order to improve the utilization
of magnesium and the yield of precipitation, the sodium hydroxide solution can be introduced into the
precipitation system (Mitsuhashi et al. 2005).
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(a) pH and Enhancement factor

(b) Concentration of components and supersaturation

Fig.2. pH, enhancement factor, concentration of components and supersaturature, Exp (1) and Model (1): N = 560 rpm,
Qg = 1.67×10-5 m3·s-1.

In addition, the pH is one of the reasons which lead to nucleation in the electrolyte solution. Electrical
interaction between clusters or nucleus has an important influence on aggregation of nucleus and stability of
crystals. The isoelectric point is the pH at which the solids carry no net electrical charge. The attraction or
repulsion force between particles exists when the pH of aqueous system deviates from the isoelectric point. It
is likely that, therefore, nucleation will happen near the isoelectric point due to the weak repulsion force
between similar nucleuses. The isoelectric point of MgCO3 is 8.5 (Pokrovsky et al., 1999). It shows that the
induction period mainly exists within the first 1000s near the isoelectric point.

The enhancement factors for solid-liquid mass transfer (EsL) and gas-liquid mass transfer (EgL) are shown in
Fig. 2(a). The enhancement factors are controlled by the bulk concentration of components and the thickness
of the liquid film near the surfaces of solids and bubbles. For the solid-liquid mass transfer, EsL increases at
the beginning of precipitation. The reaction between CO2(l) and OH- in the liquid film improve the mass
transfer rate near the solid-liquid interface. Meanwhile, the decrease of the thickness of the liquid film due to
the shrinking diameter of particle will limit EsL. After the diameter of Mg(OH) 2 reduces to certain level, the
limitation on the EsL becomes more significant. This happens at around 2300s in the modeled precipitation
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process. Therefore, the dissolution rate tends to slow down because of the decreasing EsL at the end of
precipitation in Fig. 1 (b). For the gas-liquid mass transfer, EgL remains at 1 during the absorption of CO2.
The bulk concentration of OH- drops immediately at the beginning of precipitation. EgL can be ignored in the
gas-liquid mass transfer due to the low concentration of OH- in the solution.

3.4 The effect of precipitation kinetics and volumetric gas-liquid mass transfer coefficient (kLa)

It is interesting to compare the present model results with precipitation kinetics of other chemically similar
systems. One such is production of CaCO3 particles, for which a precipitation model is available in the
literature (Hostomský and Jones, 1995). In order to ease the comparison, the same gas flow and mixing
conditions were used in simulation of CaCO3 system as in the present MgCO3 case. The simulation results
with different precipitation kinetics parameters (Table 4) are shown in Fig. 3 (a), (b) and (c). 95% confidence
limits are presented for our parameter fitting for MgCO3. Unfortunately, confidence limits were not reported
for CaCO3 precipitation in the literature.

Table 4
Comparison between precipitation coefficients of CaCO3 (Hostomský and Jones, 1995) and MgCO3
Precipitation kinetics of CaCO3
Parameter Value
Unit
kn
9.00×109
mol-n·m(3n-3) ·s-1
-9
kg
5.50×10
mol-g·m(3g+1)·s-1
n
8.60
dimensionless
g
2.00
dimensionless

Precipitation kinetics of MgCO3 (This study)
Parameter
Value
Unit
kn (Model 1)
(9.73±0.06) ×106
mol-n·m(3n-3) ·s-1
7
kn (Model 2)
(5.69±0.03) ×10
mol-n·m(3n-3) ·s-1
kn (Model 3)
(3.37±0.04) ×107
mol-n·m(3n-3) ·s-1
kg
(1.02±0.05) ×10-10 mol-g·m(3g+1)·s-1
n
(1.11±0.04)
dimensionless
g
(1.29±0.09)
dimensionless
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(a) Concentration of reactive ions.

(b) Amount of dissolving particles and crystals.

(c) pH.

