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Recent advances in neuronal current imaging using magnetic resonance imaging and in invasive
measurement of neuronal magnetic fields have given a need for methods to compute the magnetic
field inside a volume conductor due to source currents that are within the conductor. In this work,
we derive, verify, and demonstrate an analytical expression for the magnetic field inside an
anisotropic multilayer spherically symmetric conductor due to an internal current dipole. We
casted an existing solution for electric field to vector spherical harmonic (VSH) form. Next, we
wrote an ansatz for the magnetic field using toroidal-poloidal decomposition that uses the same
VSHs. Using properties of toroidal and poloidal components and VSHs and applying magnetic
scalar potential, we then formulated a series expression for the magnetic field. The convergence of
the solution was accelerated by formulating the solution using an addition—subtraction method. We
verified the resulting formula against boundary-element method. The verification showed that the
formulas and implementation are correct; 99th percentiles of amplitude and angle differences
between the solutions were below 0.5% and 0.5°, respectively. As expected, the addition—subtraction
model converged faster than the unaccelerated model; close to the source, 250 terms gave relative
error below 1%, and the number of needed terms drops fast, as the distance to the source increases.
Depending on model conductivities and source position, field patterns inside a layered sphere may
differ considerably from those in a homogeneous sphere. In addition to being a practical modeling
tool, the derived solution can be used to verify numerical methods, especially finite-element method,

inside layered anisotropic conductors. © 2016 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4939469]

I. INTRODUCTION

There is an increasing interest in characterizing neuronal
activity via measuring magnetic field generated by neurons.
In addition to well-established magnetoencephalography
(MEG)' that is based on measuring the neuromagnetic field
outside the head, novel approaches that measure magnetic
field inside the head are receiving attention. Direct neural
imaging (DNI), also termed as neuronal current imaging,
aims to detect neuronal activity directly in high®™ or ultra-
low magnetic field.”~" The basic idea in these is to measure
changes in the magnetic resonance signal due to altered spin
dynamics caused by the magnetic field arising from the
neuronal activity. In smaller scale, technology for invasive
measurement of neuromagnetic fields inside the head, even
directly in the cortex, is being developed. These modalities
are based on diamond sensors®~'® or spintronics."'

To better understand the feasibility of these new modal-
ities and to optimize imaging approaches and sensor designs,
a measurement model that links neuronal sources to meas-
ured signals is needed. A key part of such a model is a
volume conductor model that characterizes the effect of
head conductivity profile on neurally driven electric currents
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and magnetic fields. Volume conductor models used in elec-
troencephalography (EEG) typically contain three (or four)
layered compartments of homogeneous conductivity: the
brain, (cerebrospinal fluid (CSF)), skull, and scalp, while
MEG modeling has been mainly carried out with single-shell
(inner skull) or three-shell models." Extending from the
four-compartment model, the brain can be further separated
into gray and white matter, and the anisotropy of the white
matter can be taken into account.'?

In experimental MEG work, a spherically symmetric
head model has been widely used as a simplified description
of conductivity. Magnetic field outside the head is independ-
ent of radial conductivity profile in spherical geometry,
allowing simple closed-form implementation of the model."*
Furthermore, an arbitrary asymmetric distribution of radial
anisotropy, i.e., difference between the radial and tangential
conductivity, in an otherwise spherically symmetric conduc-
tor has no effect on the external magnetic field due to
internal sources.'” Inside the head, the modelling is more
complicated: as will be shown in this work, the radial
conductivity profile and anisotropy influence the internal
magnetic field.

So far, analytical formulas for magnetic field inside a
spherical conductor have been presented for a homogeneous
isotropic model only.'®!” Solutions for electric potential and

© 2016 AIP Publishing LLC
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electric field in layered and anisotropic spherically symmet-
ric models have previously been presented in Refs. 18-22,
but to our knowledge, corresponding formulas for magnetic
field have not been presented. In this paper, we derive an
analytical expression for the magnetic field inside an aniso-
tropic multilayer spherically symmetric conductor due to an
internal current dipole.

In volume conductor modeling, analytical solutions of
simplified geometries have played four important roles:
First, they provide conceptual understanding of phenomena
that leads to useful rules-of-thumb such as “compared with
tangential sources, radial sources produce very weak MEG
signals.”' Second, they are used for system calibration and
sensor development in connection with physical phantom
measurements, 2> Third, they can be used as practical
tools in signal analysis for sources in those regions of the
head that show local spherical symmetry.> Fourth, they are
used for developing and verifying numerical methods that
enable more realistic model geometries.”*>® This work has
potential applications in all these areas.

