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LINEARIZED CALDERON PROBLEM: RECONSTRUCTION OF
UNBOUNDED PERTURBATIONS IN THREE DIMENSIONS*

HENRIK GARDET AND MARKUS HIRVENSALO#

Abstract. Recently, an algorithm was given in Garde and Hyvonen [SIAM J. Math. Anal.,
56 (2024), pp. 3588-3604] for exact direct reconstruction of any L2 perturbation from linearized
data in the two-dimensional linearized Calderén problem. It was a simple forward substitution
method based on a two-dimensional Zernike basis. We now consider the three-dimensional linearized
Calderén problem in a ball and use a three-dimensional Zernike basis to obtain a method for ex-
act direct reconstruction of any L3 perturbation from linearized data. The method is likewise a
forward substitution, hence making it very efficient to numerically implement. Moreover, the three-
dimensional method only makes use of a relatively small subset of boundary measurements for exact
reconstruction compared to a full L? basis of current densities.
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1. Introduction. Let B be the unit ball in R?. For a conductivity coefficient
v € L*>®(B;R), with essinf~ > 0, and a surface current density

feLZ(0B)={ge€ L*(0B) | (g,1)L2(s5) = 0},

the continuum model for the conductivity problem states that the corresponding in-
terior electric potential u satisfies

(1.1) -V - (yVu)=0in B, v-(yVu)=f on 0B,

where v is the exterior unit normal. The Lax—Milgram lemma yields a unique solution
u} to (1.1) in the space

H,(B)={we H'(B) |w|op € L3 (9B)}.

The Neumann-to-Dirichlet (ND) map A(y)f = u}\a B is a compact self-adjoint opera-
tor in the space .Z(L2(0B)), mapping any applied current density to the correspond-
ing boundary potential measurement.

The nonlinear forward map v — A(y) is Fréchet differentiable with respect to
complex-valued perturbations n € L*°(B). Let F = DA(1;7) be the Fréchet derivative
of A at v =1 with respect to perturbation 7. If u; and u, are harmonic functions in B
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RECONSTRUCTION OF UNBOUNDED PERTURBATIONS IN 3D 211

with f and g as their Neumann traces, respectively, then F € £ (L>(B), £ (L2(0B)))
is characterized by

(1.2) ((Fm)f.9)r2(08) = —/BnVuf -Vugydx

for n€ L>(B) and f,g € L2(0B). The linearized Calderén problem is
Reconstruct n from knowledge of Fn.

This is in contrast to the (nonlinear) Calderén problem to reconstruct a coefficient -y
from A(v).

By Proposition A.1, F' continuously extends to an operator acting on perturba-
tions in the larger space L3(B) D L*(B), hence allowing for unbounded perturba-
tions. Generally, for a bounded smooth domain Q in R%, F extends to perturbations
in L(Q). For the extension result, it is important that the Neumann conditions are in
L? and not, e.g., H~/2. This indicates that it may be possible to generalize the two-
dimensional reconstruction method in [10] to three spatial dimensions but for general
perturbations in L? instead of L?. The technique from [10] for obtaining stability for
infinite-dimensional spaces of perturbations, however, is out of reach, as we cannot
make use of the Hilbert—Schmidt topology in three spatial dimensions as outlined in
[10, section 1.3] and [9, Appendix A].

Calderon’s original injectivity proof for the linearized problem directly extends to
L3(B), showing that F'n vanishes identically if and only if the Fourier transform for
n (zero-extended to R?) vanishes [4]. See also [7, 8, 16, 17] for additional uniqueness
results in the linearized Calderén problem, including the case of partial data [7, 17].

In spherical coordinates, with radial distance r, polar angle 6, and azimuthal
angle ¢, the three-dimensional Zernike basis functions are

(1.3) Py (r,0,¢) = RE()Y{"(0,¢), k,LENy, meLy,
where
Zy={—t,... .0}

Here Y;” are the spherical harmonics of degree ¢ and order m, and Ri? are three-
dimensional radial Zernike polynomials (see section 3 for definitions and notation).
{1/15’7”}@7;@61\107,”,62[ is an orthonormal basis for L?(B) by Proposition 3.2, which we
will use for expanding a perturbation n € L*(B) C L?(B).

Any n € L3(B) can be reconstructed from the linearized data F'n via our main
result below.

