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Abstract—Reconfigurable intelligent surfaces offer potential
opportunity for wireless signal manipulation. In Power Domain
Non-Orthogonal Multiple Access (P-D NOMA), ensuring users
receive specific power from the base station is vital. Our paper
introduces a semi-analytical method using unequal coefficients
superposition to derive closed-form formulas for estimating the
beam directivity in large RISs. Employing simplifications to
achieve these formulas, we validate their accuracy via full-wave
simulations.

Index Terms—RIS, PD-NOMA, 6G, Metasurface

I. INTRODUCTION

Demand for faster wireless networks drives research in high-
frequency communication (e.g., millimeter-wave, terahertz) for
5G and 6G [1], [2]. Despite wider bandwidth, it is limited by
shorter communication range and signal loss [3]. Reconfig-
urable Intelligent Surfaces (RISs) with active/passive elements
reshape environments, enhancing wireless links, signal quality,
coverage, and power efficiency [4], [5]. By Incorporating
tunable and switchable electronic devices into the metasurface
[6]–[8], the manipulation of the wireless environment can be
programmed in a real time.

In scenarios involving multiple users or receivers, it is
crucial to effectively receive electromagnetic waves from the
base/broadcasting station. A weakly directive radiation pattern
capable to transmit the signal to all users disperses energy
which is mostly wasted. Another approach is time division
multiplexing (TDM) that involves a single-beam RIS which
redirects the beam to users versus time. However, meeting
the stringent latency demands of 5G and 6G networks, which
require ultra-fast (few microseconds) switching between users,
TDM becomes not optimal. The third solution involves Space
Division Multiplexing, that implies M beams for M users.
It cam be achieved partitioning the RIS into M sections
each of them serves a single beam reflector. However, this
straightforward approach reduces the overall surface directiv-
ity, and to uphold Quality of Service, a significant increasing
of the RIS size is necessary that indeed restricts its efficiency
and applicability in urban conditions. Instead, one may make
the RIS of given dimensions multi-periodic so that it would
generate N beams [9].

Power Domain Non-Orthogonal Multiple Access (PD-
NOMA) approach revolutionizes wireless network efficiency
by allocating power levels, departing from traditional orthog-
onal multiple access where each user gets a distinct resource

block [10]. PD-NOMA enables multiple users to share time
and frequency resources, allotting lower power levels to
stronger channel users and higher levels to weaker ones. Its
benefits include fairness, enhanced spectral efficiency, and low
latency compared to conventional methods [11]. Currently, the
sole approach for allotting predetermined power in multi-beam
RIS is optimization-based techniques, a process that is time-
consuming and falls short of meeting the low-latency demands
of higher-frequency wireless communication.

In our paper, we use the known phased-array method for
engineering the multi-beam RIS for PD-NOMA networks.
We use the local-reflection approximation to ensure that each
unit cell scatters the incoming wave without impacting the
adjacent unit cell. In this approximation, the multiple-beam
RIS is a superposition of M generic single-beam RISs, whose
reflection phase profiles superimpose [9]. This method allows
one to control the angles of M scattered waves, but the
control of their amplitudes (i.e. individual power adjustment
for each user) is difficult. Meanwhile, the RIS-based PD-
NOMA network demands the predetermined power intensity
scattering pattern of the RIS. To resolve this issue we propose
a new analytical method resulting for a large but finite-size
metasurface-based RIS in closed-form formulas allowing one
to estimate the directivity of every emitted beam. Although
some simplifying hypotheses are used, we show that these for-
mulas are accurate enough and promise to drastically simplify
the design of a multi-beam RIS for PD-NOMA networks.

II. BACKGROUND AND THEORETICAL FRAMEWORK

Previously, efforts have been done on quantifying antenna
array directivity, with endeavors to streamline its calculation
for linear and planar arrays [12], [13]. Multi-beam antenna
arrays find broad application in communication and surveil-
lance systems like MIMO, electronic countermeasures, direct
broadcasting, and multiple-target radar systems [14]. Extensive
research has tackled the development of asymmetric multi-
beam reflect-arrays, capable of generating multiple reflected
beams with varying gain levels [15], [16]. Nayeri et al. [17]
introduced an optimization-based technique for realizing a
single-feed reflect-array, which, however, comes with a high
computational overhead.

