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Abstract

The Standard Model of particle physics describes electromagnetic, weak, and strong
interactions, which are three of the four known fundamental forces of nature. The unification of
the fourth interaction, gravity, with the Standard Model has been challenging due to
incompatibilities of the underlying theories—general relativity and quantum field theory. While
quantum field theory utilizes compact, finite-dimensional symmetries associated with the
internal degrees of freedom of quantum fields, general relativity is based on noncompact,
infinite-dimensional external space-time symmetries. The present work aims at deriving the
gauge theory of gravity using compact, finite-dimensional symmetries in a way that resembles
the formulation of the fundamental interactions of the Standard Model. For our eight-spinor
representation of the Lagrangian, we define a quantity, called the space-time dimension field,
which enables extracting four-dimensional space-time quantities from the eight-dimensional
spinors. Four U(1) symmetries of the components of the space-time dimension field are used to
derive a gauge theory, called unified gravity. The stress-energy-momentum tensor source term
of gravity follows directly from these symmetries. The metric tensor enters in unified gravity
through geometric conditions. We show how the teleparallel equivalent of general relativity in
the Weitzenbock gauge is obtained from unified gravity by a gravity-gauge-field-dependent
geometric condition. Unified gravity also enables a gravity-gauge-field-independent geometric
condition that leads to an exact description of gravity in the Minkowski metric. This differs
from the use of metric in general relativity, where the metric depends on the gravitational field
by definition. Based on the Minkowski metric, unified gravity allows us to describe gravity
within a single coherent mathematical framework together with the quantum fields of all
fundamental interactions of the Standard Model. We present the Feynman rules for unified
gravity and study the renormalizability and radiative corrections of the theory at one-loop order.
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The equivalence principle is formulated by requiring that the renormalized values of the inertial
and gravitational masses are equal. In contrast to previous gauge theories of gravity, all infinities
that are encountered in the calculations of loop diagrams can be absorbed by the redefinition of
the small number of parameters of the theory in the same way as in the gauge theories of the
Standard Model. This result and our observation that unified gravity fulfills the
Becchi—Rouet—Stora—Tyutin (BRST) symmetry and its coupling constant is dimensionless
suggest that unified gravity can provide the basis for a complete, renormalizable theory of

quantum gravity.

Supplementary material for this article is available online
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1. Introduction

Quantum field theory is a theoretical framework, which syn-
thesizes classical field theory, quantum mechanics, and special
relativity [1-3]. The Standard Model of particle physics arises
from this framework through unitary symmetries of fermionic
and Higgs fields related to invariances of a physical system
[4]. The gauge invariance of quantum electrodynamics (QED),
related to the Abelian phase rotation transformations of fermi-
ons, is the most trivial example of such a symmetry [U(1)]. The
Yang—Mills theory extends the gauge theory to non-Abelian
special unitary symmetries [ 1-5], which enable mutually inter-
acting force carriers. It describes the behavior of the other
fundamental interactions of the Standard Model being at the
core of the unification of electrodynamics to weak [SU(2)] and
strong [SU(3)] interactions [4]. The theories of these inter-
actions are called the electroweak theory and quantum chro-
modynamics (QCD). The Yang—Mills gauge symmetries oper-
ate as matrix transformations of the Higgs field and doublets
and triplets of fermionic fields. The symmetry groups of the
Standard Model are all compact and finite dimensional. A sim-
ilar compact and finite-dimensional unitary-symmetry-based
approach to the description of gravity as a gauge field has
remained unknown [6—10]. Therefore, alternative approaches,
such as string theory [11-13], loop quantum gravity [14—17],
asymptotic safety [18, 19], noncommutative geometry [20],
and causal dynamical triangulation [21], are being developed.
There are also discussions on whether gravitational interaction
should be quantized at all [22, 23].

The current standard understanding of gravity is based on
general relativity, which describes gravitational interaction
through the curvature of space-time that is similarly exper-
ienced by all objects [8, 9, 24]. This universality is dic-
tated by Einstein’s equivalence principle [8, 25, 26]. It fol-
lows that the space-time symmetries of gravity appear fun-
damentally different from the symmetries of the Standard
Model. In modern understanding of gravity, put forward by
Einstein [27] and Cartan [28], it is recognized that, in addi-
tion to the curvature of space-time, the gravitational interac-
tion can also be equivalently described by different metric-
affine geometries using torsion or nonmetricity [29—33]. Thus,
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curvature, torsion, and non-metricity provide three seemingly
different representations of the same underlying theory of gen-
eral relativity as special cases of a wider class of gauge the-
ories of gravity [29-42]. The theory, where only torsion is
nonzero, is called the teleparallel equivalent of general relativ-
ity (TEGR) [30-36]. TEGR is considered to be a natural
way to understand the gauge field aspects of gravity since
it can be formulated as the gauge theory of the translation
group, and it enables the Lorentz-covariant definition of the
stress-energy-momentum (SEM) tensor of gravity [37, 43].
Modifications of TEGR have also been widely studied [44—
54]. The present work investigates the possibility of deriv-
ing the gauge theory of gravity by using compact, finite-
dimensional gauge symmetry groups instead of the noncom-
pact, infinite-dimensional translation gauge group of TEGR.
We use the eight-spinor formalism [55] and the associated
unitary symmetries in a way that closely resembles the for-
mulation of the interactions of the Standard Model. Thus, the
goal of the present work is to bring the gauge theory of grav-
ity as close as possible to the gauge theory formulation of the
Standard Model, and thereby to contribute to improved under-
standing of the relations of all four fundamental interactions of
nature.

Many authors have approached the problem of unifying
the Standard Model and gravity by attempting to reformu-
late space-time symmetries in a way compatible with the
gauge symmetries of the Standard Model [56-71]. The dif-
ference between external space-time symmetries and symmet-
ries related to internal degrees of freedom, which govern the
dynamics of quantum fields via creations and annihilations of
field quanta, however, represents a challenge for this gauge
theory approach of gravity especially at high energies [36, 72—
76]. In previous literature, there are at least two different ways
to interpret whether a symmetry is internal or external. The
first interpretation is based on observing how the given sym-
metry transformation operates on objects in the Lagrangian
density. Internal symmetries operate via scalar and matrix
multiplications, which do not depend on how the fields vary
around the given space-time point. Examples are the mul-
tiplication of the Dirac field by a complex phase factor in
QED and the color and weak isospin rotations of fermion
field triplets and doublets and the Higgs field doublet in the
strong and weak interactions of the Standard Model. This is in
contrast with external symmetries, such as space-time trans-
lations, which are generated by differential operators [3]. The
second interpretation of determining the internal or external
nature of a symmetry is based on the well-known Coleman—
Mandula theorem [77]. This theorem states that the symmetry
group of a theory that can be described by an S-matrix is loc-
ally isomorphic to the direct product of the Poincaré group and
internal symmetry groups. Therefore, any symmetries associ-
ated with the Poincaré symmetry structure of the space-time
are clearly not internal symmetries from the point of view
of the Coleman—Mandula theorem. Consequently, symmet-
ries associated with gravity can be interpreted internal only
according to the first interpretation discussed above. The four

U(1) symmetries of gravity, to be revealed in the present
work, are based on the eight-spinor representation of the
Lagrangian density, and they are internal according to the first
interpretation above. To avoid misunderstanding, we, how-
ever, call these symmetries the U(1) symmetries of gravity
instead of internal symmetries.

The main challenge of the conventional gauge theory
approach of gravity, which emerges from the nature of the
space-time symmetries, is the nonrenormalizability of the res-
ulting theory without an infinite number of counterterms [3, 4,
78-84]. In contrast, all gauge theories of the Standard Model
are renormalizable, which means that their ultraviolet diver-
gences can be reabsorbed into the redefinition of a finite num-
ber of parameters [4, 85, 86]. The renormalization procedure
then leads to the running of the coupling constants as a func-
tion of the energy scale [1, 3, 4]. The nonrenormalizability
of conventional theories of gravity makes it impossible to use
the quantized gauge theory of gravity to make predictions at
high energies. However, the quantum field theory treatment
of general relativity can be argued to be successful as a low-
energy effective field theory [4, 78, 87-92]. The main idea
of the effective field theory is that the low-energy degrees of
freedom organize themselves as quantum fields in such a way
that one can make predictions without knowledge of the full
high-energy theory [78]. This also indicates that fundamental
breakthroughs are needed to formulate a predictive quantum
theory of gravity applicable to all energy scales. Such a theory
can finally answer ultimate questions on the structure of the
Universe in circumstances of extremely high energy densities,
such as those inside black holes and at the possible beginning
of time [6].

On the experimental side, general relativity has so far
passed all tests planned to probe gravitational interaction.
The well-known classical tests involve the precession of the
perihelion of Mercury [24], the bending of light by the Sun
[93], and the gravitational redshift of light [94]. New experi-
ments are continuously developed [95-104]. The waveforms
recorded in recent measurements of gravitational waves [105—
107] are in good agreement with general relativity. The first
image of a black hole is consistent with the shadow of a
Kerr black hole predicted by the theory [108]. Other recent
measurements involve the study of the effect of gravity on
the motion of antimatter [109] and the measurement of grav-
ity with milligram-scale masses [110, 111] and with bending
beam resonators [112, 113].

In a recent work [55], we have reformulated QED based
on an eight-component spinorial representation of the elec-
tromagnetic field. The eight-spinor formulation reveals a pro-
found connection between the unitary symmetries of the
Lagrangian density in the eight-dimensional spinor space and
the symmetric SEM tensor of the Dirac and electromagnetic
fields. Since the SEM tensor is the well-known source of the
gravitational field in general relativity, it becomes obvious
that the gauge theory obtained by studying the appropriate
Lagrangian density under unitary symmetry transformations
describes gravitational interaction. In such a theory, the SEM
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tensor appears analogously to the pertinent source terms of the
quantum fields of the Standard Model. This is the basis for
the development of the gauge theory of gravity, called unified
gravity, in the present work. The present work also essentially
generalizes some of the key mathematical concepts of our pre-
liminary study [55].

In this work, we extend the eight-spinor formulation to
cover the full Standard Model and derive the gauge theory
of unified gravity. Our theory is based on introducing the
concept of the space-time dimension field, a geometric object
which, by definition, enables extracting four-dimensional
space-time quantities from the eight-dimensional spinor space.
Introducing the space-time dimension field enables identi-
fying compact, finite-dimensional unitary symmetries in the
Lagrangian density, which can be utilized to form a gauge
theory in analogy to how gauge symmetries are used in the
Standard Model. While the interaction symmetries of the
Standard Model are based on symmetry transformations of
fermionic and Higgs fields as discussed above, our exten-
sion of the Standard Model to cover gravity is based on
four U(1) symmetry transformations, which act on the com-
ponents of the space-time dimension field. Therefore, the
symmetries of the space-time dimension field form a hier-
archy separate from the symmetries of the Standard Model.
The U(1) symmetry transformations of the space-time dimen-
sion field components allow us to couple the quantum fields
of the Standard Model to a tensor gauge field in a way
that is formally analogous to the gauge couplings of the
fields in the electromagnetic, weak, and strong interactions.
Once the gauge field and its Lagrangian density are intro-
duced, we obtain unified gravity and its dynamical equations,
which are shown to describe the behavior of the gravitational
field.

The space-time metric tensor enters unified gravity through
geometric conditions. We are allowed to use geometric condi-
tions, in which the space-time metric tensor is independent of
the gravity gauge field. This leads us to study unified gravity
in the Minkowski metric (UGM) in an exact way. This differs
from the use of metric in general relativity, where the metric
depends on the gravitational field by definition [8—10, 24], and
whose effective quantization requires expansion of the metric
about the flat or smooth background with an assumption that
the deviation is small [88, 104, 114—121]. In this respect, the
conventional translation gauge formulation of TEGR is not
significantly different from general relativity since a similar
expansion of the tetrad is needed [122, 123]. Alternatively,
in unified gravity, we are allowed to use geometric condi-
tions, in which the space-time metric tensor depends on the
gravity gauge field, as in general relativity and in TEGR [30—
32, 34-36]. We show that, within a particular Weitzenbock
gauge fixing approach, the representation of unified gravity
becomes equivalent to the known representation of TEGR in
the Weitzenbock gauge (TEGRW), where the teleparallel spin
connection vanishes. This shows that unified gravity is in per-
fect agreement with the known nonlinear field equations of
general relativity.

The harmonic gauge fixing of UGM is analogous to the
Feynman gauge fixing of QED. It enables us to determine the
Feynman rules for unified gravity. These rules are also written
in a more general form for an arbitrary gauge fixing parameter.
As a gauge theory similar to those of the Standard Model [1,
2], unified gravity is subject to quantization. The quanta of
the gauge field, the gravitons, are spin-2 tensor bosons. These
quanta are to be added in the spectrum of the known element-
ary particles extending the Standard Model to describe gravity.
However, this can be done only after the nonrenormalizability
problem of quantum gravity has been fully resolved making
the quantum theory predictive at all energies. In this work,
we study the renormalizability and the radiative corrections
of UGM at one-loop order. We show that, in contrast to previ-
ous gauge theories of gravity, all infinities that are encountered
in the calculations of loop diagrams can be absorbed by the
redefinition of the small number of parameters of the theory in
the same way as in the gauge theories of the Standard Model.
Furthermore, Einstein’s equivalence principle is formulated by
requiring that the renormalized values of the gravitational and
inertial masses are equal. The direct relation between the equi-
valence principle and renormalization is obviously absent in
previous studies of the equivalence principle in the quantum
regime [25, 26]. Based on the dimensionless coupling constant
and the fulfillment of the Becchi—-Rouet—Stora—Tyutin (BRST)
symmetry [1, 4, 124—-126], we expect that unified gravity is
renormalizable to all loop orders. The complete proof extend-
ing our one-loop results to all loop orders is, however, left as
a topic of further works.

Gravity couples to all fields and matter. Therefore, one can-
not exclude any field or matter from the complete dynamical
description of gravity. However, to make our theory of unified
gravity more transparent and easier to understand for nonex-
pert readers, we limit, in the first part of this work, our study
to the coupling between gravity and electrodynamics. The sys-
tem of the electromagnetic field, Dirac electron—positron field,
and the gravitational field provides all the insight needed for
obtaining a unified description of gravity in a coherent frame-
work with the other known fundamental forces of nature. The
extension of unified gravity to cover the full Standard Model
is presented in the later part of the present work.

This work is organized as follows: section 2 describes
the theoretical concepts and conventions, including the eight-
spinor formulation, originally introduced in [55]. The ker-
nel matrices, the space-time dimension field, and the gener-
ating Lagrangian density of gravity are presented in section 3.
We also formulate the equivalence principle in unified grav-
ity. Furthermore, the generating Lagrangian density of grav-
ity is shown to be equal to the Lagrangian density of QED
in flat space-time. Section 4 discusses the symmetries of the
generating Lagrangian density of gravity and derives the con-
servation law of the SEM tensor of the Dirac and electromag-
netic fields. The gravity gauge field is introduced through the
gauge-covariant derivative in section 5. The gravity gauge field
strength tensor is also discussed. In section 6, we present the
locally gauge-invariant Lagrangian density of unified gravity.
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This section also provides the scaled representation of unified
gravity to allow easier comparison with the gauge theories of
the Standard Model. Section 7 discusses the representation of
unified gravity in the Minkowski metric in UGM and derives
the corresponding dynamical equations. Section 8 presents
the Feynman rules and their selected applications in UGM.
Section 9 proves the renormalizability of unified gravity at
one-loop order and determines the values of the related renor-
malization factors using the conventional on-shell renormaliz-
ation scheme and dimensional regularization [4]. In section 10,
radiative corrections to the Coulomb and Newtonian potentials
and to the anomalous magnetic moment of the electron are cal-
culated to exemplify the calculation of radiative corrections
using unified gravity. Section 11 derives TEGRW from unified
gravity by applying the Weitzenbock gauge fixing approach.
The dynamical equations for the Dirac, electromagnetic, and
gravitational fields in TEGRW are also presented. The exten-
sion of the theory to cover all quantum fields of the Standard
Model is developed in section 12. The results are discussed
and compared with previous theories in section 13. Finally,
conclusions are drawn in section 14.

2. Theoretical concepts and conventions

This section presents the theoretical concepts and conventions
used in the present work. These include the index conventions,
tetrads, metric tensors, connection coefficients, torsions, con-
tortions, derivative operators, and the eight-spinor formalism
of [55].

2.1. Index conventions, tetrads, and metric tensors

The Latin indices a,b,c,d € {0,x,y,z} in this work range
over four Cartesian Minkowski space-time coordinates. The
Latin indices starting from i range over the three spatial
dimensions, i.e. i,j,k € {x,y,z}, or over other values separ-
ately specified. The Greek indices denote the general space-
time indices, which range over the four general space-time
dimensions p,v,p,0 € {x°x', x> x*}. The Latin Cartesian
Minkowski space-time indices are lowered and raised by the
Cartesian Minkowski metric tensor 7, and its inverse %, We
use the sign convention n® = 1 and ™ = ” = % = —1. The
Greek general space-time indices are raised and lowered by the
general space-time metric g,,,, and its inverse g"”. The determ-
inant of the general space-time metric tensor is denoted by
g = det(g,u ).

The Latin Cartesian Minkowski space-time indices and
any Greek general space-time indices can be converted into
each other by the tetrad ¢/ and the inverse tetrad e, [27-
29, 34-36]. In flat space-time, i.e. in the absence of the
gravitational field, and more generally, in a Minkowski man-
ifold with the torsion and the spin connection equal to zero,
the tetrad and the inverse tetrad are given by é* = 9x, and
S”u = 0,,x%, where x“ is a four-vector of Minkowski space-time
coordinates, e.g. x* = (ct,x,y,z) in Cartesian coordinates and
x* = (ct,rsinfcos ¢, rsinfsin ¢, rcosf) in spherical coordin-
ates. Respectively, we use the symbol &/ to highlight the

tetrad of TEGRW, discussed in section 11. The generic tetrad
symbol e/ is used to indicate that an equation is independ-
ent of the definition of the tetrad and one is not restricted to
using the tetrad of the Minkowski manifold or that of TEGRW.
In any definition of the tetrad, the general space-time met-
ric tensor is given in terms of the Cartesian Minkowski met-
ric tensor and inverse tetrads as g, = nabeaﬂe”,,. In the spe-
cial case of the Minkowski space-time in Cartesian coordin-
ates, used in UGM, the Latin and Greek indices are identical
and the tetrad and the metric tensor are trivial as ¢ . =0, and
&uv = Nuv» Where 6; is the Kronecker delta.

Throughout this work, with a few exceptions, we use the
Einstein convention for the summation over repeated indices.
Exceptions to the summation convention are separately dis-
cussed and indicated by parentheses around the indices.

2.2. Connection coefficients, torsions, and contortions

The Levi—Civita connection coefficients of standard general

relativity, i.e. the Christoffel symbols IOWW, are associated
with all Greek space-time indices. They are used to define
the Levi—Civita coordinate-covariant derivative as presented
in section 2.3. The Christoffel symbols can always be written

in terms of the metric tensor as [8, 127]

o 1
I‘Mgu = Egup (aﬁgpu + augpa - 6pgm/) . (1)

e}
The Christoffel symbol contraction I'?,;, used in many
equations of this work, can be given in terms of the determ-

inant of the metric tensor as

Ao
re,=

=0, (V=8). @

In a Minkowski manifold with the torsion and the spin con-
nection equal to zero, the Christoffel symbols can be written
in terms of tetrads as [30, 34]

O
P _8rg, — 89,8 3)

o
The condition of zero torsion tensor, 7%, is written as

Al

O e} o]

7, =1v,-1" =0. (4)

o
The related contortion tensor, K*¥”, is trivially zero as

o

U (2un | Sups S
KHve — 5 (TVMP + THPY — TPV“) =0. (5)

In TEGRW, where the spin connection is zero but the tor-
sion is generally nonzero, the relation of the Christoffel sym-
bols is given by [34, 43]

fwcrl/ = fwcw - I%MUV' (6)
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[
Here T'#,, is the is the so-called Weitzenbdck connection and

[
K* ,, is the corresponding contortion tensor. The Weitzenbock
connection is given by [29, 30]

(]
woo__ep o __ e
e, =eloe, =—e

@)
The torsion tensor of the Weitzenbock connection is given by
[30, 34, 43]

T, =0° —1°

o _%pn 8 8,0 e
W L v = €4 oue, —e, 8,,6#.

®)

From this definition, it follows that the torsion tensor is anti-

(] (]
symmetric in its last two indices as 77, = —77,,. In terms of
the torsion tensor, the contortion tensor is written as

1 . ° o
KMve — 3 (Twm 4TV TPVH) ) )

The contortion tensor is antisymmetric in its first two indices
as Knve — —Kvie,

The definition of &% in the gauge theory formulation
of TEGRW obtained from unified gravity is discussed in
section 11.1. If the so-called spin connection is added to the
Weitzenbock connection of TEGRW, the connection is called
the teleparallel connection [30]. However, there is varying ter-
minology in the literature [34]. The spin connection is not used
in the present work. For the related discussion on the local
Lorentz invariance of the Lagrangian density, see section 4.3.

2.3. Derivative operators

The partial derivative operator is denoted by J, as conven-
tional. In Cartesian Minkowski coordinates, we, thus, have
da = (10, V), where the three-dimensional vector-differential
operator V is defined as V = (9y,d,,0;). For the contraction
of 0, with itself, we use the shorthand notation 0,0” = .
As another short notation, we define the space-time derivat-
ive operator V ,. In distinction to the conventional Levi—Civita
coordinate-covariant derivative, to be defined below, the oper-
ator V, operates through a contraction with a single space-
time index of a tensor or pseudotensor and does not care about
other indices as
vpVMn-P---H/x

V1o Um

1
= =0 (Vv )

= apVM]“'p“'M)xV]”.Vm + f‘gpgvmmpmunul...um (10)
Here V#1--P-+tn ., is a generic tensor or pseudotensor with
an arbitrary number of upper and lower space-time indices.

Another derivative to be used is the well—knowrg Levi—
Civita coordinate-covariant derivative, denoted by V, and
defined as [8, 127]

O

va'u]m#nm...vm = apvmmﬂnlll---’/m

e} e}
1 1. .. cp—10
+FHGPVUI Hnylml’m_A'_”'_’_FngVlil Hn—1 v

'm

—.. T

Ymp

_ e

(SARRRY
ylpv nUl/

ot VNImHm :

V)...Upy—10*

1)

In the present work, the Levi—Civita coordinate-covariant
derivative is the only coordinate-covariant derivative used.
For completeness and for comparison, we present the telepar-
allel coordinate-covariant derivative, which is in analogy to
equation (11) given by

L]
vpvﬂl»--#nl/lmym — 8/)‘/“]”'#”1/,,,.1/

m

(] (]
1 Mol H e fn—10
+F ngU ”Dl...Dm+"'+F :}pv " Vi...Vp

[ [
log 1ees o Teee
_FUIPVI" lU‘nO'VZ...l/ __1_‘ (2 Hn

'm Ump Vi...Vp—10"

12)

Using the definition of %p in equation (12), the tetrad &,
satisfies the so-called distant parallelism condition, given by

%pé“,} =0 [34]. The name of teleparallel gravity originates
from this condition [34].

For the Dirac field, we also define the conventional right
and left electromagnetic-gauge-covariant derivative operators

5,, and Bl,, given by [1, 128]

D,=8,+iLa, D,=9,—ilLa,.

P W (13)

Here 7 is the reduced Planck constant, A, is the electromag-
netic four-potential gauge field, and g. = Qe is the electric
charge of the Dirac field, where e is the elementary charge
and Q = %1 for positrons and electrons. The vector arrows
in equation (13) indicate the direction in which the differen-
tial operators operate. In the case of other fundamental inter-
actions of the Standard Model, the derivative operators in
equation (13) are complemented by the pertinent gauge field
terms as discussed in section 12. The eight-spinor forms of
the partial differential and electromagnetic-gauge-covariant
derivative operators are presented in the next section.

2.4. Eight-spinor formalism

The eight-spinor formulation of QED, presented in [55], is
not the first spinorial representation of the electromagnetic
field [129-134]. However, the eight-spinor formalism has cer-
tain advantages over other known formulations. For example,
it enables the representation of all Maxwell’s equations by
a single spinorial equation. As discussed below and in [55],
the term eight-spinor is used in a meaning that covers dif-
ferent types of eight-component physical quantities whose
certain components can be defined to be zero and whose
Lorentz transformation properties depend on the type of the
eight-spinor. Here we briefly review the key quantities of the
eight-spinor formulation.
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The eight-spinor theory is formulated in terms of four
8 x 8 bosonic gamma matrices ¥4 and Y3 = IVSVETRYS
[55]. These matrices and their equivalence transformations are
explicitly presented in section 1 of the supplementary mater-
ial. The matrices ~§ satisfy the Dirac algebra, i.e. the Clifford
algebra C¢, 3(C). The defining property of the Dirac algebra of
~4 is the anticommutation relation {~v%,~5} = 2n®Ig, where
Ig is the 8 x 8 identity matrix.

The conventional 4 x 4 Dirac gamma matrices are denoted
by ~f. Here we use the subscript F in distinction to the sub-
script B used for bosonic gamma matrices discussed above.
The Clifford algebra relation for the Dirac gamma matrices
is given by {~&, 2} = 21?1y, where 1, is the 4 x 4 identity
matrix. In some places, we use the Feynman slash notation for
the Dirac gamma matrices to write equations more compactly.
For example, one can write v50, = @ and v&p, = p.

In analogy with the conventional Dirac adjoint 1) = 9T~
[1], where 1 is the four-component Dirac spinor and the super-
script T denotes the Hermitian conjugate, the zeroth bosonic
gamma matrix ’yg is used to define eight-spinor adjoints. For
a generic eight-spinor Y, the adjoint operation is defined as
Y= Y'~Y. For a generic 8 x 8 matrix M, the corresponding
adjoint operation is defined as M = y4M'~4.

To express four-vector quantities in the eight-spinor nota-
tion as discussed below, we define four eight-spinor unit vec-
tors e, as

eo = [0,0,0,0,1,0,0,0]",
e, =[0,1,0,0,0,0,0,0]",
e, = [0,0,1,0,0,0,0,0]",
e. =1[0,0,0,1,0,0,0,0]". (14)

Here the superscript 7 denotes the transpose. The eight-spinor
unit vectors e, and their adjoints ¢, = elﬂy% satisfy the follow-
ing index-raising identities:

e’ =1"e, = —vjeo,
e =n"e = —e7k. (15)

The electromagnetic field is described by an eight-
component electromagnetic potential spinor ©, which is a
four-vector-type eight-spinor formed from the components
of the electromagnetic four-potential A“ [55]. In the present
work, we always use real-valued gauge fields and potentials
and omit the subscript I used in eight-spinors in [55]. In terms
of the electromagnetic scalar and vector potential compon-
ents of A* = (¢./c,A), where ¢, is the scalar potential and
A = (A*,AY A%) is the vector potential, the electromagnetic
potential spinor is given by [55]

0=, /%%A%a — /320 [0,cA*, cA”, A%, 6¢,0,0,0]”. (16)

Here ¢ is the vacuum permittivity, and ¢ is the speed
of light in vacuum. The adjoint spinor © is given by
0 =0ty = \/20/2]0,cA*,cAY,cA%, —¢.,0,0,0]. As seen

from equation (16), there are only four nonzero components
in ©. More nonzero components are needed in the eight-spinor
representation of the electric and magnetic fields as described
below.

The gauge-invariant electromagnetic spinor W, associated
with the electric and magnetic fields, is a spin-1-field-type
eight-spinor, given in terms of the electromagnetic potential
spinor © in equation (16) by [55]

U =— (Ig + eoéo)’)/%au@

— /%0 [0,E", B, E%,0,icB",icB,icBY]" . (17)

To obtain the last form of equation (17), we have used the well-
known expressions of the electric and magnetic fields in terms
of the scalar and vector potentials, given by E = (E*, F” E*) =
~V¢e — 2A and B = (B*,B*,B°) = V x A [135]. In the spe-
cial case of the Lorenz gauge, defined by the gauge condition
0,A% =0, one can set the term —egey50,0 in equation (17)
to zero since egy50,0 = +/c0/2c0,A". This choice also cor-
responds to the Feynman gauge as discussed in section 7.2.1.
The electromagnetic adjoint spinor W is given by ¥ = U493 =

£0/2[0,E*, B E%,0,icB,icB”, icBY).

As a convenient brief notation, the conventional four-
component Dirac spinor field ) is used to form a Dirac eight-
spinor g, given by

g = eg = [0,0,0,0,15,0,0,0]". (18)

Here the transpose operates on the eight-spinor degree of
freedom and not on the Dirac spinor . As is evident from
equation (18), the components of g are not scalars but
four-component spinors. The use of a four-component Dirac
spinor as a component of the eight-spinor in equation (18)
may seem unusual at first sight but, apart from zero com-
ponents, it is similar to how the Dirac spinors of quarks
and leptons are used as triplets and doublets in the descrip-
tion of strong and electroweak interactions of the Standard
Model. The adjoint Dirac eight-spinor is given by g =
PiASAL = Py = [0,0,0,0,—1,0,0,0]. Here i) = 3T~ is the
conventional Dirac adjoint for four-component spinors. All
quantum operators of conventional four-component Dirac
spinors extend to Dirac eight-spinors trivially so that they
operate in the usual way on the nonzero component of g,
which is the conventional four-component Dirac spinor.

As discussed in [55], under the Lorentz transformation,
the electromagnetic spinor ¥ in equation (17) transforms as
¥ — AgVW, where the Lorentz transformation matrix Ag is
given in equation (29) of [55]. This transformation preserves
W invariant in 27 rotations, which is the characteristic property
of spin-1 fields [136]. In contrast, the Dirac eight-spinor g is
invariant in arbitrary transformations of the form yg — Agi)s.
The reader can verify this by experimenting with the Lorentz
transformation matrices of [55]. Therefore, the eight-spinor
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degrees of freedom do not participate in the Lorentz trans-
formation of g. Thus, the Lorentz transformation of g is
given by ¥g — Aptg, where Ag is the conventional Lorentz
transformation matrix of four-component Dirac spinors, which
operates on the components of g in equation (18), i.e. on
the conventional four-component Dirac spinor 1 as ¢ — Apt).
Therefore, 1)g is not invariant in 27 rotations, but it is invariant
in 47 rotations, which is the characteristic property of spin-%
fields [136-138].