Il. METHODS
A. Theory

According to the quasi-static approximation®® of
Maxwell’s equations, current density J and the divergence-
free magnetic field B are related by

V x B = pod = uy(Jp +Jv), (D

where (i is the permeability of vacuum, Jp denotes the pri-
mary current density that gives rise to a charge density and
an electric field E, Jyv = oF is the volume current density
driven by the electric field, and o is the conductivity tensor.
In this study, we assume that the off-diagonal elements of
the conductivity tensor are zero, i.e., the conductivity is com-
pletely described by the diagonal, &, of an uniaxial conduc-
tivity tensor. In this case, Jyv = 6 o E, where the operator “o”
indicates the Hadamard product of two vectors, i.e., their
element-wise multiplication (in spherical coordinates,
Jv =o0.E.e. + apEpeg + ayE4ey). The primary and volume
currents reflect two different generation mechanisms of
biomagnetic fields: the primary component due to the neuro-
nal activity and the secondary component due to the ohmic
currents driven by the electric field. For simplicity, we have
assumed that the permeability of the medium is f, i.e., that
of vacuum, which is a good approximation for the human
head. Furthermore, under quasi-static approximation, the
electric field satisfies V x E = 0 and is thus given by the
electric scalar potential V: E = —VV. The electric potential
and the normal component of J are continuous across con-

ductivity boundaries.*

1. Problem geometry and electric field

Let us consider a multilayer spherically symmetric
conductor in free space. Let r, (0 <7 < ... <rg) denote
the radius of the kth boundary surface and K be the total
number of the surfaces. The conductivity in the region
between surfaces £ — 1 and & is anisotropic and given by
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6 = [0rx, Ok, Ok], Where oy and gy are the radial and tan-
gential conductivities in spherical geometry, respectively.
We further assume that o, and o, are constant within each
compartment. Figure 1 illustrates the notation.

The electric potential V inside the sphere due to an inter-
nal current dipole Jp(r) = Qd(r —rq), where Q is its
moment and rq = [rq, 0q, ¢q] its position in spherical coor-
dinates, is derived in Ref. 19; Reference 22 extends the solu-
tion to allow also the innermost layer to be anisotropic. In
Appendix B, we write V in our notation using real spherical
harmonics Y and real vector spherical harmonics Y.

Given the potential, the electric field inside the conduc-
tor can be calculated straigthforwardly as E = —VV. The
result of Ref. 22 can be written compactly using real vector
spherical harmonics (Egs. (A3) and (AS)):

Er=-3 o) fessntrr <[22 11] v, 0.0)

n=lm=—n n
depn(r) h:ll 1, 1} oY (0, qS)} , @)
where
Cepn(r) =+/n(2n+ l)rvk”_lag‘k’n, e <r<ry, 3)
and
dejn(r) =/ (n+ )20+ D) t2pey 0 ry <r <.

“

The definitions of Q0 vi,, acrn, and by, are given in
Appendix B. Although not immediately obvious from the
form of Eq. (2), the central region of the sphere contains

FIG. 1. An illustration of the notation used in the text. The radius of the kth
surface is 7, and the conductivity in the region between surfaces kK — 1 and
is oy. The subscript kq refers to the layer containing the current dipole. The
position and orientation of the dipole are indicated by an arrow. When
r < rq, £=0 (gray area); when r > rq, =1 (white area). rq is the radial
coordinate of the dipole position.
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only terms that are regular at the origin; similarly, the terms
in the region r > rq decay as r — oo. The associated volume
current density in the kth layer is obtained simply as
Jv(r) = [0r4, 01k, 0k O E(r), remy <1 <1y

2. Magnetic field

Because V - B = 0, we can express B using the toroi-
dal—poloidal decomposition (a decomposition of divergence-
free vector fields used in study of, e.g., plasma physics and
geomagnetism; see Appendix A and Ref. 31):

Z Zf;m Y70, ¢)

n=lm=—n

B'(r)

+ZZV><

n=lm=—n

nY.(0,¢)], ©)

Bh(r)

where f} and fP are scalar functions that could further be
expanded in some basis. B' and BP are the toroidal and poloi-
dal parts of B, respectively. Requiring that V x B(r)
= uoJv(r), when r # rq, gives us a system of three equa-
tions, which can be used to solve f;, and fP . According to
Egs. (A4) and (A7), V x BP has no radial component;
thus, we can find f},, from e, - (V X B' — poJv) =0 <=

(VX B'— yyeoE) =0, when r # rq. Using Egs. (2),
(5), (A3), (AS), and (A6), we get

Ukn
,fm(V)ZMOGr,kQT(rQ)< n ekt
m4+1uve, +1 (Ot 1)
- - " b n |l 6
n n+1 d ok, ©)

when ry_ <r <ry and r # rg. By a substitution of Egs.
(B3) and (6), we find that V x B' = poJy, when r # rq.
Thus, V x B? = 0, when r # rq. We now proceed to find a
closed-form expression for BP.

Reference 32 shows that, for a layered spherically
symmetric isotropic conductor, the radial component of the
magnetic field due to a current dipole can be calculated from
the primary current density without considering the volume
current density. Reference 33 generalizes the result for aniso-
tropic conductivity by showing that the radial component
of the external or internal magnetic field is not influenced by
a difference between radial and tangential conductivity.
Because V x BP =0 when r # rq, there exists a magnetic
scalar potential U so that BP(r) = —u,VU(r), when r # rq.
Because the volume currents do not contribute to the radial
component of the magnetic field, the radial field component
for a current dipole Jp(r) = Q0(r — rq) is obtained using the
Biot—Savart law as

@QX(I‘—I‘Q)

M@ Xrq e
4 |r—rqf .