In [9], a comprehensive method for achieving multi-receiver
RIS using the superposition principle has been outlined. The
equation for multi-beam formation is Eq. (3) of [9]. Let



us show that by incorporating M real-valued multiplicative
constants, denoted as ai, within the conventional superposition
process, it becomes viable to control the absolute directivity
of each emitted beam. We use a weighted combination of
individual phase-only local reflection patterns:

a1e
jϕ1 + a2e

jϕ2 + ...+ aMe
jϕM = |b| ejϕT (1)

In the above equation, ejϕT and b both depending on the
coordinates represent the local reflection phase and amplitude
of a resulting multi-periodic metasurface (MS). We assume
that ejϕi , i ∈ [1...M ], represent the generic MSs with uniform
excitation and gradient phase distribution, i.e. ϕi linearly
depends on the Cartesian coordinates (ϕi = ξxi x+ ξ

y
i y). Since

the MSs have deeply subwabelength unit cells, we neglect the
specular reflection and assume that each generic MS produces
a single beam pointing at (θi, φi) direction.

The far-field radiation/scattering pattern of any finite flat
surface is the 2D Fourier transform of the complex-amplitude
excitation pattern (see e.g. in [18]). Indeed, the Fourier trans-
form of ej(ξ

x
i x+ξyi y) over the infinite plane xy is a delta-

function. However, on this stage we take into account the finite
sizes Lx, Ly of the MS and deal with its realistic scattered
pattern. In the 2D case (Ly → ∞, ξy1,2 = 0) we evidently
have

Fi(θ) =
jk

2

Lx/2∫
−Lx/2

e−jkx(sin θ−sin θi)dx =

sinc
kLx

2
(sin θ − sin θi), (2)

where sin θi ≡ ξxi /k and sincu ≡ sinu/u. The generalization
of Eq. (2) to the 3D case will be done below. Notice that the
angular functions Fi(θ, φ) in the theory of radiating aperture
are referred as aperture directivity factors. Since our effective
aperture is a homogenized phased array we will call these
functions phased array directivity factors.

Eq. 1 in terms of its Fourier transform (denoted F ) can be
written in a form:

a1F1(θ, φ) + a2F2(θ, φ) + ... = FT (θ, φ) (3)

Eventually, the peak of the multi-beam MS in the i-th direction
can be calculated as follows:

D(θi, φi) =
4πFT (θi, φi)F

∗
T (θi, φi)∫ 2π

0

∫ π/2

0
FT (θ, φ)F ∗

T (θ, φ) sin θdθdφ
(4)

For simplicity and without sacrificing generality, we present
the further analysis for two scattered beams directed at (θ1, φ1)
and (θ2, φ2). Our initial approximation is as follows. We
neglect the side-lobe levels in the structure and postulate that
F2(θ1, φ1) ≃ 0, and F1(θ2, φ2) ≃ 0. In accordance to [15],
[19], this approximation is reasonable for large MSs (L≫ λ).
In this approximation, partial beams are mutually orthogonal:

2π∫
0

π/2∫
0

F1(θ, φ)F
∗
2 (θ, φ) sin θdθdφ ≃ 0 (5)

We employ Eq. 5 as a mean to achieve closed-form expres-
sions. Though this assumption subjects to certain constraints,
it holds with minimal deviations for realistic RISs. For both
peak values of directivity Eq. (4) together with Eq. (5) gives

D(θ1,2, φ1,2) =
4πa21,2|F1,2(θ1,2, φ1,2)|2

2∑
i=1

2π∫
0

π/2∫
0

a2i |Fi(θ, φ)|2 sin θdθdφ
(6)

For the power flux density Prad in both peak directions we
easily obtain

Prad(θi) ≈ Pb/cos θi, (7)

where Pb is the flux density in the broadside direction.
To calculate the integrals in the denominator of the expres-

sion (6) we use the variable exchange

ψx = kL(sin θ cosφ− sin θ0 cosφ0),

ψy = kL(sin θ sinφ− sin θ0 sinφ0)

that imply

dψxdψy = (kL)2 sin θ cos θdθdφ (8)

Here k = 2π/λ is the wave number, L = Lx = Ly is the
size of the MS, and (θ0, φ0) are angles (θ1, φ1) for the first
integral (i = 1 in Eq. (6)) and angles (θ2, φ2) for the second
integral (i = 2 in Eq. (6)).