In the conventional QED [136], reviewed in section 2 of
the supplementary material, the electric four-current density
J? = (cpe,Je), where pe is the electric charge density and J.
is the electric current density, is given in terms of the Dirac
spinors as J¢ = gecyi) = —qecthgyiaps. In the eight-spinor
formalism, the electric four-current density is described by
the charge-current spinor ®, which is a four-vector-type eight-
spinor, given by [55]

qe n €0 a
¢ = mw(’YF)w: \/ Eﬂocjee(l

[e ,
= 50 [O,,uocjg,Moc]é,uoclépe/so,O,O,O]T. (19)

Here -y is an eight-spinor made of the Dirac gamma matrices,
and it is presented below. The eight-spinor adjoint of ® is given
by & = ®fyp = ge(220) 2 ()¢

The Cartesian Minkowski coordinate forms of the con-
ventional 4 x 4 Dirac gamma matrices g, partial derivatives

—

0,4, and the electromagnetic-gauge-covariant derivatives D,
in equation (13) form eight-component spinors ~yg, d and D,
given by [55]

a X T
7F = PYFell = [0371377{377;,72;07070] ) (20)
— — - = = — T
0=—e a = |:O7 8x78yaau_807070a0:| ) (21)
— — - = = — T
D=—¢D, = [O,DX,D}.,DZ,fDO,O,O,O] @

Here, again, the transpose operates on the eight-spinor degree
of freedom and not on the Dirac gamma matrices ~f in
equation (20). The adjoint spinors g, 5, and B, are given by
:YF = [0»’)’)12;’)’?;712:7 _vgaoaoao]’ a = [076)638)'781760707070]’
and D = [0,Dy,D,,D.,Dy,0,0,0]. Using the partial derivat-
ive spinor in equation (21) and the electromagnetic potential
spinor in equation (16), the electromagnetic gauge-covariant-

derivative spinor in equation (22) and its adjoint can be rewrit-
ten as [55]

— — e 2 hag = e 2 ~
Dog_idVPo0g  p_g, deV20g

2
fic ’ fic (23)

The eight-spinor formulation enables writing field quantit-
ies in a compact way. For example, the electromagnetic scalar
and pseudoscalar are given by W and iU~3 ¥ [55]. In terms
of the electric and magnetic fields, we have

1 1 1
U= F,F" =~ <50E2 - 32) . 24
Ho

K
)

40

_ 1 ~
iUy = " wF® = —£ocE - B. (25)

Here F* is the electromagnetic field strength tensor. The
Cartesian Minkowski coordinate form of F* is given in terms
of the electromagnetic four-potential A* and the corresponding
electric and magnetic fields as [9, 135]

Fab _ 8aAb _ 6bAa

0 —Efc —FJc —E/c
E/c 0 B B
| Ple B 0 -B (26)
E/c -B B 0

The dual electromagnetic field tensor F" in equation (25) is
defined as [135]

0 -B —B —B*
~ 1 e B* 0 E/c —F/c
b __ ~ _abcd —
FP=38"Fa=p _pre 0 B/
B: FE/c —Ec 0
27
Here £ is the four-dimensional Levi-Civita symbol.

3. Space-time dimension field and the generating
Lagrangian density of gravity

In this section, we present the concept of the space-time
dimension field and use it to formulate the generating
Lagrangian density of gravity. Together with the symmetry
transformation in section 4, the space-time dimension field
forms the foundations of unified gravity. While the Standard
Model symmetries are associated with fermionic fields, their
doublets and triplets, and the Higgs field doublet, the sym-
metries of unified gravity are associated with the components
of the space-time dimension field as discussed in section 4.
It follows from these foundations that unified gravity does
not explicitly include internal degrees of freedom of quantum
fields and their symmetry properties in the description of grav-
ity. This limitation is common to all space-time-based formu-
lations of general relativity.

In flat space-time, the generating Lagrangian density of
gravity is equivalent to the known Lagrangian density of QED
as shown in section 3.7. Due to this equivalence, the space-
time dimension field is a mathematical, precisely defined tool,
which is associated with space-time but does not assume any
specific definition of the space-time metric tensor. The rela-
tion to the space-time metric tensor is obtained only after
applying separate geometric conditions, to be discussed in this
section and in sections 7.1 and 11.1. The gravitational interac-
tion, which determines the structure of space-time in general
relativity and TEGR, is shown to arise from symmetries of the
space-time dimension field as discussed in section 4 and in
sections thereafter.
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We have ended up to the concept of the space-time dimen-
sion field in a process of trial and error. The main goal has been
to enable the gauge-theory description of gravity using a com-
pact, finite-dimensional gauge group, similar to those of the
fundamental interactions of the Standard Model. Without an
explicit, separate quantity, like the space-time dimension field,
the Lagrangian density of QED satisfies only the well-known
U(1) phase rotation symmetry of QED and external space-time
symmetries, which notoriously have a noncompact, infinite-
dimensional gauge group. Therefore, the space-time dimen-
sion field is added in the Lagrangian density to enable addi-
tional symmetries. The SEM tensor is the well-known source
of the gravitational field in general relativity. Thus, our goal is
to construct the generating Lagrangian density, for which the
variation with respect to the symmetry transformation para-
meters gives the SEM tensor. Through this procedure, the
SEM tensor appears analogously to the pertinent source terms
of the quantum fields of the Standard Model. The eight-spinor
representations of the SEM tensors of the Dirac and electro-
magnetic fields in terms of the kernel matrices, found in [55],
provided us the hint to use the kernel matrices, discussed in
section 3.1, in the construction of the space-time dimension
field. After investigating several alternatives, we have found a
single meaningful definition of the space-time dimension field,
to be given below.

We finally point out that the fundamental novelty of uni-
fied gravity is the addition of the space-time dimension field to
the Lagrangian density of the Standard Model without intro-
ducing any free physical parameters. Thus, the fundamental
hypothesis of unified gravity should sooner be considered to
be the symmetry properties of the space-time dimension field
and the way how it appears in the generating Lagrangian dens-
ity of gravity.

3.1. Kernel matrices of the eight-spinor theory

In the eight-spinor theory, we define four kernel matrices t*
as a mathematical tool to extract four-dimensional space-time
quantities from the eight-dimensional spinors. These matrices
are needed in the definition of the space-time dimension field
in section 3.3. The kernel matrices also play the role of the
symmetry transformation generators in the gauge theory of
unified gravity as shown in section 4.1. The space-time dimen-
sion field further enables an eight-spinor representation of
the Lagrangian density, whose unitary symmetries lead to the
gauge theory of unifed gravity. The kernel matrices t* can be
expressed in terms of the four bosonic gamma matrices as

t' = (v37ive) (28)
Here the superscript * denotes the complex conjugate. The
matrices t* appear to be constant, traceless Hermitian, unit-
ary, and involuntary. The explicit expressions of t* in terms
of the Lorentz group generators of the four-vector represent-
ation are given in section 1.1 of the supplementary material.
The definition of t* through equation (28) is unique up to the
given representation of the bosonic gamma matrices. For the

Table 1. Restricted kernel, commutation, Hermiticity, unitarity, and
trace properties of the kernel matrices t* of the eight-spinor theory.
Here @1 and ®;, are arbitrary four-vector-type eight-spinors [55],
V1. denotes the group of such eight-spinors, e is the
three-dimensional Levi-Civita symbol, and §°” is the Kronecker
delta. The commutation relation of the spatial kernel matrices t' is
the well-known commutation relation of SU(2). Therefore, the
matrices t* form the representation of U(1) ® SU(2) in the
eight-spinor theory.

Restricted kernel property
Pt Dy = 0, for all &, P, € VL

Mutual commutation relations

(6] =0, [t¢]=2i"¢

Commutativity with bosonic gamma matrices
bc

[t 73] =0, [t 75vE] =0

Hermiticity and unitarity
taT — ta7 (ta)fl — taT

Trace properties
Tr(t") =0,  Tr(t"t") = 85

equivalence transformations of the bosonic gamma matrices,
see section 1.2 of the supplementary material. The kernel of
t*, with the restriction that the operation of t* is projected to
the space of four-vector-type eight-spinors, is the full space
of four-vector-type eight-spinors [55]. Therefore, we call the
matrices t* kernel matrices.

The restricted kernel, commutation, Hermiticity, unitarity,
and trace properties of t* are summarized in table 1. The com-
mutation relation of the spatial kernel matrices t' in table 1 is
the well-known commutation relation of SU(2). The relation
to the SU(2) structure is a feature that is common to our the-
ory and to the theory of Ashtekar variables for classical and
quantum gravity [14]. Detailed study of the relationship of the
theories is a topic of further work. In our case, we, furthermore,
observe that the four kernel matrices t* form the representation
of U(1) ® SU(2) in the eight-spinor theory.

The main novelty of the kernel matrices t* in equation (28)
is that their properties in table 1 reveal the connection between
the Cartesian Minkowski four-vectors and the unitary and spe-
cial unitary groups on which the Standard Model is based on.
The present work is founded on this insight.

3.2. Using kernel matrices to obtain four-dimensional
space-time quantities

The kernel matrices can be used to extract four-dimensional
space-time quantities from the eight-dimensional spinors. For
example, the Minkowski inner product correspondence is
given by x,x* = Oyyt’®y = 22 — x> —y* — 7%, where the
eight-spinor corresponding to the Cartesian Minkowski pos-
ition four-vector x* = (ct,x,y,z) is given by ®x =x%¢, =
[0,x,y,7,¢t,0,0,0]”. In the relation above, only the zeroth
kernel matrix t° is needed together with the fifth bosonic
gamma matrix. Since <i)x7]53ti<1)x =0, we can write the
Minkowski inner product correspondence also as a sum x,x* =
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>, PxY3t‘@y, where the right-hand side must contain an
explicit summation sign since there are no repeated indices.
This relation is implicitly utilized in the definition of the space-
time dimension field as the fundamental geometric object of
space-time in section 3.3 below. Examples of relations, where
all four kernel matrices are relevant, are the expressions of the
SEM tensors of the Dirac and electromagnetic fields, studied
in section 4.5.

3.3. Space-time dimension field

Here we define the fundamental object associated with
space-time, which we call the space-time dimension field.
Postulating this quantity, denoted by I,, enables us to rewrite
the conventional Lagrangian density of QED in an eight-
spinor form, which we call the generating Lagrangian dens-
ity of gravity, discussed in section 3.6. The space-time dimen-
sion field I, = [Ig7 L, I, I;]T is described by four space-time-
dependent 8 x 8 matrix-valued fields IS, defined in terms of
the kernell matrices t* of equation (28) by the relations

I = —igg (0,X () ) LI,

[t(“) , 15;0] —0, 19T —Ig/g,. (29)
Here X, for the four values of the index a, are called the space-
time-dependent phase factors of I, and g, is the scale constant
of unified gravity, to be discussed in more detail below. The
parentheses around the Latin indices in equation (29) indicate
that these indices are not summed over. From equation (29), it
follows that Igo‘:",,lg = —i(0,X,)t*, where the summation over
the index a is carried out on the right as conventional.
Solving equation (29) for the fields I‘é and arranging a four-
component vector from the four Ig fields, we then have

0 1 7iggt0X0
€
Ig V8e
F 1 efiggt"Xx
— g — V8
Ig = r - 1 e—iggtyX)» (30)
¢ v lgg -
IZy eflggt‘X,
g V8

The form of I, in this equation explains why X, are called the
phase factors of L.

The space-time dimension field I is related to geometry
and it is not a dynamical field itself. Therefore, we must fix
the phase factors, X,, so that they are not free functions of
space-time. Consequently, we fix X, in terms of the Cartesian
Minkowski space-time coordinates so that

0y X, = Ouxy. (31)
This is the geometric condition that is applied whenever I,
is used in calculations. We return to the geometric condition
of equation (31) in section 3.7, where we prove the equival-
ence of the generating Lagrangian density of gravity and the
Lagrangian density of QED. In the presence of gravity, we

return to the geometric condition in section 7.1 for UGM and
in section 11.1 for TEGRW.

The main novelty of the definition of I, above is that
it makes the generating Lagrangian density of gravity, to
be defined in section 3.6, consistently equal to the known
Lagrangian density of QED. It also enables a hierarchy of sym-
metries separate from the fermionic and Higgs field internal
symmetries of the Standard Model. The symmetry transforma-
tions of I, studied in section 4, lead to the gauge theory of uni-
fied gravity. The conservation law of the SEM tensor is shown
to be obtained in accordance with Noether’s theorem, which
states that each generator of a continuous symmetry is associ-
ated with a conserved current [79, 139].

In the introduction of the generating Lagrangian density of
gravity in section VIII of [55], the matrix I, was assumed to
be equal to Ig/,/gg, where we have accounted for the differ-
ent scaling of I; by the constant , /g, in the present work. This
assumption led to the special-unitary-symmetry-based deriva-
tion of the SEM tensors of the Dirac and electromagnetic fields
starting from the form of the generating Lagrangian density
of gravity used in [55]. With I; =1Ig/, /g, and 0,1, = 0, the
form of the generating Lagrangian density of gravity presented
in [55] is, however, not equal to the well-known Lagrangian
density of QED, which includes all other fields of the the-
ory except the gravitational field. Such an equality is desired
on the basis of how the Lagrangian density of the free Dirac
field, which excludes the electromagnetic field, generates the
Lagrangian density of QED in the conventional electrodynam-
ics gauge theory, see section 2 of the supplementary material.

3.4. Scale constant of unified gravity

The scale constant of unified gravity, g,, appearing in the
definition of the space-time dimension field in equation (29),
is given in terms of the fundamental physical constants /2 and c,
and the constant E,, called the energy scale constant of unified
gravity, as

8 =7 (32)
The value of the energy scale constant E, depends on the
energy scale. The scale invariance of the dynamical equations
of unified gravity means that these equations are independ-
ent of the values of g, and E,. For a particle with a four-

momentum p, the energy scale constant is defined as
(33)

By this definition, E, is Lorentz invariant. Thus, g, is also
Lorentz invariant. The energy scale constant E, is used to
define the energy-scale-dependent gravity fine-structure con-
stant in section 6.4. As a scale constant, E, does not need to
be fixed to any specific energy scale. For example, the natural
energy scale in the case of the Dirac electron—positron field is
provided by the electron rest energy. In this special case, we
have p2 = mgcz, and thus, E, = mec?. In this work, we use i,
to denote the inertial mass of the electron and m_ denotes the
gravitational mass. According to Einstein’s equivalence prin-
ciple, these masses are equal as discussed in section 3.5. In
natural units with i = ¢ = m. = 1, the values of g, and E, for
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the electron become simply equal to 1. However, in the present
work, we choose to use the SI units so that the appearance of
different constants in equations is easier to follow.

3.5. Equivalence principle in unified gravity

In the sections below, the Lagrangian density of unified grav-
ity is formulated by using m, to denote the inertial mass of the
electron and m, to denote the gravitational mass. According
to Einstein’s equivalence principle, these masses are equal.
Accordingly, in the classical theory, these masses could be set
equal in the first place. However, in the renormalization of uni-
fied gravity in section 9, we have found that m, and m/ satisfy
different renormalization relations and only the renormalized
values of these quantities are required to be equal. This aspect
of the quantum theory of gravity is obviously absent in earlier
works on the equivalence principle in the quantum regime [25,
26]. Accordingly, we make distinction with m, and m/ in the
formulation of the theory starting from the very beginning.

Unified gravity also has another equivalence relation that
is satisfied in the classical and quantum theories. It is related
to the scale invariance. When introducing the gauge-covariant
derivative of unified gravity in section 5.1, we define the coup-
ling constant of unified gravity, denoted by gé. In the clas-
sical theory, the value of gé is equal to the scale constant g, in
equation (32). In the quantum theory, the renormalized value
of g, is equal to gg.

Therefore, the equivalence principle in unified gravity con-
tains two equalities. These equalities are written as

Mg =Me,  &4= &g (34

The first equality in equation (34) is called the equival-
ence principle of mass, and the second equality is called
the equivalence principle of scale. The equivalence rela-
tions in equation (34) and the independence of the dynamical
equations of unified gravity on the exact value of g, funda-
mentally mean that unified gravity does not introduce any free
parameters beyond the physical constants determined in previ-
ous experiments. This is one of the most prominent properties
of the theory.

3.6. Generating Lagrangian density of gravity

The generating Lagrangian density of gravity is a Lagrangian
density that contains all other fields of the theory except
the gravitational field. Its requirements, such as diffeomorph-
ism invariance and the relations to symmetry and the SEM
tensor, are discussed in [55]. The original representation
of the generating Lagrangian density of gravity for QED
in section VIII of [55] contained a matrix-valued quantity I,
which was assumed a constant identity matrix in [55]. In the
present work, we generalize I into a four-component matrix-
valued space-time-dependent field as described in section 3.3
and as elaborated in a trial and error process discussed at the
beginning of this section. Using this generalized I, given in
equation (30), we write the generating Lagrangian density of
gravity for QED as

he - /_ < v3 1T 1 _ DI vy
Lo= Z% (’YFIg'V%'VBaVIgD - DIgv%’m&Jg’YF) Vs

+

iméczf t 5 vagt / 2.7
) wglg'nyyB&,Igz/)g - (zme - me)c w8¢8

+ VIR I + T | /g (35)

Here m/ is the gravitational mass of the electron and m, is
the inertial mass. The metric tensor g"” corresponding to
equation (35) is in any coordinates in flat Minkowski space-
time. The space-time can be called flar since the gravita-
tional field has not been introduced to define a space-time-
dependent metric. The explicitly shown partial derivatives d,
in equation (35) act on I; and do not extend to the spinors
U and 5. These partial derivatives couple the Dirac and
electromagnetic fields to gravity when generalized to gauge-
covariant derivatives in section 5.1. The constant g,, which
appears in the generating Lagrangian density of gravity in [55],
has been here absorbed in the definition of I, given through
equations (29) and (30).

The tensor gauge field of gravity, to be introduced in
section 5, arises from unitary symmetries of the generating
Lagrangian density of gravity in equation (35) in the same way
as the gauge fields of the other fundamental interactions of
the Standard Model arise from unitary symmetries. However,
the tensor gauge field is associated with a hierarchy of sym-
metries associated with the transformations of the space-time
dimension field, to be discussed in section 4. This hierarchy of
symmetries is separate from the symmetries of the Standard
Model related to the transformations of the fermionic and
Higgs fields.

3.7 Equivalence of the generating Lagrangian density of
gravity and the Lagrangian density of QED in flat space-time

Here we show that the generating Lagrangian density of grav-
ity in equation (35) is equivalent to the known Lagrangian
density of QED in flat space-time. The calculations of
this section justify the definition of the space-time dimen-
sion field in equation (29). Using equations (29) and (30),
the geometric condition in equation (31), and the com-
mutation relations of the matrices t*, given in table 1,
we obtain Lygy4d, L, = —i(Quxa)Yiv5t = —inayivsts,
where we have used the tetrad relation of flat space-time,
given by 9,x, = nwe,’, and &, v4 = ~%4. Correspondingly, we
obtain I[v3v55,If = —inay3v4t". Using these identities,
the generating Lagrangian density of gravity in equation (35)
becomes

ihe - [« P _ ar
Lo= |~ navls (D’Y%v’ét Yr— TE V7Bt D) g
melcz T~ ~ b3 / 2,7
+ 5 Vs VB VB Vs — (2mg —me) c*Pgi)s

1PV VRE Y + UV | /= (36)
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Next, we express equation (36) in terms of the electro-
magnetic field strength tensor and the conventional four-
component Dirac spinors using the expressions of the eight-
spinors in equations (17) and (18). Using the identities
Nap YR ¥Rt D = 2D, nas V3 ¥Rt ve = 27e. NapUs vyt vs =
—4¢¢, ¢8¢8 = —¢¢, nab7]5?,7’];3faqj = 07 :YFB = ’YIZBV, and
B'yF = 5,,7§ , and rewriting the electromagnetic Lagrangian
density using equation (24), the Lagrangian density in
equation (36) becomes

ihC 7 v A v 7 1 ns
Lo= 71/}('YFDV_DV'7F)1/’ _meczwz/}_rmFuuF, vV —8
the - va 9 v 2.7 v
= Tw('YFaV - 3ﬂp)¢ —mecPp —JJA,
1 v
- —F,,F"|\/=g. (37)
410

Here we observe that the terms proportional to the gravita-
tional mass m/ have cancelled out and the inertial mass m, is
the only mass that remains. In the last form of equation (37), J¢
is the well-known electric four-current density, which is also
the source of the electromagnetic field, given in terms of the
Dirac field by

Jo = Qecql_)'}’;t/k

Equation (37) is the well-known Lagrangian density of QED
[1, 136]. This calculation then justifies the definitions of the
generating Lagrangian density of gravity in equation (35)
and the space-time dimension field I, defined through
equations (29) and (30). Further support is provided by the
unitary symmetry transformations associated with I,, dis-
cussed in section 4, which, by following the gauge theory
approach, lead to unified gravity, to the conservation law of
the SEM tensor, and to agreement with TEGRW as discussed
in sections 5-11.

(38)

4. Symmetries of the generating Lagrangian
density of gravity

In this section, we investigate the symmetries of the generating
Lagrangian density of gravity. Symmetries are termed to be
global when they are independent of the space-time coordin-
ates. Correspondingly, symmetries are local when they depend
on the space-time coordinates.

As fundamental interaction symmetries, we consider unit-
ary and special unitary symmetries associated with compact,
finite-dimensional symmetry groups. We follow the gauge
theory procedure to seek for global symmetries with respect
to which the generating Lagrangian density of gravity in
equation (35) is invariant. Then, we introduce gauge fields
to make global symmetries local. The generating Lagrangian
density in equation (35) trivially satisfies the U(1) symmetry of
QED. This symmetry is satisfied locally since the electromag-
netic gauge field is included and the electromagnetic-gauge-

covariant derivative D is used. Unified gravity is shown to be

associated with four U(1) symmetries of the components of
the space-time dimension field. The associated gauge field is
introduced in section 5.

We also introduce chiral symmetries but leave their detailed
study as a topic of further work. Furthermore, we study the
Lorentz invariance. These investigations are followed by the
discussion on the Coleman—Mandula theorem, the variation
of the generating Lagrangian density of gravity with respect
to the parameters of the fundamental interaction symmetries,
and the derivation of the conservation law of the SEM tensor
of the Dirac and electromagnetic fields.

4.1. U(1) symmetries of unified gravity

Next, we investigate the invariance of the generating
Lagrangian density of gravity in equation (35) under the
unitary symmetry transformation of I,. Our goal is that the
gauge field generated by the symmetries of I, discussed in
section 5, describes gravitational interaction. The symmetries
of I, are independent of the internal symmetries of the Dirac
and electromagnetic fields. The symmetry transformation of
I, is formed from four symmetries of its components, which
we call the U(1) symmetries of unified gravity, given by

LU, U=Q®U, U=c" (39

Here U, are the four U(1) symmetries with kernel matrix gen-
erators t* and symmetry transformation parameters ¢,, which
are real-valued constants for a global symmetry. Each of the
four U(1) symmetries operates on one of the four compon-
ents of I, in equation (30) so that the symmetry transformation
U, is associated with the component Ig. After observation of
the symmetries above, all that follows below is a direct con-
sequence of the gauge theory approach analogous to that in the
Standard Model.

From the expressions of the space-time dimension
field in equation (30) and the symmetry transformation in
equation (39), it follows that the transformed space-time
dimension field is given by

1 e—igat’(Xo—o/gs)

UL it (Xe— /)
8e .

Le_iggt} (Xy—by/8e)

8
je—iggt‘"(xz—@/gg)
V8

I, > Ul = (40)

Thus, the effect of U on I is equivalent to the translation of
the space-time-dependent phase factors of I as

Xa ‘>Xa7¢a/gg' (41)

Therefore, the symmetry transformation of I, in equation (39)
can be replaced by the translation of the phase factors of I
as given in equation (41). This is analogous to how the U(1)
gauge symmetry of QED is equivalent to the phase translation
of the Dirac field. In comparison with the conventional transla-
tion gauge theory of TEGRW, briefly reviewed in section 3 of
the supplementary material, unified gravity is fundamentally
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different since the translation symmetry in unified gravity only
applies to the phase factors of I, and not to the tangent-space
coordinates of all fields in the Lagangian density. However,
in section 11, we show how TEGRW is derived from unified
gravity by applying the so-called Weitzenbock gauge fixing
approach.

The U(1) symmetries of equation (39) are different from the
U(1) symmetry of QED. While the U(1) symmetry transform-
ation of QED operates on all components of the Dirac field by
a common phase factor, the four U(1) symmetries of unified
gravity in equation (39) operate on different components of L.
Another specialty of the U(1) symmetries of unified gravity is
that the generators t* are not identity matrices in contrast to
the generator of the U(1) symmetry of QED. This is related
to the definition of I, through equations (29) and (30). That
the symmetry transformation matrices U, in equation (39) are
noncommuting for different values of a reminds Yang—Mills
theories, but it has no influence on the operation of these sym-
metries since they operate on different components of I,. Thus,
these operations trivially commute, and our gauge theory of
unified gravity is Abelian.

4.2. Chiral symmetries

We observe that the generating Lagrangian density of gravity
in equation (35) is invariant under the chiral symmetry trans-
formations, given by

t(a)

-0, U=QU, U,=c’wm (42)
a

Here U, are the four chiral symmetries with chiral generat-
ors v;t* and symmetry transformation parameters 6,,, which
are real-valued constants for a global symmetry. Each of the
four chiral symmetries operates on one of the four compon-
ents of I; in equation (30) so that the symmetry transformation
U, is associated with the component Iy. There are also mixed

symmetry transformations in which U, or U, is applied to an
arbitrary component of I, other than Ig. In contrast to the U(1)
symmetries of unified gravity in equation (39), the chiral sym-
metries cannot be replaced by translations of the space-time-
dependent phase factors of I;. The study of chiral and mixed
symmetry transformations is left as a topic of further work.

4.3. Lorentz invariance

Using the Lorentz transformations of the eight-spinor form-
alism, given in [55], it is relatively straightforward to show
that the generating Lagrangian density of gravity satisfies
the Lorentz invariance globally. For a related discussion on
the equivalence relation of the bosonic gamma matrices, see
section 1.2 of the supplementary material.

The local form of the Lorentz invariance is typic-
ally interpreted through the change of the tangent-space
coordinates [34]. In the present theory, this means the Lorentz
transformation of the Cartesian Minkowski coordinates x* is

given by

x* = A% (x)xP. 43)
Here A% (x) = (e2 ()K" d)“b are components of the position-
dependent Lorentz transformation matrix A(x) = 29K,
in which Qg(x) parametrizes the transformation, and
(Ked)4, = nasd —nda5e, combines the representations of the
Lorentz generators of the four-vector representation, given in
section 1.1 of the supplementary material [55]. In the present
theory, the Lorentz transformation of x* in equation (43) is
accompanied by the invariance of the kernel matrices, which
also appear in the definition of I, in equation (30), as

t— A (X) A (x) =t (44)
Here Aj(x) =es®%®Ds7] is the position-dependent
Lorentz transformation for 8 x 8 matrix forms of the eight-
spinor theory [55]. Since [t*, Aj(x)] = 0, the transformation
in equation (44) preserves the kernel matrices unchanged.

The generating Lagrangian density of gravity in
equation (35) is manifestly invariant in the transforma-
tion of equation (44), but it satisfies the transformation of
equation (43) only if the Lorentz transformation matrix A% (x)
is independent of the position, i.e. a global transformation.
Therefore, the generating Lagrangian density of gravity in
equation (35) does not satisfy local Lorentz invariance as
interpreted through equation (43). As is known from previous
studies of local Lorentz transformations in TEGR [140], theor-
ies that do not satisfy local Lorentz invariance do not, however,
directly imply any experimentally observable Lorentz viola-
tion. The closely related topic of spontaneous breaking of
local Lorentz symmetry has also attracted attention in recent
literature [141-145].

In the known Poincaré gauge theories of gravity [30, 36,
57,75], the local Lorentz invariance is obtained by introducing
the spin connection, which is effectively a gauge field of local
Lorentz transformations. The spin connection is convention-
ally used to describe coupling of gravity to fermionic fields.
It is typically used in TEGR and its modifications [30-32, 34,
146-148], and the case of zero spin connection is called the
Weitzenbock gauge and abbreviated in this work by TEGRW.
In the present work, we do not choose to introduce the spin
connection, but use only the gauge fields associated with the
U(1) symmetries of unified gravity in equation (39). The intro-
duction of the spin connection in the present theoretical frame-
work as a separate field that enables local Lorentz invariance
is, nevertheless, possible. As we show in section 11, apply-
ing a particular Weitzenbock gauge fixing approach to unified
gravity, we can derive the field equations equivalent to those
of TEGRW.

4.4. Coleman-Mandula theorem

The Coleman—Mandula theorem is known to require that all
generators of internal symmetries must commute with the
Poincaré generators [77]. Therefore, the overall symmetry
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group can only be a direct product of the Poincaré group and
the internal symmetry groups. From the point of view of this
theorem, the four U(1) symmetries of the space-time dimen-
sion field in equation (39) are not internal symmetries separ-
ate from the Poincaré group since they are associated with the
translational degrees of freedom of the Cartesian Minkowski
coordinates x,. Therefore, instead of introducing new internal
symmetries considered by the Coleman—Mandula theorem, we
are dealing with degrees of freedom associated with Poincaré
symmetries. However, the way how the U(1) symmetries are
introduced in equation (39) is analogous to how the fermionic
and Higgs field internal symmetries of the Standard Model
are introduced. Therefore, one can call our U(1) symmetries
as internal symmetries of the space-time dimension field, but
one must keep in mind that these symmetries are not separate
from the Poincaré symmetries. For clarity, in this work, we
call these symmetries the U(1) symmetries of unified gravity
instead of internal symmetries.

4.5. Variation of the generating Lagrangian of gravity in the
symmetry transformation of the space-time dimension field

Here we calculate the variation of the generating Lagrangian
density of gravity in equation (35) with respect to the sym-
metry transformation parameter ¢, of the space-time dimen-
sion field in equation (39). We note that only the component I‘g’
of I; contributes to the variation with respect to ¢,. The infin-
itesimal variation of I in the U(1) symmetry transformation
of equation (39) with respect to the transformation parameter
¢, 1s given by

OIf = it X6 ) (45)
Using the infinitesimal variation in equation (45), the vari-
ation of the generating Lagrangian density of gravity in
equation (35) with respect to ¢, is then given by
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In the second equality, we have used equation (45), the com-
mutativity of Ig‘) with Y55, 3, and t*, and the normaliz-
ation condition Ié“ﬁlé”) =1I3/g,. The only terms that are not
cancelled by other terms are those where the partial derivat-
ive operates on 0¢,. In the third equality of equation (46),
we have used the identity y3v4t" = —t*y4~3. The last equal-
ity of equation (46) defines the quantity 77" = e, Tiy”, which
is the symmetric SEM tensor of the Dirac and electromag-
netic fields. The SEM tensor T4~ is written in terms of the
Dirac field SEM tensor T}" and the electromagnetic field SEM
tensor Thm as [55]

T = TEY + T
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In the second form of Tfy in equation (47), F*¥ is the
electromagnetic field strength tensor, whose Cartesian
Minkowski coordinate form F is given in equation (26).
In the last two forms of 75" in equation (47), we have used

the identities ﬁnystygt“ls = —2PHVPT pBU = —7‘55" -

’YEBM _i_guu,ygﬁp, B’Y%’YEtM’YF — _BP,YFUZP;W,pa —
—DH~i — DY+ Dpvggh”, st ygvgis = —g Ui,
and PHVP7g,; = —gM” and the definition of the Dirac eight-
spinor g in terms of 9 in equation (18). The quantity P#*-*7
is defined as

PHOPT = % (878" +g""g"" —g""g"). (48)

This quantity satisfies the symmetry relations PH"P7 =

Pvioro = ppvop = PPoRY and the multiplicative identity

prvaBp 8,00 = I‘;J, where I”” is the identity tensor, defined
as

" = ! oMY + 0K oY 49

- 5( p o105 p)' (49)

The last two forms of Tk, in equation (47) follow from the
definition of the bosonic gamma matrices, the electromagnetic
spinor in equation (17), and the electromagnetic field strength
tensor in equation (26). We have defined the quantity P*»#7:1
in equation (47) as
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This quantity satisfies the symmetry relations PH":Po1 =
PVHPoNA — prvnApo and  the antisymmetry relations
P/_w,pa,n)\ — _P,u,v,ap,n)\ — _P;u/,pa,/\n.