THEOREM 1.1. For any n € L3(B) expanded as

=3 33 i

keNy £eNg meZy

. k
for an €?-sequence of coefficients ¢,

k—1k—q
k.m k.m,k\— m k,m, ,m
Cp = (Qg,o ) ! <<(F77)Yk0+1’yé+k+1>L2(OB) - ZZQLS qcz+23> :

q=0 s=0
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212 HENRIK GARDE AND MARKUS HIRVENSALO

The scalars QZ’:L’Q are independent of n and defined as

bma _(_pymel \/2€+4q+45+3(k—5+1)(k—q—s—|—1)qG07_m’m
£ys (k+1)(0+k+1) (€+k+s+%)q k+1,04+k+1,0+425

using Pochhammer symbols (rising factorials) and the Gaunt coefficient

0,—m,m _ 0 —-m m
Gk‘+1,€+k+1,€+28 7/63 Yk+1Yé+k+1Y£+2s ds.

The reason for leaving the Gaunt coefficient in Q’Z’Sm’q instead of inserting its exact

value from (3.4) is that Gaunt coefficients can be efficiently computed using finite
element (FE) methods or using direct implementations in libraries such as SymPy.
If we let

_ k.m  k,m
e = Co Yo o

LeNg mEZy

then 7y, is an orthogonal projection of 1 onto a particular infinite-dimensional subspace
of L?(B), with k=0 giving the subspace of harmonic functions. Since

=Y m

keNy

Theorem 1.1 implies that we can inductively reconstruct n one orthogonal projection
at a time. We have that 7, i.e., the coefficients {Cg’m}eeNo,meZu is directly recon-
structed from the data (Fn)Y?. Next, 1, i.e., the coefficients {C;m}EENO,mEZZa is
directly reconstructed from the data (Fn)Yy and 7. In general, we have that n
is directly reconstructed from (F7))Yk0+1 and ng,...,nx—1. Moreover, if one consid-
ers only finite measurements {(Fn)Y,,}—, then the formula in Theorem 1.1 still
provides the exact reconstruction of the orthogonal projections 7yg,...,nx due to the
method essentially being a forward substitution.

Theorem 1.1 is the three-dimensional variant of the two-dimensional reconstruc-
tion method in [10, Theorem 1.3], which made use of a two-dimensional Zernike basis
[18] to obtain a very similar triangular structure for the solution formulas of the coef-
ficients. We note the interesting fact that in three spatial dimensions, fewer data are
required for the reconstruction in the sense that the current densities YkOH applied
for the measurements do not vary in the m-index of the spherical harmonics. If all
Y™ spherical harmonics are used as current densities in the measurements, then there
would be an enormous redundancy since the range of m-indices grows as 2+ 1. This
is unlike in two spatial dimensions, where all the Fourier basis functions are used.

Another difference from the two-dimensional method is that the three-dimensional
method is likely less numerically stable since there is an extra sum where previously
computed coefficients are needed with a higher (-index than the cif’m that is be-
ing reconstructed. This comes from the fact that the product of two exponentials is
once again an exponential, and the additional sum therefore does not appear in two
spatial dimensions by orthogonality in the Fourier basis. However, in three spatial
dimensions, the product of two spherical harmonics is a finite linear combination of
spherical harmonics of various degrees. Nevertheless, we are still able to obtain good
approximate reconstructions from inaccurate measurements.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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1.1. Article structure. We give a numerical example in section 2, indicating
how the inherent ill-posedness of the problem is observed in practice. Section 3
introduces the spherical harmonics, three-dimensional radial Zernike polynomials, and
related results. Section 4 proves Theorem 1.1. Finally, Appendix A extends the
linearized problem from perturbations in L> to L% for spatial dimension d.

2. A simple numerical example. Consider the following translated and very
localized Gaussian-type perturbation:

(2.1) n(z) = o= 50le—(0,5,0)" |2 _  —50r2+30r sin(6) sin(p)—§

Figure 2.1 shows 1 and the sum of the real part of the first few projections 7y,

K
(2.2) wr =Y _Re(ne),
k=0

where 7y is computed by evaluating inner products of n with the three-dimensional
Zernike basis functions wf’m, with m € Zy and up to a sufficiently high ¢-index (here
up to £ = 30). With accurate measurements, the full reconstruction will follow the
pattern seen in Figure 2.1 for increasing K.