For the peak values of directivity we then obtain

D(θ1,2, φ1,2) ∼=
4πk2L2a21,2|F ′(0, 0)|2(

a2
1

cos θ1
+

a2
2

cos θ2

)(∫ ∫
Ω
|F ′(ψx, ψy)|2dψxdψy

) , Ω = (ψx)
2 + (ψy)

2 ≤ k2L2 (9)

Prime in F ′ (ψx, ψy) denotes the phased array directivity
factor FT after the variable change. In the numerator this
factor is taken in the broadside direction because both θ = θ1,2
together with φ = φ1,2 correspond to ψx = ψy = 0 for F ′,

uniting both partial beams. Assuming that the incidence plane
is either xy or yz we may present the directivity factor of a
planar array as a product of two linear directivity factors (see
e.g. in [20]). In our notations, it can be written as follows:



F ′ (ψx, ψy) ∼= F ′ (ψx)·F ′ (ψy). It allows us to easily integrate
F ′ (integral of sincu in the limits [−π, π] is tabulated) and
rewrite Eq. (9) in a following form:

D(θ1,2, φ1,2) ∼=
πa21,2(

a2
1

cos θ1
+

a2
2

cos θ2

)DxDy =

πa21,2(
a2
1

cos θ1
+

a2
2

cos θ2

) × 2L

λ
× 2L

λ

=
a21,2(

a2
1

cos θ1
+

a2
2

cos θ2

) × 4πL2

λ2
(10)

In the above equations, Dx denotes the maximal directivity
of a uniform linear array stretched along x in the xz plane,
and Dy denotes the same maximum in the yz plane for the
array along y. In our case, the array length L along x and y
is the same, and Dx = Dy = 2L/λ [21]. Therefore, Eq. (10)
separately written for two scattering maxima takes form:

D(θ1, φ1) =
cos θ1

1 +
(

a2

a1

)2 (
cos θ1
cos θ2

) ×Dmax, (11)

D(θ2, φ2) =

(
a2

a1

)2

cos θ1

1 +
(

a2

a1

)2 (
cos θ1
cos θ2

) ×Dmax. (12)

Here Dmax = 4πL2/λ2 is maximal directivity of the square
aperture [21]. Our final formulas for a two-beam reflecting MS
follow from these equations and take form:

D(θ2, φ2)

a22
=
D(θ1, φ1)

a21
, (13)(

D(θ1, φ1)

cos θ1
+
D(θ2, φ2)

cos θ2

)
= Dmax. (14)

The generalization of (13) and (14) to the case M > 2 is
straightforward:

D(θi, φi)

a2i
= const(i), (15)

M∑
i=1

D(θi, φi)

cos θi
= Dmax. (16)

These equations allow one to find the constants ai which offer
the needed scattering patter. Once we know these numbers, we
find the amplitude b(x, y) and phase ϕT (x, y) distribution of
the local reflection coefficient. Then within the assumption of
the reflection locality we may discretize our homogeneous MS
with a mesh N × N of small unit cells and design the unit
cells which offer the needed complex reflection coefficients at
the mesh points. This task is beyond the scope of the present
paper.

The solution of Eqs. (15) and (16) leaves arbitrary for a1.
Therefore, we put a1 = 1, find other ai and finally perform
the normalization of the amplitude b so that b(x, y) ≤ 1.
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Fig 1. Directivity intensity pattern (in both linear and decibel formats)
for asymmetrically oriented two-beams RIS with scattering maxima at
(10◦, 180◦) and (30◦, 270◦).
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Fig 2. Directivity intensity pattern (linear and decibel) for a RIS with
three asymmetrically oriented beams pointing at desired angles (16.3◦, 270◦),
(25◦, 180◦), and (35.3◦, 315◦)) with D1 = 25.23, D2 = 28, and D3 =
28.3 dBi.

