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Expansion dynamics of the Fulde-Ferrell-Larkin-Ovchinnikov state
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We consider a two-component Fermi gas in the presence of spin imbalance, modeling the system in terms of a
one-dimensional attractive Hubbard Hamiltonian initially in the presence of a confining trap potential. With the
aid of the time-evolving block decimation method, we investigate the dynamics of the initial state when the trap is
switched off. We show that the dynamics of a gas initially in the Fulde-Ferrel-Larkin-Ovchinnikov (FFLO) state
is decomposed into the independent expansion of two fluids, namely the paired and the unpaired particles. In

particular, the expansion velocity of the unpaired cloud is shown to be directly related to the FFLO momentum.
This provides an unambiguous signature of the FFLO state in a remarkably simple way.

DOI: 10.1103/PhysRevA.84.041601

Ultracold gases have provided experimental verification for
several fundamental concepts of quantum physics. The direct
access to momentum distribution and correlations via time-
of-flight expansion has played a key role in many landmark
experiments. Mapping of momentum to position after time
of flight revealed Bose-Einstein condensation [1]. Coherence
manifesting after expansion gave evidence of the phase of
the condensate [2], and of the superfluid-Mott insulator
transition [3]. Inversion of the aspect ratio of an expanding
Fermi gas revealed hydrodynamic behavior [4,5]. A major goal
is to observe the elusive Fulde-Ferrel-Larkin-Ovchinnikov
(FFLO) state, which is at the heart of understanding the
interplay between superconductivity and magnetism. While
experiments in solid-state systems [6—8] and ultracold gases
[9] are consistent with the state, an unambiguous observation
is lacking.

The FFLO phase is characterized by the formation of
pairs with nonzero overall momentum [10,11]. This property
manifests itself through the appearance of an oscillating (su-
perconducting) order parameter W(r) oc A, exp[igr], where
q is the so-called FFLO momentum (i = 1) [12]. It is given
by the mismatch between the Fermi momenta of N, spin-up
and N, spin-down particles: ¢ = krpy — kp,. In contrast,
zero-momentum (g = 0) pairs give the conventional BCS
superconductor physics. Despite the lack of genuine long-
range order, the FFLO state has been theoretically predicted to
be especially stable in one-dimensional (1D) systems [13—15],
as well as in quasi-1D systems [16—18]. Inspired by the
first experiments in imbalanced atomic Fermi gases [19,20],
various methods for detecting the FFLO state in ultracold gases
have been proposed (see [21] and references therein). In this
Rapid Communication we show via exact simulations that
time-of-flight expansion provides a smoking gun signature
of the FFLO state in one dimension; see Fig. 1. Expansion
and consequent imaging of densities is a widely used basic
technique in experiments with ultracold gases.

The characteristic parameters can be chosen so that the lat-
tice model employed is a good approximation for a continuum
model of a spin-imbalanced gas in one dimension in the strong
interaction limit [16,22,23]. With appropriate mapping of the
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parameters, in the strong interaction limit, our predictions are
thus relevant for experiments in 1D potentials as in [9].

We consider the 1D Fermi-Hubbard Hamiltonian in the
presence of an overall confining potential

H = UzﬁiTﬁii —-J Z C;rgc‘,'_;_lt7
i io=t]
+He+ ) Vi, (1)
ho=t4

where cja (cis) creates (annihilates) a spin o particle at
the lattice site i € {1,L}, J is the hopping constant, U is the
interaction strength between the two species, and V; is the
strength of the trapping potential. For a harmonic potential,
V; = Vio(i — C)?, where C denotes the trap center, and for a
box potential V; is specified below.

To obtain the ground state and time evolution of the system,
we have employed the (essentially) exact time-evolving block
decimation (TEBD) algorithm [24] with Schmidt number
I' = 150 and simulation time step Ar = 0.024. As results

J
from TEBD, we obtain the single-particle densities n;4 () =

(@(O)]efyeir| D)), niy (1) = (@(1)]c] ;|1 9(1)). the doublon
density ny,(t) = (®(0)|c]c] citeiy |@(1), and the ground-
state pair correlation C;; and its momentum transform ny,
which are given by

Cij = (®lcjci cjicip|®), (2)
1 L
1(i—j)k
ne=5r Eij e=key;, 3)

where (®||P) describes the quantum-mechanical average over
the state ®, i and j are lattice site indices, ! is the imaginary
unit, and L is the size of the lattice.