We may use (4.2) together with Mathematica to compute very accurate simulated
measurements, evaluated correctly to 16 digits. A natural way of regularizing the
computations is a k-dependent truncation in the ¢-indices and still using all m € Z;
(see also [3] for more details in a two-dimensional setting). Thus, let

0500 0.016 0.050
0.750 0.014 0033
0.600 0.011 0.017
0.450 0.008 0000
0.300 0.006 -0.017
0.150 0.003 0.033
0.000 0.001 -0.050
n wo w1
0.240
0.112 0.350
0.180
0.084 0.280
0.120
0.056 0.210
0.060
0.028 0.140
0.000
0.000 0.070
-0.060
-0.028 0.000
-0.120
w2 w3 Wy
0.520 0.672 0.780
0.416 0.560 0.650
0312 0.448 0.520
0.208 0.336 0.390
0.104 0.224 0.260
0.000 0.112 0.130
-0.104 0.000 0.000
Ws We wr

Fi1G. 2.1. The perturbation n from (2.1) and wi from (2.2) for K =0,...,7. The plots are in
the xy-plane.
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0.900 0.016 0.00
0.750 0.014 0033
0.600 o0.011 oo
0.450 0.008 0.000
0.300 0.006 -0.016
0.150 0.003 0033
0.000 —~ 0.001 = s
n wo w1
0112 0.224 0.350
0.084 0.168 0.280
0.056 0112 0.210
0.028 0.056 0.140
0.000 0.000 0.070
-0.056
0.028 o112 0.000
‘:}2 (:)3 (:)4
0.520 0.672 0.780
0.416 0.560 0.650
0.312 0.448 0520
0.208 0336 0390
0.104 0.224 0.260
0.000 0.112 0.130
-0.104 0.000 0.000
ws We wr

F1G. 2.2. The perturbation n from (2.1) and approzimations Wx from (2.3) for K =0,...,7
based on accurate measurements from Mathematica. The plots are in the xy-plane.

K {

(2.3) Br=Y_> Y Re(&™yy™)

k=0 £4=0 m€EZ,

for K =0,...,7 and with truncations ¢y = 20, ¢; = 18, ¢ = 16, {3 = 14, {4 = 12,
U5 =10, g = 8, and ¢7 = 6. The approximate coefficients EIZ’m are found using the
formula in Theorem 1.1 but with the accurate measurement data simulated in Math-
ematica. The results can be seen in Figure 2.2 and can be compared with Figure 2.1;
the approximate reconstructions are in fact nearly perfect with the highly accurate
measurements, even for the truncated indices. Indeed, the triangular nature of the
method implies that the computed coefficients used for the approximate reconstruc-
tions in Figure 2.2 are unaffected by the truncation to a finite set of indices, which is
very unique compared to other reconstruction methods.

To indicate of how this looks in a more realistic setting, with some inaccuracies in
the measurements, we simulate the measurements (including numerically computing
the interior electric potentials) from a rather rough FE discretization. We use P;-
elements on a tetrahedral mesh based on 6017 nodes (1026 boundary nodes) with the
Python package scikit-fem [11]. The approximations are given by (2.3) for K =0,...,4
and with truncations o = 16, {1 =11, ¢5 =7, {3 =5, and 4 = 3. The approximate
coefficients Elg’m are found using the formula in Theorem 1.1 but this time with the
approximate measurement data simulated by the rough FE model. The results can
be seen in Figure 2.3 and can be compared with the top two rows of Figure 2.1. In
practice, with noisy measurements, this is realistically what can be achieved, and
these coeflicients appear to be numerically quite stable to compute.

For more on numerical computations and details on regularization with this type
of method, a numerical implementation of the two-dimensional method from [10],
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0.050
0.900 0.014
0.033
0.750 0.012
0.017
0,600 0.010
0.000
0.450 0.007
0.300 0.005 -0.016
0150 0.002 -0.033
0.000 — 0.000 BN 0.049
Ul wo w1
0.280 0520
0120
0.210 0.416
0.090
0312
0.060 0.140
0.208
0.030 0.070
0.104
0.000 0.000
0,030 -0.070 0.000
- -0.060 = -0.140 — -0.104
wa w3 w4y

F1G. 2.3. The perturbation n from (2.1) and approzimations O from (2.3) for K = 0,...,4
based on measurements from a rough FE model. The plots are in the xy-plane.

taking the triangular structure into account, can be found in [3]. Even for truncated
difference-data A(1 + 1) — A(1), rather than linearized data, the (regularized) method
consistently produces decent reconstructions. This can even be seen for data coming
from practical electrode models, such as the complete electrode model, and for real-
world measurements in an essentially two-dimensional measurement setup. See also
[1] for a numerical study using a two-dimensional Zernike basis.