Bo,(r) = @)
Q7 ( ) 47.': |r7rQ|3

cer =

As seen from Egs. (5) and (A4), because e,-B'=0,

e.-B° =e,-B =Bg,.
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In order to find U, we utilize the technique which was
used in Ref. 14 to obtain the magnetic field outside a spheri-
cally symmetric conductor due to a current dipole inside.
When r < rq, we can find U as a line integral of VU along a
radial path starting from the origin. By choosing U to vanish
at the origin, we obtain

T 1 7
U(r) = J VU(te,) - e,dt = — —J Bq,(te,)dt
0 Ho Jo

xrqg-e (" 1

_2xro eJ St
4n |te, — rq]
1 0xrq-r

= =———, r<r 8
Tan B T ®

where
F(r):—a+rQ(rQa—|—ré—rQ-r>, r<rq 9

and a = r — rq. Finally, we calculate BP using VU:

I
BP(r) = 4;72 (FQ xrqg—Q xrq-rVF),  (10)
where
2 —a-ro/a+2a—+2r
VF(I'>: ( /’Q Q/ Q) Q+
(a+rQ)
2
+2rg—a-r
_ralat 2 . Q/a)r, r<re. (1)
(a+rQ)

When r > rg, we can apply the result of Ref. 14, i.e., the
Sarvas formula, directly: BP is given by Eq. (10) but with the
following expressions for ' and VF:

F(r):a(raJri‘2—rQ~r)7 r>rg, (12)

VFE(r)=(a*/r+a-r/a+2a+2r)r+

—(a+2r+a-r/a)rq, r>rq. (13)

Collecting the results, we obtain the following form for
the magnetic field inside the spherical conductor (when

I #rQ):

r) :ﬂoar,kz Z Q;n(

n=1lm=-n

m+ 1o, +1 —(ogat 1)
- - Wk b c.n Yy 97
n I’[+1 7 &k, n,n( ¢)

+BP(r), i <r<rn. (14)

[
Q)< n+1n - rrag g+

Outside the conductor, B' = 0 and the magnetic field is given
by Eq. (10). More generally, BP can be considered the mag-
netic field in a zero-conductivity region. In regions with non-
zero conductivity and current density, B' acts as a correction
term. In Appendix D, we show that, for large n, the terms in
the series of Eq. (14) scale as (r/rq)" and (rq/r)""", when
r <rq and r > rq, respectively. Note that when Eq. (14) is
implemented as such, the computations are suspect to
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numerical overflow and underflow problems; in our imple-
mentation, we avoided them by expressing the radial coordi-
nates and the layer radii as ratios. 204

3. Addition—-subtraction method

In order to obtain a solution with a convergence better
than that of Eq. (14) when r = rq, we use an addition—sub-
traction strategy similar to the one presented in Ref. 20 for
the electric potential. Here, the idea is to subtract a series
from and to add its closed-form solution to Eq. (14). If the
subtracted series and Eq. (14) have a similar behavior for
large n, the resulting series convergences faster than the
original. Here, we use the closed-form solution of the mag-
netic field inside an isotropic homogeneous sphere'” and
the respective series expression, Eq. (14), to achieve this
goal. The closed-form solution, Bﬁomog, is presented in
Appendix E, and the series-form expression, Bhomog, can be
obtained using Eq. (14) by applying it to a homogeneous
sphere.

Mathematically, the addition—subtraction solution can
be written as follows:

B(r) = B(r) -

Te—1 <1 <y,

we, thomog( )+WC thomog( )
r#rq, (15)

where the needed weights, wey, are solved by requiring that
on the right-hand side of Eq. (15) the terms with the poorest
convergence cancel out for large n. The result is obtained by
computing the ratio of the series terms in B and B;lf)mog for
large n. The asymptotic behavior of the series terms is
derived in Appendix D and given by Egs. (D7) and (D8).
First, let us consider the case r < rq (£ =0):

Otk 404D 1 kg (B, Vi
w1 b1 Q

k=11 Ori
Hi:] 2 (1 + ] > rvk_nfnrgka()'”

Wok =

Ort,it1

O'rt,i-H ) Hf‘i;l rivi.u*UiJr].u

Ort,i

Grl k

Unl Hko 1 <
_UkQ.n

1 ylkn—1 rn
Q

T ko1 Orti+1 kq—=1 _vin—Uiy1n’
IT:2 % (1 +—> I3 n

Orti

Tl <1<, r #rg, (16)
where we have defined o, = ,/0,,;6;;. We note that in order
to have an n-independent wyy, the layers containing the

dipole and the field point, and all layers in between, must be
isotropic (i.e., v; = n,i = k,k + 1, ..., kg). In this case,

Ortit1)
+ _r
Ort,i

Next, forr > rqg ((=1),

1
ko—1
[T %(1

re—1 < r <y,

r#rq.