We have experimented within TEBD parameter ranges

Ny =040, N, =040, P = giogt =0.024-1, L =80-
320, Vi = 0.02J-0.0001J, and I = 80-200, where P is the
polarization and V, is the harmonic trapping strength. Many
simulations were performed also using a box potential. Single
runs with the larger parameters have been done in order to
check that the qualitative description of the dynamics stays the

same when changing the parameters. Indeed, the important
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FIG. 1. (Color online) Expansion of a spin-density imbalanced
Fermi gas in the 1D FFLO state after the confining potential
has been switched off. Our exact simulations show an effective
two-fluid behavior: pairs and unpaired particles expand with different
velocities. Remarkably, the expansion velocity of the unpaired
particles is directly related to the FFLO momentum and provides
a straightforward way for observing the FFLO state.

characteristics of the dynamics are the same in all of the
scenarios.

For simplicity we first consider here the box trap. In Fig. 2
we show results for 10 spin-up particles and 6 spin-down par-
ticles, with U = —10J. The ground state is a 1D FFLO state,
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FIG. 2. (Color online) (a) The density profiles of up (n4) and
down spins (n,) in the ground state when Ny =10, N, =6, U =
—10J, and there is to a good approximation an infinitely strong
repulsive potential everywhere except at the lattice sites 66-85.
(b) The pair momentum correlation function n; for the same state.
There are peaks at the FFLO momenta g = (kg — kp) = 0.277/L.
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FIG. 3. (Color online) (a) The time development of the doublon
density n;,, corresponding to the ground state shown in Fig. 2.
(b) The time development of the unpaired particle density ny — 1y, .

characterized by a peak in the pair momentum distribution 7
that coincides with the definition of the FFLO momentum,
q = kry — kpy. Figure 2(a) shows the ground-state density
profile in which the small oscillations characterize the FFLO
state. However, such delicate features are hard to resolve in
ultracold-gas experiments, and therefore other signatures are
needed. Figure 2(b) displays the pair momentum correlation
function.

The dynamics after releasing the particles from the potential
shows a striking two-fluid behavior. Pairs (doublons) and
excess unpaired majority particles expand as effectively
noninteracting fluids, as can be seen from Fig. 3. Indeed, we
have compared the dynamics with strong interaction between
the spins to the dynamics of noninteracting particles and
verified that the doublons and unpaired particles in the strongly
interacting limit expand qualitatively just like noninteracting
particles would (see Figs. 2-5 in the supplementary material
for the U =0 results [25]). The important difference is,
however, that the velocity of the expansion is changed with
respect to the noninteracting case. The doublons expand with
velocities up to % sin(kr,). And what is crucial for our
proposal for observing the FFLO state is that the unpaired
particles expand with velocities up to 2J sin(q), where ¢ is
the FFLO momentum. In the U > J case shown here, the
unpaired particle velocity is larger than the paired one, but
in general the relative velocities of paired versus unpaired
particles is not essential for the method since the up and down
components can be imaged separately (see, e.g., [9]).

A wave front corresponding to g clearly separates from the
rest of the unpaired particle cloud during the initial dynamics
(t=0- 10}), after which it moves with a constant velocity
at the edge of the cloud; see Fig. 3(b). Therefore, by measuring
the expansion velocity of the cloud edge (veyp), €.g., from the
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FIG. 4. (Color online) (a) The FFLO momentum ¢ determined
from the edge expansion velocity of the unpaired cloud, compared to
the g of the ground state, as a function of N, describing the imbalance
(N4 = 10). We also show the expansion momentum k # ¢ obtained
in the case of a noninteracting gas, and a non-FFLO state without pair
coherence. (b) Same as in (a), but having initially a shallow harmonic
trap (V,,, = 0.0003, C = 75.5).

maximum gradient of the density (see supplementary material,
Fig. 1 [25]), one obtains the FFLO momentum from

g = arcsin <U2e_;p> @

The momentum ¢ obtained in this way from our simulations is
compared in Fig. 4(a) to the FFLO momentum as given by the
definition ¢ = kr 4+ — k| [and by the peak in the momentum
pair correlation function of the ground state; cf. Fig. 2(b)].
For reference, we show the expansion velocities in the cases
of a noninteracting gas, and a non-FFLO state without pair
coherence (discussed later in the text). Only in the case of
the FFLO state does the expansion velocity depend on the
imbalance. The g extracted from the simulations via Eq. (4)
matches excellently the expected FFLO momentum.