3. Constructing the three-dimensional Zernike orthonormal basis. This
section defines spherical harmonics and three-dimensional radial Zernike polynomials
and elaborates on related results needed for proving Theorem 1.1.

3.1. On spherical harmonics. We recall some facts about spherical harmonics;
see [2, Chapter 5] and [6] for additional insights. See also [13, section 34] for more
info on Wigner 3j symbols.

A homogeneous polynomial p: R® — C of degree £ (here in three spatial dimen-
sions) satisfies p(Az) = Ap(z) for any A € R or, equivalently,

p(x) = Z Ca®™

lee|=¢

for coefficients ¢, € C with o € N3. Multi-index notation is used, where for o € N3,

we have % = 27" z5%23® and |o| = a1 + az + az. Let

Ar={p:R*=C|p(z)= Z cat® co €C, Ap=0
|a|=20

be the space of harmonic homogeneous polynomials of degree £.
The space of spherical harmonics of degree ¢ is defined as the restriction of the
harmonic homogeneous polynomials of degree £ to the unit sphere:

He={plos |p € A}

We have dim(H,) = dim(A;) =2¢+ 1 in three spatial dimensions.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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A standard orthonormal basis for H,; comprises the spherical harmonics of degree
¢ and order m, By ={Y;" }mez,, given by

m [204+1 (0 —m)! .. im
}/e (0,@): MWPZ (COS(G))G 907 EGNO, mEZg,

where P} is an associated Legendre polynomial (with the Condon—Shortley phase).
A symmetry condition is satisfied:

3.1) Y= (-1)my
The Hy-spaces are the eigenspaces for the Laplace—Beltrami operator Agp, with
(3.2) Agpg=—L(L+1)g, g€H,.

Thus, there is the orthogonal decomposition
L*(0B) =P He.
£=0

from which it holds that (J,, B, is an orthonormal basis for L?(0B) and |J,2, By is
an orthonormal basis for LZ(dB).

Products of spherical harmonics have finite expansions in terms of spherical har-
monics, and the Wigner 3j symbols, together with (3.1), can be used for computing

the inner products (also called Gaunt coeflicients) [13, section 34.3(vii), equation
(34.3.22)],

3 [ yveszeas =g,
OB
with

(3.4) Gmlm,m:¢(2€1+1)(2@+1)(%3+1) (zl 0y z3)<el 0y £3>_

£1,€2,03 A7 0 0 O mp Mm2 M3

The integral in (3.3) vanishes if the following conditions are not met:

3 3
(3.5) [0 — bo| < U5 <Ly + Lo, ij =0, and Zéj is even.

j=1 j=1

(i) The first condition in (3.5) is known as the triangle condition for 3j symbols,
and any 3j symbol vanishes if this condition is not met (see [13, section 34.2]
and [15, section 2.1]).

(ii) If the second condition in (3.5) is not met, then the second 3j symbol in (3.4)
vanishes [13, section 34.2], although there are also other nontrivial zeros of
this 3j symbol [15].

(iii) When the triangle condition holds, the third condition in (3.5) is not met
if and only if the first 35 symbol in (3.4) vanishes (see [13, section 34.3(i),
equation (34.3.5)] and [15, equations (47) and (48)]).

One can combine (3.1) and (3.3) with the following lemma to give finite expansions
in terms of spherical harmonics for the product of gradients of spherical harmonics.
In the following, Vsp denotes a surface gradient on dB. As we have been unable to
find the result published, we give a proof for the sake of completion.!