In the Minkowski space-time, where the last term of the last
form of T]’)“’ in equation (47) is zero when the Dirac equation is
satisfied and the equivalence principle applies with m. = me,
the SEM tensor terms 7%” and Tiy of equation (47) agree,
respectively, with the well-known symmetric SEM tensors of
the Dirac and electromagnetic fields [1, 9]. However, in com-
parison with the Dirac field SEM tensor in [1], our 75" has
both left and right derivatives, which makes it always symmet-
ric, which is not the case with the SEM tensor in [1], e.g. for
spherical electron states. We also note that the SEM tensor of
the electromagnetic field is traceless since photons are mass-
less. See section 11.3.1 for further discussion on the SEM
tensors.

Our approach of deriving the SEM tensor in equation (46)
is fundamentally different from the conventional derivation of
the canonical SEM tensor of the field and matter. The conven-
tional derivation is based on varying the Lagrangian density
with respect to the space-time coordinates [9, 149], and the
resulting canonical SEM tensor is typically asymmetric if no
additional symmetrization procedures are introduced, such as
the Belinfante—Rosenfeld symmetrization [150-154]. In con-
trast, in our equation (46), the generating Lagrangian dens-
ity of gravity is varied with respect to the symmetry trans-
formation parameters of equation (39). Being associated with
the transformation parameters of a continuous symmetry of
the generating Lagrangian density, our derivation of the SEM
tensor is analogous to the derivations of the conserved currents
in the gauge theories of the Standard Model [1]. The compar-
ison with the case of QED is discussed in more detail below.

The variation of the generating Lagrangian density of grav-
ity in equation (46) is analogous to the variation of the gener-
ating Lagrangian density of QED, i.e. the Lagrangian dens-
ity of the free Dirac field, with respect to the electromagnetic
U(1) symmetry transformation parameter 6. This variation is
discussed in section 2.3 of the supplementary material, and
it is given by 0Lqep,0 = —@J{;&,O. In the case of QED,
the conserved current is the electric four-current density JZ,
appearing in this variation. In the case of the U(1) symmet-
ries of unified gravity in the present work, the corresponding
conserved current is the SEM tensor of the Dirac and elec-
tromagnetic fields, appearing in the variation of equation (46),
as derived in section 4.6 below. However, note that gravity can
also contribute to the total SEM tensor if the gravitational field
is associated with the definition of the space-time metric as is
the case in the Weitzenbock gauge fixing approach discussed
in section 11.3.1.

When the tensor gauge field is added in the present the-
ory through the gauge-covariant derivative, to be introduced in

section 5.1 below, and through the kinetic term of the gauge
field, we obtain the gauge-invariant Lagrangian density L, to
be given in section 6, for which the variation with respect to

P, gives

SL=0. (51)

Thus, the addition of the gauge field cancels the variation of
the generating Lagrangian density of gravity in equation (46)
so that the total variation of the gauge-invariant Lagrangian
density is zero.

4.6. Conservation law of the SEM tensor

Here we show that the variation of the generating Lagrangian
density of gravity with respect to the U(1) symmetry trans-
formation parameters ¢,, given in equation (46), leads to
the conservation law of the SEM tensor in accordance with
Noether’s theorem [79, 139]. The variation of the action integ-
ral, corresponding to Ly, with respect to ¢, is given by
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(52)

In the second equality, we have applied equation (46). In
the third equality, we have applied partial integration. In the
fourth equality, we have set the first term to zero since it is
a total divergence, which can be transformed to a boundary
integral, and the fields are assumed to vanish at the bound-
ary. We have also used the identity §¢, = é/*d¢,. In the
fifth equality, we have applied the product rule of differen-
tiation. In the sixth equality, we have applied T4" = & /T
and T% = ¢° T9”. In the seventh equality, we have applied

f‘“w —eé4 0, following from equation (3). In the eighth
equality of equation (52), we have used the definition of the
operator V, in equation (10). Finally, in the ninth equality of
equation (52), we have applied the well-known definition of

(o]
the Levi—Civita coordinate-covariant derivative V,,, given in
equation (11).
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The final result of equation (52) shows that the variation of
the action integral vanishes for arbitrary 8¢,, when

o

V, T =0. (53)

This is the well-known conservation law of the SEM tensor
of all fields and matter except the gravitational field. Since
TL” is symmetric, angular momentum is also conserved. With
the pertinent Levi—Civita coordinate-covariant derivative, the
conservation law in equation (53) also holds in a space-time
curved by the gravitational field as is well known from general
relativity [8]. The derivation of equation (53) above is fully
analogous to the well-known derivation of the conservation
law of the electric four-current density reviewed in section 2.4
of the supplementary material. For general reference, we also
finally give the local Lorentz scalar, which is the trace of the
SEM tensor of QED in equation (47), given by

(2mé - me) CZ"Z”#-

Since the SEM tensor of the electromagnetic field is traceless,
it does not contribute to equation (54).

Tw', = 54)

5. Gravity gauge field

Until this point, we have assumed flat space-time, where the
gravitational field is nonexistent. In this section, we intro-
duce the tensor gauge field of gravity following the stand-
ard gauge theory approach of quantum field theory. The
tensor gauge field is introduced without reference to the local
Poincaré invariance of the theory. This highlights the gauge
theory nature of unified gravity based on the invariance of the
Lagrangian density in the gauge symmetry transformations of
the space-time dimension field, discussed in section 4. This
also makes unified gravity fundamentally different from pre-
vious gauge theory approaches to gravity. Later, in section 11,
we show that it is also possible to define the space-time
dependent tetrad and metric tensor in the framework of the
present theory, in which case unified gravity leads to TEGRW.

5.1 Gauge-covariant derivative

The generating Lagrangian density of gravity in equation (35)
is globally gauge-invariant in the symmetry transformation
of equation (39) for constant values of ¢,. To promote this
global symmetry to a local symmetry, we allow ¢, to depend
on the space-time coordinates x*. As mentioned in section 4.1,
the symmetry transformation matrices U, are noncommuting
for different values of a, but this noncommutativity has no
influence on the applicability of the U(1) symmetries, which
operate on different components of the space-time dimen-
sion field I, in equation (30). Following the gauge theory
approach [1, 2], the generating Lagrangian density of gravity
in equation (35) can be made locally gauge-invariant in the
symmetry transformation of equation (39) when we general-
ize the partial derivative that acts on I, into a gauge-covariant

derivative D,,, given by

—

D, =0, —iglHaut". (55)

Here gg’ is the coupling constant of unified gravity, whose
renormalized value is defined to be equal to the scale constant
8¢ in equation (32). The Hermitian gauge field H,, t* combines
the four U(1) gauge fields and it is given in terms of real-valued
components H,,,, which describe gravitational interaction as
shown below. The gauge theory allows us to obtain a locally
gauge-invariant Lagrangian density independent of the choice
of the constant in the gauge field term of equation (55). The
use of the coupling constant gg’ in equation (55) allows us to
define H,, as a dimensionless quantity, which enables easy
comparison of the present theory with TEGR as discussed in
section 13.

In the symmetry transformation of equation (39), the
gauge-covariant derivative transforms as ’]31,1g — U’ﬁylg. It
follows that the transformation of H,, t* is given by H,,t* —
(UH,, t* — é%g,a,,U)UT = (H,, + gig,&,%)t”. Thus, the trans-

formation of H,,, is written as

1
Hau — Hav + ﬁal/d)w
8¢

(56)

Using the gauge-covariant derivative operator D, in place of
the partial derivatives 0, makes the generating Lagrangian
density of gravity in equation (35) gauge-invariant with
respect to the local form of the symmetry transformation in
equation (39).

5.2. Gravity gauge field strength tensor

To write the complete gauge-invariant Lagrangian density, we
must include a gauge-invariant term that depends only on the
gauge field H,,,. However, in the case of gravity, we must apply
the soldered character of the gauge theory as discussed below.
Utilizing the gauge theory, one obtains an unambiguous form
for the gauge field strength tensor from the commutator of the
gauge-covariant derivatives [1, 2]. The commutation relation
[’1_5#,’13,,] = —ig,H,,, defines the antisymmetric gravity field
strength tensor H,,, as
HMIJ = Huul/tay Ha;u/ = auHau - al/Hau- (57)
This equation does not contain commutator terms of t¢ since
the symmetry generators operate on different degrees of free-
dom of the space-time dimension field and, thus, these opera-
tions trivially commute as discussed in section 4.1. Therefore,
the gauge theory is Abelian, and the gravity field strength
tensor in equation (57) is a gauge-invariant quantity as in
electromagnetism. That H,,, in equation (57) is invariant in
the transformation of H,, in equation (56) follows directly
from the commutativity of partial derivatives. The redund-
ant degrees of freedom in H,, are analogous to those of the
electromagnetic four-potential. To treat redundant degrees of
freedom, one must fix the gauge as in conventional gauge
theories [1]. The gauge fixing in unified gravity is discussed in
section 7.2. In comparison with TEGR [30, 34, 38], the form
of the gravity gauge field strength tensor H,,,,,, in equation (57)
is seen to be equivalent to the form of the torsion in the
Weitzenbock gauge, i.e. in the absence of the spin connection.
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The generic inverse tetrad e“, allows us to obtain a three-
space-time-index form of the gravity gauge field strength
tensor in equation (57) as

Hoppw = € Hupuo- (58)

This is a necessary property of unified gravity and any gauge
theories describing a tensor gauge field. In previous literat-
ure, this property is known as the soldered character [29,
34]. It makes unified gravity fundamentally different from the
gauge theories of the Standard Model, which all describe vec-
tor fields. We use the generic inverse tetrad symbol e, in
equation (58) and below to indicate that this tetrad can be the
tetrad of the Minkowski manifold or it can have a different
definition, such as that of TEGRW, discussed in section 11.

5.3. Dual gravity gauge field strength tensor

Next, we present the dual gravity gauge field strength tensor,
which is a quantity needed to form the Lagrangian density of
gravity field strength in section 6. In analogy with the gauge
theories of the Standard Model, the dual gravity gauge field
strength tensor H“_, is given by

170 apy
H O.A S .

B SN (59)

Here S is called the superpotential, and it is antisymmetric
in its last two indices as S**¥ = —S*“#. In vector-field gauge
theories, i.e. in the absence of soldered character of the gauge
theory, the superpotential is trivially given by the gauge-field
strength tensor itself, e.g. see equation (27) for QED. This is
not the case in soldered gauge theories. Therefore, following
the definition of the superpotential for soldered gauge theories,
e.g. in [34], we obtain

S — ¢, % (Huup + HMPY Hpvu) L gPMHY, — PV HOM | .

(60)

This superpotential is shown to appear under the derivative of
the dynamical equation of unified gravity, in the case of UGM
in section 7, and in the case of TEGRW in section 11.

6. Locally gauge-invariant Lagrangian density of
unified gravity

In this section, we present the locally gauge-invariant
Lagrangian density of unified gravity. In section 6.1, we write
the kinetic Lagrangian density term, which depends on the
gravity gauge field only, and is necessary for the descrip-
tion of the dynamics of gravity. Then, we write the complete
locally gauge-invariant Lagrangian density of unified gravity
in section 6.2, and elaborate the reduced form of the gauge-
invariant Lagrangian density in section 6.3.

6.1. Lagrangian density of gravity gauge field strength

In analogy with the gauge theories of the Standard Model [1],
the Lagrangian density of the gravity gauge field strength does
not follow from the gauge invariance alone without further
assumptions. In the gauge theories of the Standard Model,
restrictions are set by parity and time-reversal symmetries and
renormalizability of the interactions [1]. However, the gauge
field Lagrangian densities in all gauge theories of the Standard
Model are of the same well-established form. Therefore,
following the gauge theories of the Standard Model, the
Lagrangian density of the gravity gauge field strength is writ-
ten in terms of the field strength tensor and the dual field
strength tensor, and the constant prefactor is determined by
experiments. Thus, the Lagrangian density of the gravity
gauge field strength is written as

1

@Ha,uuHagA

Lg,kin =

1
Euuo‘)\ /;g P ng,ysal“/ /78-
61)

Here k = 87 G/ ¢* is Einstein’s constant, where G is the grav-
itational constant. The prefactor of equation (61) has been
determined by comparison of the theoretical prediction of
the strength of the gravitational interaction to experiments on
gravitation. The Lagrangian density of the gravity gauge field
in equation (61) is also seen to be of the same mathematical
form as the Lagrangian density of gravity in previous works
on TEGR [30, 34, 35, 38]. Using the Weitzenbock gauge fix-
ing approach, TEGRW is derived from the present theory in
section 11. In comparison with QED, the determination of the
constant prefactor in equation (61) is analogous to the determ-
ination of the permeability of vacuum in the Lagrangian dens-
ity of the electromagnetic gauge field based on related exper-
iments or known Maxwell’s equations as discussed in section
2.7 of the supplementary material. Comparison of L, ki, in
equation (61) with the Einstein—Hilbert Lagrangian density of
general relativity is discussed in the case of the Weitzenbock
gauge fixing approach leading to TEGRW in section 6 of the
supplementary material.

The second form of the Lagrangian density of the gravity
field strength in equation (61) is obtained from the first form
as follows:

~ 1
HaaﬁHaa/\gaBU)\ = 5 aaBSalwga)\,uyEa'BUA

= Hup S™ — Happ S™ = 2H S (62)
In the first equality of equation (62), we have used the defin-
ition of the dual field strength tensor in equation (59). In
the second equality, we have used the identity ¢, AW{—:“B")‘ =
25565 - 255 0%. In the third equality, we have used the anti-
symmetry of H,,,, in its space-time indices.

As discussed in section 5.3, the superpotentials of vector-
field gauge theories, such as all gauge theories of the Standard
Model, are trivially given by the field strength tensors them-
selves. Therefore, in formulating vector-field gauge theor-
ies, one typically jumps over the definition of the dual field
strength tensor and writes the Lagrangian density of the gauge
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field directly as the field strength tensor contracted with itself.
Thus, despite being more general, the forms of Lagrangian
densities corresponding to the first form of equation (61)
are not conventionally used in representations of vector-field
gauge theories.

6.2. Locally gauge-invariant Lagrangian density of unified
gravity

Using the gauge-covariant derivative in equation (55) and
adding the gauge field term of gravity in equation (61) to the
generating Lagrangian density of gravity in equation (35), we
obtain the locally gauge-invariant Lagrangian density of uni-
fied gravity. This Lagrangian density satisfies locally the elec-
tromagnetic [U(1)] gauge-invariance in the same way as the
conventional Lagrangian density of QED discussed in sup-
plementary section 2. Furthermore, this Lagrangian density
satisfies locally the gravity [4xU(1)] gauge-invariance with
respect to the symmetry transformation of equation (39). We
recall that, in the locally gauge-invariant Lagrangian dens-
ity, to be defined below, we do not assume any particu-
lar definition of the space-time metric or tetrad. The locally
gauge-invariant Lagrangian density of unified gravity is, thus,
given by

fic - /< R i v
iméc2

T

—— sl D] §Xpg — (2m! — me) ¢ gifs

=

1
HUT Yy DI + U0 + Haﬂusauy]w/—g. (63)

If we set H,, to zero in equations (55), (300) and (57), the
locally gauge-invariant Lagrangian density in equation (63)
becomes equivalent to the generating Lagrangian density of
gravity in equation (35), which is shown to be equivalent to
the Lagrangian density of QED in section 3.7. In the gen-
eral case, the gauge field H,, is obtained as a solution of
the Euler—Lagrange equations. The pertinent Euler—Lagrange
equations of gravity are discussed in section 7.6.1 for UGM
and in section 11.3.1 for TEGRW.

6.3. Reduced form of the locally gauge-invariant Lagrangian
density of unified gravity

Here we apply the definition of the space-time dimension field
in equations (29) and (30) to obtain a reduced form of the loc-
ally gauge-invariant Lagrangian density of unified gravity in
equation (63). In the reduced Lagrangian density, to be derived
below, the space-time dimension field I, does not appear expli-
citly but there is an explicit dependence on the derivative 0, X,
of the phase factors of I instead. Accordingly, the symmetry
transformation of I,; in equation (39) is replaced by the trans-
lation of X, in equation (41).

To write out the terms of the gauge-invariant Lagrangian
density in equation (63) in reduced forms, we first derive

expressions for Ig'yB'yB’D I, and IT'yB'yB ’DT IT The calcula-
tion for Ig'yB'yBD I, is given by

igPYSBPYEiqug = Ziéa)7]537]l§ (51/ - igéH(u)Vt(a)) Ig(;)
a gl ]
= —ig, Z <3ux(a) + ggH(a)V> | IQETRTA A 19
- g

I
—i (8,,Xa + ﬁHm,
g

) TRvht". (64)

Correspondingly, for ITyByB D};i;, we obtain
I;Q’Y%’YE ﬁj’i; = ZI u)T’YS ’YB (6 - lggH(a)u (“)) I(a)
, 8 . ()
= ige) (éLX(a) + ggH(a)u) Lyt L
a g

. 8 .
= — <8yXa “+ ggHm,> ')’]53')’Eta
g

/
Hau) ta'YE'YSB
8g

In the first equalities of equations (64) and (65), we have
used the definition of the gauge-covariant derivative in
equation (55) and the representation of I, in terms of Ig
in equation (30). In the second equalities, we have applied
equation (29). In the third equalities, we have applied the
commutativity of I with 5§, ~3, and t* and the nor-

(8 X+ (65)

malization condition Ié“”lé") =1Ig/g,. In the last equality of
equation (65), we have used the identity y3v5t" = —t*y5v3.

Substituting the quantities of equations (64) and (65) to the
locally gauge-invariant Lagrangian density in equation (63),
we obtain

g/
L= { (81/Xa + 7gHau
g
ihe ~ VS5 AV sa = 5 _ vearm
XY (D'nﬂgt Y~ YEVB VB D) s
‘¢

e

w tYEYR s — ‘Pt“WEW%‘P}
1
- (Zmé - me) 1/)8w8 + \II\IJ + Ha,ul/SaMV} vV —8

= |:_ <8VX(1 + %Hau

) TY — (2m.—me) Pibgipg + U
g

+1HWSW] Ve (66)
4K

We call this Lagrangian density the reduced form of the loc-
ally gauge-invariant Lagrangian density of unified gravity. In
the last equality of equation (66), we have used the definition
of the SEM tensor of the Dirac and electromagnetic fields in
equation (47). The gauge-invariance of the Lagrangian dens-

ity in equation (66) means that it remains invariant when X,
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is transformed by the transformation law in equation (41) and
H,, is transformed by the transformation law in equation (56).

The locally gauge-invariant Lagrangian density of unified
gravity in equation (66) allows the use of different definitions
of the tetrad and gauge fixing. The Weitzenbock gauge fix-
ing, which leads to TEGRW, is discussed in section 11. The
use of the tetrad of the Cartesian Minkowski manifold and
the harmonic gauge fixing, which lead to UGM, are studied
in section 7. The Weitzenbock gauge fixing, which leads to
TEGRYW, is discussed in section 11.

6.4. Scaled representation of unified gravity and the
dimensionless coupling constant

Next, we discuss the scaled representation of unified gravity,
which is analogous to the scaled representation of QED dis-
cussed in section 2.9 of the supplementary material. The scaled
representation of unified gravity enables transparent compar-
ison with the gauge theories of the Standard Model and the
conventional translation gauge theory of TEGRW as presen-
ted here and in section 13.

In the scaled representation of unified gravity, the gravity
gauge field is scaled so that the Lagrangian density of the grav-
ity gauge field in equation (61) no longer contains Einstein’s
constant in the prefactor. The scaling of the gravity gauge field
is given by

Hgy — \/KH),. (67)
The gravity gauge field strength tensor and the dual field
strength tensor become then replaced by scaled quantities as

/
Huyw — VEH,
7 7/
H° , — /kH" .

(68)
(69)

This scaling makes the Lagrangian density of the gravity gauge
field in equation (61) to become

1 -

g (70)

ﬁg,kin
Here, in comparison with equation (61), Einstein’s constant is
no longer present in the prefactor.

In analogy with QED, discussed in section 2.9 of the sup-
plementary material, we next define the dimensionless coup-
ling constant of unified gravity, E!, by scaling the dimension-
ful coupling constant g, = E,/(lic). Here we set the coup-
ling constant of unified gravity equal to the scale constant in
equation (32). With further scaling, we then write

K
E; = Eg, /% = /8ma.

In analogy with the electric fine-structure constant ¢, in
section 2.9 of the supplementary material, equation (71)
defines the gravity fine-structure constant o,. Solving
equation (71) for ag and using equation (33), we obtain

(71)

kep?  Gp?
Qg = = —.
£ 8nh hcd

(72)
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The gravity fine-structure constant depends on the energy scale
through p?. In the special case of the electron, we have p*> =
m2c?. Using equation (72), this gives the gravity fine-structure
constant of the electron as

2.3 2
Kmsc Gmg
= = . 73
‘e 8mh hc (73)

Using the experimental value of the gravitational constant, the
numerical value of oy is given by a, &~ 1.75181 x 10~%. This
small value characterizes the weakness of the gravitational
interaction in comparison with the fundamental interactions of
the Standard Model. The ratio of «; in equation (73) and the
well-known electric fine-structure constant o, = €*/(4meglic)
is equal to the known ratio of the strengths of the gravitational
and electromagnetic forces or potential energies between two
electrons, i.e. [Fg|/|Fe| = |Vg|/|Ve| = 4meoGm? /€. This res-
ult justifies the physical meaningfulness of the gravity fine
structure constant ¢, in characterizing the strength of the grav-
itational interaction. The term gravity fine-structure constant
has also appeared in previous literature. In [155, 156], its for-
mula, similar to equation (73), has been expressed in terms
of the proton mass. The analogy with QED in section 2.9 of
the supplementary material suggests that the dimensionful and
dimensionless coupling constants E, and Eé are subject to the
phenomenon known as the running of the coupling constant
[157-160]. Detailed study of this effect in unified gravity is
left as a topic of further work.

The scaling of the gravity gauge field in equation (67) and
the definition of the dimensionless coupling constant of unified
gravity in equation (71) make the gauge-covariant derivative in
equation (55) to become

Eq
Vhc
This form of the gauge-covariant derivative of unified gravity
allows easy comparison with the gauge-covariant derivative of
the scaled representation of QED, discussed in section 2.9 of
the supplementary material, and the gauge-covariant derivat-
ive of the Standard Model, discussed in section 12.2. In natural
units with 7 = ¢ = 1 complemented with x = 1, the scaled rep-
resentation above is trivial since these units imply H,, = H.,
and Eg = E,.

It is well known from previous literature that the coupling
constant of a theory must be either dimensionless or have a
positive mass dimension for the theory to be renormalizable
[3, 4, 79]. In the latter case, the theory is called super-
renormalizable. If the coupling constant has negative mass
dimension, the theory is nonrenormalizable. Therefore, the
dimensionless coupling constant of unified gravity strongly
suggests that the theory is renormalizable. The renormalizab-
ility of unified gravity is studied at one-loop order in section 9.

—

D, — 8, —i—=H/ t".

(74)

7. Unified gravity in the Minkowski metric

It is especially interesting to study unified gravity in the
Cartesian Minkowski metric, i.e. UGM, since the Minkowski
metric is the obvious starting point for the quantization of
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gravitational interaction [161]. When the space-time metric is
equal to the Cartesian Minkowski metric, there is no differ-
ence between the Latin and Greek indices. Therefore, since it
is conventional to use Greek letters for space-time indices, in
UGM, we choose to use Greek indices exclusively.

71. Geometric conditions of UGM: tetrad and metric tensor

Unified gravity allows freedom in the definition of the tetrad
and the space-time metric tensor. Thus, in unified gravity, we
can use a gauge-field-independent tetrad and a metric tensor
as done for UGM in this section or a gauge-field-dependent
tetrad and a metric tensor as done for TEGRW in section 11.
In UGM, we use the geometric condition in equation (31)
together with the tetrad of the Cartesian Minkowski manifold,
given by

= 9'x, = "X, = 5. (75)

Since the two indices of & . 1n equation (75) are of the same

type, 2#” becomes equal to ;. Therefore, in the Cartesian
Minkowski manifold, 0,x, = 0, X,, is equal to the Cartesian
Minkowski metric tensor as

Nuw = Opxy, = 0,X,,. (76)
Accordingly, in UGM, we set the metric tensor determinant
associated factor \/—g to unity in the Lagrangian densities
since g = det(7,,,) = —1. Equations (75) and (76) together
with equation (31) are called the geometric conditions of
UGM.

If one applies the geometric condition in equation (31) to
the reduced form of the gauge-invariant Lagrangian density
of unified gravity in equation (66), the Lagrangian density
loses its explicit dependence on X,, and one can no longer per-
form local gauge transformations on X, using equation (41).
Therefore, the gauge invariance of the Lagrangian dens-
ity of unified gravity in equation (63) or (66) with respect
to the four U(l) symmetry transformations of gravity in
equation (39) or (41) must be interpreted before the applica-
tion of equation (31) to the Lagrangian density. The gauge fix-
ing of UGM in section 7.2 below is also performed before the
geometric conditions of UGM are applied to the Lagrangian
density.

In the conventional TEGRW, the translation gauge field has
been particularly introduced to make the tetrad independent
of translations of the tangent-space coordinates x,. Hence, the
translation gauge field is, by definition, included in the expres-
sion of the tetrad in TEGRW, which is thus different from the
tetrad of the Minkowski manifold. This highlights the funda-
mental difference in the foundations of unified gravity and the
conventional formulation of TEGRW [30, 34].

72. Gauge fixing in UGM

As is well known, the path integral formulation of the field
theory and the gauge field propagators cannot be consistently
formulated without fixing the gauge [1, 4]. This is because,

21

by definition, gauge theories represent each distinct field con-
figuration of the physical system as an equivalence class of
field configurations. The equivalence classes of field con-
figurations are defined by gauge transformations. Therefore,
they are associated with redundant degrees of freedom in
gauge field variables. Gauge fixing must be applied to effect-
ively remove the redundant degrees of freedom [1, 4]. The
relation of gauge fixing to the determination of gauge field
propagators of field theories is discussed in more detail in
section 8 below and in section 4 of the supplementary material.

In analogy with the gauge theories of the Standard Model
[1, 4], the starting point for gauge fixing in UGM is the non-
gauge-fixed functional integral, given by

/ eiS[¥ v AH/ (1) DI Dy DADH. )

Here S[t),1),A, H] is the action integral, i.e. the integral of the
locally gauge-invariant Lagrangian density of unified gravity
in equations (63) and (66) over the space-time coordinates,
written as

S[w,,A,H| = /Ld“x. (78)
The functional integral in equation (77) is over the compon-
ents of the Dirac spinor 3 and adjoint spinor v, over the
four components of the electromagnetic four-potential A, as
DA=T]] i DA,,, and over all components of the gravity gauge
field H,,, as DH = le DH,,,,. The gauge fixing is performed
by the Faddeev—Popov method as explained below.

72.1. QED gauge fixing. ~ Gauge fixing must be carried out
for all gauge fields of the theory. We start with the well-known
gauge fixing of QED. A particularly convenient gauge is the
Feynman gauge, whose gauge condition is in QED equivalent
to the Lorenz gauge condition, given by 0,A” =0 [162]. The
Feynman gauge condition is written as

Cem (A) = 9,A” = /2110 €0758,0 = 0.

Equation (79) defines the gauge-fixing function Cenn(A). The
Feynman gauge condition in equation (79) is satisfied in the
electromagnetic gauge transformation of the formA, — A, —
%81,9 when the gauge function € is a solution of the wave
equation 926 = 0. Thus, the Feynman gauge does not determ-
ine the electromagnetic four-potential uniquely. The remain-
ing residual degrees of freedom are called the residual gauge
symmetry [55, 163]. Consequently, it is not sufficient to use
the Feynman gauge condition alone, but also an integral over
the electromagnetic gauge function is necessary. The com-
plete gauge fixing is formally obtained by the Faddeev—Popov
method [1, 4, 164], to be applied below.

In the Faddeev—Popov method for gauge fixing in QED,
one inserts 1 under the non-gauge-fixed functional integral of
equation (77) in the following form [1, 4]:

1:/5 [Cen (A@)] det[

(79)

6Cem (A1)

50 D6.

(80)
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Here the functional integral is over the electromagnetic gauge
function 6 and A(®) is the gauge-transformed field, given by

A =4, — ano. (81)
e

The term 6[Cerm (A(?))] in equation (80) is the functional delta
function and det[0Cem(A?))/66] = det(—26?) is called the
Faddeev—Popov determinant.

Due to the local gauge invariance of the Lagrangian density
in equation (63) or (66), the action integral in equation (78) sat-
isfies S[t),,A,H] = S[1p,»,A¥) H]. Therefore, after insert-
ing the Faddeev—Popov unity from equation (80) under
the functional integral of equation (77) and performing the
shift A, — A, + %8,,0, DA — DA, the functional integral in
equation (77) becomes

/ 5 [Com (A)]det<—282>

x eiS[P A H /(1) DY DI DYDADH. (82)
The functional delta function in equation (82) indicates that
only such field configurations, which satisfy the Feynman
gauge condition in equation (79), give nonzero contributions.

The remaining task is to express the functional delta func-
tion and the Faddeev—Popov determinant in equation (82) as
Lagrangian density functionals. The functional delta function
in equation (82) is rewritten as [1]

§[Cem (A)]

:Nem/exp<

= Nem €Xp <

—i

2pohct / wid ") 0[Cem (4) —w] Dw
Zu(;‘che / [Com (A)}2d4x>

/ﬁem ,gfd4x> .

Here &, is the electromagnetic gauge-fixing parameter, Nep, iS
an unimportant normalization constant, and w is an arbitrary
scalar function. The gauge-fixing parameter &, is generally any
finite real-valued constant. In this picture, the choice of & = 1
corresponds to the Feynman gauge condition in equation (79)
[1, 4]. For a discussion of this correspondence, see section 4.1
of the supplementary material. The choice &, = 0 is known as
the Landau gauge [1] but there is varying terminology in the
literature as this choice is in some works called the Lorenz
gauge [4]. In the second equality of equation (83), we have
used the functional delta function to integrate over w. The last
equality of equation (83) defines the gauge-fixing Lagrangian
density of QED, given by

i

hic (83)

1 1

24106e  2ppke

1 -« _ o2
= —g—@apqgeomgag@.
€

Eemtgf = - [Cem (A)]Z = (aVAy)Z

(84)
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The last form of equation (84) is written using the eight-spinor
notation. For a discussion on the relation between the gauge-
fixing Lagrangian density of QED in equation (84) and the
definition of the photon propagator, see section 8.2.