In the experimentally relevant case of a harmonic trap, g can
be determined in the same way as discussed above. Figure 4(b)
shows the comparison of g obtained from the edge expansion
velocity to the FFLO momentum in a harmonic trap. The time
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FIG. 5. (Color online) (a) The time development of the doublon
density ny, with the same parameters as in Fig. 2 but the initial
trap being harmonic (V,, = 0.0003, C = 75.5) instead of a box trap.
(b) The time development of the unpaired particle density ny — ny,.

evolution is shown in Fig. 5. In ¢ = kpy — kr, the Fermi
momenta are the highest momenta in the harmonic oscillator
eigenstates of the quantum numbers n ¢4 and nr |, respectively
(see [25]). In the limit of a shallow trap and large particle
number, one approaches the box potential case and a local
density approximation argument can be used for the extraction
of kp, [26].

The interpretation of our numerical results in terms of the
expansion of two fluids is supported by a rigorous Bethe-ansatz
analysis of the one-dimensional Fermi-Hubbard Hamiltonian
[22,23,27]. In the strong-coupling limit, the system can be
described as two weakly interacting spinless Fermi gases, cor-
responding to paired and unpaired particles whose maximum
group velocities are the respective Fermi velocities. We thus
expect the time evolution of the system to be approximately
generated by the free-particle Hamiltonians for paired and
unpaired particles. In the case of a lattice model, the group
velocity for each momentum component is v = 2J sin[k],
where the constant J depends on the nature of the particle
considered. In our paired and unpaired particle two-fluid model
stemming from the Hubbard Hamiltonian, we have J = J for
the unpaired particles and J = 2J2/ U for the paired particles.
For k < 7 /2, the relation v = 2J sin[k] thus allows to es-
tablish a connection between the maximal expansion velocity
and the Fermi momentum of each component (note that for
k > m/2 the maximal expansion velocity is given by 2.J).

Based on our numerical findings, we now assume that the
unpaired-particle Fermi momentum and the FFLO momentum
share the same value ¢ = kr4 — kp . This is supported by
Bethe-ansatz analysis in the continuum case [28] and is also
intuitive: in the limit of strong interactions the pair kinetic
energies are small and it is energetically favorable that the
ground-state structure allows the lowest momentum states up
to g to be mainly occupied by unpaired majority particles. Thus
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measuring the maximal expansion velocity of the unpaired
particles gives access to the value of the FFLO momentum. As
seen in Fig. 4, this scenario agrees with the numerical results,
providing a clear signature of the FFLO state. The lattice
reproduces the continuum-case dynamics for low densities
[16,22] (we have tested also the low-density limit), and our
proposal is thus expected to be suitable for the detection of the
FFLO state in experiments of the type in [9]. Moreover, the
proposed method should be robust with respect to averaging
over an array of 1D tubes (cf. [9]).

Our simulations describe the zero-temperature case. Quan-
tum Monte Carlo calculations suggest that there is a finite-
temperature precursor for the FFLO state which involves
pairing but no FFLO-type correlations [29]. Is the signature we
propose for the FFLO state distinguishable from any traces of
a state with pairing but no FFLO correlations? Simulating
exact dynamics at finite temperature is a formidable task
and well beyond the state of the art. However, to consider
pairing without FFLO correlations, we have simulated the
dynamics of various initial states which have the same average
densities of unpaired and paired particles as the corresponding
FFLO states, but which possess no correlations between
the particles or between the pairs. Such an uncorrelated
state can be written as an ensemble of product states, in
which each of the product states has completely spatially
localized pairs and single majority particles. Choosing the
constituents of the ensemble randomly and giving them equal
weight, we obtain the results shown in Fig. 4: the expansion
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velocity does not depend on the polarization. It is simply
given by 2J and 4J2/U for unpaired and paired particles,
respectively. Therefore, observing a change of the unpaired-
particle expansion velocity with the polarization, such that it
has the functional dependence g = kr4 — kf |, is a genuine
signature of the FFLO correlations and cannot be achieved
for a noncorrelated, paired state with the same imbalance.
When lowering the temperature, emergence of a g-dependent
expansion front on top of a thermal-state background would
reveal that the FFLO state has been reached.

To conclude, we have shown that, as in many classic
ultracold-gas experiments and also in the case of the long-
sought-for FFLO state, the expansion of the cloud gives an
exceedingly simple way of determining the nature of the
initial state. Our exact quantum many-body simulations of
the 1D imbalanced gas present a clear two-fluid behavior with
characteristic expansion velocities. We show that the matching
of the expansion velocity of the unpaired majority cloud with
the expected FFLO momentum provides an unambiguous
signature of the FFLO state.
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