IThe proof is inspired by ideas from a physics blog: https://hyad.es/vsphint.
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LEMMA 3.1. Let £; € Ng and go; € Hy, for j€{1,2,3}. Then

(0 +1)+Ll(La+1) —l3(ls+ 1
/8 (Vath : vaBgfz)gé:s dsS= 1( ! ) 2( 22 ) 3( & ) /'a 90,905,905 ds.
B B

Proof. Below, V denotes a gradient in B. We extend gy, , g¢,, and g¢, to B\ {0},
constant in the radial direction. Using spherical coordinates gives

(3.6) Ve, - Vge, =1 *Vonge, - Vong,
and, using (3.2),
(3.7) Age, =17 Nopge, = =172 (L +1)gy,.

In the computations below, one can replace B by B\ B, for an origin-centered ball B,
with radius € > 0 and let ¢ — 0. Since the considered functions are integrable on B,
the limiting process gives precisely the results below, so we avoid these unnecessary
technicalities in what follows.

Define

(38) Efl’fz,eg :/ (Vgh : Vg&)gfz dx.
B

Consider the first integral on the right-hand side below: Integrating by parts, noting
that the boundary term vanishes due to a vanishing normal derivative of g,,, and
using the product rule gives

(39) EZ1,£2723 = 7/ gey (Agfz)gezs dz — E£27Z37£1 .
B

Note that the assumptions needed for arriving at (3.9) are symmetric in terms of the
indices {1, {2, {3, and they can therefore be permuted to arrive at other such formulas.
Thus, we may use the cyclic property (3.9) in the following way:

(3.10)
EZLZQ,ES = _/ ge, (Agfz)gfg dz — EZ27Z3721
B

= /B geq (Agfz)gfg dr + /B 9es (AQZS)QZI dzr + Efsll,&
=— /B 9e, (Age, ) ge, dz + /B 9o, (Agey)ge, dz — /Bges (Age, )9, A — Eo, 0,05

Combining (3.7) and (3.10) gives

O (6 4+1)+la(ba+1) —£3(05+ 1)

Eo 05,05 = 2 /}37‘_29@19@29@3 dz
Or(b1 4+ 1)+ bo(be+1) —l3(f3+ 1
= 1( - ) 2( 22 ) 3( & )/aBgllgng_g ds.

The proof is concluded by using (3.6) and (3.8):

Ey, 05,04 :/ (VoBge, - VoBge,)ge, dS. O
OB
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3.2. On three-dimensional radial Zernike polynomials. Let R} be the
three-dimensional radial Zernike polynomial

k g4l
(3.11) Ré?(r)\/2£+4k+32(1)S(lz><£+2kk8+2>r”2k23, ¢,k €Ny,
s=0

where the generalized binomial coefficient is
x I'(z+1)
=———2 _ z>n-1, neN,
<n) n!D(x —n+1) v o
In [14], the three-dimensional radial Zernike polynomials above are annotated as
Rﬁ%, similar to the two-dimensional radial Zernike polynomials in [10]. We have
modified the notation to better fit with the spherical harmonics; however, one should
keep this notational difference in mind.
For the next part, consider the Pochhammer symbol (rising factorial):
I'(x+n)
(T)n=—r75
I'(x)
The coefficients in (3.11) are the same as those in [14]: Writing out the four binomial

coefficients in [14], canceling recurring terms, and collecting some terms in Pochham-
mer symbols (using that I'(n + 1) =n! for n € Ny) gives

(—1)5\/m<€+2k>1<€+2k> (£+k—s> (2€+4k—23+1>

x>0, neNg.

4k 14 S 14 2k
(L) VR AR T3 (k) (20 + 2k — 25 + 2)a,
k! 4k s) (U+k—s+1)

Using the duplication formula for Pochhammer symbols [13, section 5.2(iii), equation
(5.2.8)] (a consequence of the Legendre duplication formula for I-functions),

(22)a = 4" ()1 (a: + ;) )

(:c)k B T+ k—1
Kl k
gives the coefficients in (3.11).

The three-dimensional radial Zernike polynomials with the same index ¢ are or-
thonormal in the weighted space LZ,((0,1)) [14, equation (33)]:

combined with

1
(B2, oy = [ REGRE @) ar =

For p € Ny there is the finite expansion (cf. [14, equations (39) and (40)] with the
notational differences mentioned above in mind)

p
512) = SR,
q=0
with
20+4q+3(p—q+1)
(3.13) Xp = (R 12, (0 = :

20+2p+3)((+p+3),

in terms of Pochhammer symbols.
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PROPOSITION 3.2. {Tﬂf’m}e,keNo,mezg from (1.3) is an orthonormal basis for
L?(B).