Next, we turn on to the Faddeev—Popov determinant part of
the functional integral in equation (82). The Faddeev—Popov
determinant is rewritten as [1]

det(—hﬁz)
e

= / exp (i cemazcemd4x> DcemDCem

[ _
= / exp <hc / Lem7ghos[d4x> DcemDCem-

In the first equality of equation (85), we have followed the
conventional Faddeev—Popov method to represent the determ-
inant as a functional integral over anticommuting fields cep
and c., belonging to the adjoint representation and called the
Faddeev—Popov ghosts [1, 4, 164]. The coefficient 7/e has
been absorbed in the normalization of c¢.,, and Cey. The last
equality of equation (85) defines the Faddeev—Popov ghost
Lagrangian density of QED, given by

(85)

Eem,ghost = hcz’emazcem = _hcaemSazcem& (86)
In the last form of equation (86), we have used cemg = Cem€o
and Cemg = Cem@0. Since Lem,ghost in equation (86) does not
contain the electromagnetic gauge field, Lem ghost 1S typically
absorbed in the unimportant normalization constant of the
functional integral of QED [1]. Consequently, in the Standard
Model, the Faddeev—Popov ghosts are important only in the
Yang-Mills gauge theories.

72.2. Gravity gauge fixing. ~ Next, we discuss gravity gauge
fixing following the analogy with the QED gauge fixing above.
In the case of general relativity, the corresponding gauge fix-
ing analog has been applied in previous literature [80, 88]. The
gravity gauge fixing to be introduced below fundamentally dif-
fers from the Weitzenbock gauge fixing of TEGRW, discussed
in section 11, and the gauge fixing of general relativity [80,
165-167] since here we do not relate the gauge field to the
definition of the tetrad or metric. Consequently, UGM treats
the gravity gauge field on the same formal footing with the
gauge fields of the Standard Model.

We fix the gravity gauge field by the gravitational analog of
the Feynman gauge fixing of QED, discussed in section 7.2.1.
In general relativity, a particularly convenient gauge is the har-
monic gauge, also known as the de Donder gauge [88, 90, 115,
119, 165, 168, 169]. In unified gravity, the gauge field H,,, is
not assumed symmetric by definition, which leads to modific-
ation of the harmonic gauge condition. The harmonic gauge
condition is generalized to unified gravity as

Cﬂ

U (H) = 0,H"" + 0,H"" — 9" H",

=2PPPLY H 5 = 0. (87)
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Equation (87) defines the gauge-fixing four-vector Cy (H). The
gauge condition in equation (87) is satisfied in the gauge trans-
formation of the form in equation (56) when the gravity gauge
function ¢,, is a solution of the wave equation ¢ w = 0. Thus,
the harmonic gauge does not determine the gravitational gauge
field H,,,, uniquely. The remaining residual degrees of free-
dom are analogous to the residual gauge symmetry of QED,
discussed in section 7.2.1.

In analogy with the case of QED in section 7.2.1, we apply
the Faddeev—Popov method to gravity gauge fixing. Therefore,
we insert 1 under the non-gauge-fixed functional integral of
equation (77) in the following form:

(1)
1=I1 [ ¢[ct” 6Cs (H?)
m

YA
Here the functional integrals are over the gravity gauge
functions ¢, and H®) is the gauge-transformed field,
given by

¢))} det

] Do, (88)

H(®)

1
lw:mw+?@%. (89)

g

The term 6[C§“ ) (H®)] in equation (88) is the functional
delta function and det[§CY (H(®)) /5¢()] = det(, 82) is the

Faddeev—Popov determinant of unified gravity.

Due to the local gauge invariance of the Lagrangian
density in equation (63) or (66), the action integral in
equation (78) satisfies S[¢),,A, H] = S[1),,A, H?)]. Since
Lem,gf and Loy ghost in equations (84) and (86) are locally
gauge invariant with respect to the U(1) symmetries of unified
gravity, the equality S[t),4),A, H] = S[t),1),A, H®)] remains
satisfied after the QED gauge fixing discussed in section
7.2.1 above. Therefore, after inserting the Faddeev—Popov
unity from equation (88) under the functional integral of
equation (77) and performing the shift H,,, — H,,,, — gig,&,qbu,
DH — DH, the functional integral in equation (77) becomes

]

x iS[V0AH]/ () Dy DI DYDADH. (90)

Here we have defined the functional measure of the gravity
gauge functions as D¢ =[], D¢,..
Next, we express the functional delta functions and the

Faddeev—Popov determinants in equation (90) as Lagrangian
densities. The functional delta functions in equation (90) are

rewritten as
H5 [C (H)] = NgH/exp< /w(“)w(u)d4x>

© 1
<5 [Cém (H) - W(u)} D)

= Ngexp ( / Ct (H) Cyy, (H) d4x>

i
4rhcé,

i
4rhcé,
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=N, exp(hlc / ﬁg,gfd“x) . o1
Here &, is the gravity gauge-fixing parameter, Ny is an
unimportant normalization constant, and w# are arbitrary
scalar functions. In analogy with the QED gauge fixing
in section 7.2.1, the gravity gauge-fixing parameter &, is
any finite real-valued constant. The choice of & =1 cor-
responds to the harmonic gauge condition in equation (87).
For a discussion of this correspondence, see section 4.2
of the supplementary material. In the second equality of
equation (91), we have used the functional delta function
to integrate over w*. The last equality of equation (91)
defines the gauge-fixing Lagrangian density of unified gravity,
given by

m

Cy (H) Coyu (H)

Lg,gf = g

1
4réy
1
4ré,
X (8,,HJ’ + 0, H", — 8MH7777)

(8,,H“p 4 @,Hp“ _ 5qup)

1
= — 1,6 PPN PRI O\ H 500 H o (92)
g

=
For a discussion on the relation between the gauge-fixing
Lagrangian density of unified gravity in equation (92) and the
definition of the graviton propagator, see section 8.3.

Next, we turn on to the Faddeev—Popov determinant part
of the functional integral in equation (90). In analogy with
the case of QED in section 7.2.1 above, the Faddeev—Popov
determinants are rewritten as

1
Hdet (/82>
Iz 8g
= /exp (—i/Egazcgd4x) Dc,Dcy
= /exp (hlc/ﬁgghostd“x) DcDe,.

In the first equality of equation (93), we have represented
the determinant as a functional integral over anticommut-
ing fields ¢, = [c(g),ci‘b,,cg,cfb,]rand Gy = [c ,Cy,Cy, Co] belonging
to the adjoint representation and called the Faddeev—Popov
ghost fields of unified gravity We have also defined Dcg =
[1,Dci and De, =], De; . The coefficient 1/g, has been
absorbed in the normahzatlon of ¢g and ¢,. The last equality
of equation (93) defines the Faddeev—Popov ghost Lagrangian
density of unified gravity, given by

93)

Ly ghost = —hci‘gazcg = hcéggazcgg. 94)
In the last form of equation (94), we have used ¢z = cy¢ and
Cgg = Cg€0. Since Lg gnost in equation (94) does not contain the
gravity gauge field, L, onost can be absorbed in the unimportant
normalization constant of the functional integral in analogy

with the case of QED [1].
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73. Faddeev-Popov Lagrangian density of UGM and the
BRST invariance

Here we conclude the Faddeev—Popov gauge fixing approach
of UGM by presenting the complete locally gauge-fixed
Lagrangian density of UGM. This Lagrangian density is
a sum of the locally gauge-invariant Lagrangian density
in equation (63) or (66) and the gauge-fixing and ghost
Lagrangian densities in equations (84), (86), (92) and (94).
Thus, the locally gauge-fixed Faddeev—Popov Lagrangian
density of UGM is given by

£FP =L + ‘cem,gf + [fem,ghost + Eg,gf + Eg,ghost~ (95)

The Faddeev—Popov Lagrangian density of UGM in
equation (95) is found to satisfy an exact global symmetry,
which is known in the case of the gauge theories of the
Standard Model as BRST invariance, named after Becchi,
Rouet, Stara and Tyutin [1, 4, 124-126]. In the BRST
method, the local electromagnetic U(1) gauge transforma-
tion parameter is defined to be proportional to the electro-
magnetic ghost field as 6 = 6’cen, where 6 is a space-time-
independent anticommuting Grassmann number satisfying
> = 0. Correspondingly, the four U(1) transformation para-
meters of unified gravity are defined to be proportional to
the four components of the gravitational ghost field as ¢, =
¢'cqu, where ¢’ is a space-time-independent anticommuting
Grassmann number satisfying d)’z = 0. Then, the Faddeev—
Popov Lagrangian density of UGM in equation (95) is
invariant under the following transformations associated with
electromagnetism [4]:

W — 0y, (96)
Ay = Ay — 98 com, (97)
e
Eem — Z'em - 79/Cem (A) 9 (98)
HOCEge
Cem — Cem; 99)

and under the following transformations associated with
gravity:

L — <®ei¢'fg<u>‘(“>> L, (100)
n
1
X, — X — —¢ cop, (101)
8g
1 =
Hyy — Hyy + —¢'Oycqp, (102)
8g
ch et — 'Ct (H 103
cl — ch nhcgéfg(b Y (H), (103)
c’g‘ — cfg‘. (104)

The BRST symmetry transformations in equations (96)—(104)
are global since the Grassmann numbers 6’ and ¢’ are inde-
pendent of the space-time coordinates.
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In previous literature [1, 4], the BRST symmetry is under-
stood to elucidate the introduction of the Faddeev—Popov
ghosts. In Yang-Mills gauge theories, where ghost fields
appear in virtual states, it also explains the exclusion of
the ghosts from physical asymptotic states when perform-
ing quantum field theory calculations. The BRST symmetry
of the path integral is known to be preserved at each loop
order [4]. Therefore, the BRST symmetry of unified grav-
ity, observed above, strongly suggests that unified gravity is
a renormalizable gauge theory like the gauge theories of the
Standard Model. This conclusion is further supported by the
successful renormalization of unified gravity at one-loop order
in section 9. The BRST symmetry of unified gravity differs
from symmetries of conventional theories of gravity, where
the gauge transformation generators are not constant matrices,
and thus, the BRST symmetry must be replaced by a more gen-
eral Batalin—Vilkovisky formalism [2, 170-174].

74. Dynamical equations of the ghost fields

Here we investigate the dynamical equations of the ghost
fields. The starting point is the Lagrangian density of the
electromagnetic ghost field in equation (86) and that of the
gravitational ghost field in equation (94). The Euler-Lagrange
equations for c., and cep, are given by

8Lem,ghost 6£em,ghost 6£em,ghost o
Doem " {a Opcem) | 2% | 300,05 cam) | ~
8Eem ghost aACem ghost aAcem ghost
: -0 : 0,0y | =——F=—=1| =0.
Bem 7 {a (0)Cem) ] MG [a (0,00 Cem)

(105)

Using the Lagrangian density in equation (86), for the deriv-
atives with respect to cem, We obtain 0Lem ghost/OCem =
0’ aLem,ghosl/a(apcem) = 03 and a‘cem,ghost/a(apacrcem)
hccemn?®. For the derivatives with respect to cCem, We
obtain 9Lem ghost/OCem = HcO*Cems OLem ghost/O(DpCem) = 0,
OLem ghost/ 0(0p0sCem) = 0. Substituting these terms into
equation (105) and dividing the equations by fic, we obtain

O Cem =0, & cem=0. (106)
Similar equations are obtained for the gravitational ghost
fields, written as

¢y =0, J%cy=0. (107)
Equations (106) and (107) are the dynamical equations of
the electromagnetic and gravitational ghost fields in UGM.
The solutions for cem, Cem, Cg, and ¢, are arbitrary harmonic
functions.

From now on, in UGM, we assume that the degrees of
freedom of the electromagnetic and gravitational ghost fields
have been integrated out of the path integral in equation (77).
Accordingly, we drop out the ghost field Lagrangian dens-
ities from the considerations below. In analogy with the
conventional QED, we do not need to study the dynamics of
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the ghost fields to investigate the dynamics of the physical
fields. Since the BRST invariance is known to be preserved
at each loop order [1], one does not either need to study the
ghost fields when performing higher-order quantum field the-
ory calculations in Abelian gauge theories, such as QED. This
must extend to the theory of gravity in UGM.

75. Geometric Lagrangian density of UGM

Next, we present the geometric Lagrangian density of UGM.
We call the Lagrangian density geometric after the tetrad and
metric relations in equations (75) and (76) have been applied.
The geometric Lagrangian density of UGM is obtained from
the locally gauge-fixed Faddeev—Popov Lagrangian density
of UGM in equation (95) by dropping out the ghost field
terms and by applying the Minkowski metric relation in
equation (76). The geometric Lagrangian density of UGM is
then given by

£UGM = AcD,kin + Lem,kin + Eem,inl + [:g,kin + ‘cg,im

+ Lemgt + Lo gr- (108)

This Lagrangian density is the starting point for the derivation
of the Feynman rules of UGM in section 8. The terms of the
geometric Lagrangian density of UGM in equation (108) are
given by

ihe ¢ 2 < -
Losin= 50 (Vs —0,7K) ¥~ mec*o,
1 _
Lemkin = _TF JF'Y = WU
Ho
= 00,74 (Is + eo0)* 750, 0,
Lemint = —JYA, = —gecthyEh A, = PO + OO,
1
[:g,kin = IHpuVSplLuv
/
Loin = ——T””H Y
g,int g Iz
88 [ puvn [ipg — D vre ) ¥
- g 2 l ’YFp pYFo
7qei/; (7FpAa +A,0'7Fa) 1/1 - mécgpcrl/_)w]
1
+%P“””””7A8PA68,7A ,\}HW,
c L 0,4 = —L68 ~Leoery38,0
= — == (4114 o,
em,gf 2,LL()€C ge P’YB 0€07YB
1
Logi = —1hy sPOPA PRI\ H 5 OpH o (109)

ke

In equation (109), J¥ is the electric four-current density, given
in equation (38), and Tk~ is the symmetric SEM tensor of
the Dirac and electromagnetic fields, given in equation (47).
Note that, in equation (109), the SEM tensor Tk~ is the
source of gravity in analogy to how the electromagnetic four-
current density JY is the source of electromagnetism in QED.
Correspondingly, —(gg/g¢)Th H,., of equation (109) is the
interaction term of gravity analogous to the electromagnetic
interaction term —JZA,, of QED. With a different prefactor, the
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interaction term of gravity of the form —(g;/g¢)Th H,, can
also be found from previous literature [175]. In the sections
below, we use the kinetic and gauge-fixing Lagragian dens-
ity terms of the electromagnetic and gravitational fields in
equation (109) to define the gauge-fixed kinetic Lagrangian
densities of the electromagnetic and gravitational fields.

75.1. Gauge-fixed kinetic Lagrangian density of the
electromagnetic field. We find that the Feynman gauge
fixing in the eight-spinor formulation of UGM with & =1
corresponds to dropping out the term ege?d,0 of the defini-
tion of the electromagnetic spinor in equation (17). When this
dropping is performed, ¥ is replaced by ¥’, given by

U= —~448,0. (110)

Consequently, instead of the electromagnetic Lagrangian
density Lem kin = = WV in equation (109), we obtain £/E=D

emkm ’
given by
GG =00 = G £
1
=——F,, F" - —(0,A” (111)
4 " 2uo( >

Equation equation (111) is the standard form of the gauge-
fixed electromagnetic Lagrangian density of QED in the
Feynman gauge [1]. The second equality of equation (111)
shows that using ¥’ provides a simple expression for the sum

of the non-gauge-fixed electromagnetic Lagrangian density

Lem xin and the gauge-fixing Lagrangian density [ﬁgi of ), given
by equation (109) for & = 1.

/(5321)

The generalization of £ in equation (111) is given

em,kin
for arbitrary & by
emkin = Lem kin + Lem,gf
_ 4%&01?"” w _ 2;056 (9,A4"). (112)
The Lagrangian density Eer(fekm in equation (111) and its gen-

eralization Eem «in 1N equation (112) enable the determination
of the photon propagator as discussed in section 8.2 below and
in section 4 of the supplementary material.

75.2. Gauge-fixed kinetic Lagrangian density of the
gravitational field. The gauge-fixed Lagrangian density
of the gravity gauge field in UGM in the harmonic gauge
with §; =1 is given by the sum of the non-gauge-fixed
gravity Lagrangian density Eg km and the harmonic gauge-

fixing Lagrangian density E
for{, =1, as

, given by equation (109)

1(&g=1) (&=
‘Cg,klgn ‘ng m+‘cg gt
1 1
= RHPWSPW =+ ;n‘yapaﬁ,/\prmnéa/\Haﬁaana.

(113)
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This equation is analogous to the corresponding equation of

the electromagnetic field in UGM in equation (111).
/(fgzl)

The generalization of £, ¢

for arbitrary &, by

in equation (113) is given

/ — .
g kin — ﬁg,km + Cg,gf

1 v 1 af,A o,no
= - HowS™" + ngwp B2 pPond 5\ Heo 5 0n H o
(114)
The Lagrangian density £ g',(fignzl) in equation (113) and its gen-
eralization Ly, in equation (114) enable the determination of
the graviton propagator as discussed in section 8.3 below and

in section 4 of the supplementary material.

76. Dynamical equations of UGM

The dynamics of all fields in the Lagrangian density of
equation (108) are described by the Euler—Lagrange equations.
In the sections below, we derive the dynamical equations for
the gravity gauge field, the electromagnetic gauge field, and
the Dirac field in UGM.

76.1. Field equation of gravity in UGM.  Here we derive the
dynamical equation of gravity in UGM. The starting point is
the Lagrangian density of UGM in equation (108) in the har-
monic gauge with = 1. The Euler—Lagrange equation for
H,, in UGM is given by
=0.
]

o,

Using the Lagrangian density in equation (108) with gé =g
according to the equivalence principle in equation (34),
we obtain  dLucm/OHuy = OLgini/OH,, =Th”  and
c’)EUGM/a(@pHW) = —%S’“/p + éP“”"’"(&,\HGA + 8,\H>‘U —
&,H’\/\). Substituting these terms into equation (115), mul-
tiplying the equation by x, and rearranging the terms, we
obtain

0Lucm
OH,,,

0Lucm
(OpH

(115)

—PMP7 P H,, = KT . (116)
This equation is the dynamical equation of the gravitational
field in UGM. The source term of the gravitational field is
the SEM tensor of the Dirac and electromagnetic fields in
equation (47).

76.2. Maxwell’s equations in UGM. Here we derive the
dynamical equation of the electromagnetic field in UGM in
the eight-spinor notation. As discussed in [55], the electromag-
netic potential spinors © and © can be treated as independent
dynamical variables. The Euler-Lagrange equation for © is
given by [55]

0Lucm

9(9,0)

OLugm

— =0.
00

P armn
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We use the Lagrangian density of UGM in equation (108),
set gg’ =g, according to the equivalence principle in
equation (34), and assume the Feynman gauge with
§e=1 to obtain OLycm/00 = ® + %Hny%fygt“CI) and
6£UGM/8(8,J@) = —’)’g (Ig + 2060)(\11 — Hm,t“")’g’)’%\l/) —
vhe0eoy30,©.  Substituting  these  derivatives  into
equation (117), using eg¥ = 0, equation (17), and the identity
V875 0,0, = Is9?, and rearranging the terms, we obtain

’O=0+ ’yg (Is + eo€o) t“’)/g‘yg (Is + eoeo)

x 0, (H,,730,0) + %’ygfygt“@HW. (118)
This equation is the eight-spinor representation of the wave
equation of the electromagnetic four-potential in UGM in
the presence of sources. As a consistency check, if we had
started from the Euler—Lagrange equation for ©, we would
have ended up to a dynamical equation that is equivalent to
equation (118).

Next, we derive the dynamical equations of the electromag-
netic field in UGM using the electromagnetic four-potential as
the dynamical variable. These equations are equivalent to the
eight-spinor equations above. The Euler-Lagrange equation
for the electromagnetic four-potential is given by [9, 149]

o

Using the Lagrangian density of UGM in equation (108),
setting g, =g, according to the equivalence principle
in equation (34), and assuming the Feynman gauge

0Lucm
OA,

‘%UGM)] —0. (119)

9(0,A,

with & =1, we obtain Lucm/0A, = —gecthyZy +
quP“V’paw’YFp"/’ H;w _Jg + P/Wv/’”JepH;w and
aLUGM/a(apAU) — _ﬁFPU ﬁnpaa)\AA _
L prvipomAg L, 0,Ay.  Substituting  these terms  into

g((iuation (119), multiplying the equation by i, and rearran-
ging the terms, we obtain

OPA% = p1gJS —2PM TN (H,,, 0pAN)

— PP I H (120)
This equation is the wave equation of the electromagnetic four-
potential in UGM in the presence of sources. To the best know-
ledge of the authors, equation (120) has not been presented in
previous literature. The same naturally applies to the eight-
spinor form in equation (118).

The right-hand sides of equations (118) and (120) represent
the sources of the electromagnetic field. The first terms on the
right in equations (118) and (120) are associated with the well-
known electron—photon vertex, the second terms on the right
are associated with the photon—graviton vertex, and the third
terms on the right are associated with the electron—photon—
graviton vertex. The interaction vertices are discussed in more
detail in section 8.

76.3. Dirac equation in UGM. Next, we derive the dynam-
ical equation of the Dirac field in UGM. As conventional, we
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treat ¢ and 1) as independent dynamical variables. The Euler—
Lagrange equation for v is given by [1]

|

Using the Lagrangian density of UGM in equation (108)
and setting g, = g, and m; = m. according to the equival-
ence pr1n01ple in equation (34), we obtain 0Lygm/0% =
th7F pqzb LIeCA/FA _mec ¢ Huu[lhc( VP7F

AP — P R) Bt + T — € (Pl ey —
fUW’YF) oY) and OLuem/0(0,0) = —Sheypy +
”:%HM (N"PyE 4 ntP¥ — n*~%)1). Substituting these deriv-
atives into equation (121), we obtain

0Lucm

0Lucm )
9 (0,%)

90 =0.

(121)

ihcvﬁgpw —mec* Y= qec'yﬁwA

2
+ PW/ o’ (lhc"/Fo Pw pa¢ + ’YFawa

2

C
0TV A+ Lo RANY ) H (122)

Here we have used the definition of P#**#? in equation (48) and
the identity n*” = —P#""9y,,. Equation (122) is the Dirac
equation in UGM. To the best knowledge of the authors, this
form of the Dirac equation has not been presented in previous
literature. As a consistency check, if we had started from the
Euler-Lagrange equation for v, we would have ended up to a
dynamical equation that is equivalent to equation (122).

The left-hand side of equation (122) is equivalent to all
terms of the Dirac equation in free space. The right-hand side
of equation (122) represents the source terms. The first term on
the right in equation (122) corresponds to the electron—photon
vertex, and the second term on the right in equation (122)
corresponds to the electron—graviton and electron—photon—
graviton vertices, which are discussed in section 8.

8. Feynman rules and their application in UGM

Above, we have unambiguously fixed the electromagnetic and
gravitational gauges. Therefore, the resulting form of unified
gravity allows us to perform quantum field theory calcula-
tions using the Feynman diagrams. In this section, we formu-
late the Feynman rules for UGM. Instead of eight-spinors, we
use the conventional Dirac spinors and the electromagnetic
four-potential as dynamical variables to enable direct com-
parison with the Feynman rules of QED and gravity in pre-
vious literature [1, 4, 88, 121, 123, 176-178]. For complete-
ness, we also briefly review the derivations of the electron
and photon propagators and the electron—photon vertex [1, 4].
These derivations are presented to highlight the complete ana-
logy with the derivations of the graviton propagator and the
vertices associated with gravity, which are given below. The
Feynman diagrams and rules for unified gravity in the SI units
are summarized in table 2.

27

8.1. Electron propagator

To derive the electron propagator, we consider the functional
integral [1]

/ 850,10 [0/ (0 Doy (123)
Here Sp kin [1/_}, ] is the action integral of the Lagrangian dens-

ity of the Dirac field, Lpyin in equation (109). Thus, we
write [1]

Soin [0,] = / Loxnd'x = / () (i — mec) ) (x) dx.
(124)

Here we have applied partial integration to transform the integ-
ral in a form, where all derivatives apply to the Dirac spinor on
the right. The electron propagator, denoted by Dp(x; — x3), is
defined to be the Green’s function of the operator ifi) — mec,
obtained from equation (124). Thus, it is the solution of the
eigenvalue equation of this operator for a delta function source
term, written as [1]

(ih) — mec) Dp (x1 — x2) = il46* (x; — x2) . (125)

Here the derivative in ¢ operates on xj.
Fourier transform f(p) = [f(x)
equation (125), we obtain

(ﬂ — mecI4)DD (p) = iI4.

The solutiog of this equation, the momentum-space electron
propagator Dp(p), is given by [1]

i(f + mecly)
p*—m2ct+ie’

A Applying the
e/ Idtx with x =x;—X to

(126)

Dy (p) = (127)
Here the infinitesimal constant e displaces the poles above and
below the real axis so that Dp (x; — x2) is consistently obtained
as the inverse Fourier transform of Dp(p).

8.2. Photon propagator

To derive the photon propagator, the Faddeev—Popov method
leads us to use the gauge-fixed Lagrangian density of the elec-
tromagnetic field in the functional integral of the path integ-
ral formulation of QED [1]. Thus, we consider the functional

integral, given by

The Feynman gauge-fixed electromagnetic action integral

S;ﬁij;l)[A] in equation (128) is an integral of L‘e](f"kml)

equation (111) over the Cartesian Minkowski coordmates,

rewritten as [1]
&=1) 14
/L:em kin d’x

= 2l / A, (x) (P"R*07) A, (x)d*x. (129)
0

/(&e=1)
elSem l?m

M/ (re)py. (128)

/(£L—1

em ,kin
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Table 2. Feynman diagrams and the corresponding momentum-space rules for unified gravity in the SI units. The photon and graviton
propagators are given in gauges defined by arbitrary gauge-fixing parameters & and &;. Each propagator and vertex has a corresponding
counterterm presented below the pertinent propagator or vertex. The red crosses at the end of external lines of vertices and counterterms
indicate that these lines are not included in the expressions. In the application of the Feynman rules, the inertial and gravitational masses are
set equal according to Einstein’s equivalence principle as m; = me, and we furthermore set the coupling constant of unified gravity equal to
the scale constant as gg = gq.
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Here we have applied partial integration to transform the
integral in a form, where all derivatives apply to the elec-
tromagnetic four-potential on the right. The photon propag-
ator corresponding to the applied Feynman gauge, denoted by
Dl(,epm’gezl)(xl —X,), is defined to be the Green’s function of
the operator n*/#?0?, obtained from equation (129). Thus, it
is the solution of the eigenvalue equation of this operator for
a delta function source term, written as [1]

PP DY (x) —xy) = 046 (x1 —x2) . (130)
Here the derivative 0® operates on xj. Applying the
Fourier transform, f(p) = [f(x)e?”*/"d*x with x = x; — x2, to
equation (130), we obtain

—n DS (p) = i, (131)

The solution of this equation is the well-known momentum-

space photon propagator D% (p) in the Feynman gauge,
given by [1]

_inl/p

D(emﬁfezl ) — .
vp ) P2 +ie

(132)

As in the case of the electron propagator in section 8.1, the
infinitesimal constant e in equation (132) displaces the poles
above and below the real axis so that DS~ (x; — x))
is consistently obtained as the inverse Fourier transform of
DV (p).

Finally, we note that the general expression of the photon
propagator for an arbitrary gauge-fixing parameter &, is given
by [4]

—i pupp
p*+ie

DY () = e [ = (1= 8) (133)
This form is obtained by using £/ 1, given in equation (112),
£ /(ss: 1)

in place of £ %,

in equation (129).

8.3. Graviton propagator

To derive the graviton propagator, we follow the analogy with
the derivation of the photon propagator in QED, discussed
in section 8.2. Correspondingly, the Faddeev—Popov method
leads us to use the gauge-fixed Lagrangian density of the grav-
ity gauge field in the functional integral of the path integral
formulation of UGM. Therefore, we consider the functional
integral, given by

/eisg,,(kgi:ﬁ)[H]/(hC)DH. (134)
The harmonic gauge-fixed gravity action integral Sg/(ffn: b [H]

/(5521)

in equation (134) is an integral of Eg,kin

written as

in equation (113),
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=1 =1
Sé,(kgin )[H] :/‘C;(lfm )d4x
1
=3 /Huv (%) (—P“"thaz) Hyp (x) d*x.
K

(135)

The graviton propagator corresponding to the applied har-
D(g’ggzl)
aB,po
the Green’s function of the operator —P*"*#129?%, obtained

from equation (135). Thus, it is the solution of the eigen-
value equation of this operator for a delta function source term,
written as

monic gauge, denoted by (x1 —x2), is defined to be

7PHV’th282D(g7Eg:1)

oo (0 —x) =ilhY 6t (x1 —x2). (136)

Here the derivative 9? operates on x; and the identity tensor 15y
is defined in equation (49). Applying the Fourier transform,
fp) = [f(x)eP~/d* with x = x; — x2, to equation (130), we
obtain

phvos 2 Dfﬁf;j]) (p) = il"Z. (137)

The solution of this equation, the momentum-space graviton

propagator D‘(Xg[fg;l) (p), is given by
p(D)
P
HE&=1 \_ Tappo
D, b, (P)= e’ (138)

Here the infinitesimal constant € has the same role as discussed
in the case of the electron and photon propagators above. The
graviton propagator in equation (138) is equal to the well-
known graviton propagator of linearized general relativity in
the harmonic gauge [4, 88, 165, 168].

The quantity Pfg,)’ po» wWhich we have used in writing the
graviton propagator in equation (138), is defined as the D-
dimensional space-time generalization of the quantity P, o,
given in equation (48). This generalization is known to be

given by [179]
) . (139)

If we set the space-time dimension to D=4, P,(fl),? po 1N
equation (139) becomes equivalent to P,,,, ,» in equation (48).
Defining the D-dimensional form of the graviton propagator is
essential for dimensional regularization, used in the renormal-
ization of unified gravity in section 9 .

Finally, we note that the general expression of the graviton
propagator for an arbitrary gauge-fixing parameter &, is given
by

2
P(D) mn;wnpo

pv,po =

) (’r]uanpu + NppNMvo —

Se

p*+ie

r(g)
Daﬂ,po

_ o
(P) p2 +ie aB,po

(%pl’/apa

+NaoPBPp + NapPale + NpePalp) | - (140)



Rep. Prog. Phys. 88 (2025) 057802

M Partanen and J Tulkki

/

This form is obtained by using L i,

given in equation (114),

in place of Eéfffnzl) in equation (135). The general graviton
propagator in equation (140) can also be derived using the con-
ventional effective field theory of gravity as shown in recent
previous literature [180].