Wor =

a7)
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Ort k aO,kQ,nhl,k,n n—up, kg
g

Wik =
o1 b
kQ 11 Gl’t,i
Hl 1 1+ O : rnfvlv,,rka‘"in
O'r[ k rti+1 Q
Ortit 1 k—1  Vip—Uitin
o = 11; 4 I [Tk, i
Ort,i
v Ukg.n—n
1 7 Lk_,,rQQ"
- B Ot k=1 Vip=Uig1n’
T 3 (14— ) o
Q Ort,it1
rve1 <r <y, r#r. (18)

Similarly to the £=0 case, we need to have isotropic con-
ductivity between the source and the field point (i.e.,
v; = n,i = kq,kq +1,...,k) in order to make the n in Eq.
(18) vanish. This yields

1
H/;—l I [T
=ho 2 Ort,it1

Wik = T S <, # g

19)

B. Simulations
1. Convergence and verification

In addition to the theoretical inspection presented in
Appendix D, we also analyzed the convergence of Eqs. (14)
and (15) by calculating the magnetic field for 1000 random
line—dipole pairs: First, we sampled 1000 dipole positions
[rQi, 0q.is dg,] (i =1,...,1000), where Oqg,; and ¢, were
randomized and rg; = 68 mm. For each position, the dipole
orientation was chosen randomly. Second, for each dipole
we sampled a random radial line, with its orientation given
by (0;, ¢;), on which the magnetic field was computed. The
conductivity model used in the analysis was the five-layer
anisotropic spherical head model described in Sec. IIB 2.
We calculated the truncation error as

|Bn (7, 0i, §;) — Bsoo(r, 0i, d;)|
en(r) = max )
w(r) i IBsoo(r, 0i, §;)]

(20)

where By(r, 0;, ¢;) refers to the magnetic field on the ith line
for the ith dipole when the summation over n in Eq. (14) was
truncated at n=N. The reference, Bsy), was always com-
puted using the addition—subtraction method. In addition, we
studied the performance of the addition—subtraction method
in models with up to 1 000 000-fold conductivity differences
between the layers confirming that the method is not sensi-
tive to the properties of the layers, and thus the approach is
valid beyond the case of human head (data not shown).

We also verified Egs. (14) and (15) and their implemen-
tation by computing internal magnetic fields due to a set of
dipoles in a four-layer isotropic geometry and comparing the
results with those computed using our previously verified
boundary-element method (BEM) solver;?® see Sec. IIB2
for radii and conductivities of the layers. We generated four
topologically identical regularly positioned meshes that had
5120 triangles per boundary surface. The radii of the meshes
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were scaled so that the surface areas of the true and triangu-
lated spheres were the same. For this anatomical model, we
built volume conductor model using linear Galerkin BEM
formulated with isolated source approach.”® For each dipole,
this model gives the electric potential on each boundary sur-
face, from which the contribution of the volume current den-
sity to the total magnetic field inside the sphere is computed
using the Geselowitz integral formula.*> For more details
and some previous verifications, see Ref. 28. The analytical
solutions were calculated by truncating the series in Eq. (14)
at n=250. Similar to the convergence analysis described
above, we sampled 1000 random line—dipole pairs. The com-
parison was done separately for two source depths with the
dipoles located at rq =35 mm and ro = 68 mm, respec-
tively. In both cases, we computed the relative error between
the magnetic field amplitudes (1 — |Bgeries|/|Bgem|) and the
difference in the magnetic field direction for all field-point
locations. We assessed the results as a function of field-point
depth by taking the median and 1st and 99th percentiles of
the metrics at each depth. To avoid errors due to discretiza-
tion of boundary potentials in the BEM, we omitted the field
points that were closer than 1 mm (approximately 1/5-1/6 of
the triangle side length) from any boundary.

2. Examples

We studied the effect of the radially varying conductivity
on the magnetic field produced by a current dipole. Our most
detailed model was an anisotropic five-layer spherical head
model centered at the origin. The compartments modeled
white and gray matter, CSF, skull, and scalp with their outer
radii set to [0.65, 0.90, 0.92, 0.97, 1] x 80 mm. We evaluated
also three different isotropic spherical head models:

a. Four-layer model: The outer radii of the layers (brain,
CSF, skull, and scalp) were set to [0.90, 0.92, 0.97, 1] x 80 mm.

b. Three-layer model: The outer radii of the layers
(brain, skull, and scalp) were set to [0.92, 0.97, 1] x 80 mm.

c. Homogeneous-sphere model: The radius of the sphere
modeling the intracranial cavity was set to 73.6 mm. In this
model, the calculations were done using the closed-form for-
mula Eq. (E1) of Ref. 17.

The conductivities of the isotropic compartments were
Obrain = Oscalp = 0.33S/m, gcsp = 1.8S/m (Ref. 35), and
Oskunn = 8.3mS/m. In the five-layer model, the white matter
and the skull were assumed anisotropic. Their radial and tan-
gential conductivities were Set to 0y, white matter = 207, white matter
= 60brain/4 and 0 skull = 20%, skut = 605 /5. These choices
are approximately in line with the values suggested in the
literature,>*® while preserving the same average value of
conductivity as in the isotropic models; thus the difference in
results is due to the effect of anisotropy only. In the five-
layer model, the conductivities of the CSF and the scalp
were the same as in the other models; the conductivity of the
gray matter was set t0 Ogray matter = Obrain-

With each model, we computed the magnetic field
produced by a radial (Q = Qe,) and tangential (Q = Qe)
current dipole located in the xy plane at rq = [rq, 0o, ¢g| =
[68 mm, /2, 0] with Q =10 nAm. In all layered models, we
used the addition—subtraction method in Eq. (15) and

J. Appl. Phys. 119, 023901 (2016)

truncated the summation in Eq. (14) at n =250. The calcula-
tions were performed with Mathematica (Wolfram Research,
Inc., Champaign, IL, USA).

lll. RESULTS
A. Convergence and verification

Figure 2 illustrates the convergence of Eq. (14) com-
puted with and without the addition—subtraction method as
described in Sec. IIB 1. As expected from the asymptotic
behavior of Eq. (14), without the addition—subtraction
method, the magnetic field converges slowly when r = rq.
On the other hand, when using the addition—subtraction
method, the relative error stays below 1% everywhere with
about 250 terms. Because the white matter and skull are ani-
sotropic, we used the addition—subtraction method to
improve the convergence only within the gray-matter and
CSF layers, in order to comply with the isotropicity require-
ments of Eqgs. (17) and (19).