Fig.3. Comparison between precipitation systems. System (1): Mg(OH)2 (s)+CO2 (g)+H2O (l); System (2): Ca(OH)2
(s)+CO2 (g)+H2O (l). Operating conditions: N = 560 rpm. Qg = 1.67×10-5 m3·s-1.

The accumulated concentration of reactive ions of calcium is much lower than magnesium. However, the
yield of crystals in the calcium system is higher than that in the magnesium system. The rate of dissolution
and precipitation in the calcium system is also faster than that in the magnesium system. The comparison of
precipitation kinetics in table 4 indicates that the nucleation rate and crystal growth rate of MgCO3 is
remarkably lower than the CaCO3, which leads the differences in accumulated concentration of reactive ions
and the yield of crystals in Fig. 3(a) and (b). The modeling result of calcium system is similar with previous
studies on gas-liquid precipitation (Han et al., 2014a; Rigopoulos and Jones, 2001). The difference of
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dissolution rate can be explained based on the solubility of reactant solids. The solubility product of Ca(OH)2
(Ksp = 5.5 ×103) is ten thousand times higher than that of Mg(OH) 2 (Ksp = 1.8 ×10-2) at 25oC in water (Hill et
al., 2004).

It’s easier for Ca(OH)2 to dissolve in the CO2-H2O system than Mg(OH)2. The reactive

dissolution can improve the absorption rate of CO2 reversely which has a strong influence on the
precipitation rate. Therefore, the concentration of Ca2+ reaches the highest value before Mg2+ in Fig. 3 (a)
while the amount of CaCO3 also increase rapidly before MgCO3 in Fig. 3 (b). In addition, the pH of calcium
system remains at 12.35 during the precipitation because the reaction between CO2(l) and OH- mainly occurs
in the liquid film near the gas-liquid interface in Fig. 3 (c). For calcium system, the enhancement factor (EgL)
for the gas-liquid mass transfer is 1.16 due to the high concentration of OH- while the enhancement factor
(EsL) for the solid-liquid mass transfer can be ignored. The higher pH produces higher [CO32-] for the calcium
system than magnesium system. Consequently, the rate of nucleation and growth of CaCO3 is faster than
MgCO3. The induction period of calcium system is not obvious any more.

Fig.4. The relation between nucleation constant and the volumetric gas-liquid mass transfer coefficient

In the present work, the nucleation constant (k n) was fitted individually for each operating condition.
Although the nucleation rate is typically very unpredictable, in the present cases there seems to be a clear
trend between primary nucleation rate and volumetric mass transfer coefficient, as shown in Fig.4. The trend
seems almost linear, and actually the simulation results would be almost equally good if a strict linear
dependency would be assumed. The supersaturation which is the driving force of nucleation and crystal
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growth depends on the concentration of Mg2+ and CO32-. On one hand, absorption of CO2 improves
dissolution of magnesium hydroxide. On the other hand, the absorption can yield carbonate ion by itself. The
increase of absorption will enhance the nucleation rate which leads to more fine crystals in the product.
Therefore, the desired size of crystals can be obtained by controlling the absorption rate of CO2(g).

In the view of the above discussion, the concentration of components and the final properties of crystals
result from the mutual effect of the dissolution of the reactant particles, CO2 absorption and precipitation
during the whole precipitation. A mathematical model taking into account the three processes simultaneously
is more reliable than the assumption of a single rate controlling step. A certain degree of deviation still exists
between the concentration of magnesium from the experiment and mathematical model due to non-ideal
mixing condition. It reveals the significance of the hydrodynamics in the research of heterogeneous
precipitation. This model will be implemented into the computational fluid dynamics coupled with integrated
population balance equation in the future work.

4 Conclusions

This paper proposes a mathematical model for the process of precipitation of magnesium carbonate in a
heterogeneous stirred tank reactor. The model includes a description of dissolution, absorption and
precipitation. In the dissolution model, the Nernst-Planck equation is introduced to ensure the mass balance
and electroneutrality between the solid and liquid phases. The influence of the diameter of dissolving
particles and the second order chemical film reaction on the mass transfer are taken into account in the
dissolution model. In the precipitation model, a simplified population balance equation is solved by the
moment transformation under ideal mixing assumption.