8.4. Electron-photon vertex

Next, we determine the electron—photon vertex. The elec-
tromagnetic interaction term of the Lagrangian density in
equation (109) is rewritten as

. ke - [ —igeyE
Lemine = —JHA, = —iy [ — E)yA
em,int e Ap L /1401)[}( ohc ’lr/) m

n~  [HC_ —igeyh
2 / e /F
= —ingAgy | —1u —
0430 1o ") ( eohic

The last form of equation (141) is written assuming
momentum eigenstates ¢ = iigu(p), 1 = iipit(p’), and A,, =
Aoe#(k), where 1y and Ao are normalization constants and
€, (k) is the photon polarization vector. Then, we identify
the electron—photon vertex from equation (141) as the term
between the Dirac spinors.

) u(p)ey (k). (141)

8.5. Electron—graviton, photon—-graviton, and
electron-photon—graviton vertices

Here we use the gravitational interaction terms of the
Lagrangian density in equation (108) to obtain vertex func-
tions associated with the coupling of gravitons to electromag-
netic and Dirac fields. The approach is analogous to how the
standard electron—photon vertex is obtained from the inter-
action Lagrangian density of QED in section 8.4. The grav-
itational interaction term Ly ip; of the Lagrangian density in
equation (109) is rewritten as

/
8 v
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2.3
€5c
Kh3

X €p (k) € (q) -

—iA3H,

*
€o

P“”"’"’p*kr’,kx}

(142)

In analogy with equation (141), the last form of equation (142)
is written assuming momentum eigenstates 1) = igu(p), ¢ =
ioi(p'), A, = Age,p(k), Ay = Age (k'), and H,,,, = Hoe,u, (q).
Here Hy is the normalization constant and €, 1 the graviton
polarization tensor known from previous literature [4,120].
The quantities P***° and P**7" in equation (142) are
given in equations (48) and (50).

In analogy with the well-known case of the electron—
photon vertex in QED, discussed in section 8.4, we identify
the electron—graviton, electron—photon—graviton, and photon—
graviton vertices from equation (142) as the terms in the wave
brackets. In the application of the Feynman rules, we set
m! = m, and gé = g, according to the equivalence principle
in equation (34). In this work, we additionally assume the
Feynman gauge of QED with & = 1 and the harmonic gauge
of unified gravity with & = 1. The tree-level calculations of
section 8.6 show that these vertices lead to physically mean-
ingful scattering amplitudes consistent with previous literat-
ure. The calculations at 1-loop order in section 9 show how
the vertices lead to consistent renormalization of the theory.
More detailed comparison of the vertices of UGM to those of
the effective field theory quantization of general relativity [88,
121, 123, 176-178] is a topic of further work.

8.6. Gravitational interaction potential and scattering
processes

8.6.1. Gravitational interaction potential. Here we show
how the electron—graviton vertex and the graviton propagator,
given in table 2, can be used to derive the known classical
limit of the gravitational interaction potential energy between
two electrons. Our calculation is completely analogous to how
the electron-photon vertex and the photon propagator are used
to derive the classical Coulomb interaction potential energy
limit of QED as summarized in section 2.10 of the supple-
mentary material. In previous literature [123, 178, 181, 182],
the gravitational scattering of two electrons is also called the
gravitational Meller scattering since it is analogous to the con-
ventional electromagnetic Meller scattering [1, 4, 183, 184].
The gravitational Meller scattering is studied in more detail in
section 8.6.2.

In analogy with QED, there are two leading-order Feynman
diagrams, and the processes are called the t- and u-channels.
In the classical consideration, the effect of the indistinguishab-
ility of electrons vanishes, and thus, it is sufficient to con-
sider the t-channel scattering. The scattering amplitude of the
t-channel is given by
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xu(k/){;\/fpﬁw,\nhi}“(kJrk/)nmecnmh]}u(k)
Z'FLC Ppa,)\ﬂ (0

a(k ')[’Yp(k + )T

Xﬂ(p’){

£ (p+p")7 —meen® Li]u(p)

— meen™ M |u(k). (143)

In the last equality of equation (143), we have applied the
Br,  _
identity Poy, s P, P77, = Ppoan-
To derive the classical expression of the gravitational inter-
action potential energy, we use the nonrelativistic limit of the
Dirac spinors, in which case we have

’
=5

u'(p) = 2mec<5”l 60,
(k") ypu” (k) — 2mecd™ 62,

<

(p")u' (p) — 2mecd™s,

i’ (k) u" (k) — 2mecs”
(144)

Here s, s/, r, and 7’ denote spin states. As in the case of QED,
discussed in section 2.10 of the supplementary material, the
spin is conserved in the nonrelativistic limit. Furthermore, in
the nonrelativistic limit, we have

= (k+k')7 =2mecs” + O (Ip"]),

(k/—k)z:—|p”\2+(9(|p”|4)- (145)

Here p” is the three-dimensional momentum vector com-

ponentof p”’ =p —p’ =k’ —k= (p'",p"). Therefore, in the
nonrelativistic limit, the scattering amplitude in equation (143)
becomes

ikmg 465 5555’ p pg /\n

. 0 500 o A0 ¢£n0 A
iM= A P (25” 07" —nf )(25 0" —n ")
Dikmted 5sx’ 6rr’
= TR (146)

This result is compared with the Born approximation in nonre-
lativistic quantum mechanics, according to which the scatter-
ing amplitude is proportional to the Fourier transform V(p”’)
of the potential function V(r), where r is the position vec-
tor whose length is the distance between the particles [1].
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Accounting for the same coefficient of proportionality as in the
case of deriving the Coulomb interaction potential energy of
QED in section 2.10 of the supplementary material, and sum-
ming over the final spin states, we then obtain

kh?m2ct

~ 73
1% my " _ )
:(P") 4mgc;M 2( ic)

s 147
prEign

Then, performing the inverse Fourier transform from the
momentum space to the position space gives

. s d3p//
Vg(r):/Vg(PH)ep r/hm

K;m C
|p//|2

lﬁ:m C llrlf/h

(148)

 8rlr|

The intermediate steps of the calculation of this integral are
given in section 7 of the supplementary material.

In the limit of € approaching zero as e — 0, we obtain the
gravitational interaction potential energy from equation (148)
as

mnzc

 8ar|

4 sz

< hcayg
x|

L

Ve (r) = (149)

Here «, is the gravity fine structure constant, defined in
equation (73). The negative sign of equation (149) is asso-
ciated with the fact that the gravitational force is attract-
ive. The gravitational interaction potential energy formula in
equation (149) is equivalent to Newton’s law of gravitation
written for two electrons. Therefore, it is the correct nonre-
lativistic limit of general relativity. In the case of nonzero
momenta, one must account for radiative corrections. For
scalar particles, such radiative corrections have been studied
using the previous effective field theory quantization of grav-
ity in [167, 185—187]. In our case of UGM, the radiative cor-
rections to the Newtonian potential are studied in section 10.2.

8.6.2. Gravitational Moller scattering. ~ Next, we investigate
the momentum dependence of the gravitational Moller scatter-
ing in the nonrelativistic limit. Accounting for both the t- and
u-channel scattering processes, in analogy to the electromag-
netic Moller scattering [1, 4], the total scattering amplitude of
the gravitational Meller scattering is given by
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In the last equality of equation (150), we have applied the
identity P, gl,Pa”bUPB Ul\n = P,; - We have also used the
Mandelstam variables, defined as [1, 4, 188]

s=(p+k)’=(p' +K)" = EL,/,

t=p-p) =k -k’ =—-2p*(1 —cosb,),

u=(p—k)V =@ —k’=-2p2(1+cosh,). (151)
Here E.,, = 2E, is the total energy of the electrons in the center
of mass frame. The last forms of the Mandelstam variables in

equation (151) correspond to the parametrization of the four-
momenta of the incoming and outgoing electrons, given by

= (E+/c,0,0,pr),
k“—( E./c,0,0,—p;),
p'* = (E:/c,p;sinb;,0,p,cosb;),
k" = (E;/c,—p,sinb;,0,—p,cosb,). (152)

Using equation (150), we obtain the square of the scattering
amplitude as
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In equation (153), we have expressed the terms in terms of
traces and applied the cyclicity of the trace to write all depend-
encies on the Dirac spinors using the shorthand notation u, =

u(p)u(p).

To calculate the unpolarized scattering cross section, we
average | M |2 in equation (153) over the initial spins, sum over
the final spins, apply the completeness relations of the Dirac

spinors, givenby Y- wb = >~ u*(p)i (p) = YEp, + mecly [1],
and finally use the trace relations of the Dirac gamma matrices
[1, 4] to obtain

(IMPy =5 S0 IMP

5,8’ r,r!

2
_ 64’;2‘;2 5 { (s =02 (52— 6+ 57%)

(—9s 1253 — 45 + t4)
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+2u? (=85> + 25 + 1) +u* (225 + 4st — 3%)
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+2s5 (* — 120u — 1374 — 12007 + ™) |
—16mic* [—s (2t — 3u) (3¢t — 2u) (t + u)
+ (t2 + tu+ u2) (3s2 +32 — 1+ 3u2)]
—64mScCtu[5 (t+u) — 8s] +256m3c® (# — tu+u*) } .
(154)

Using the last forms of the Mandelstam variables in
equation (151) and the equation for the unpolarized scattering
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cross section of particles with equal masses in the center-of-
mass frame in terms of (| M|?) [4], we then obtain
hc?
(&), e,
hzozé

4mic2E2 ptsin® 6,
-4 (3m§cg+53mgc(’pf
+240pf) sin® 0, + Pt (61mgc4 +240m?c?p?
+186p;)

Equation (155) is the scattering cross section of the unpolar-
ized gravitational Meller scattering in unified gravity. In the
nonrelativistic limit, p, < mec, the unpolarized gravitational
Moller scattering cross section in equation (155) becomes

().,

In comparison with the nonrelativistic limit of the unpolarized
electromagnetic Moller scattering cross section, summarized
in section 2.11 of the supplementary material, the only differ-
ence of equation (156) is that the gravity fine structure constant
appears in place of the electromagnetic fine structure constant.
This is as expected in the nonrelativistic limit. The same res-
ult follows from the somewhat different scattering amplitudes
calculated in previous works [178]. For larger momenta, in
analogy with the electromagnetic Mgller scattering, one must
account for the radiative corrections. This is left as a topic of
further work.

do

o (MP)

+8pt)’

[16 (m§c4 + 8m2c?p?

+270mic*pt+456m2c*p?

sin® 0 — p¥sin® 6, ] . (155)
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9. Renormalization of unified gravity

9.1. Introduction to renormalization of quantum gravity

To obtain finite values for physical quantities in quantum
field theories, one often needs to apply the renormalization
procedure [1, 4]. This procedure removes infinities that arise
in the description of self-energies and higher-order scattering
processes involving loops in the Feynman diagrams. The gen-
eral complexity of this procedure is compounded by the need
to renormalize different types of interactions and to account
for the perturbative and nonperturbative regimes of the theor-
ies. Further subtleties follow from possible spontaneous sym-
metry breaking, anomalies, and nonrenormalizable interac-
tions. Despite these challenges, renormalization is essential in
making quantum field theories physically predictive and math-
ematically consistent.

In the case of gravity, it is known that general relativity does
not fit the paradigm of describing fundamental interactions
by renormalizable quantum field theories [4, 80-84]. This is
because the gravitational interactions in general relativity are
of such a form that the induced divergences cannot be absorbed
by the redefinition of the parameters of the theory. Therefore,
general relativity is considered inherently nonrenormalizable
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[3, 4, 79]. In the conventional effective-field-theory-based
quantization of gravity, this problem is circumvented by intro-
ducing an infinite series of new coupling constants and higher-
order gravitational terms in the Lagrangian density to absorb
the divergences. The infinite number of free parameters, how-
ever, ruins the predictivity of the theory. Thus, only the lead-
ing low-energy, long-distance quantum corrections can be reli-
ably calculated using the effective-field-theory-based quantum
gravity [88, 167].

The goal of renormalizing quantum gravity is to develop a
consistent theory unifying the principles of general relativity
with quantum mechanics. Many previous approaches, such as
string theory [11-13] and loop quantum gravity [14—17], have
been developed but they have not led to the ultimate success.
Thus, a complete and widely accepted renormalizable theory
of quantum gravity remains unknown.

Below, we present a restricted investigation of the renor-
malizability of unified gravity. We aim at showing that,
because of the different gauge symmetries, the renormaliz-
ability properties of unified gravity are fundamentally differ-
ent from those in the conventional nonrenormalizable effect-
ive field theory of gravity. We prove that the theory is renor-
malizable at one-loop order and leave the complete proof of
renormalizability to all loop orders as a topic of further work.
In comparison, conventional gravity is well known to be non-
renormalizable already at one-loop order [80-83].

9.2. Renormalization of unified gravity in the UGM
formulation

In this section, we study the renormalization of unified grav-
ity in the Minkowski metric (UGM) at one-loop order. As
in previous sections, we limit our study to the system of the
Dirac electron—positron field, the electromagnetic field, and
the gravitational field. The renormalized theory is expressed
in terms of the renormalization factors, to be presented and
discussed in section 9.3.

In this work, we use the on-shell renormalization scheme
[1, 4], also known as the pole scheme or the physical scheme.
The on-shell scheme is especially suitable for particles that
can travel over asymptotically large distances, such as elec-
trons, photons, and gravitons, studied in this work. The on-
shell scheme also has an advantage that its mass parameters
straightforwardly correspond to the physical masses and no
separate corrections of the parameters are needed [4].

We present the relevant Feynman diagrams and calcu-
late all one-loop contributions to the on-shell renormalization
factors of the theory. The calculations are found to be ana-
logous to those of the renormalization of the gauge theories
of the Standard Model [4]. The radiative corrections of selec-
ted physical quantities are calculated in section 10. Here we
use the unscaled representation of unified gravity and QED,
instead of the scaled representations discussed in section 6.4
above and in section 2.9 of the supplementary material. The
one-loop contributions to the on-shell renormalization factors
of UGM using the conventional dimensional regularization are
collected from the sections below and summarized in table 3.
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Table 3. One-loop contributions of the renormalization factors of unified gravity in the on-shell renormalization scheme obtained by using
dimensional regularization. The electromagnetic part of the renormalization factors follows from electromagnetic interactions through the
electron—photon and electron—photon—graviton vertices. The gravitational part follows from gravitational interactions through the
electron—graviton, photon—graviton, and electron—photon—graviton vertices.
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9.83. Dressed states and renormalization factors

We start our study of the renormalization of unified grav-
ity with the discussion of the bare and dressed states and
the renormalization factors. The renormalization is based on
recognizing that the fields and physical constants in the clas-
sical Lagrangian density, in the absence of quantum-field-
theoretical interactions, are bare quantities. In the presence of
interactions, the bare particles, like electrons, interact through
the gauge fields, leading to the creation of particle-antiparticle
pairs, virtual photons, and other excitations that modify the
bare states to become dressed states. Thus, a dressed state
refers to a quantum state that is the fundamental excitation
of the theory in the presence of interactions. Therefore, the
bare quantities neglect the quantum-field-theoretical virtual
particle corrections associated with the Feynman loop dia-
grams. The bare fields and the bare physical constants are typ-
ically infinite and written in terms of the renormalized quant-
ities as follows:

Uhare = \/Zy), Afre =VZpA",
Me pare = ZyMe, €hare =Zee,
Se,bare =Zg e, Hyyo =\ ZyH", 57
mé,bare =Zgmime, 8 g bare — Zg glv

gg,bare = Z£ gfg'

The renormalization relations for i, A*, me, e and & in
equation (157) are well known in QED [1, 4]. In unified grav-
ity, these relations are complemented with the renormaliza-
tion of the gravity gauge field H"¥, the gravitational mass m/,
the gravity coupling constant gg’, and the gravity gauge-fixing
parameter .

That the gravitational and inertial masses are associated
with different renormalization factors in equation (157) does

34

not mean that the gravitational and inertial masses are not
equal. According to the equivalence principle in equation (34),
we assume that the renormalized values of these masses are
equal. Together with the generally different renormalization
factors, the equivalence principle thus means that the bare val-
ues of the gravitational and inertial masses are generally differ-
ent. This is not in conflict with any experiments since the bare
masses have anyway infinite values and they are not experi-
mental observables.

For convenience, we define the scaled renormalization
factors Z,y, Zyy, and Zg4 by the following relations:

Zey
ZuNZa

Zgy Zga

ZuNZn  ZaNZy

Z, = (158)

As is well known, the electromagnetic gauge invariance of
QED implies via the Ward—Takahashi identity that the renor-
malization factors Z,,;, and Z,, are equal as [1, 4]

Zoy =Zy. (159)
The violation of this equality would be an indication of a gauge
anomaly breaking the gauge symmetry of QED. Consistent
theories, such as the Standard Model, are known to be free
from gauge anomalies [4]. In the sections below, we show at
one-loop order that equation (159) is satisfied in unified grav-
ity in the presence of gravitational interactions. This derivation
provides one strong argument for the consistency of unified
gravity.

Furthermore, the renormalization factors of the gauge-
fixing parameters are set equal to the renormalization factors
of the gauge fields as

Zee =2y,

Zeg = Zn. (160)



Rep. Prog. Phys. 88 (2025) 057802

M Partanen and J Tulkki

These equations imply that the gauge-fixing Lagrangian dens-
ities do not obtain counterterms as shown in section 9.4 below.
In perturbation theory, the renormalization factors Z;
are expanded in powers of the expansion parameter A
according to
Z =1+ 262" + 226720 + .. (161)
Accordingly, at one-loop order, we expand Z; up to the first
power in A and set A — 1. The higher-order terms in A are
dropped out. Order by order, the renormalization factor terms,

6Zi(1), 6Zfz), ..., become determined by the renormalization
conditions, to be discussed in the sections below.

9.4. Geometric Lagrangian density of UGM in terms of
renormalized quantities

Next, we present the Lagrangian density of UGM in terms of
the renormalized quantities. First, we recognize that the quant-
ities of the Lagrangian density of UGM in equations (108)
and (109) are bare quantities, even though this has not been
indicated by any subscripts in these equations. Using the
expressions of the bare quantities in terms of the renormal-
ized quantities in equation (157) and applying the renormaliz-
ation factor equalities in equations (158)—(160), the terms of
the Lagrangian density of UGM in equation (109) become

lhfc@ (7?511 - 51/7;) P — mecz?W

2

ihe - ¢ 2 <

+ (Z'l/J - 1) 7¢ (7Fau - au’YF) (%
- (Zw Ly — 1)me021/3¢7

1 1
— F F" —(Zy— 1) —F,, F",
dpo " ( )4uo .

—qecVE P A, — (Zy — 1) gecthyp A,
] "z 1 1%
—Hpu S+ (Zy — 1) RHWVSW )
C

4k
i
_ gj { T
8¢ 2
_Qe'l/; (PYFPAU +Ap7Fa) 'l/} - mécnpaz/;w]
1
+— PTG AL O A } H,,
Ho
gl C — — —
-t {P“"*P" (Zay = 1) i) (75,80 —Dpve, ) 0
8¢ 2
— (Zyy — 1) et (Vr A +ApYEo) ¥

~ (ZaoZam — V) men,e 0|

Lp kin =

Eem7kin = -
Eem,im =

Eg,kin =

Ly int = {lm/_’ (’YFngf - 5/)7Fa) (U

1
+(Zgp — 1) %PW’”"’"’\@AU&?A A } Hyu,

1

_ vy2
ﬁem,gf— 2/J0§e (8VA ) )
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1
Logi= ?WVJPQBMPPU’WaAHaﬁaanc,. (162)
g

3

The terms of the Lagrangian density in equation (162)
involving the renormalization factors are called the coun-
terterms. When the renormalization factors are set equal to
unity, the counterterms become zero and the Lagrangian dens-
ity terms in equation (162) become identical in their form
to the terms of equation (109). The gauge-fixing Lagrangian
densities Lem g and Lgof in equation (162) do not obtain
counterterms due to the renormalization relations of the
gauge-fixing parameters, given in equation (160). The coun-
terterm Feynman diagrams follow unambiguously from the
Lagrangian density in equation (162). These counterterm dia-
grams are presented together with the other Feynman diagrams
in table 2.

9.5. Computational approach

In the study of the renormalization of unified gravity at one-
loop order, we need to calculate several one-loop Feynman
diagrams. The literature on the computation of Feynman loop
diagrams is extensive [189—191]. For all loop integrals of uni-
fied gravity, the so-called Passarino—Veltman reduction can be
applied to transform the more complicated integrals into sim-
pler ones, which can be solved by standard techniques known
from previous literature. For both the Passarino—Veltman
reduction and the calculation of the simpler loop integrals,
there are highly automated tools available. In this work, after
writing the loop integrals, we systematically reduce and cal-
culate them using Wolfram Mathematica packages FeynCalc
[192] and Package-X [193].

To regularize the divergences that are obtained in the cal-
culation of Feynman loop diagrams, we follow FeynCalc
and Package-X to use dimensional regularization with the
space-time dimension set to D =4 — 2¢, where € is a small
positive number. In the regularization of UV divergences, € is
denoted by eyy, and in the regularization of IR divergences, €
is denoted by er. The use of these notations clarifies the ori-
gin of the divergences in our results for the renormalization
factors in table 3.

9.6. Renormalization of the electron self-energy

We start the calculations of the renormalization of unified
gravity from the electron self-energy. The electron self-energy
refers to the quantum corrections to the electron propagator
due to its interaction with the electromagnetic field. In QED,
the electron self-energy correction arises from virtual photon
exchanges between the electron and the vacuum, which leads
to a modification of the electron’s mass and wavefunction. In
unified gravity, the electron self-energy becomes also contrib-
uted by the virtual graviton exchanges.

The one-photon-loop, one-graviton-loop, and counterterm
contributions to the electron propagator are, respectively,
given by the following irreducible Feynman diagrams:
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p—k
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- iElL,photon = m
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(p— k)2 \Veohe/ k* —m2c® \\/eohc/ (2m)P
= e (M) - ety
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2.2
3mic

p2

- (5+ (164)

(165)

Here 1 is the arbitrary scale constant of the dimensional reg-
ularization, and +y is the Euler—Mascheroni constant. The red
crosses on the external lines highlight that these lines are not
included in the expressions. The renormalized electron self-
energy one-loop amplitude is given by the sum of the terms in
equations (163)—(165) as

E1L = ZJIL,photon + ElL,gravilon + ElL,CTo (166)

The renormalization conditions for the electron self-energy
in the on-shell renormalization scheme are well known to be
given by [1, 4]

dXy.
7 dﬁ p=mecly

The zero values of these renormalization conditions mean that,
at the physically meaningful on-shell renormalization point,

=0.

21L|p: (167)

mecly

36

the renormalized electron propagator has the same form as in
the free-particle theory in the absence of loop corrections.

Using the renormalization conditions in equation (167), the
one-photon-loop and one-graviton-loop contributions to the
renormalization factors Z;, and Zy, in the on-shell renormal-
ization scheme, are determined to be

3. [ 1 4 Aple™
6z 2 T log [ e 168
'm, photon 47 | euv + 3 +log m%cQ ’ ( )
2.—7
(1) e | 1 dru’e
6Z¢) photon = ~ 7. [euv -&-a—|—4—|—310g<7mgc2 )} , (169)
b7 A (L (e 170
m ,graviton 16727 P + +log W ’ ( )
sz __ L—i+10+3lo dmpte
Pograviton T 64 E |l egy €Rr & m2c? '

(171)

The pole parts of equations (168)—(171) are proportional to
1/eyy and 1 /e and they appear in some form in all renormal-
ization schemes [4]. The physical observables of a renormal-
ized theory are independent of the renormalization scheme, the
scale constant, the Euler-Mascheroni constant, and the regu-
larization parameters, such as eyy and er. This independence
is shown for selected radiative corrections in section 10.

9.7 Renormalization of the photon self-energy

Next, we study the photon self-energy. In QED, the photon
self-energy correction arises from the creation and annihil-
ation of virtual electron—positron pairs. It is also called the
electromagnetic vacuum polarization. In unified gravity, the
photon self-energy becomes also contributed by the virtual
graviton exchanges.

The one-electron-loop, one-graviton-loop, and counterterm
contributions to the photon propagator are described by the
following irreducible Feynman diagrams:

p+k

iy

k
ievh

1L,electron —
—- [ (o)
. v D
eV )} (Zﬂ)k;

(P F+ mecly) (
(p+k)? Veohe
20—

dTp‘e ) Jrg

1
{ m2c?

+(1+

_ 2.2
mgc

log(
)

4m,
P2

100 22

3T

€uv

2

2m; 2

202
dmzc

p2

x log [1+

x (PP — (172)
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p—k
S
STTHY —
1L,graviton k,

. (D) )
Loprn —inps

KC
_ iy EE pas vy, 1.
/(p—k‘)2 k2 ( V' be )
dPk
« (,Z- /%pm,ai,udkcm)(

2m)P

- 2 2,—v
__ iKkCp [ 1 1 1 (_47r,ue
o 247T2h €Euv + 6 + ©8 p2

x (p*n" — p'p"),
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(173)

02" (P — pp").
(174)

v
ZHlL,CT = X/V\NV@VV\/\/}(

The one-loop photon propagator correction is equal to
14" multiplied by the tree-level photon propagator from
the left and right. Thus, the corrected photon propagator is
given by

— My i w'v' UMy
p2 p2 1L p2
—1 v . v
— (14 TTyp)— zﬂle;f (175)

Here II;y is the scalar one-loop photon self-energy renormal-

ization factor, whose value is given below. In the S-matrix ele-
ment calculations, at least one end of the renormalized photon
propagator in equation (175) connects to a fermion line. In the
summation over all places along the line where it could con-
nect, one finds, according to the Ward identity, that the terms
proportional to p,, or p,, vanish [1]. Therefore, in the calcula-
tion of the S-matrix elements, the last term in the last line of
equation (175) can be dropped out.

The scalar one-loop renormalization factor 11} of photon
self-energy and its electron-loop, graviton-loop, and coun-
terterm parts following from equations (172)—(175) are given
by

HIL = HlL,electron + HlL,graviton + 1IlL,CT, (176)
ae [ 1 drple 5  dm?c?
HlL,eleclron = 5 { + 10g ( + =
31 | euv m2c? 3 P’
N (1 N 2m§c2) 1— 4m§262
p p
2 2,2
P 4mzc
X 1 1+—— —1
" +2’"302< v’ )”
(177)

37

2 20—
KC, 1 1 drpe™ 7
L graviton = —ﬁ LUV + 6 +log <_/;2>} ’
(178)
I o1 = Iip o electron + ILiL,CT graviton, (179)
I — sz 180
1L,CT,electron ‘A, electron? ( )
I o= —0Z 181
1L,CT,graviton ‘A, graviton ( )

In the on-shell renormalization scheme, the renormaliza-
tion conditions for the photon self-energy are given by

M

1_[lL Oa
p4

=0.

pr=cc

(182)

P=0 "

The first condition in equation (182) is the standard on-
shell renormalization condition for the photon self-energy in
quantum field theory [1, 4]. It means that, at the physically
meaningful on-shell renormalization point, the renormalized
photon propagator has the same form as in the free-particle
theory in the absence of loop corrections. The second condi-
tion in equation (182) is imposed to guarantee that the loop
corrections to the Coulomb potential are integrable functions.
Through the renormalization constants, one could easily add
to the quantity II;; arbitrary analytic terms proportional to p?
or its higher powers so that the first condition in equation (182)
remains satisfied. Therefore, to avoid the addition of arbit-
rary terms that ruin the integrability of the Coulomb poten-
tial corrections studied in section 10.1, the second condition
in equation (182) is imposed.

The one-electron-loop and one-graviton-loop contributions
to the renormalization factor Z,, in the on-shell renormaliza-
tion scheme, are determined to be

1 e
52(1) = % - 1 - - 183
‘A, electron 3 cuv + og mgcz ) ( )
2
(1) Kcp 11 )
6ZA,graviton = _24’7Tzh |:€UV + 6 +log (47T,U € 'y):| . (184)

Using the values of the renormalization factors in
equations (183) and (184), the one-loop renormalized scalar
amplitude factors of the photon self-energy become

Hg?yelem‘m = 1_IIL,elec‘Lron + HlL,CT,eleCtron
e S dm2c? e 2m2c? 1— 4m2c?
37 3 p2 p2 p2
2 2,2
p 4mzc
x1 1 1— —1 185
Hgi)’gravimn = 1_[lL,gravilon + 1_[lL7CT,gravilon
2
RCp 2
= log (—p~) . 186
24n2 02 (-7°) (186)
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In section 10.1, these renormalized correction factors are
applied to calculate the radiative corrections to the Coulomb
potential.

9.8. Renormalization of the graviton self-energy

Next, we study the graviton self-energy. The graviton self-
energy correction arises from the creation and annihilation
of virtual electron—positron pairs. It is also contributed by
the virtual photon exchanges between the graviton and the
vacuum. In contrast to the previous effective field theory
quantization of general relativity [4, 78, 87, 88, 167], in uni-
fied gravity, the gravitons do not interact directly with each
other in the vertex interactions. The consistent renormaliza-
tion of the one-electron-loop correction to the graviton self-
energy in unified gravity is a substantial breakthrough since
the conventional gravity in the presence of matter is well
known to be nonrenormalizable starting from the one-loop
order [80-83].