In Fig. 3, we present the results of our BEM verification.
The overall match between the BEM and series solutions is
excellent; this indicates that the derived expressions are cor-
rect. Only near the conductivity boundaries, the results
obtained with BEM and the analytical expression differ
slightly. This is likely due to both the discretization error of
the volume currents in BEM and the truncation of the analyt-
ical solution.

B. Examples

In Figs. 4 and 5, we show magnetic field maps in the xy
plane for the radial and tangential current dipoles using the
four different spherical head models.

Let us first discuss the field maps produced by the tan-
gential current dipole. As expected, because of the poorly
conducting skull, in the skull and scalp layers, the magnetic
fields of the different models show only minor differences.
For the same reason, the homogeneous-sphere model and the
three-layer model give highly similar magnetic field maps
also in the brain. The main difference between the three- and
four-layer models (and the homogeneous-sphere and the
four-layer models) is that, in the four-layer model, the CSF
compartment, which is relatively well-conductive, attracts
current and causes a notable change in the magnetic field
(Fig. 5). The effect of the anisotropy present in the five-layer
model is most easily seen in the white-matter region, where
the current flow prefers the radial direction and the magnetic
field changes accordingly (Fig. 4). However, as the modeled
anisotropy is not that high (2:1) and the white-matter bound-
ary is relatively far from the source dipole, the four- and
five-layer models produce otherwise quite similar field maps.
For stronger anisotropy or a source closer to or within an ani-
sotropic layer, the difference is larger (data not shown).

With the radial current dipole, the main difference
between the homogeneous-sphere model and the three- and
four-layer models is that in the former the magnetic field is
confined to the intracranial cavity, whereas in the layered
models the magnetic field penetrates the skull boundary.
However, as required by the spherically symmetric
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(a) Without the addition—subtraction method (b) With the addition—subtraction method
28 =0 = =& 285 =8 = =&
=B SR v =23 =B <8 v /s
5: 51973 5: S: 9%
500 500 .
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FIG. 2. Convergence of the magnetic field according to Eq. (20) as a function of the number of terms N in the summation over n in Eq. (14). The relative error
is visualized using a logarithmic color scale. (a) and (b) show the convergence without and with the addition—subtraction method of Eq. (15), respectively. The
red dashed vertical line indicates the position of the current dipole. The solid gray lines indicate the layer boundaries. The red horizontal dotted line marks
N=250.
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homogeneous 3 layers

4 layers 5 layers, anisotropic
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FIG. 4. The z component of the magnetic field in the xy plane for the tangential (top) and radial (bottom) dipole using the homogeneous-sphere model (first col-
umn), the three-layer model (second column), the four-layer model (third column), and the anisotropic five-layer model (fourth column). The contour lines are
drawn at 0, £0.05, =0.1, £0.5, =1, £5, and =10 pT. Positive and negative contours are indicated by solid and dashed lines, respectively. The zero contours

are shown with dotted lines. The conductivity structure of the sphere is illustrated by plotting every other layer in gray. The dipole positions and orientations
are indicated by the red dots and arrows, respectively.
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FIG. 5. The z component of the magnetic field in the xy plane around the dipole location for the tangential (top) and radial (bottom) dipole using the four differ-
ent spherical head models. The contour lines are drawn at 0, £0.05, 0.1, =0.5, =1, =5, and =10 pT. Positive and negative contours are indicated by solid
and dashed lines, respectively. The zero contours are shown with dotted lines. The conductivity structure of the sphere is illustrated by plotting every other
layer in gray. The dipole positions and orientations are indicated by the red dots and arrows, respectively.
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conductor geometry, also in the layered models, the field out-
side the conductor is zero. The other aspects of the field-map
differences reflect those of the tangential current dipole.
Comparing the plots of the radial and tangential current
dipoles reveals that the magnetic field due to the radial cur-
rent dipole is more focal.

IV. DISCUSSION

The presented results indicate that the differences
between the homogeneous-sphere model and the studied
three-layer model are really small, as the poorly conductive
skull is, for the present purposes, effectively an insulator.
This result is in agreement with the discussion presented in
Ref. 17. The addition of a well conductive CSF layer
between the brain matter and the skull introduces, however,
some notable differences. This result also suggests that, for
accurate modeling of the magnetic field inside the head for
sources near the CSF boundary, it is necessary to have a
model of the CSF compartment.

Compared with BEM, an advantage of the present ana-
lytical model is that anisotropic layers can be included in the
computations. Although Fig. 4 shows only minor differences
between the isotropic four-layer model and the anisotropic
five-layer model, the modeling of the anisotropy becomes
more important when there are layers with stronger anisot-
ropy or the source is closer to or within an anisotropic layer.