Indeed, our approach implies some power loss in the MS. The
limits of validity of our approach need to be checked via more
accurate simulations. First, the partial beams orthogonality,
and therefore Eqs. (15) and (16) lose validity when θi → 90◦

because the beams for large scattering angles are wide. Also,
the key assumption L≫ λ may restrict the angles of scattering
maxima for which the method is applicable. Indeed, our
approximate method needs a verification.

CONCEPT VERIFICATION

In order to exactly calculate the scattering pattern we use
the integral formula from [9] combining the Huygens principle
with antenna array theory. It implies an impenetrable boundary
illuminated by a plane wave with given reflection amplitude
and phase distributions. We have built a MATLAB code
calculating the scattering pattern in this way. In our numerical
examples, the RIS dimension is L = 10λ, that implies Dmax =
31dBi.

In the first example, we study the two-beam RIS: Here the
RIS dimension is L = 10λ, that implies Dmax = 31dBi, the
angles of maximal scattering are (θ1, φ1) = (10◦, 180◦) and
(θ2, φ2) = (30◦, 270◦)) with prescribed directivity of D1 =
29 dBi in the (10◦, 180◦) direction. Due to a fixed maximum
directivity, the directivity in the second direction is calculated
using Eq. 14 that gives D2 = 25.9 dBi. Applying Eq. 14



Table 1. Comparison between the exact (E1) and approximate (E2) value of total scattered power (not normalized to the incident power).
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we obtain a1 = 1 and a2 = 0.7. Ultimately, we apply these
constants to Eq. 1. As a result, the input energy is redirected
into two asymmetric beams with predetermined directivity
values: D1 = 28.99 and D2 = 25.87 dBi. Fig. 1 depicts
the absolute directivity of the emitting beams that effectively
aligns with the target values and desired tilt angles. We see
that for angles of scattering maxima not exceeding 30◦ our
method works very well.

In the second example, we assess a three-beam RIS
with desired tilt angles at (16.3◦, 270◦), (25◦, 180◦), and
(35.3◦, 315◦). Target absolute directivities are D1 = 25.23,
D2 = 28, and D3 = 28.3 dBi. Utilizing Eq.14, the RIS
requires a superimposed phase-amplitude pattern with (a1 =
1, a2 = 1.425, a3 = 1.38) so that to generate three beams with
predetermined directivities (see Fig. 2). The RIS, driven by the
proper phase-amplitude pattern from Eq. 1, produces beams
with maximal directivity values (D1 = 25.21, D2 = 27.95,
D3 = 28.27 dBi) close to theoretical predictions, with errors
under 1%. So, for angles of scattering maxima not exceeding
35◦ the method works well also for three-beam RISs.

In Table 1 we present the values of total radiated (scat-
tered) power by the MS denoted E. For simplicity it is not
normalized to that of the incident wave flux impinging on
the MS and therefore can be higher than unity. In this table,
nine numerical examples of a two-beam RIS are presented
(with 3 different scattering maxima and 3 different sizes of
the MS). In accordance to the definition presented in the Table
(E1, E2) respectively denote E calculated rigorously and in
the approximation of the partial beams orthogonality. We see
that our approximate method remains valid even for a RIS with
a quite modest size L = 5λ and even for a scattering maximum
corresponds to a substantial polar angle 50◦. However, if the
azimuthal angles of two scattered beams are the same, the
accuracy of our method worsens (Example 3, L = 5λ). Indeed,
it is the consequence of the non-exact orthogonality of two
partial beams whose tails in this case slightly intersect.

III. CONCLUSION

We have demonstrated that an additive combination of
distinct constant-amplitude gradient-phase excitations enables
engineering a multi-beam RIS using quite simple closed-
formulas that allows one to avoid extensive full-wave sim-
ulations on the RIS design stage. As a proof of concept,
we offer illustrative examples showcasing accurate prediction
of predetermined directivities for multi-beam RISs at desired
angles. By adhering to certain constraints, our approach facil-
itates designing such RISs without lengthy optimization, that
is important for P-D NOMA communication advancement.
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