The one-electron-loop, one-photon-loop, and counterterm
contributions to the graviton self-energy are given by the fol-
lowing irreducible Feynman diagrams:

p+k
Z—aﬁ ni _
—1L,electron
k
i(f+mecly) 0 [Re L, .
/TY k2—m2c2 {5y F P b+ 20y
s (p + F + mecly)
_ I }
" " MmeC 4] (p+ k)2 — mgc2
i ke dPk
2 [ pahs e 2k)7 — 0P mecl H_
{ 9 i pa[’YF(p—i_ ) - mecC 4] (27T)D
. 4 ;\/
_ iKep {Aaﬁ,n/\ [ 1 (47m e )} aBnA
= P — 41 —_— P
48072k U A + €UV tho m2c?
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+(1_ p2 ) log[1+2 202( B p; _1)}
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24072 + {GUV tlog
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—aB,nA : A
:aggT = )W(X)A\NMM)( =i(Zy —1)p 2P1a§1" .
(189)

The factor of % in front of the integral in equation (188)
comes from the division by the symmetry factor of the dia-
gram according to the standard Feynman rule. The quantities
PPN PRPIA PRPiX and PR in equations (187)-(189)
are defined below. First, the quantity P!’ without a hat is a
generalization of P***#? in equation (487)7f0r the integer para-

meters a,b and c, defined as

HV,p0
Pabc -

1
% (an®nP” +an"’n"? —bn*n"7).  (190)

Here n®? is the Minkowski metric tensor. Analogously, the

quantity f’;”f”f’\ with a hat is defined as
B . o o
oo = oo (@07 an i — i) (191)
Here the quantity /®? is a projection defined as
apB
G L (192)
p

The derived quantities PO‘B A 1335 A and f’gﬁ A in
equation (187) are defined as

Pozﬁ nx __ 4Pa5 na 2’"252 DB ,mA
=57 9315 P2 19863
m4c4 64 aﬁ nA aB,nA
Iz Py H45P 00T ) (193)
posn _ posan _ 10mec sas oy 30mect g
32,1 > 1,2,1 7 1,0,1 >
)4 P
(194)
R N 8m2c
PPN = pOOt E PO (195)

The one-graviton-loop propagator correction is equal to
—af,n\ . 1. .
iZ; """ multiplied by the tree-level graviton propagator from
the left and right. Thus, the corrected graviton propagator is

given by

N W

N
iPaB,n)\ iPaBo/ﬂ’ .—a'B'n' N Z.Pn/)\’nk
= 2 T 2 1L 2
p p p
—_ ZPQ,B ni
= (1 + :*1L) :
e (196)

Here the renormalized scalar factor =, is formed from the
one-photon-loop, one-electron-loop, and counterterm contri-
butions as

—
—

IL = ElL electron T '—41L ,photon + \—'1L ,CT» (197)
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(199)
EiL,cT = ZIL,CT,electron + Z1L,CT,photons (200)
ElL,CT,electron - 65Z1-[1 llectron’ (201)
ElL,CT,photon = _6521(-11 i)hoton (202)

In the on-shell renormalization scheme, the renormaliza-
tion conditions for the graviton self-energy in unified gravity
are analogous to the renormalization conditions for the photon
self-energy in section 9.7. The graviton self-energy renormal-
ization conditions are given by

=0.

pr=00

Eitl_y =0, (203)

In analogy with the photon self-energy renormalization condi-
tions in equation (182), the second condition in equation (203)
is imposed to guarantee that the loop corrections to the
Newtonian potential are integrable functions. Through the
renormalization factors, one could easily add to the quantity
Z,L arbitrary analytic terms proportional to p? or its higher
powers so that the first condition in equation (203) remains sat-
isfied. Therefore, to avoid the addition of arbitrary terms that
ruin the integrability of the Newtonian potential corrections
studied in section 10.2, the second condition in equation (203)
is imposed.

The renormalization conditions of the graviton self-energy
in equation (203) lead to the one-photon-loop and one-
electron-loop counterterms for the graviton self-energy, with
the one-loop contributions to the renormalization factors given
by

(1)
5ZH electron
_ /icp 3l 4m22_24m§4+10 ( 22)
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The renormalized one-photon and one-electron loop cor-
rection factors to the graviton propagator are given by

=(r) —-=

1L, electron T+ =1L,CT,electron
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2 2 2
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2
Kcp 5
= 57 log(—p). 207
677, 02 (=7°) (207)

In section 10.2, these renormalized correction factors are used
to calculate radiative corrections to the Newtonian potential.

9.9. Photon-graviton two-point function

Next, we study the photon—graviton two-point function, which
describes possible transformation between photons and grav-
itons. At the tree level, such a process is nonexistent. At
the one-loop order, the photon—graviton two-point function is
formed by the Feynman diagrams with a single electron loop.
The explicit calculations of such loop diagrams, however, give
zero as

p+k

(208)

(209)

Therefore, the one-electron-loop contribution to the photon—
graviton two-point function vanishes, and we do not need to
account for such a process in the renormalization of the ver-
tices, discussed in the sections below.

9.10. Renormalization of the electron—-photon vertex

The renormalization of the electron—photon vertex is well
known to be associated with the Ward—Takahashi identity
[1, 4]. In writing the Lagrangian density in terms of the
renormalized quantities in section 9.4, we used the renor-
malization factor Z, both in the counterterm of the elec-
tron propagator and in the electron—photon vertex. This is
in agreement with equation (159). Therefore, in the renor-
malization of the electron—photon vertex in this section,
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we do not obtain any new relations for the renormaliz-
ation factors. Instead, we use the renormalization factors
obtained in previous sections to verify that the renormal-
ization condition of the electron—photon vertex is satisfied
identically.

The photon index is assumed to be p but, for compactness,
we do not show it in the diagrams below. Accordingly, the
one-photon-loop, one-graviton-loop, and counterterm contri-
butions to the electron—photon vertex are given by

—q M
ZqCFlL,photon

Veohe (210
0

—q H
qur 1L,graviton

vV thc

(211)
—igelL, or _ _ 5Z(1)—iQe’Y§. 212)
\/€0hc v \/E()ﬁc

Apart from the counterterm, we only give the Feynman dia-
grams since there are many diagrams and the integral expres-
sions are straightforward to write using the Feynman rules
presented in table 2.

The total one-loop contribution to the electron—photon ver-
tex is given by

FIILL = F‘;LL,photon + FliLL,gravilon + ]‘—‘IILL,CT‘ (213)

40

The counterterm can also be split into photon and graviton
parts T o1 photon @A TL o7 graviton Dased on substituting the
renormalization factors of equations (169) and (171) into
equation (212).

The on-shell renormalization condition of the electron—
photon vertex is imposed by requiring that I'}; and any higher-
order-loop terms do not lead to corrections of the tree-level
vertex for p = p’ [1, 4]. For on-shell electrons, we additionally
have p? = m2c?. Therefore, the matrix element of I'}; must be
zero forp =p’ as

= (" \TH —

a(p')Ciup)|,_, =0. (214)
The vanishing of the quantum corrections of the electron—
photon vertex for p =p’ effectively means that the clas-
sical form of the Coulomb law applies at asymptotically long
distances [4].

The general structure of the one-loop radiative correction
to the electron—photon vertex matrix element is well known to
be of the Lorentz-invariant form, given by [4]

i(p")TLu(p)

_ iq,
=u(p') [FIT (a) 7k + S

(e7)
F
Fmec T

2,1L (512) u(p).

(215)

Here gq=p’—p is the photon four-momentum, SHY =
%[’y’li ,7YF] is the spin operator for fermions [55], and the
quantities F' Ee]vL)(qz) and Fgeﬁg(cf) are the 1-loop radiative
corrections of the total electron—photon-vertex form factors
F 567) (¢*) and F. ge’y) (¢*), which are generally written as series

over all loop orders as

FP) =FQL+ R @)+, @16)
F(e’Y) 2 — F(e’}’) F(e'Y) 2 217
> (@) 20t 2,1L(‘1)+-~~~ (217)

Here the leading order terms, F’ Eegﬁ =1land F geg]z = 0, corres-

pond to the tree-level diagram.

Since the renormalization condition in equation (214) is
determined at p = p’, we have g = p’ — p =0, and thus, the
second term of equation (215) is zero. Therefore, the renormal-
ization condition considers the form factor F sev) (¢°) stating
that FEW) (¢%) is determined to be Fge’y) (¢?) =1 for g>=0at

Fge?L) (¢*) = 0. The second form

factor Fgev)(qz) is associated with the anomalous magnetic
moment of the electron, discussed in section 10.3. Since the
one-photon-loop and one-graviton-loop radiative corrections
and the associated counterterm parts are proportional to differ-
ent physical constants, the quantity F Ee;’L) (¢*) can be split into
the one-photon-loop and one-gravitoﬁ-loop associated parts,

which are separately zero for g*> =0 as

all loop orders. Consequently,

(e7)

(ev) _ pley) -
F],lL,photon - Fl,lL,photon + F],lL,CT,photon - 07 (218)

(e7) _ ple) (e7) -
Fl,lL,graVilon - Fl,lL,gravilon + Fl,lL,CT,graviton =0. (219)
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The explicit calculation of the one-photon-loop, one-
graviton-loop, and counterterm contributions to the
form factors following from the Feynman diagrams in
equations (210)—(212) show that equations (218) and (219)
are satisfied identically. The one-photon-loop contribution
to equation (218) following from equation (210) and the
associated counterterm contribution part following from
equations (169) and (212) are given for q2 =0by

(e7) Qe 1 2 47T,u2(37'y
lJL,PhOlO"_E {‘FIR+4+310 W s
(220)
(ev) e | 1 2 dmple™
FJL.CT photon = i LUV +em+4+3log<m§cz .
221)

The one-graviton-loop contributions to equation (219) fol-
lowing from each Feynman diagram in equation (211) and
the associated counterterm contribution part following from
equations (171) and (212) are given for ¢> = 0 by

(ey,diagl) Qg 7 4 47TIU, e 7
Fl ,1L,graviton — g |:€Uiv+a+18+lllog mecz )
(222)
(ev,diag2) (ev,diag3) (ev,diagh)
Fle,ylyL,;iviton - le,:’lyL,;iviton - IT’IYL,;'fviton - 07 (223)
F(e'y diagd) _ p(ev,diag5)
1,1L,graviton — © 1,1L,graviton
7 drpe”
N P S “762 . (224)
81 | euv m2c
2.
(ev) _oag| 7 4 4mpce
Fl iYL CT gravnon__gi7T [a _a+10+310g mgcz '

(225)

The exact cancellation of the terms in equations (220)
and (221) when substituted into equation (218) is a con-
sequence of the electromagnetic gauge invariance via the
Ward-Takahashi identity [1, 4]. The exact cancellation of the
different nonzero terms in equations (222), (224) and (225)
when substituted into equation (219) is likewise a result of the
electromagnetic gauge symmetry, and it shows that the Ward—
Takahashi identity of QED is satisfied in unified gravity at one-
loop order. This is considered to be a necessary requirement
for the consistency of the theory and it should extend to all
loop orders.

9.11. Renormalization of the electron—graviton vertex

Next, we study the renormalization of the electron—graviton
vertex, which is related to the renormalization factors Zgy,
and Zg, in the Lagrangian density terms of equation (162).
Through the on-shell renormalization conditions, we obtain
unambiguous values for the one-loop contributions to these
renormalization factors.

The graviton indices are assumed to be p and v but,
for compactness, we do not show them in the diagrams
below. Accordingly, the one-photon-loop, one-graviton-loop,
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and counterterm contributions to the electron—graviton vertex
are given by the following Feynman diagrams:

ny
1L,photon

ptk (226)
iRC
- 5 f 1L,graviton — (227)
p/
b RC
2 h 1L CT
p
i w005 7 (1)
=3 hP [6Zg Yo (P +1)o
((52(1 —|—5Zg,)b)mecnwl4]
= 71/—{62(1) ’“’(;yﬂrp) (5Zg(11p) +5Zéi,)b)77“”mecl4
—0Z0)[vi(p+ )" + vk + )"} (228)

The total one-loop contribution to the electron—graviton
vertex is given by

i

]‘—‘lllf 1L,photon + FIL ,graviton + 1—‘IL CT* (229)

The counterterm can also be split into photon and graviton
parts " IL,CT, photon AN FlL CT,graviton Dased on the different con-
tributions to the renormalization factors obtained below.

In analogy with the on-shell renormalization condition of
the electron—photon vertex in equation (214), we define the
on-shell renormalization condition for the electron—graviton
vertex as

a(p )Ty up)| _, =0. (230)

’

p=p
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The vanishing of the quantum corrections of the electron—
graviton vertex for p = p’ effectively means that the classical
form of the Newtonian potential applies to the strength of the
gravitational interaction at asymptotically long distances.

The one-loop radiative correction to the electron—graviton
vertex matrix element can be written in a Lorentz-invariant
form as

i(p) YL p)
1AY:2 nv
=) {FiTmeon iy L Oy,
’ ’ 2mec
i - Vo
FFR L (pp') S+ (') S8
MmeC
+F§?%{q“q”14} u(p). (231)

Here F ge{gi, Fgelgl)‘ Fgelgﬁ, and Fgelgi are the one-loop radiat-

ive corrections to the electron-graviton vertex form factors.
Through the Gordon identity [1], there is some freedom in the
representation of the terms of equation (231).

At g=p’ —p =0, the last terms of equation (231), asso-

ciated with F\) and F{&) | are zero. Therefore, the renor-

- o : - (cg)
malization condition in equation (230) implies that F\};

F ge;gi must be zero at the renormalization point. Since the one-

photon-loop and one-graviton-loop radiative corrections and

the associated counterterm parts are proportional to different

physical constants, the quantities F' Ee‘]ga and Fg"%{ can also be
split into the one-photon-loop and one-graviton-loop associ-

ated parts, which are separately zero for g*> =0 as

and

(eg)

F E?igi,photon =F Efiéli,photon +F 1,1L,CT,photon — 0, (232)
P33 phoon = F5 L proon + PRI crphoon =00 (233)
F Effi,graviton =F E?%i,graviton +F E?igIlCT,gravilon =0, (234)
Fiee) = Fi%) + FS%LCT,graviton =0. (235

2,1L,graviton 2,1L,graviton

The one-photon-loop contributions to the form factor F Eefz
following from each diagram in equation (226) when com-
pared with the structure of the vertex matrix element in

equation (231) are given by
+ log( )] ,  (236)

|

1

cuv

22

22 Arple™
3

F(eg,diagl) Qe
m2c?

1,1L,photon — 127

=52 [y s o) e
Fi en = F1 i en
= ‘23‘—; [% + % +10g<%)} . (238)
The corresponding contributions to the form factor F\%) , fol-

lowing from each diagram in equation (226) and the structure

of the vertex matrix element in equation (231), are given by
1 6 56 dmpte="
—+ —+ —+7log o
€uv 3 mZc

€IR

Qe

127

(eg,diagl) __
2,1L,photon —

)} (239
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(eg,ding2) 20 [ 1 17 drple™
F3 1L photon = i [a tot log i , (240)
(eg,diag3) __ r-(eg,diagd)
FZ?]gL,l;I%mon - FZTIL,Elfnmn
1 4rple
:*%{f+3+log< Lo )} (241)
4m | euy m2c2

Based on equations (236)—(241) and the form-factor renor-
malization conditions in equations (232) and (233), the form-
factor counterterm parts F gf%{xm’hown and Fgf%{,cnphm are

determined to be

e 3a 1 4 dmpe™
F%,%I)A,CT,photon = _T; |:€UV + g +10g< m%CZ ):| ’
(242)
(cg) @ | 1 2 47r,u26’7
F3 1Lt photon = " I:GUVJFEH2+4+310g< m2c? :
(243)

Using the counterterm in equation (228) and the electron—
graviton vertex matrix element in equation (231), we then
obtain the one-photon-loop contributions to the renormaliza-
tion factors Z,, and Zgy, as

(1) o Bae | 1 4 e
(;ng,photon = ar |:6UV + g +10g mgc2 s (244)
1 2 drpte™
oz == S agslog( TS )
g1/,photon 4 | eyv * €IR +atolog m2c?
(245)

The comparison of these equations with the one-photon-loop
contributions to the renormalization factors Z, and Z, in
equations (168) and (169), we observe that the contribu-

: dent (1) _ 571 (M) —
tions are identical as 0Z,,, Joion = 02, photon AN 0Zgy) Spoon =
5Z$3photon. This means that electromagnetic interaction makes

no difference between the inertial and gravitational masses.
Below, we show that a similar equivalence is not satisfied for
one-graviton-loop contributions.

The one-graviton-loop contribution to the form factor F° Eefl)‘
following from the Feynman diagram in equation (227) when
compared with the structure of the vertex matrix element in

equation (231) is given by

The corresponding contribution to the form factor Fge‘fa fol-
lowing from equation (227) and the structure of the vertex mat-
rix element in equation (231) is given by

7 5kcp?
19272k

(eg)

1,1L,graviton

€uv

(eg)
F Z?IIgL,graviton
3kep? [ 11 12 172 drple
= S 2 23log [ ).
5767T2h €yv + €IR + 3 + 0g< mgcz

(247)
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Based on the renormalization conditions in equations (234)
and (235), the one-graviton-loop form-factor contributions

F(eg) and F(eg)

1,1L,CT,graviton 2,1L,CT,graviton are given by

(eg) _ Skcp? 1 31 drple
FIL.CT graviton = 192" LUV 30 + log(mgczﬂ )
(248)
F(eg) .
2,1L,CT,graviton
3kep? [ 11 12 172 drple™
~ 576m2h LUV * €IR 3 +2310g( m2c? )] '
(249)

Using the counterterm in equation (228) and the electron—
graviton vertex matrix element in equation (231), we then
obtain the one-graviton-loop contributions to the renormaliz-
ation factors Z,, and Z,,, as

o 5kcp? L—ﬂ—i—log drple™
gmgraviton—— 19272f | egy 30 m2c? ’
(250)
1
0Z, ;(;7,/3 ,graviton
2 20—
KCp 11 12 172 drpe
=——— | —+ — 4+ — +231 — |-
1927T2h |:€UV + €IR + 3 + o8 mgcz
(251)

In contrast to the case of the one-photon-loop contributions in
equations (244) and (245), the one-graviton-loop contributions
t0 Zy, and Zyy, in equations (250) and (251) are not equivalent
to the one-graviton-loop contributions to the renormalization
factors Z,, and Z,, in equations (170) and (171). This shows
that the different renormalization factors of the inertial and
gravitational masses are necessary for the renormalizability of
unified gravity.

9.12. Renormalization of the photon-graviton vertex

Next, we study the renormalization of the photon—graviton
vertex. In unified gravity, the renormalization of this vertex
is related to the renormalization factor Zy, in the Lagrangian
density terms of equation (162). The one-loop contribution
to the renormalization factor Zy4 can already be determ-
ined based on the equality Zy = ZzZ,y/Zy, following from
equation (158), and the one-loop contributions to the renor-
malization factors Z4, Zgy,, and Zy,, determined in the previ-
ous sections. Using equations (169), (171), (183), (184), (245)
and (251) we then obtain

(1) _ 571
5ZgA,electr0n - 6ZA,e]ectron
1 drple™
= { +1og<7”‘2€2)] . (252)
31w | eyy mzc
(1) _ 571 (1) (1)
5ZgA,graviton - 5ZA,graviton + 6Zgw,gravilon - 5Zw,graviton
2 2
Kcp 1 43 drpce™"
= — 4 = tlog| = .
82k | eyy + 12 + Og<(m§c2)4/3
(253)
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Therefore, in the renormalization of the photon—graviton ver-
tex below, we do not obtain any new relations for the renor-
malization factors but only verify that the renormalization con-
dition of the photon—graviton vertex is satisfied identically.

We assume the same indices for the fields as in the photon—
graviton vertex in table 2 but, for compactness, do not show
them in the diagrams below. Accordingly, the one-electron-
loop, one-graviton-loop, and counterterm contributions to the
photon—graviton vertex are given by

KC
i
“\Wh

nv,o,p
1L,electron

n : (254)
. RC v,0o,
—1 \( ﬁrlllL;ngviton = (255)
pl/r
. KC Wv,o,
U/ frlm,c@ =
PN
- KC v,o
= 82,0\ 5P pa. (256)

The total one-loop contribution to the photon—graviton ver-
tex is given by

pv,o,p
1L,electron

+ F#V»pr

pv,o,p
FIL =T 1L, graviton

+IESE. @5T)

The counterterm can also be split into the electron and grav-
iton parts T econ A0 Ty ¢ graviton Dased on substituting
the renormalization factors of equations (252) and (253) into
equation (256).
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The on-shell renormalization condition of the photon—
graviton vertex is imposed by requiring that I'{;"°"” and any
higher-order-loop terms do not lead to corrections of the
tree-level vertex for p = p’. This requirement is analogous
to the renormalization conditions of the electron—photon and
electron—graviton vertices above. For on-shell photons, we
naturally have p? = 0. Therefore, the matrlx element of '} 7"
must be zero for on-shell states with p = p’ as

& (T e ()|, = 0.

(258)
The vanishing of the quantum corrections of the photon—
graviton vertex for p = p’ effectively means that the photon—
graviton interactions do not modify the classical forms of
the Coulomb and Newtonian potentials, which apply to the
strengths of the electromagnetic and gravitational interactions
at asymptotically long distances.

The scalar product of I'{””*” with the photon polarization
vectors in equation (258) effectively means that the terms of
""" proportional to p’“p” do not contribute. This is due
to the transversality of the photon momentum and polariza-
tion vectors, i.e., p’e,(p) = 0. In more complex calculations
of the S-matrix elements, the photon polarization vectors can
be replaced by the photon propagators, which connect to fer-
mion lines. In this case, through the summation over all places
along the fermion line where the photon propagator could con-
nect, one obtains that the terms proportional to p” or p’? van-
ish. This is due to the Ward identity and is analogous to the
discussion on the last term of the photon propagator below
equation (175).

The one-electron-loop contributions to the photon—graviton
vertex resulting from each Feynman diagram in equation (254)
are given for p = p’ by

(diag2) v,
1L, electron

o

—p¥pPnhT —

1—‘(dlagl);w o,p

1L,electron p=p’

dmple™ v, po
Py )] (4p"p”n”

2
Hey

(259)

p=p'
Qe

1
127w

—p"pPn

cuv
PPN —p'pn

Qe
e 22PPPP

1

€uv

(diag3)pv,o,p
p=p’
Qe

1L, electron
== 1
o e e

xp” (p"n”? +p"n"? —pn"),
(diagd)pv,o,p
2 —+1

1L, electron
o LUV Og( )]

xp? (p"n"? +p"nt? —pPnt).

drple™

2.2
msc

(260)

p=r’

e |1 drple™

2.2
méc

(261)

The summation of the contributions of all diagrams, given
in equations (259)—(261), results in the total one-electron-loop
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contribution to the photon—graviton vertex without the coun-
terterm as
Hv,0,p
1—‘IL ,electron ‘p:pl
1

€uv

Qe

- drple™
37

2.2
mgc

log(

* 157rm2c‘2p PP

) ] P;w,on,p)\p;p/\

(262)

The coefficient of the first term of equation (262) is found to be
equal in magnitude and opposite in sign to the one-electron-
loop contribution to the renormalization factor Zy4, given in
equation (252). Therefore, this term becomes cancelled by the
electron-loop part of the counterterm in equation (256). The
contribution of the second term of equation (262) vanishes in
the S-matrix element calculations according to the discussion
below equation (258). Therefore, this term can be dropped
out, and we conclude that the renormalization condition in
equation (258) is satisfied.

Correspondingly, the one-graviton-loop contribution to the
photon—graviton vertex resulting from the Feynman diagram
in equation (255) is given for p = p’ by

1v,0,p }
1L, graviton | p=p’
KC 1 11 Ampe™
=— —+—+lo _— “p¥pPp°.
8m2h LU 6Jr ( p? )]pppp

(263)

Here we have used the on-shell condition of photons, p2 =0,
apart from the logarithm, where p? appears in the denomin-
ator. By the same argument as discussed in the case of the
electron-loop contribution below equations (230) and (262),
the terms proportional to p? or p’c do not contribute to the
S-matrix elements. Therefore, we conclude that the renormal-
ization condition in equation (258) is satisfied, and the one-
graviton loop does not contribute to the renormalization of the
photon—graviton vertex. The counterterm in equation (256) is
in agreement with this result since the one-graviton-loop con-
tribution to Zgy is zero at the physically meaningful on-shell
renormalization point as seen from equation (253) with p? = 0.

9.13. Renormalization of the electron-photon—-graviton vertex

Finally, we study the renormalization of the electron—photon—
graviton vertex. This vertex is related to the renormalization
factor Z,y, in the Lagrangian density terms of equation (162).
Since the one-loop contributions to this renormalization factor
is already determined in equations (245) and (251), in this
section we do not obtain any new relations for the renormaliz-
ation factors but only verify that the renormalization condition
of the electron—photon—graviton vertex is satisfied identically.

We assume the same indices for the fields as in the electron—
photon—graviton vertex in table 2 but, for compactness, do
not show them in the diagrams below. Accordingly, the one-
photon-loop, one-graviton-loop, and counterterm contribu-
tions to the electron—photon—graviton vertex are given by the
following Feynman diagrams:
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qu L, p
1L,photon
1%51%} i E
+ -
p
(264)
ZQG nv,p

h 5() 1L,graviton

p i ' I
= + + + + +
p p D
/
‘ﬁi& P P 4 P
+ + + + , (265)
P P p p
14 P’ p’ p p
ige v
7\ = FQLL P&3P = + + + +
p p p p

+ + + + , (266)

hS!

iS]

45



Rep. Prog. Phys. 88 (2025) 057802

M Partanen and J Tulkki

NG
1L cT =

qu /
p
Qe | K
= (Zgyp — 1)— | —PH"P? .
( gy ) h £0 ’YFO’

Equation (266) represents the Feynman diagrams, which
are already renormalized by the counterterms of the two-
point and three-point functions discussed in the previous
sections. Accordingly, each 1L-blob in the Feynman diagrams
of equation (266) contains the one-loop diagrams and coun-
terterms associated with the pertinent propagator or vertex.

The total one-loop contribution to the electron—photon—
graviton vertex corresponding to the Feynman diagrams in
equations (264), (265) and (267) is given by

(267)

o uv,p
r,=r

Bv,p
1L,photon +T

1L,graviton + 1—‘IIIVLV,’([Z)T' (268)
The counterterm can also be split into photon and graviton
parts T "Er Lhoton A1 T Er gravion Dased on the different con-
tributions to the renormalization factors obtained below.

In analogy with the on-shell renormalization conditions of
the electron—photon vertex in equation (214), the electron—
graviton vertex in equation (230), and the photon—graviton
vertex in equation (258), we define the on-shell renormal-
ization condition for the electron—photon—graviton vertex.
Since it is a four-point vertex, following previous literature
[4], the renormalization condition is defined in terms of the
Mandelstam variables. Accordingly, we write the renormaliz-

ation condition as

a(p) Ty u(p) e (@) ep (@) | o0
=0 °

=0. (269)

Here the photon and graviton four-momenta ¢ and ¢’ satisfy
q —q=p' — p For the Mandelstam variables, we use the val-
ues s = u =m?c* and t =0.

The Mandelstam variable =0 implies p = p’ and g = q’ .
We consider the rest frame of the electron where p p =
(mec,0,0,0). The Mandelstam variables s = u = m2c? then
imply ¢ = ¢’ = (0,0,0,0). Through the use of the Gordon
identity, all terms of u(p")I'}"[{"u(p) resulting from the one-
photon and one-graviton loop diagrams in equations (264)
and (265) and from the counterterm in equation (267) are
found to be either zero or proportional to p*, p”, or p* at
the renormalization point. In the rest frame of the electron,
the only nonzero component of the electron four-momentum
is the time component. In contrast, since photons and grav-
itons are massless, the photon polarization four-vector ¢,(0)
and the graviton polarization tensor €, (0) are defined to
have only spatial components. Therefore, the scalar product
of the electron four-momentum and the photon polarization
four-vector is zero independently of the spatial orientation of
the photon polarization four-vector as p”e,(0) = 0. The same

applies to the contraction of the electron four-momentum with
either of the two indices of the graviton polarization tensor
as p*€,,(0) = 0 and p”e,,,, (0) = 0. Thus, the one-photon and
one-graviton loop diagrams in equations (264) and (265) do
not contribute to the S-matrix element calculations, and we
conclude that the renormalization condition in equation (269)
is satisfied.

10. Radiative corrections

In this section, we study the radiative corrections of unified
gravity in the UGM formulation. In quantum field theories,
radiative corrections refer to the modifications in particle inter-
actions and the related physical quantities due to the effects
of virtual particles [1, 4]. The virtual-particle interactions are
described by the Feynman diagrams as discussed in the previ-
ous sections. The radiative corrections follow from the loop-
order Feynman diagrams. The radiative corrections play a cru-
cial role in obtaining accurate quantum-field-theoretical pre-
dictions for scattering processes, which can be verified exper-
imentally. For example, the prediction of the Standard Model
for the electron magnetic moment has been experimentally
verified to an astonishing accuracy of one part in a trillion
[194]. In the sections below, we consider how unified grav-
ity leads to the radiative corrections to the Coulomb and
Newtonian potentials and to the electron magnetic moment.

10.1. Radiative corrections to the Coulomb potential

As an example of the radiative corrections to the Coulomb
potential, we calculate the one-electron-loop and one-
graviton-loop corrections resulting from the vacuum polariza-
tion diagrams and their counterterm in equations (172)-(174).
Detailed study of the contributions resulting from the box and
crossed box diagrams, the triangular diagrams, the circular
diagram, and the vertex corrections, similar to those studied
in [177], is left to a separate work.

In the nonrelativistic limit, for the four-momentum of the
exchanged photon, we have p2 — 2 where p is the three-
dimensional momentum vector. Thus, the one-electron-loop
and one-graviton-loop renormalized scalar amplitude factors
of the photon self-energy in equations (185) and (186) become

(r) 2
Hli electron ( |p| )
4mzc2

4m2c? N (1 2m262> 14
p[? p|? p®

ErL),electron ( )

_0465
T 3w )3

Ip|? 4171262
1 1-— 1 270
xlos [ 2mZc? + (270)
HirL),graviton (pz) ~ Hgi),gravnon ( p|2)
kelpl?
~Saaplee(lel?). @7

The Fourier transform of the Coulomb potential obtains
correction terms, which are additions to the tree-level Fourier
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transform of the Coulomb potential in equation (S27) of the
supplementary material. Using equations (270) and (271), the
renormalized one-electron-loop and one-graviton-loop correc-
tion terms are given by

=~ h*e?

Ve,lL,eleclron (p) = mnir&eleclron (_|p|2) ,  (272)

. h262 .

Ve,lL,graviton (p) = mﬂsg,gmviton (7|p|2) - (273)
10.1.1. Renormalized one-electron-loop contribution.  First,

we consider the renormalized one-electron-loop contribution
to the radiative correction of the Coulomb potential. This
radiative correction is known from QED [1, 136] and is
presented here for completeness and as a background for
the one-graviton-loop contribution calculated below and for
the radiative correction of the Newtonian potential studied in
section 10.2.

Using the renormalized one-electron-loop contribution to
the Fourier transform of the Coulomb potential correction in
equation (272), and performing the inverse Fourier transform,
we obtain the renormalized one-electron-loop contribution to
the Coulomb potential correction as

Ve,lL,eleCtron (I’)
ipr/n_“F & p

= /ve,lL,eleclron (P) (27Th)
/ / /271' 1prrcos9 /h (r) (_pz)
27rh €0 (P2 _ lE lL,eleclron T

x p2 sin 65,46, dp,
_ e amh [Ripe g
(271'71)3 €0 r 0 0 pr2 — i€ 1L, electron Py ) APr
B 62 / ip (e*iprr/h 7eip,r/h) H(r) (_p2> dp
r
47T250r 0 p% — 1L, electron T
= e? /oo ipr (e—iprr/h_eiprr/ﬁ) ngL) 1 (_pz) dp;.
87T250r oo pr2 — e ,electron T

(274)

In the second equality of equation (274), we have expressed the
momentum-space integral in spherical coordinates (p;, ;, ®;).
In the third and fourth equalities, we have carried out the integ-
ration with respect to the angular variables 6; and ¢;. In the last
equality of equation (274), we have applied the symmetry of
the integrand with respect to p; to change the lower bound of
the integral to the negative infinity.
As a complex function, the
Hgi) clectron (—P7) in the integrand of equation (274) has branch
cuts at the positive and negative imaginary axes starting at
= £2im,c and extending to infinities. This must be accoun-
ted for when applying the residue theorem to the integral of
equation (274). Writing p, = e+ ip,j, where p; = Im(p,),

imaginary part of

47

we obtain

202
4mzc

2
Pii

Qe

Im [Hgg,eleclron (_p?)} ==+ 3 1=

(1+

The positive and negative signs of equation (275) correspond
to Re(p;) > 0 and Re(p;) < 0, respectively.