Proof. We have already argued that {wﬁ’m}e,keNo,mezz is an orthonormal set in
L?(B), so what remains is to prove density. Since {Y;"}seny mez, is an orthonormal
basis for L2(9B), it suffices to prove that r™ belongs to

span{R} | k € No}

for any n, £ € Ng. By (3.12), we have that r*+?P € span{ R} | k € No} for p € Ny. Hence,
the proof reduces to approximating r™ in L?((0,1)) by polynomials in span{r‘+2 |
p € No}. This is possible by [10, Lemma 6.1]. O

Note in particular that for k=0, {@)’m}ZeNo,meZE are the regular solid harmonics,
the standard orthonormal basis for L? harmonic functions in B.

4. Proof of Theorem 1.1. For /€ N and m € Zy,
m L iy
U‘lf (7”,9,(,0) = Zr lef (0790)

is harmonic and has Neumann trace Y™ € LZ(0B). Hence, for ¢; € N and m; € Zy,
and by (3.1), we have in terms of the spherical coordinates

L
016

By Lemma 3.1, (3.3), and the conditions in (3.5), the parenthesis at the end of (4.1)
can be expanded by a finite number of spherical harmonics. In particular, (4.1) is in
L?(B).

Now fix £,k € Ng and m € Z,. Since n € L3(B) C L*(B), there is an ¢?-sequence
of coefficients clz, M with ¢/, k' € Ny and m/ € Zy/, such that

k' om’ k' m'
n= E E Co " Py

£, k'€Ng m’'€Zyr

(A1) VU - V= = (—1)mephtt2 (Yg%mw VaBYanl'VBBYngQ).

The goal is to establish a direct formula for the coefficient cf’m in terms of F'np and

coeflicients with smaller k-indices.
We consider a particular choice of Neumann boundary conditions and use (1.2)
and (4.1) to get

(4.2)
(Fn)Yd,q, Y ey1)r2(oB) = — /B NVUR L - Vugy, de= S /B Wu%i’?’m dez,
with
oM —y0 y - m 1 VoYl -VopY, il
e = e ek T T ) VOB e VOB ek

Inserting the series for 7 into (4.2) gives
<(FU)YkO+1an$k+1>L2(aB)
m k',m' ! k:,m m/
(4.3) ==y Y <TZ+2k7RIZ’>L32((O,1)) /58 O, Y dS.

¢ k'ENg m’ €Z,
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Remark 4.1. A subtle but important point is that F' is continuous with respect
to L3(B), so the integral in (1.2) is a dual pairing between L*(B) for  and L3/2(B)
for the product of gradients. But the series for n converges in L?(B). Choosing the
Neumann conditions to be spherical harmonics is therefore essential such that (4.1) is
in fact an L?(B)-function, as we argued above. This implies that the integral instead
acts as the L?(B) inner product, which, by continuity, enables that the summation
can be moved outside the integral in (4.3).

It may well be that if n € L3(B), then the series also converges in L3(B); such a
result, e.g., holds for Fourier series, with convergence in LP for functions in LP with
p € (1,00). However, we prefer to avoid what is likely a technical endeavor of proving
such a result.

Lemma 3.1 gives

(4.4) / by s = 1k, / YO Y Y 48,
OB oB
with
g DR+ (kL )(E+E+2) =L +1)
" 20k +1)((+k+1)
(l+2k+2—-0)0+2k+3+ 1)
(4.5) _
2(k+1)(0+k+1)

From (3.5), (4.4) vanishes unless m’ = m. It also vanishes unless £+ 2k +2+ ¢ is even;
i.e., £+ /¢ must be even. Finally, we need £ < ¢ </£+2k+2 and actually £ < ¢ </{+2k
because 7,y = 0 for £/ =+ 2k +2 and £+ ¢ is odd for £’ = £+ 2k + 1. This reduces
to the cases

m'=m and ¢'=(+2s, s€{0,...,k}.