In DNI, the ultimate goal is not to image the magnetic
field inside the head but to locate the source currents, or the
neuronal activity, producing it. Thus, when mapping of the
neuronal magnetic field inside the head becomes feasible,
the presented multilayer model may enhance the reconstruc-
tion of the primary current density in DNI compared with the
homogeneous-sphere model.

In our case, we had a spherical conductor in free space,
as our motivation was brain imaging. However, the approach
of this study suits equally well for calculating the magnetic
field in an unbounded spherically symmetric medium.
Furthermore, the conductor may contain, e.g., a non-
conductive spherical cavity in its center. Although we only
considered the field due to a single current dipole, the inter-
nal magnetic field due to a more general source current den-
sity can be obtained from elementary source dipoles using
superposition.

In addition to being a useful modeling tool, the derived
analytical expression for the magnetic field can serve as
means to assess numerical methods: implementations of
BEM or the finite-element (FEM) or finite-difference (FDM)
method for magnetic field computations can now be verified
also inside layered spherical conductors. This can be espe-
cially useful for assessing the validity of approximations that
are carried out in FEM or FDM modeling when representing
focal dipolar sources. For example, a dipolar source is in
FEM EEG/MEG studies often represented using St. Venant
approach,®** in which the dipole is approximated by a set
of monopoles in nearest nodes of the mesh, aiming at the
correct dipole moment. This approach can only be valid far
from the dipole. To compute magnetic fields close to the
source, other approaches such as full subtraction or partial
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integration”’ need to be verified and applied. A related appli-
cation is the optimization of the volume/boundary meshing
close to the sources. This can be especially useful in the case
of FEM and anisotropic white matter."?

V. CONCLUSION

In this paper, we derived an expression for the magnetic
field inside a multilayer spherically symmetric anisotropic
conductor due to an internal current dipole. We demonstrated
the use of the obtained formula by studying the effect of the
radially varying conductivity on the magnetic field produced
by a current dipole. The results showed that the solution
obtained using the multilayer model may, depending on the
relative conductivities, differ from that given by the
homogeneous-sphere model. A Mathematica implementation
of Egs. (14) and (15) is available from “Jaakko O. Nieminen.”
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APPENDIX A: VECTOR SPHERICAL HARMONICS

This Appendix presents the different spherical harmon-
ics used in this paper. Following, e.g., Ref. 41, the real spher-
ical harmonics Y are here defined as

2n+1)(n—
(nz—?:n)j_m))P;”(cos 0)cosma, m>0
m 2n+1
Y (0,¢) = nt P(cos0), m=0
4z
2n+1)(n !
MF;’”(COS 0)sinm¢p, m <0,
2n(n—m)!

(AT)
where P are associated Legendre functions.*” These func-
tions are orthonormal over the sphere:

2n (T ,
J J Y70, )Y (0, ¢)sin 0d0dd = 6,y Sy - (A2)
o Jo

In this study, we use the following definition of real vector
spherical harmonics Y:

1 1
n, n+1(9 ¢) (n i 1)(21’[ T 1)r”+2V |:rn+1 Y’ﬂ(a ¢):|
(A3)
Yy (0,¢) = Y rx VY0, ¢), (A4)
1
Y u1(0,9) = T V[ryo.¢)]. (A5
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The definition follows that of the complex vector spherical
harmonics introduced in Refs. 43 and 44. The vector spheri-
cal harmonics form a complete set suitable for presenting
any vector function on the surface of a sphere. As seen
directly from the definition, Y}’ has no radial component.
Also the following properties of the vector spherical harmon-
ics are used in this paper:

Vx (f(nY,,) =

a m
Vo E)f Yin1 (AO)
and
” nn+1) 20 & "
V x (V Xf(r)Yn,n> = ( 2 - ;5_ w)f n,no
(AT)

where f(r) is a scalar function. Many other identities for the
real vector spherical harmonics follow from those given in
Ref. 44.

Any divergence-free real-valued vector field in a volume
can be presented as a linear combination of the basis functions

unm(r’ 0’ ¢) :f):m(r)YZl,n(07 (Z)) + V x )fm(r)qun‘n(a ¢)]7
(A8)
where f} and fP are scalar functions.*> The first and second
terms on the right-hand side of Eq. (A8) are basis functions
for the toroidal and poloidal fields (according to the toroi-
dal—poloidal decomposition®'), respectively. Although not
explicitly written here, f and fP can further be expressed

nm
using a complete set of scalar basis functions.

APPENDIX B: ELECTRIC POTENTIAL

Here, we present the solution of Refs. 19 and 22 for the
electric potential, V, inside a spherically symmetric conduc-
tor due to an internal quasi-static current dipole. We write V
using real spherical harmonics Y and real vector spherical
harmonics Y (see Appendix A for their definitions):

V() =) 00(r)(acknr™ + begar™ Y0, ),

n=0m=—n
re—1 <r <y, (BD)
where
- V2n+10Q
0, (rQ)=

(zvl,n + l)O-r,lbl,l,n
) ) Okga—1 | Vkq.n m 0
alfg,kQ,n\/ZX’Q 171 an,n—l( Q7¢Q>

n i
—(Vkgnt2
+b1—5,k07n\/”1+17’Q(b,\Q )

UkQ,;z+1 m
x[ P ,1,1} oYM“(GQ,qSQ)}, (B2)
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vin = \[n(n -+ Dofo+1/4—1/2 (B3