Applying the residue theorem and the branch cuts of the
integrand to calculate the integral of equation (274), we obtain
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In the second equality of equation (276), we have calculated
the residues and applied equation (275). In the limit of e
approaching zero as € — 0, we obtain
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While taking the limit € — 0, we have used p; = € + ip;; and
pr = —€+ipy to change the integration variables of the first
and second integrals, respectively. In the last two equalities
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(277)
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of equation (277), we have made a change of variables, p;; —
—Pri, to the first integral and used some algebra to obtain the
last form.

Next, we evaluate the integral in the last form of
equation (277) in the long distance limit of »>> 1/(mec). In
this limit, the integral is dominated by the region where p;; ~
2mec. Approximating the integrand in this region and chan-
ging the variable to p; = py; — 2mec, we obtain

Ve,lL,eleclron (l‘)
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This radiative correction of the Coulomb potential is known
from QED, where the classical Coulomb potential corrected
with this term is known as the Uehling potential [1, 136].

10.1.2. Renormalized one-graviton-loop contribution. Next,
we calculate the one-graviton-loop correction to the Coulomb
potential. Using the renormalized one-graviton-loop contribu-
tion to the Fourier transform of the Coulomb potential correc-
tion in equation (273) together with equation (271), and per-
forming the inverse Fourier transform, we obtain the renormal-
ized one-graviton-loop contribution to the Coulomb potential
correction as

Ve, 1L, graviton (I')
Qle liC2

 487%h
B kb2 c?
T 1272r

&
Ve,lL,graviton (p) 1p r/h_ P

(27rh)
|p|210g (|p‘ )eip~r/hd3p
p|* —ie
ellrlVie/n

(279)

In the third equality, we have applied the second Fourier trans-
form integral given in section 7 of the supplementary material.

In the limit of € approaching zero as € — 0, the renormal-
ized one-graviton-loop contribution of the Coulomb potential
correction in equation (279) becomes

2

kh2ctae

1272r|3

_ 2GRac
© 3mwer

Ve7 1L, graviton (I‘) = (280)

This result corresponds to the conventional effective-field-
theory-based gravity quantization result for the vacuum polar-
ization term of the Coulomb potential correction, which can
be found from some works in previous literature [177].
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10.1.3. Total vacuum-polarization-corrected Coulomb
potential.  The sum of the classical Coulomb potential and
the one-electron-loop and one-graviton-loop vacuum polariz-
ation corrections to the Coulomb potential is given by

Ve (l') = Ve (l') + Ve,lL,electron (l') + Ve,lLtgraviton (l')

_ heae hcage’z’"cc‘r‘/h 2GR e

T 4/m|r| (meclr| /1) RELTERE

_ hcae L Qe 2meclr| /T 2Gh
x| 47 (meclr|/n)*? 3T

(281)

The Uehling potential of QED corresponds to the first two
terms of this equation [1, 4, 136], and the last term is
the modification of the QED result by the gravitational
interaction.

10.2. Radiative corrections to the Newtonian potential

Next, we study the radiative corrections to the Newtonian
potential. As an example, we calculate the one-electron-
loop and one-photon-loop corrections resulting from the
vacuum polarization diagrams and their counterterm in
equations (187)—(189). Detailed study of the contributions res-
ulting from the other relevant Feynman diagrams, partly sim-
ilar to those studied in [167], is left to a separate work.

In the nonrelativistic limit, for the four-momentum of the
exchanged graviton, we have p> — —|p|?, where p is the three-
dimensional momentum vector. Thus, the one-electron-loop
and one-photon-loop renormalized scalar amplitude factors of
the graviton self-energy in equations (206) and (207) become

':(‘")

—1L,electron (p2) %E electron( |p‘ )
kelp)? [ 8m2c? 6m?c? 2
o 3 (1 ) o)
Im2c? am2c2\ >?
B
p| |P|
I mgc
x log [1—2 s el . (282)
=(r)
—1L,photon (P ) ~ “lL pholon( ‘p|
kelpl? 2
— 1 . 283
Ten2 e (Ipf) (283)

The Fourier transform of the Newtonian potential obtains
corrections, which are additions to the tree-level Fourier trans-
form of the Newtonian potential in equation (147). Using
equations (282) and (283), the renormalized one-electron-loop
and one-photon-loop correction terms are given by

_ KRPm2c* _

Vg,lL,eleclron (p) = 2 (|p|2 i ie) :i?,electron (_|p|2) , (284)
~ mhzmz _

Vg,lL,photon (p) = _W:‘gg photon ( |p|2) . (285)
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10.2.1. Renormalized one-electron-loop contribution. Here
we study the renormalized one-electron-loop contribution
to the radiative correction of the Newtonian potential.
Using the renormalized one-electron-loop contribution to the
Fourier transform of the Newtonian potential correction in
equation (284), and performing the inverse Fourier transform,
we obtain the renormalized one-electron-loop contribution to
the Newtonian potential correction as

Vg7 1L, electron (I’)

:/24

 Kmge
8m2r

Vg, 1L,electron (p) €

/.

The intermediate steps in obtaining the last form of
equation (286) are analogous to those in equation (274).
As a complex function, the imaginary part of

Eﬁ)}elemmn(—pf) in the integrand of equation (286) has
branch cuts at the positive and negative imaginary axes

starting at p, = +2im.c and extending to infinities. Writing

ip-r/h d%p
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pi — e

pr = te+ipy, where p; = Im(p;), we obtain
Im |: S‘) electron ( p?)}
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=P () SRE ) (T (0g7)
32mh Di Di

The positive and negative signs of equation (287) correspond
to Re(p;) > 0 and Re(p;) < 0, respectively.

Applying the residue theorem and the branch cuts of the
integrand to calculate the integral of equation (286), we obtain

Vg, 1L, electron (l')

Hm2C4

8mr

|:lp e—lprr/h :(r)
r_ o —1L,electron
pbr—

{—27ri Res
pe=—1ie
—2miRes

1prr/h
l’r:\/r |:

ipr——r
2 _
Pr
e—2imec ipre—lprr/ﬁ

‘2/5_ =i

+2 / TR ipeein/t
—e+2imec (pr )

_ wmgct e /it
Q2. {_2’”1 |:2 : \/7/77\_’51“) electron
lrf/hﬁ(f)

8m2r
—1L,electron

—2mi
2°
5_21mecp?e—lprr/h

/ef (p? —ie)

) 4 3/2
m;c ) <1_ mzc ) .
Pr Pri

()]
(—r: )} dp:
(-#%)] v}

(-ie)|

()]

=(1)

—1L,electron

=(0)

—1L,electron

——ilm [
e+i
100 (r)

—1L,electron

e

(- ieﬂ
+ KRC
167h

dll

ico

49

N KC /6+i00 pgeip,r/h
1677 —e+2imec (P% —iﬁ)
222 A2 3/2
x (1+ Tl > (1— e ) dp, . (288)
pri pri

In the second equality of equation (288), we have calculated
the residues and applied equation (287). In the limit of e
approaching zero as € — 0, we obtain

/<crr12c4 ke [T
— Pl T
Vg,lL,electron (I') - 871'2 167Th/;oo Pnep
22 am2e2\ ?
() (- 4)

y (1 2n;§c2> (1 3 4m§c2 > 3/2 dpri‘|
— m2m2c5/ el
64T3RF Jo o
(1 n 2m2c2> (1 B 4m§cz)3/2 e
= 2
e a2 )
(1 N 2m2c2> . o)
ri

While taking the limit € — 0, we have used p; = € + ip;; and
pr = —€+ip; to change the integration variables of the first
and second integrals, respectively. In the last two equalitites
of equation (289), we have made a change of variables, p;; —
—pri, to the first integral and used some algebra to obtain the
last form.

Next, we evaluate the integral in the last form of
equation (289) in the long distance limit of > 1/(mc). In
this limit, the integral is dominated by the region where p;; ~
2mec. Approximating the integrand in this region and chan-
ging the variable to p; = p;; — 2m.c, we obtain
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This is the one-electron-loop contribution to the radiative cor-
rection of the Newtonian potential in unified gravity. The
exponential factor of equation (290) is equivalent to that in the
QED contribution to the radiative correction of the Coulomb
potential in equation (278) but, otherwise, these corrections
depend on different powers of |r|. The authors are not aware
of the appearance of the correction term in equation (290) in
previous literature. Previously, arguments have been presen-
ted in favor of omitting all the diagrams with internal lines
of massive particles in the calculations of quantum gravity
corrections [167, 187]. However, these arguments have been
constructed for scalar particles, and thus, they do not apply to
electron loops.

10.2.2. Renormalized one-photon-loop contribution. Next,
we calculate the one-photon-loop correction to the Newtonian
potential. Using the renormalized one-photon-loop contri-
bution to the Fourier transform of the Newtonian potential
correction in equation (285) together with equation (283),
and performing the inverse Fourier transform, we obtain the
renormalized one-photon-loop contribution to the Newtonian
potential correction as

Vg,lL,photon (l')
~ . &p
= [ Vg ivphoton (p) €™/ —L
[ Vot grn 0) o

~ &'m2c [ |p[*log (|p|?)
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In the third equality, we have applied the second Fourier trans-
form integral given in section 7 of the supplementary material.

In the limit of € approaching zero as € — 0, the renormal-
ized one-photon-loop contribution of the Newtonian potential
correction in equation (291) becomes

K hm?cd G*hm?
6473 |r|3

T

Vg, 1L,photon (l') = (292)

Apart from the prefactor, the form of this term is identical to
the form of the quantum correction term of the Newtonian
potential obtained using the conventional effective field the-
ory in previous literature, where other Feynman diagrams were
also accounted for [167].

10.2.3. Total =~ vacuum-polarization-corrected =~ Newtonian
potential.  The sum of the classical Newtonian potential and
the one-electron-loop and one-photon-loop vacuum polariza-
tion corrections to the Newtonian potential is given by

Vg (I‘) Vg (I‘) +V, ,1L,photon (I') + Vg}lL,electron (I‘)
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10.3. Radiative corrections to the electron magnetic moment

The form factor F5” in the electron—photon vertex matrix
element in equation (215) is called the anomalous magnetic
moment since the total magnetic moment of an electron is
given by g5 =2+2F5" [4]. Order by order in perturbation
theory, we obtain more and more accurate approximation for
F5". Experiments have verified the Standard Model prediction
for the electron magnetic moment to an astonishing accuracy
of one part in a trillion [194]. More experimental accuracy
is, however, needed to probe the corrections associated with
quantum gravity.

The one-photon-loop radiative correction of the form factor
F5" following from equation (210) is the famous result first
calculated by Schwinger [195], given by

Qe

g.

< —
2,1L,photon —

(294)

Correspondingly, the one-graviton-loop radiative correc-
tions of the form factor Fg'y following from equation (211) is
given by

Tag
4’

2,1L,graviton —

(295)

The one-graviton-loop contributions to equation (295) follow-
ing from each Feynman diagram in equation (211) are given

by
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,diag6
g??[;,giivi)ton = 0 (299)

Equation (295) agrees with the result first calculated by
Berends and Gastmans [196]. Since the counterterm does not
contribute to equation (295), this result was possible to cal-
culate without the renormalizable theory of quantum grav-
ity presented in this work. The exact cancellation of the UV
divergences and the scale and Euler—-Mascheroni constants of
dimensional regularization in the terms of equations (296)—
(298) when substituted into equation (295) is necessary for
physical observables to be finite and independent of the reg-
ularization parameters. In previous literature, another method
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for the calculation of radiative corrections of the electron mag-
netic moment has been based on dimensional reduction of
supergravity [197-200]. The results of this approach differ
from our results.

11. Obtaining TEGR from unified gravity

In this section, we show that by an appropriate choice of the
tetrad and the metric tensor, we obtain the theory of TEGR
in the Weitzenbock gauge (TEGRW) [30-36] directly from
unified gravity presented above. The geometric conditions of
this section can be called the Weitzenbock gauge fixing. The
Weitzenbock gauge fixing does not fix the gauge unambigu-
ously since there are remaining redundant degrees of freedom
associated with the class of reference frames where the tele-
parallel spin connection vanishes [30, 34].

11.1. Geometric conditions of TEGRW: tetrad and metric
tensor

The form of the gauge-invariant Lagrangian density of uni-
fied gravity in equation (66) explicitly depends on the gauge
field H,, in analogy to how the Lagrangian density expli-
citly depends on the electromagnetic gauge field A, when the
electromagnetic-gauge-covariant derivatives have been writ-
ten out using equation (13). In contrast to the gauge theor-
ies of the Standard Model, in the case of the gauge theory of
gravity, it is possible to absorb the explicit dependence of the
Lagrangian density on the gauge field into the definition of the
tetrad. This possibility is enabled by the equivalence principle
in equation (34). Using the equivalence principle of scale, gé =
&g, with the reduced form of the Lagrangian density of unified
gravity in equation (66), we observe that the explicit depend-
ence on H,, can be absorbed in the generalized tetrad eavs
defined as

Eav = OuXxq + Hay. (300)
Equations (31) and (300) and the resulting definition of the
metric tensor below are called in this work the geometric con-
ditions of TEGRW. The first term of &,, in equation (300) is
related to inertial effects, and the second term describes grav-
itational effects. The division of the tetrad into 0,x, and H,,
in equation (300) reminds to how one divides the tetrad into
trivial and nontrivial parts in TEGRW in previous literature
[34].

Even if the expression of the space-time-dependent tetrad
in equation (300) is qualitatively of the same form as that in the
conventional representation of TEGRW [30, 34], in the present
theory, it has been introduced in a fundamentally different
way. In the conventional gauge theory approach to TEGRW,
the gauge field is the translation gauge field, which is added
to make the expression of the tetrad invariant in translations
of the tangent-space coordinates x,. In contrast, in the present
theory, equation (300) is introduced as a geometric condition
that hides the explicit local gauge invariance of the Lagrangian
density with respect to the gauge symmetry transformations of
X, and H,,, in equations (41) and (56).
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Having defined the space-time-dependent tetrad in
equation (300), we then write the general space-time-
dependent metric tensor in the conventional way in terms
of the tetrad as

G =080 8- (301)
As a consistency check, when the gauge field H,,, is zero, the
definition of the tetrad in equation (300) and the metric tensor
in equation (301) straightforwardly simplify to the well-known
representations of the tetrad and the metric tensor in flat space-
time in the chosen coordinates.

11.2. Geometric Lagrangian density of TEGRW

Next, we present the geometric Lagrangian density of TEGRW
obtained from unified gravity. We call the Lagrangian dens-
ity geometric after the geometric condition of TEGRW in
equation (300) has been applied to the reduced form of the loc-
ally gauge-invariant Lagrangian density of unified gravity in
equation (66). We also present different forms of this geomet-
ric Lagrangian density. Using the definition of the tetrad in the
Weitzenbock gauge fixing in equation (300) and setting m. =
m, according to the equivalence principle in equation (34),
the Lagrangian density of unified gravity in equation (66)
becomes the Lagrangian density of TEGRW, given by

° ihe - [« Vea = viag
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Using the identities &, 73 ¥4t“D = 2D, &, Y35t YE = 25
Eav¢87]53'7]l§ia¢8 = 747/“1)7 1/}87/18 = 71/”/% Eav’7]5';;7]l§ia\11 =0,
\I/\I/ = (:)gp’)/g (Ig + 80&0)2’)/%50@, and Ham,Sa“V
H,.,, 8%, and writing out the electromagnetic-gauge-
covariant derivatives using equation (23), the Lagrangian
density in equation (302) becomes

h — - — — — _
Jo— {’2% (fypa - 8’7}:) b — me P + DO + O

+ @5p7§ (Ig + eoéo)z’yggg@

1
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4r

Here the electromagnetic interaction Lagrangian density
®O + O is written using the charge-current spinor ®, given
in equation (19). The form of the Lagrangian density of
TEGRW in equation (303) is used in the derivation of
Maxwell’s equations of TEGRW in the eight-spinor formal-
ism, discussed in section 11.3.2.

Using ’7F5: 755% 57F = Eﬂg, PO+ 0P = —JVA, =
—gecthykip A, and rewriting the electromagnetic Lagrangian
density in terms of the electromagnetic field strength tensor
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F*¥ using equation (24), the Lagrangian density of TEGRW
in equation (303) becomes

ihc - z = -
LTEGRW = [zw (’Y}V: = 81/’71?) Y —mec*Pip —JVA,

1
F, F" +

1
- HPWS"“”} v—g. (304)
4110

4K

This form of the Lagrangian density of TEGRW is used in the
derivations of the Maxwell’s equations in TEGRW in the four-
vector and tensor formalism, discussed in section 11.3.2, and
Dirac equation of TEGRW, discussed in section 11.3.3. Apart
from the last term of the Lagrangian density in equation (304)
describing the gravity gauge field, equation (304) is directly
seen to be equal to the Lagrangian density of QED, discussed
in section 2.8 of the supplementary material.

Writing the Lagrangian density in terms of the tetrad and
the inverse metric, and using again the electromagnetic-gauge-
covariant derivatives instead of the explicit electromagnetic
interaction term —J}'A,, we obtain

LTEGRW

{lhc

7] ¥ [eb (7FDV+7FVD )— (Dw'éJrD"’rFy) Eb”} 0
—MeC ww _

o

(305)
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This form of the Lagrangian density of TEGRW is used as the
starting point of the derivation of the field equation of grav-
ity in TEGRW, discussed in section 11.3.1. The Lagrangian
density in equation (305) is found to be equivalent to the
Lagrangian density of TEGRW in previous literature [34].
Detailed comparison of equation (305) to the Lagrangian dens-
ity of TEGRW in previous literature, including also references
to pertinent equations of a well-known textbook of TEGR,
is presented in section 6 of the supplementary material. The
relation to the Lagrangian density of general relativity is also
discussed in section 6 of the supplementary material. Further
comparison of unified gravity with previous theories of gravity
can be found in section 13.2.

11.3. Dynamical equations of TEGRW

The dynamics of all fields appearing in the Lagrangian dens-
ity in equation (63) are described by the well-known Euler—
Lagrange equations. In the sections below, we derive the
dynamical equations for the gravity gauge field, the electro-
magnetic gauge field, and the Dirac field in TEGRW.

11.3.1. Field equation of gravity in TEGRW.  Next, we present
the dynamical equation of the gravity gauge field, which we
call the field equation of gravity in TEGRW. Starting from the
Euler-Lagrange equation for H,,,, after some algebra, presen-
ted in section 5.1 of the supplementary material, we obtain the
field equation of gravity in TEGRW, given by

V8P =, 8% = KT oy (306)
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The source term T rw = &, Tiggrw in equation (306) is the
total SEM tensor of the Dirac, electromagnetic, and gravita-
tional fields in TEGRW, given by

TE + T

Trecrw = + T + T3,

D, diff
1 (- )
1 .. |ikc
- 58“ [ > 0 ("/FD Dp’YF)z/) MeC wz/z]
Y 1 Y ihc - p—> — 0 2=
Tp gis = 28 2 - (’YFDp - Dp’)’F) P — mec Y|,

v 1 " v 1 LV g
T = - <F‘pF” + 48" FooF” ) ,

1 1
Ty = (Hg,ﬁ‘S”P” - 4g'uDHpa>\SpU)\> : (307)

The terms 74" and Thy of equation (307) are the SEM tensors
of the Dirac and electromagnetic fields, equal to those in
equation (47). The term 75", of equation (307) is an addi-
tional Dirac field SEM tensor contribution that is obtained
from the Euler-Lagrange equation of gravity in TEGRW. As
shown in section 5.4 of the supplementary material, this term
is, however, zero when the Dirac equation of TEGRW is sat-
isfied, i.e. for on-shell states. The term 74" of equation (307)
is the SEM tensor of the gravitational gauge field, which is
also known from previous literature on TEGR [30, 34, 43].
Similarly to the SEM tensor of the electromagnetic field,
the SEM tensor of the gravitational field is traceless. Thus,
the associated force carriers, the gravitons, are massless. The
trace of the total SEM tensor in equation (307), given by
Trecrw"”, = meczqzn/), is then equal to the trace of the SEM
tensor of QED, given in equation (54). B

By operating both sides of equation (306) by V,, the
left-hand side becomes V, V.87 = ﬁa,,ap(\/fgswp) =
0 since 0,0, is symmetric and $*“” is antisymmetric with
respect to the indices v and p. Therefore, the total SEM tensor
TigGrw 18 conserved as

Vi Tteerw = Vi TteGrw = 0 (308)
This conservation law is necessary for the consistency of the
theory [30].

As shown in section 5.1 of the supplementary material, the
field equation of TEGRW in equation (306) can also be written
in a form showing only space-time indices as

V,SHP = kTR . (309)
On the right-hand side of equation (309), the SEM
pseudotensor T4 ;rw IS given by
v 4 1 log V. L
TrEGRW = T’i‘EGRW—i— —§7PTY, , (310)

By operating both sides of equation (309) by 6,,, the left-hand
side becomes V,V ,S#°P = \/%—ga,,@p(\/—gS“"P) =0 since
0,0, is symmetric and S#¥# is antisymmetric with respect to
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the indices v and p. Therefore, the total SEM pseudotensor
TV is conserved as

V, St orw = 0. Gl11)
Due to the pseudotensor nature of Thpcrw. the conserva-
tion law of T4 rw in equation (311) cannot be written in
terms of the Levi—Civita coordinate-covariant derivative in the

same way as the conservation laws of 7% and T pw in
equations (53) and (308).

11.3.2. Maxwell’s equations in TEGRW. Next, we present
the dynamical equation of the electromagnetic field in
TEGRW. In the eight-spinor formalism, the dynamical
equation of the electromagnetic field is obtained from the
Euler—Lagrange equation for © or © [55]. After some algebra,
presented in section 5.2 of the supplementary material, we
obtain the spinorial Maxwell equation, given by

Vo (W) =6 (8, +8,V,87) ¥ =—0. (12)
Equation (312) is corresponds to the spinorial Maxwell
equation, introduced in [55], generalized to include coupling
to gravity. The coupling to gravity comes through V,é.. In
flat space-time, we have 605;’ = 0. In Cartesian coordinates,
this relation is trivial, but it also holds in curvilinear coordin-
ate systems, such as in spherical coordinates. Therefore, the
spinorial Maxwell equation in general coordinates in flat
space-time can be written as v, % = —®. The only change
to the Cartesian Minkowski space-time form studied in [55] is
the use of general coordinates.

The derivation of the spinorial Maxwell equation in
equation (312) is equivalent but different from the con-
ventional electromagnetic four-potential-based derivation of
Maxwell’s equations. Starting from the Euler—Lagrange
equation for A, and using also the Bianchi identity, after some
algebra, presented in section 5.2 of the supplementary mater-
ial, we obtain the conventional form of Maxwell’s equations

in general relativity as a set of two equations, given by [8]

VPP =N ,FP = ppJ? (313)

VoFuy +VuFyp+ VyFpy =0, (314)
As shown in [55], the spinorial Maxwell equation, i.e.
equation (312), is equivalent to the full set of conventional
Maxwell’s equations. In contrast, in the four-vector and tensor
formalism, one obtains only Gauss’s law for electricity and
the Ampére—-Maxwell law, i.e. equation (313), directly from
the Euler—Lagrange equations. Gauss’s law for magnetism and
Faraday’s law, i.e. equation (314), are obtained by using the
Bianchi identity of the electromagnetic field tensor [8].

By operating both sides of equation (313) by V,, the left-
hand side becomes V,V,F* = —=0,0,(y=gF") =0
since 0,0, is symmetric and F*¥ is antisymmetric with respect
to the indices v and p. The right-hand side becomes /J,o%wlg =
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uo%l,]é’ . Therefore, the electromagnetic four-current density
is conserved as

VoIV =V, JY =0 (315)
Another derivation of the conservation law in equation (315),
based on the U(1) symmetry of QED, is given in section 2.4
of the supplementary material. In the case of electromagnet-
ism in TEGRW, the two derivations lead to the same conserva-
tion law of the electric four-current density JZ, whereas, in the
case of gravity in TEGRW, the derivations lead to conserva-
tion laws of different objects: the form T} of the SEM tensor
of the Dirac and electromagnetic fields in equation (53) and
the form T{gqrw of the total SEM tensor including the grav-
itational field in equation (308). Furthermore, in the case of
gravity in TEGRW, we have the conservation law of the SEM
pseudotensor Thrrw- given in equation (311).

11.3.3. Dirac equation in TEGRW. Next, we present the
dynamical equation of the Dirac field in TEGRW. Starting
from the Euler-Lagrange equation for v or 1), after some
algebra, presented in section 5.3 of the supplementary mater-
ial, we obtain the dynamical equation of the Dirac field, given
by

: (316)

ihc'yﬁ( —l—; )w mec*yp = 0.
Equation (316) is the Dirac equation in TEGRW. We note that,
in flat space-time, we have V(,Z‘a" = 0. Therefore, the Dirac
equation in general coordinates in flat space-time simplifies
to its conventional form, given by ihc’yﬁﬁpﬂ; —mec) =0, as
expected. Comparison of equations (312) and (316) shows that
the quantity that multiplies the term é”pvgé; is the spin since
itis S =1 for vector bosons and S = % for Dirac fermions.
The Dirac equation of TEGRW in equation (316) can be
compared with previous formulatlons of the Dirac equation

in TEGRW. We write the term & Vge in equation (316)

as & V8,7 =& 0, "’—i—F"p K”pg_—T."Up:—Vp.In
the ﬁrst equallty, we have applied partial differentiation. In
the second equality, we have applied equation (6). In the
third equality, we have applied the definition of the con-
tortion tensor in equation (9) and the antisymmetry of the
torsion tensor in its last two indices. In the last equality,

we have defined V, = T."U > which is the vector part of
the torsion decomposition [34]. Thus, the Dirac equation in
equation (316) becomes ihc'yg( 1V )1 —mec*p =0. In
the absence of the electromagnetic coupling, we set D = 8p,
in which case, the Dirac equation above corresponds the Dirac

equation in equation (12.36) of [34] for zero spin connection.

12. Unified gravity and the full Standard Model

In this section, our goal is to explain how unified gravity
is extended to cover all quantum fields of the full Standard
Model. We start with a review of the representations of
quantum fields of different particle types. For the quantum
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fields of the Standard Model, we present two different but
mathematically equivalent representations. The first one of
these representations is the standard representation, and the
second one is the eight-spinor representation, which was ori-
ginally introduced in the case of the electromagnetic field
in [55]. Finally, we include the fields of all particle types
in the Lagrangian density, and thus, unify gravity with the
Lagrangian density of the Standard Model.

12.1. Fermions

12.1.1. Standard representation. The Standard Model fer-
mions have spin S = % They are divided into quarks and
leptons. The quark fields are described by the conventional
Dirac spinors ¢’ for SU(3) color charge i € {r,g,b} and fla-
vor g € {u,d,c,s,t,b}. For a given flavor, we write [1, 4]

(317)

Using this notation, the color charge index of quark fields is
not shown in the equations below.

There are three generations of SU(2) doublet pairs of left-
handed quarks and leptons, indexed by i € {1,2,3}, as [1, 4]

a<{lz ]3] {5}
RGN

and there are three generations of SU(2) singlet right-handed
quarks and leptons, indexed by i € {1,2,3}, as [1, 4]

uL CL

SL

VrL
L

VeL
e

VuL

" (318)

di{ S {dRasvaR} 5

Vliz 6 {V€R7 I/,U.Rv VTR} .

(319)
(320)

uk c {MR,CR, IR},

eiz € {er,ir, TR},

For simplicity, we introduce a notation combining the quark
and lepton fields, indexed by j € {1,2,...,6}, as

¢ € {0, uk, di, Li, Vi, ek } - (321)

12.1.2. Eight-spinor representation. The eight-spinor rep-
resentation of fermions is obtained from the standard repres-
entation above in a simple way generalizing equation (18) as

/(pé] = dj]l:eo = [07070’0’w}a01010]T- (322)

Again, the transpose in equation (322) only operates on the
eight-spinor degree of freedom. For a discussion of selected
aspects of Dirac eight-spinors, see section 2.4.

12.2. Vector bosons

The vector bosons of the Standard Model, having spin S =1,
are the force carriers of the fundamental interactions for
elementary fermions. They are introduced as gauge fields
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through the gauge-covariant derivative acting on fermion
fields. Therefore, vector bosons are often called gauge bosons.
In the absence of vector bosons, the Lagrangian density of
the Standard Model satisfies the symmetries U(1), SU(2),
and SU(3) globally, i.e. for constant, space-time-independent,
symmetry transformation parameters. These global symmet-
ries are then promoted to local symmetries, with space-time-
dependent symmetry transformation parameters, by introdu-
cing the gauge-covariant derivative and utilizing gauge the-
ory. To describe dynamics of the gauge fields, the kinetic
field strength terms of each gauge field are also added in the
Lagrangian density.

12.2.1. Standard representation. The gauge-covariant
derivative, through which the vector bosons of the Standard
Model have been introduced, is given by [1, 4]

1 i ’
U A gew Or . 8w p Yw
D,=0,—i—G),— —i-=W;,,— —1i B,—,
Viic i) Viic 2 Vic 2

1 i '
= ‘S . gs A .gew O-F .gew Y
D,=0,+i Gp—+1 W, — +1i B,—.
Viic i) Vi 2 Vic 2

(323)

Here Gj,, with [ € {1,2,...,8}, is the SU(3) gauge field of
eight gluons, and g is the associated coupling constant of
strong interaction. The SU(3) generators are the Gell-Mann
matrices A/ /2, which act on the SU(3) color charge degrees
of freedom in equation (317). The quantity W;,, with i €
{1,2,3}, is the SU(2) gauge field associated with weak isospin
and coupling constant g.,,. The canonically normalized SU(2)
generators o, /2 are given by the Pauli matrices, which act on
the SU(2) doublet degrees of freedom in equation (318) and in
the Higgs field described below. The quantity B,, is the U(1)y
gauge field associated with weak hypercharge Yy, and coup-
ling constant g/,,. In the matrix form, the gauge fields G, and
W, of the strong and weak interactions are written as [1, 4]

Al i
Gu:GluEa WV:WiV&

2 (324)

The commutator of the gauge-covariant derivative defines the

corresponding field strength tensors G, and W ,,,, for which
we obtain [1, 4]
Al
G, =0,G, —0,G, —igs[G,, G, = G/Wja
Gluu = auGlu - ayGlu + &s (fs)lmn Gmanw (325)
Wuy = a,uwy - aywu - igew [W;IJWD] = Wiuv%a
Wiu,z/ = au Wi, — auvviu + ew (fw),'jk VVjMWkw (326)

Here (f,)," = —STr(N[N",\"]), with I,m,n € {1,2,...,8},
are the totally antisymmetric structure constants of the
strong interaction, and (f, )/ = —iTr(ok[o}, of]) = €,
withi,j,k € {1,2,3}, are the corresponding structure constants
of the weak interaction.
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The diagonal Lie algebra metric is determined to lower
and raise the Lie algebra indices. For strong interaction, the
Lie algebra metric is (75)™" = 0"". Correspondingly, for weak
interaction, we have (1, /¥ = 0/*. Therefore, the Lie algebra
indices of the strong and weak interactions can be written
lowered or raised without paying attention to it.