Hence, using these indices and (3.3) simplifies (4.3) to

(4-6) <(F77)Yk:+1aYl+k+1 L2(8B) = Z Zcprgs b2k Ré+2$>L22((0 1))D

k' E€Ng 5=0
with
km __ +1 0,—m,m
(4.7) Dz,s =(-1)""'7 £+25Gk+1 O+k+1,0+42s°
Writing rf+2F = pf+2s+2(k=9) for 5 € {0,...,k} implies that we can use (3.12) to write

P2k _ }: k—s,q pq
Z+25 R€+23 )

By orthonormality of RZQS and R{ 405 their inner products vanish unless k' =g,
which from (4.6) gives

k k—s k k—q

k—s,q nk,m gq,m k—s,q nk,m q,m

<(F77)Yk+1ayé+k+l L2(0B) = ZZX4+25 Dy eiia, = ZZXHQS Dy eyiag
s=0¢g=0 q=0 s=0

Copyright (C) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/23/25 to 130.233.58.164 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

RECONSTRUCTION OF UNBOUNDED PERTURBATIONS IN 3D 221
where the summation indices could be swapped, as it corresponds to summing over
the same triangular pairs of indices. Writing

kym,q _ | k—s,q nk,m
(48> l,s - XE+25 l,s

thus gives the formula

k—1k—q

k, k,m,k\— k,m.q _gq,

™ =(Qgp") ™! <<(F77)Yk0+1,yﬁk+1>L2(aB) -y chf;s) '
q=0 s=0

Of course, we need to verify that Q]Z"Sn’k # 0 for all £,k € Ny and m € Zy. Going
backward from (4.8), (4.7), (4.5), and (3.13), we have

kym,q _ m+1, k—s,q_k 0,—m,m
0,5 =(-1) Xe+2s TE,Z+25Gk+1,é+k+1,€+23

2€+4q+48+3(k7 s+ 1)(kiq7 s+ 1)qG0,—m,m
(k+1)(l+Ek+1)(l+k+s+3), k1, 64k+1,042s°

(49) = (-ym

Since s < k — g < k, the only possibility for (4.9) to vanish is related to the Gaunt

coefficient. Since the conditions in (3.5) are satisfied, we have already argued after

(3.5) that the only possibility for getting a zero is in the last of the 3j symbols in

(3.4). For Gg:ﬂﬁwu (with s =0), the corresponding 3j symbol is

(4.10) (k+1 (+k+1 6)_(6 kE+1 €+k+1)'
0 —-m m m 0 -m

Here we used [13, section 34.3(ii), equation (34.3.8)] that 35 symbols are invariant
to even permutations of the columns. For the latter 3j symbol in (4.10), [13, sec-
tion 34.3(i), equation (34.3.6)] and |m| < ¢ imply that it is indeed nonzero, hence
concluding the proof of Theorem 1.1. ]

Appendix A. Extension of the linearized problem. In this appendix, we
consider a bounded smooth domain € in R? for integer d > 2. Replacing B with € in
the conductivity equation (1.1), the corresponding ND map A(7) is a compact self-
adjoint operator in .Z(L2(09)), and v — A(v) is Fréchet differentiable with respect
to complex-valued perturbations n € L>(€2).

For F'= DA(1;n), the Fréchet derivative of A at v =1 with respect to perturbation
n, F e L(L>(Q),ZL(L3(09))) with

(A1) (Fi)frg)aom = — / WYy Vi de,

where uy and uy are harmonic functions in Q with f and g as their Neumann traces,
respectively.

PROPOSITION A.1. F extends via (A.1) to an operator in £ (L%(Q),.Z(L2(09))).

Proof. The proof is analogous to that of [10, Proposition 1.1]. Let n € L4(Q) and
f,g € L2(99). According to [12, Chapter 2, Remark 7.2], uy,u, € H3/2(Q)/C with

continuous dependence on the Neumann data, i.e.,

(A.2) lull sz c <CNfllzzoa)  and (gl gs20)c < Cllgllza0)-
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Using the continuous embedding H/?(Q) — L%(Q) (e.g., [5, Corollary 4.53]) and
the generalized Holder inequality, we may estimate as follows:

K(EFn)f,9) L2(00)| = ’/anuf Vg dz|

< lnllaollVusll, za [V

La-T(Q) QHL%(Q)

< Clnllza@ IVusll gz Vgl g1z

< Clnllzayllurll msrz)cllugl g3z @) e
Combining this with (A.2) concludes the proof. a0
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