The present model is capable of predicting concentrations of reactive ions, pH of the solution and the amount
of dissolving solids and precipitated crystals. The modeling results showed excellent agreement with the
available experimental data with fitted crystallization kinetics. The gas-liquid and liquid-solid mass transfer
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dominate the global rate of precipitation, and during the reactive precipitation several phenomena is rate
limiting. Precipitation kinetics and pH determine the accumulated concentration of reactant and the yield of
precipitation. The relation between the dissolution, absorption and precipitation can be analyzed based on the
experimental and modeling results. The complex interaction reflects the need for combing the three
processes in a comprehensive mathematical model.

Nomenclature
A
B
b
ci
ci
cb
dp
db
DB
DG
Di
Dimpeller
Dtank
EsL
EgL
Ei
F
g
G
HCO2-H2O
Himpeller
kij
kf
kg
kn
kL
ks,i
kr
Ksp
L0
MMg(OH)2
Mreaction
n
n Mg(OH)2
n(L)
N
Ni
NCO2
NSh

total mass transfer area, m2
nucleation rate, #· m-3·s-1
stoichiometric coefficient, dimensionless
concentration of component, mol· m-3
concentration of component on the interface, mol· m-3
concentration of component in the bulk solution, mol· m-3
average diameter of particles, m
average diameter of bubbles, m
crystal mass deposition rate due to nucleation, mol· m-3·s-1
crystal mass deposition rate due to crystal growth, mol· m-3·s-1
diffusion coefficient, m2·s-1
diameter of the impeller, m
diameter of the tank, m
enhancement factor for the solid-liquid mass transfer, dimensionless
enhancement factor for the gas-liquid mass transfer, dimensionless
asymptotic enhancement factor in the instantaneous regime, dimensionless
Faraday constant, C·mol-1
exponent of growth, dimensionless
growth rate, m·s-1
Henry’s constant, mol· m-3·atm-1
hight of the blade of the impeller, m
first order reaction rate constant, m3·mol-1·s-1 and s-1
mass transfer coefficient, m·s -1
growth rate constant, mol-g·m(3g+1)·s-1
nucleation rate constant, mol-n·m(3n-3) ·s-1
gas-liquid mass transfer coefficient, m·s-1
solid-liquid mass transfer coefficient, m·s-1
second order chemical reaction rate constant, m3·mol-1·s-1
solubility product, mol2· m-6
effective crystal dimension, m
molar mass of Mg(OH)2, kg·mol-1
chemical reaction parameter, dimensionless
exponent of nucleation, dimensionless
total number of moles of Mg(OH)2, mol
number density, m-4
rate of the impeller, rpm
flux between solid and liquid phase, mol·m-2·s-1
flux between gas and liquid phase, mol·m-2·s-1
Sherwood number, dimensionless
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NRe
NSc
Ntot
P
Qg
ri
R
S
T
v
Vdisp
VG
VL
VS
zi

Reynolds number, dimensionless
Schmidt number, dimensionless
total number of solids, dimensionless
pressure of the system, atm
gas flow rate, m3·s-1
reaction rate constant, mol· m-3·s-1
gas constant, J·K-1·mol-1
supersaturation, mol· m-3
temperature, K
velocity of component between the interface and bulk solution, m·s-1
total volume of dispersion system, m3
volume of gas phase, m3
volume of liquid phase, m3
volume of solid phase, m3
charge of cationic and anionic, dimensionless

Greek letters
α
αS
αG
β
ρ
ε
∇ϕ
ϕ
δ
μL
μj

volume shape factor, dimensionless
specific mass transfer area of Mg(OH)2, m2/m3
specific mass transfer area of CO2, m2/m3
surface shape factor, dimensionless
density, g· m-3
total energy dissipation, w·kg-1
potential gradient, J· C-1·m-1
gas hold up, dimensionless
thickness of liquid film, m
dynamic viscosity of liquid phase, Pa·s-1
jth moment, mj-3
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