The electroweak unification is based on the symmetry
breaking of SUQ)®@U(1)y —=U(1)em [4, 201-203]. The high-
energy U(1), is not to be confused with the low-energy
U(Dem- The U(1)er, symmetry of QED is generated by a linear
combination the weak hypercharge and the third SU(2) gener-
ator of the weak isospin, i.e. Q = %(a% + Y, I,). The neutral
WY boson of the three vector bosons of the weak isospin (W,
W, W% mixes with the weak hypercharge gauge boson (B).
This results in the observed Z° intermediate vector boson and
the photon. Thus, there are three intermediate vector bosons
(W*, W, Z% and one photon.

12.2.2. Eight-spinor representation.  In analogy to how the
electromagnetic spinor in equation (17) is formed from the
Cartesian Minkowski coordinate form of the electromagnetic
field strength tensor F;, in equation (26) [55], we form eight
gluon spinors G; from the gluon field strength tensor Gy, one
for each [/, three intermediate vector boson spinors W; from
the field strength tensor Wy, one for each i, and one weak
hypercharge field spinor B from the field strength tensor By
as

Gi = [0, G, Gioy, Gio, 0,iGry, iGier, iG] (327)
Wi = [07 WiOXa WiOya VViOza O, iWizy; iWixzz iWiyx]T7 (328)
B = [0, Box, Boy, Bz, 0,iBoy,iB.,iBy] . (329)

For simplicity, we introduce a notation combining the dif-
ferent eight-spinor gauge field strengths, indexed by i€
{1,2,...,12}, as
V; €{G1,G2,...,Gs, Wi, Wh, W3, B} (330)
In analogy to the electromagnetic potential spinor in
equation (16) [55], we form the gluon potential spinors G, the
intermediate vector boson potential spinors W;, and the weak
hypercharge potential spinor B. These spinors are four-vector-

type eight-spinors [55], formed from the components of G4,
W4, and B as

G =[0,G,G/,G/,G\,0,0,0]"

= [0,~Gy, —Gyy, —Gy., G, 0,0,0], (331)
w; = [0, W, W, W, w,2,0,0,0]"
= [0, = Wie, — Wiy, — Wiz, Wi, 0,0,0] ", (332)
B=1[0,B",B",B,B°,0,0,0]",
=[0,—B,,—B,,—B.,B,,0,0,0]". (333)

Using the eight-spinor gauge potentials above, we define
the eight-spinor gauge-covariant derivative operators as

= 2 . & . 8ew Ui? -géw Yy,
D=0- G— — Wi— — B—
l\/;% > l\/ﬂ i z\/]% 2

- - = — T

= |:05DX7D}”D17_D0)07070:| )

l i /
R~ A . 8ew Of . 8ew Yy
D=0 G — W, — B—
—H\/PE I —H\/}% > —H\/}% 5
- [o,ﬁx,ﬁy,ﬁz,ﬁo,o,o,o} . (334)

The transpose in the last expression of D only makes this oper-
ator an eight-component column vector and it does not apply

to the component matrix operators D,.

12.3. Scalar boson

12.3.1. Standard representation. The scalar boson of the
Standard Model is known as the Higgs boson with spin § =0.
Itis represented by an SU(2) doublet of complex-valued scalar

fields as [2]
+
_ | ¥
’ { o ]

Here the superscripts 4+ and O indicate the electric charge of
the components. Through the Higgs mechanism [204-206],
the nonzero vacuum expectation value of the Higgs field res-
ults in the electroweak symmetry breaking and the genera-
tion of masses for the intermediate vector bosons and the fer-
mions of the Standard Model [4]. Enabling the generation
of masses while preserving the gauge symmetry of the elec-
troweak theory [201-203], the Higgs mechanism became an
essential part of the Standard Model.

(335)

12.3.2. Eight-spinor representation. The eight-spinor rep-
resentation of the Higgs field is obtained from the standard
representation above in analogy to the eight-spinor represent-
ation of the fermionic fields in equation (322), as

03 = peg =1[0,0,0,0,0,0,0,0]" . (336)
Again, the transpose in equation (336) only operates on the

eight-spinor degree of freedom. The adjoint spinor is given by
@8 = 90;7% = SDTEO = [0a0a070, _90T707070]-

12.4. Tensor boson

The Standard Model does not contain the tensor boson of spin
S =2, the graviton, since it does not describe gravity. In the
present gauge theory of unified gravity, the tensor boson asso-
ciated with the four U(1) symmetry transformations of the
components of the space-time dimension field in equation (39)
is described by the tensor gauge field H,, and the related field
strength tensor H,,,,, introduced in equations (55) and (57).
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12.5. Lagrangian density of the Standard Model extended to
include gravity

We can now generalize the Lagrangian density of unified grav-
ity, which involved the Dirac electron—positron field, elec-
tromagnetic field, and the gravitational field, to include all
quantum fields of the Standard Model. Here we explicitly write
the extension of the locally gauge-invariant Lagrangian dens-
ity in equation (63). The pertinent gauge-fixed Lagrangian
density would follow from the gauge-invariant Lagrangian
density by the Faddeev—Popov gauge fixing method in ana-
logy to the discussion in section 7.2. An essential difference is
that the interactions of ghost fields take a more essential role
in the Yang-Mills gauge theories of the Standard Model as is
well known [1, 4].

The complete generalized gauge-invariant Lagrangian
density of the Standard Model including gravity can be con-
sidered as the master Lagrangian of the Universe since it con-
tains all known fundamental interactions of nature. It is written
as

L=Ls—o+ ﬁs:% + Ls—1+ Ls—2 + £p0t + Lyukawa- (337)

Here Ly—o, L4_ 1 Ls—1,and Lg_; are the generalized derivat-

ive terms of the spin S =0 Higgs boson field, spin § = % fer-
mion fields, spin S = 1 vector boson fields, and the spin S =2
tensor boson gravitational field, respectively. The generalized
derivative terms are given by

L0 = e (igsDI e DL Dys — DDy ) V=,
he (= T VA N
= Z Zij (7Flg71537BDngD
i
—Dig’)’ls?,')’ﬁﬁulg')’lr) %,‘V -8
Ly = (IWAvive DI, + 001 ) V=,

i

1
—H 8P /=g

Ls—r = 1

(338)

The term L, of equation (337) is the Higgs field potential
term, and Lyykawa 18 the Yukawa coupling term. These terms
are responsible for the generation of masses of the intermedi-
ate vector bosons and fermions. They are given by

Lpot = he (lsoslg’ha'm DT +3<p8<p8)
x (Au@sps+ i) V=8,

i -
Lyukawa = Z [_ 3 (Y )l, (QLS) LPIg'YB'YB ’Dllg (“RS)]‘

iJ

(339)

(Y4), (Os), Ty DI (drs),

(Ye); (Lis ,sﬂl s DI o (€rs);
2! —

i
2
i
2

+(
+ (27,
+(2Y’

Here ¢ = iokp* is the charge conjugate state of the Higgs
doublet, py and Ay are parameters of the Higgs potential, ¥,
Y4, and Y. are 3 x 3 Yukawa coupling matrices correspond-
ing to the inertial masses, Yy, Y4, and Y. are Yukawa coup-
ling matrices corresponding to the gravitational masses, and
h.c. denotes the Hermitian conjugate of the preceding terms.
The gravitational gauge field H,, enters the theory trough
the gravitational-gauge covariant derivative D, defined in
equation (55). This derivative preserves its form when all inter-
actions of the Standard Model are included in the theory.
Thus the Lagrangian densities in equations (63) and (337) are
invariant in the same local U(1) symmetry transformation of
equation (39).

The relation between the Lagrangian density of the gauge
theory of gravity for QED in equation (63) and the com-
plete Lagrangian density of the Standard Model including
gravity in equation (337) is the following: The first term
of equation (63), the derivative term of the Dirac electron—
positron field, is described through ES, where the right- and

left-handed electron—positron fields eg and er, in wj, defined
in equation (321), give the contribution of the Dirac electron—
positron field spinor v of equation (63). The second and third
terms of equation (63), the mass terms of the Dirac field, are
described through the Yukawa coupling Lyykawa- The fourth
and fifth terms of equation (63), the derivative terms of the
electromagnetic field, are described through Lg_;, where the
linear combination of W5 and B terms of V;, defined in
equation (330), forms the electromagnetic field spinor ¥ of
equation (63). The interaction between the Dirac and elec-
tromagnetic fields is described through the gauge-covariant
derivative. The sixth term of equation (63), the derivative term
of the gravitational gauge field, is equal to L, xin = Ls=2, given
in equation (61).

13. Discussion and comparison with previous
theories

13.1. Comparison with the gauge theories of the Standard
Model

Unified gravity is compared with QED and QCD as examples
of Abelian and Yang—Mills gauge theories of the Standard
Model in table 4. The use of unitary and special unitary gauge
symmetries is the clearest similarity between unified grav-
ity and the gauge theories of the Standard Model. All these
theories are based on compact, finite-dimensional symmetry
groups. However, there are also certain differences. The main
difference is the action of the gauge symmetry transformation
on the space-time dimension field in unified gravity. In con-
trast, the gauge symmetry transformations of QED and QCD
act on fermionic fields and their triplets, respectively. Thus,
the gauge symmetry of unified gravity belongs to a different
hierarchy in comparison with the Standard Model symmet-
ries related to fermionic and Higgs fields. A related differ-
ence is the soldered character of unified gravity, in which a
tetrad maps the indices of the four U(1) gauge symmetry gen-
erators of gravity to space-time indices. This is expected to be
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Table 4. Comparison of unified gravity with QED and QCD as examples of Abelian and Yang—Mills gauge theories of the Standard Model
and with the conventional TEGRW, which is the established gauge theory of space-time translations. For unified gravity, we use the scaled
representation given in section 6.4. For QED, we use the scaled representation discussed in section 2.9 of the supplementary material. For
QCD, we use its conventional representation. For TEGRW, we use the scaled representation given in section 3.5 of the supplementary
material. All representations are given in the SI units. The gauge-covariant derivative row shows only the relevant terms of the full
gauge-covariant derivative that is common to all gauge theories. The Lagrangian density row shows the Lagrangian density of the gauge

field strength.

Theory Unified gravity QED QCD Conventional TEGRW

Gauge symmetry 4 xU(1) of Iy Fermionic U(1) Fermionic SU(3) Tangent-space translations

Dimension of 4 1 8 00

symmetry

Compactness of Compact Compact Compact Noncompact

symmetry

Symmetry R, @t of I, €2 of fermions 0N /2 of quark triplets "% of tangent-space

transformation coordinates

Symmetry t* (4 generators) Q (1 generator) by /2 (8 generators) O, (4 continuum

generators generators)

Symmetry generator Dimensionless Dimensionless Dimensionless Mass dimension 1

dimension

Coupling constant ~ Ey = Eg/ e/ =e/BE gs k= V/khc

Coupling constant Dimensionless Dimensionless Dimensionless Mass dimension —1

dimension

Gauge field H), (gravity gauge field) A, (four-potential) Gy, (8 gluon gauge fields)  B’“, (translation gauge
field)

. — L E! a = L - . g A/ - C ok a =
Gal.lge-.covarlant O, —i \/%Hé,,t O, +i \;ﬂALQ Oy — I%G[VT O + lﬁB/ L Ou
derivative
Gauge field strength  H,,, = 0, H,, — 00 Hy, Fl, =0,A, —d.A], Guw = 0uGn — 3G+ Tay, =0uB", —8,B",

gS(fs)?mle Gy .
Lagrangian density éH,ﬁMUN a ghvor /g f%FLVNl’,As“”“\/fg fészéloAs“”“\/fg %Y'Z{WY""; o [—g

necessary for the description of the tensor gauge field describ-
ing gravitational interaction.

As seen in table 4, the expressions of the gauge-covariant
derivatives in terms of the dimensionless coupling constants,
the gauge fields, and the dimensionless symmetry generators
in unified gravity are very similar to those of QED and QCD.
The expression of the gauge field strength tensor in unified
gravity is similar to that in QED due to the Abelian gauge the-
ory nature of these theories. The gauge field strength tensor
expression of QCD differs from those of unified gravity and
QED by the Lie algebra commutator term originating from the
Yang-Mills gauge theory nature of QCD. The expressions of
the gauge field Lagrangian densities of the three theories in
table 4 are similar apart from the different sign of the gravity
gauge field Lagrangian density in unified gravity. This sign
was found to be necessary for obtaining complete agreement
between unified gravity and TEGR.

13.2. Comparison with the conventional TEGRW

In table 4, unified gravity is also compared with the con-
ventional translation gauge theory formulation of TEGRW.
For selected technical aspects in the conventional TEGRW,
see section 3 of the supplementary material. The main differ-
ence between unified gravity and the conventional TEGRW

57

is the gauge symmetry. Unified gravity is based on four U(1)
symmetries, whose gauge symmetry groups are compact and
whose gauge symmetry transformations operate on the four
components of the space-time dimension field. In contrast, the
conventional gauge theory formulation of TEGRW is based on
the translation group, which is noncompact. The continuum
of tangent-space coordinates in TEGRW acts in the same role
as the discrete-valued index of finite number of field or field-
multiplet components in unified gravity and in the gauge the-
ories of the Standard Model. The gauge symmetry transform-
ations of TEGRW correspond to translations of the tangent-
space coordinates of all fields in the Lagrangian density. Based
on the points above, the foundations of the symmetry of uni-
fied gravity seem very different from those of the translation
gauge symmetry of the conventional TEGRW.

However, as discussed in section 4, the gauge symmetries of
unified gravity can be described as the translations of the phase
factors of I;. Since I, is only a single field in the Lagrangian
density, its gauge symmetry transformations are fundament-
ally different from how the translation gauge symmetry is
applied in TEGRW. Nevertheless, as discussed in section 11,
we observe that there is no difference at the level of classical
field equations between unified gravity and the conventional
TEGRW [30, 34, 38, 39]. Furthermore, even if teleparallel
gravity is based on torsion and general relativity is based on
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curvature, it is well known that their action integrals differ
only by a boundary term, and therefore, the theories have no
differences at the level of classical field equations. Therefore,
the predictions of unified gravity for classical fields also agree
with those of general relativity.

The gauge symmetry generators in the conventional
TEGRW are the four differential operators 57“, which can
be considered as dimensional continuum generators due to
their dependence on the space-time coordinates. In contrast,
in unified gravity, the gauge symmetry generators are the four
dimensionless 8 x 8 kernel matrices t. This property makes
unified gravity to resemble the gauge theories of the Standard
Model more than the conventional TEGRW. Howeyver, in cer-
tain aspects, the translation gauge field of the conventional
TEGRW resembles the gravity gauge field of unified grav-
ity. For example, the expressions of the gauge field strength
tensors and the gauge field Lagrangian densities are very sim-
ilar between unified gravity and the conventional TEGRW.
This is due to the Abelian gauge theory nature of these
theories.

As seen in table 4, the gauge-covariant derivative of the
scaled representation of the conventional TEGRW has a coup-
ling constant of mass dimension — 1. This contrasts to the cases
of dimensionless coupling constants of unified gravity and the
gauge theories of the Standard Model. A coupling constant
of negative mass dimension is typically interpreted to indic-
ate nonrenormalizability of the gravitational interaction [3, 4,
79]. In this perspective, the dimensionless coupling in uni-
fied gravity suggests that unified gravity is renormalizable in
the same sense as the gauge theories of the Standard Model.
Accordingly, it is expected that the one-loop renormalizability
studied in section 9 extends to all loop orders.

13.3. Comparison with Fermi’s theory of weak interaction
and the electroweak unification

Based on the conventional theory of gravity, it can be argued
that the theory of gravity is closer in similarities to Fermi’s
theory of the weak interaction than to QED and QCD. Both
the weak interaction and the conventional general relativity
or TEGRW have dimensionful coupling constants and this
is what makes these theories nonrenormalizable. Fermi’s ori-
ginal four-fermion description of the weak interaction works
well at low energies but leads to infinities if it is applied at
higher energies. This issue arises because the theory lacks the
self-consistency provided by the gauge symmetry present in
QED and QCD. Unlike these renormalizable theories, Fermi’s
theory does not possess a natural mechanism for cancelling the
infinities that arise in higher-order loop calculations, making it
nonrenormalizable. The solution to this problem came with the
development of the electroweak theory [201-203], where the
weak interaction was unified with electromagnetism by utiliz-
ing the SU(2) ® U(1)y gauge symmetry group.

Based on the renormalization of the weak interaction, dis-
cussed above, one might think that gravity should be renor-
malized through a similar process of unification. However, in
the present theory of unified gravity, the process is entirely
different. The four U(1) symmetries of gravity are brought to
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the theory by introducing the concept of the space-time dimen-
sion field, which does not exist in the original Standard Model.
Therefore, the four U(1) symmetries of gravity are not associ-
ated with the phase rotation symmetries of the quantum fields
of the Standard Model. Instead, these symmetries are associ-
ated with the phase rotations of the four components of the
space-time dimension field. These phase rotations effectively
describe space-time translations. One can conclude that the
introduction of the space-time dimension field and its gauge
symmetries is all that is needed to provide the self-consistency
for the theory enabling successful renormalization.

13.4. Potential in providing the ultimate quantum field theory
of gravity

Unified gravity provides a completely new approach to the
gauge theory of gravity. It inherits the mathematical elegance
of the Standard Model, and the following aspects indicate its
high potential of being the basis for the ultimate quantum field
theory of gravity:

13.4.1. Minimal addition to the Standard Model. The
Standard Model has been extremely successful in its predic-
tions on particle physics phenomena. Therefore, one of the
guiding principles of unified gravity is that there is no reason
to modify the description of the three fundamental interac-
tions of the Standard Model. In unified gravity, the description
of gravity is enabled by introducing an additional structure in
the Lagrangian density of the Standard Model in such a way
that the theory remains unchanged at first. This structure is
the spacetime dimension field. The spacetime dimension field
possesses global symmetries, which are made local, i.e. space-
time dependent, by introducing a tensor gauge field in analogy
with the introduction of the vector gauge fields in the Standard
Model. The tensor gauge field is the only actual addition to the
Standard Model in unified gravity.

13.4.2. Symmetries similar to those of the Standard Model. As
discussed in section 13.1, the use of finite-dimensional unitary
symmetries is the prominent similarity between unified gravity
and the gauge theories of the Standard Model. Through these
symmetries and the dimensionless coupling constant, unified
gravity circumvents the difficulties of the conventional effect-
ive field theory of gravity [4, 78, 87, 88], which is inherently
nonrenormalizable [3, 79]. The investigation of the renor-
malization of unified gravity in section 9 strongly indicates
that unified gravity provides a clear path to renormalizable
quantum gravity and provides a solid foundation for the theory
of all fundamental interactions of nature.

13.4.3. Absence of free parameters.  One of the most prom-
inent features of unified gravity is that it is capable of being
a valid candidate as the ultimate theory of quantum gravity
without introducing a single free parameter that should be
fixed by experiments. In contrast, for example, string theory
involves a wide range of free parameters that have not yet
been experimentally measured. These parameters include the
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string coupling constant, compactification parameters of extra
dimensions, gauge group couplings, moduli fields, and para-
meters related to supersymmetry [11-13]. Therefore, being
expressed in terms of known physical constants, all results of
unified gravity are quantitative and can be directly compared
with the results of possible future laboratory experiments or
astronomical observations [18].

13.4.4. SEM tensor source term of gravity. Using the
concept of the spacetime dimension field and the kernel
matrices of the eight-spinor theory, it became possible to write
the Lagrangian density of the theory so that the symmetric
SEM tensor source term of gravity and its conservation law
can be derived in a new way: Following Noether’s theorem
and by performing differentiation of the Lagrangian density
with respect to the parameters of the symmetry transforma-
tion of the spacetime dimension field, the SEM tensor fol-
lows completely analogously to the four-vector source terms
of the three fundamental interactions of the Standard Model.
This provides direct evidence that the gauge symmetry of
the spacetime dimension field is key to improved under-
standing of gravitational interaction within the framework of
quantum field theory. Before this derivation, the symmetric
SEM tensor has been possible to derive only by utilizing
the conventional spacetime symmetries and the Belinfante—
Rosenfeld symmetrization [151, 152] or the related variation
of the Lagrangian density with respect to the classical metric
tensor [9].

13.4.5. Classical limit: TEGR.  The spacetime metric tensor
enters in unified gravity through geometric conditions. Using
a space-time-dependent geometric condition, unified gravity
was shown to reproduce the TEGRW. Therefore, unified grav-
ity is consistent with all classical predictions of general relativ-
ity, such as the precession of the perihelion of Mercury, the
bending of light by the Sun, and the gravitational redshift of
light [8]. Accordingly, it is also consistent with the recent
measurements on the waveforms of gravitational waves [105—
107], on the shadow of black holes [108], and on the motion
of antimatter [109]. Any theory that can be considered a valid
candidate for a theory of quantum gravity must explain these
results.

13.4.6. Exact description of gravity in the Minkowski metric.
In UGM, one uses the geometric condition, in which the
spacetime metric tensor is independent of the gravity gauge
field. Consequently, one can investigate unified gravity in the
Minkowski metric in an exact way without dealing with an
infinite number of terms in the Lagrangian density. This dif-
fers from the use of metric in general relativity, where the
metric depends on the gravitational field by definition [8-10,
24]. In general relativity, the effective quantization requires
expansion of the metric about the flat or smooth background
[88, 115-118, 121]. The expansion of the metric about the flat
or smooth background introduces an infinite number of terms
in the Lagrangian density of the conventional effective field
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theory of gravity. It is this expansion that makes the renormal-
ization of the conventional theory impossible by a finite num-
ber of counterterms. Thanks to its geometric condition, UGM
avoids this problem.

13.4.7 BRSTinvariance. = The Lagrangian density of unified
gravity was shown to satisfy the BRST invariance. The BRST
invariance provides a rigorous framework for dealing with the
redundancies in gauge theories, allowing for consistent quant-
ization so that only gauge-invariant observables contribute to
physical predictions. It also ensures that quantum field theor-
ies respect the symmetries of the classical theory while they
extend to the description of quantum effects. The BRST invari-
ance of unified gravity strongly suggests that unified gravity
is a renormalizable gauge theory like the gauge theories of
the Standard Model. The BRST invariance also makes uni-
fied gravity simpler than the conventional theories of gravity,
where the BRST invariance must be replaced by a more gen-
eral Batalin—Vilkovisky formalism [2, 170-174].

13.5. Remaining challenges in quantum gravity

13.5.1. Lack of experimental data on quantum gravity. ~ The
development of the Standard Model has been deeply inter-
twined with experimental discoveries, which have played a
crucial role in shaping and validating the theory [4]. Initially,
the Standard Model emerged as a theoretical framework
to describe the fundamental particles and their interactions.
However, it was through a series of groundbreaking experi-
ments that its predictions were tested, and the Standard Model
itself obtained its present form. In this respect, the lack of
experimental data on quantum gravity, due to the weakness of
the gravitational interaction, has so far been a notable chal-
lenge for the development of a well-functioning theory of
quantum gravity. Experimental advances can, however, take
place in the following years [18, 207-209]. Any experiments
must be planned carefully to clearly distinguish between the
classical and quantum effects [210]. For example, the grav-
itational Aharonov—-Bohm effect [211, 212] has already been
measured [213], but it can be explained semiclassically using
the classical gravitational potential without requiring the full
quantization of the gravitational field.

13.5.2. Possibility of divergences in high-order loop
diagrams. In the conventional effective field theory
approach to quantum gravity [4, 78, 87, 88], the loop dia-
grams are problematic because they lead to divergences that
cannot be renormalized in the usual sense [80-83]. In the case
of unified gravity, one can speculate with the possibility that
some high-order loop diagrams could not be renormalized.
Even though the complete proof of the renormalizability of
unified gravity to all loop orders remains a topic for future
work, we have strong arguments against this scenario. One of
these arguments is the fact that the known gauge theories of the
Standard Model are based on similar unitary or special unitary
groups and also have dimensionless coupling constants, and
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Table 5. Summary of the key steps in the emergence of unified gravity.

(i) The generating Lagrangian density of gravity is written using the space-time dimension field to enable additional compact,
finite-dimensional symmetries similar to those of the Standard Model. The form of the space-time dimension field is strongly restricted by
the requirement that the generating Lagrangian density of gravity reduces to the Lagrangian density of the Standard Model. Without the
space-time dimension field, the Lagrangian density satisfies only the well-known symmetries of the Standard Model and the external
space-time symmetries, which have a noncompact, infinite-dimensional gauge group.

(ii) The theory is written using the inertial and gravitational masses and the scale and coupling constants. Einstein’s equivalence principle
is formulated by requiring that the renormalized values of the inertial and gravitational masses are equal. Equivalence is also required for
the scale and coupling constants of unified gravity. The equivalence principle and the scale invariance guarantee that the theory does not
introduce any free parameters beyond the physical constants determined in previous experiments.

(iii) The gauge symmetry is applied. The variation of the action integral of the theory with respect to the parameters of the four U(1) gauge
symmetry transformations of the space-time dimension field leads to the conservation law of the SEM tensor. The generating Lagrangian
density is made locally gauge-invariant by introducing a tensor gauge field through the gauge-covariant derivative. Apart from the soldered
character, the gauge theory of unified gravity follows from its symmetries analogously in comparison with the gauge theories of the
Standard Model.

(iv) The space-time metric tensor enters unified gravity through geometric conditions, which can either depend on or be independent of the
gravity gauge field. The gravity-gauge-field-independent geometric condition of UGM allows one to study unified gravity in the
Minkowski metric in an exact way. This differs from the use of metric in general relativity, where the metric depends on the gravitational
field by definition. Alternatively, the gravity-gauge-field-dependent geometric condition, called the Weitzenbock gauge fixing approach,
allows one to derive TEGRW from unified gravity. Thus, unified gravity is in perfect agreement with the known nonlinear field equations
of general relativity.

(v) The Faddeev—Popov gauge fixing approach in the path integral formulation of UGM leads to the locally gauge-fixed Lagrangian
density of UGM. This Lagrangian density satisfies the global BRST invariance in analogy with the gauge theories of the Standard Model.
This contrasts to conventional theories of gravity, where the BRST symmetry must be replaced by a more general Batalin—Vilkovisky
formalism. The BRST symmetry is satisfied at each loop order, which supports the renormalizability of the theory by forbidding
gauge-violating counterterms.

(vi) The Feynman rules for unified gravity are derived based on the Lagrangian density, including the counterterms needed in the
renormalization. Selected examples of the application of the Feynman rules at tree level indicate that the theory is physically meaningful.
The nonrelativistic limit of the gravitational scattering of electrons leads to Newton’s law of universal gravitation. In this limit, the only
difference of the gravitational scattering in comparison with the electromagnetic scattering is that the electromagnetic fine-structure
constant is replaced by the gravitational fine-structure constant.

(vii) The renormalizability of unified gravity is first proven at one-loop order using the conventional on-shell renormalization scheme and
dimensional regularization. The values of all renormalization factors are determined. Selected radiative corrections are calculated as
examples of the use of the renormalized theory. The general proof of the renormalizability of unified gravity at any loop order and in the
nonperturbative regime is left as a topic of further works.

they have turned out to be renormalizable [4]. Another, closely  theory of all fundamental forces of nature. In the end, a phys-
related, argument is the BRST invariance. ical theory must be grounded on experimental verification.
Unified gravity does not contain a single free parameter that
has not been measured in previous experiments. Since uni-
fied gravity contains the Standard Model, it is equally pre-
dictive in related phenomena. The classical limit of unified
gravity is equivalent to general relativity, and thus, consistent
with the observations on gravitational interaction. However,
the predictability of unified gravity in the explanation of
quantum gravity phenomena is yet to be proven by future
experiments [18].

13.5.3. Nonperturbative regime of the theory. One chal-
lenge for unified gravity is provided by its nonperturbat-
ive regime at high energies. Previous quantum field theories,
such as QCD at low energies [4], have shown that the non-
perturbative regime is theoretically challenging to approach.
This is primarily because, in the nonperturbative regime, the
coupling constant is large, and perturbative methods fail [4].
Therefore, alternative approaches, such as lattice gauge the-
ory simulations [214, 215] or functional methods [216], are
required. These methods are computationally very intensive. 14. Conclusion
Even after complete unification of all fundamental interactions
of nature, a comprehensive understanding of the nonperturb-
ative regimes of quantum field theories may still remain one
of the most challenging and important goals in theoretical
physics.

We have investigated the possibility of formulating a gauge
theory of gravity using compact, finite-dimensional symmetry
groups instead of the noncompact, infinite-dimensional trans-
lation gauge group of conventional theories of gravity. The
resulting gauge theory, unified gravity, was made possible
without a single free parameter by introducing the concept of
13.5.4. Eventual fundamental limitations of unified gravity. the space-time dimension field and utilizing the recent eight-
Unified gravity is a powerful and mathematically transparent spinor formulation of QED [55] extended to cover the full
framework with the potential of being an ultimate quantum Standard Model. Four U(1) symmetries of the components
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of the space-time dimension field lead to unified gravity in a
way that resembles the gauge theories of the Standard Model.
Thus, our theory differs from conventional theories of gravity,
which are typically based on external translation symmetry of
the Lagrangian density. Compactness of the gauge group of
unified gravity represents a fundamental change in the under-
standing of the structure of space-time and the emergence of
gravity. The key steps in the emergence of unified gravity are
summarized in table 5.

Within unified gravity, the entire dynamics of the known
particles and fields, including gravity, can be described by
a single master Lagrangian of the Universe through com-
pact, finite-dimensional unitary symmetries and the resulting
dynamical equations in a unified way. Therefore, our theory
brings the gauge theory of gravity closer to the gauge the-
ories of the Standard Model as compared with the conven-
tional gauge theories of gravity. Several aspects of unified
gravity, gauge theories of the Standard Model, and the con-
ventional translation gauge theory of TEGRW were compared
in detail. We have also discussed the potential of unified grav-
ity in providing the ultimate quantum field theory of gravity as
well as the remaining challenges that persist in understanding
quantum gravity. After extending the proof of renormalizabil-
ity of the theory to all loop orders and obtaining further under-
standing of the nonperturbative regime of the theory, physi-
cists may finally have the long-sought tool for the investig-
ation of intense gravitational fields in black holes and at the
possible beginning of time. Full understanding of the implic-
ations of unified gravity on the field theories will be obtained
only after extensive further work.
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