(for isotropic layers, v, = n), the dipole is located in the
compartment kQ, i.e., Tko—1 <rQ < Tko» and f serves the pur-
pose of separating the spherical volume into two regions:
=0, when r < rg, and (=1, when r > rg. With the help
of £, we avoid the burden of writing separate equations for
the regions r < rq and r > rq. The coefficients a¢;, and
b¢ 1, are defined recursively:

A¢ k+1.n _ Aékn
S = e, 0Cka(r) | (B4
bf,k+l7n bf,k.n
where
pYn rf(vlm‘f’l)
Cin(r) = A . (BS)
k ( ) [Jr,kvk7nrvx,;zl _Ur,k(vk,n 4 l)r*(bk,n+2)

Note that the transition matrices Cy, are independent of the
source’s characteristics. The initial values for the recursion

are
ao,1,n 1

T = B6

[bo’l”l‘| [O‘| ( )

1+ UK n 1‘_(2UK'H+1>

a1 Kn —
N T : (B7)
b1k n 1

and

For completeness, the derivation of these equations can be
found in Appendix C.

APPENDIX C: DERIVATION OF THE ELECTRIC
POTENTIAL

In order to make the presentation self-contained and to
help the reader to avoid the inconvenience of converting
notations, this Appendix derives an expression for the elec-
tric potential inside a spherically symmetric conductor due
to an internal quasi-static current dipole. The derivation
follows that presented in Ref. 22, which is a generalization
of the derivation of Ref. 19 allowing also the innermost layer
to be anisotropic, using our notation and is here presented
for an arbitrary source position and observation point. First,
we will calculate the potential of a current monopole; the
dipole potential is obtained from the monopole solution by
differentiation.

Let us consider a current source s, which gives rise
to current density J according to V - J(r) = s(r), where
r is the position. By writing J with the help of the con-
ductivity ¢ and the electric potential V (see Sec. I A),
we get

V- la(r)oVV(r)] = —s(r) (CD)

or, in spherical coordinates,
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+ —s(r), (C2)

where 6 = [0y, 0y, o).

For a monopolar current source s(r)=1I1(r —ry)
(strength [ and location ry), the solution of Eq. (C2) can be
found using the separation of variables:

Vi =S Ra() S V0L G0YI0.6)  (C)
n=0 m=—n

where R, is a function to be determined. Inserting V| and the
expression of s into Eq. (C2) leads to

o n | ) aRn ﬁ
HZ:;";”Y’T(Qh ¢I)Y’T(9, ¢) r_2 {5 |:r20'r(r> a}F’ ):l +

—n(n+ 1)0t(r)Rn(r)} = —16(r —nm) (C4)

as the spherical harmonics are eigenfunctions of the angular
part of Eq. (C2).*® Multiplying Eq. (C4) by Y/ (0, ¢)r?sin 0
and integrating it over 0 and ¢ gives, with the help of Eq. (A2),
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% (ﬂgr(,ﬁ) 8R51§F)> —n(n+ 1o (r)R,(r) = —15(r — ry).

(C5)

In order to solve Eq. (C5), we will restrict the analy-
sis to a piecewise constant conductivity, which in the
region between the surfaces k — 1 and k of the layered
spherical conductor is given by 6x = [0y 4, Oix, 0¢x)- In this
case, the solution of Eq. (C5) within the kth layer can be
written as

(Co)

" (1 .
Rin(r) Coen(@0nr™ + bogpur ™Y 1 <1y
k.n =
’ Uk —(vkat1 -
Cl,k,n(al‘k,n’”' + bl,k,nr Okt )) s I S r,

where

Vg = \/n(n + Doy/orx+1/4—1/2 (C7

and agyp, berp, and cgp, are constants to be determined.
Let k; refer to the compartment containing the monopole
source: 11 < 11 < I,. By requiring the continuity of the
potential at » = ry and by integrating Eq. (C5) over a region
of infinitesimal length centered at r;, we obtain two equa-
tions, which can be solved to yield

— (v t1)

Ren(r) = ¢ (@007 4 bogur™ ") (@rgart™ + b gy ), r<n CB)
. ' aojnty™" + bo.k.nfmﬁl) ar ™ + by gr Oty ey <
kel knly : ,
where dotal { ! } (C12)
bo.1.n 0
1
¢ = ()

(2010 + 1)0rk (@0 4 nD1 Ja.n — @1 Jy.nb0 K1)

The form of Eq. (C8) is valid in every compartment k (not
only in ki), as by varying a¢ s, and bgy , all values of c¢y
can be achieved. To avoid unphysical divergence at the
origin, we require by, = 0. We are also allowed to choose
ao,1.,,» = 1, as it only multiplies a; 1 , and by j .

The remaining coefficients a¢ ; , and bg ., are found by
requiring that the appropriate boundary conditions are sat-
isfied: the electric potential and the normal component of
the current density have to be continuous across the surfa-
ces. This leads to the following relation between the
coefficients:

A¢k+1.n _ A¢ fen
I S AT ] Il R (S ()
b€u7k+1~," bf,k.ﬂ
where
r”k.u i‘7<vk'”+l)
a\r) = ) Cl11
Cl«, n (’ ) |: Jr,kvk,nrbkﬂil —0rx (Uk,n 4 1)r7<”*'~”+2) ( )

is a source-independent transition matrix. The initial values

were justified earlier. Another set of initial values follows
from the requirement that the current may not flow across
the outer boundary of the sphere (9V/ 8r\,.K =0, ie.,

(9RK_,1/87'|],K = 0)
1 — (20
ik + Uk n "K(zb,(ﬁl)
= UK (C13)
blAK,n 1

In principle, the boundary condition gives a;x, and bk,
only up to a common constant factor. However, the natural
choice by, = 1 in Eq. (C13) follows from the fact that in
Eq. (C8) this factor appears both in the numerator and
denominator and thus has no effect on Ry ,(r). As pointed
out in Ref. 22, although Eq. (C9) formally depends on the
source position, it turns out to be independent of ry; thus, it
is convenient to evaluate its value within the innermost
layer:

1
(2v10 + D)oribign

(C14)

Cp =

Now, the monopole potential can be written as
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Vi(r) =Y 0> 1) (acear™ + besar™ )Y (0, ),

n=0m=—n
Te—1 <1 <1 (C15)
where
" ! Y (6, ¢y)
r) = ,
" ( I) (Zvl,n + 1)O-r,lbl,l,n A
Uat1
X (a17§,k1,nrl + b1 gyl (e )) (C16)

and ¢ serves the purpose of separating the spherical volume
into two regions allowing us to make the presentation more
compact: when r < r;, £=0, and whenr > r, £ =1.

The potential due to a current dipole is obtained with the
help of Eq. (C15) by placing two current monopoles (ampli-
tudes *7) at rq — 6/2 (—I) and at rq + 8/2 (+I), where 9 is
their separation, and taking the limit |§| — 0. This procedure
leads to the potential of a current dipole located at rg:

V(F) = lim §- VYQVI(rv rQ) =0 VrQVI(I', rQ)/Iv (C17)

|6]—0

where the dipole moment Q = 4/ and V,, refers to differentia-
tion with respect to the source coordinates. Thus, the last step
in deriving the dipole potential is to calculate the coefficients

Q)/(rq) = Q- Vi I, (rq)/1.

Taking advantage of the real vector spherical harmonics,
Eqgs. (A3) and (AS), allows us to transform Eq. (C18) into
Eq. (B2) and to obtain Eq. (B1).

(C18)

APPENDIX D: ASYMPTOTIC BEHAVIOR

In this Appendix, we analyze how the terms in the series
of Eq. (14) behave when n > 1. First, we note that Eq. (B3)
simplifies to vy, ~ niy, where A = \/ox/0ocx. Then, Eq.
(B2) becomes
1 0
A V20,1b1 17 0%

2igutly,

! [;W(Qa la 1] |:al EkoinQ

0,/ (rq) =

n n—1 (OQ’ ¢Q)
b1 g ¥ (O, ¢Q)} . (D1)

After simplification, Eqs. (B4)—(B7) can be written as follows:

k— "
_ A Oy
L, Vit 1 T,
ao.k.n I | ( ) ) )7 (Dz)

}I-H Orit+1

k—1 ,
1420, 1 Vin—Vig1, Sy M O

bO,k,n =~ rkfl n _riuz i+1,n 1 + (71) i(k—1) ) ’
i=1 2 Li+1 Or,i+1

(D3)

K
—(1420x,) 1 Vi1 Uin i(k11) Ai Or,i
Al kn R Ty H i1 1+ (=1)" Tk
i—k+1 i—1Or,i—1

(D4)
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L: lnbm< + Ai O'm' ) , (DS)

Aic1 Ori—1

byjn = H

i= k-H

where ¢;; is the Kronecker delta and 1o = 0. When n > 1,
the series terms in the toroidal component of the magnetic

field, B' =2 > BY simplify to
B (r) & pyoui 2@y (rQ)r™ (acn — =2 Vbe )
XYy, (0,¢), re Sr<r,r#rq. (D6)

Finally, with the help of Egs. (D2)—~(D5), we write Eq.
(D6) separately for r < rq ((=0)andr > rq ({=1)

Ho A O-r,kbl ko @0, k,n ok
\/§)~1Ur,1b1,1711"2 erQ"

. { [;°kQ7 17 1] o YZI;H_] (0Q7 d)Q) }Yzln(ga d))v

Tkt ST <11 <, D7)

B,"(r) ~

Vg a1
Po kO kb1 k n@0 kgn TQ

\/_/110},1]71,1,,1’” riert ¢
Ao 11T 0¥, (00, 00) 77,0, 9).

Tk—1 Srgrk,r>rQ. (D8)

B;"m (r) = —

Equations (D7) and (D8) show that for large n and isotropic
conductivity the series terms scale as (r/rq)" and (rq/r)"""
when r < rqg and r > rq, respectively.

s

APPENDIX E: HOMOGENEOUS ISOTROPIC SPHERE

The magnetic field inside a homogeneous isotropic
sphere due to an internal quasi-static current dipole has a
closed-form solution'’

. I o rp 3
Bhngg(r):m(i[QX (o@_r ﬁ>+ ()
x%(HQXrQ—QXerK)], r<rg,

(ED)

where rg is the radius of the sphere,
= (rk/r)r — (r/rx)rq, H = B(r- B +rp), and

2
K= ('KH+/3+;K>13+ <r—Kﬁ+ﬁ—)r. (E2)
[3 r r
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