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MIXED AND STABILIZED FINITE ELEMENT METHODS
FOR THE OBSTACLE PROBLEM*
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Abstract. We discretize the Lagrange multiplier formulation of the obstacle problem by mixed
and stabilized finite element methods. A priori and a posteriori error estimates are derived and
numerically verified.
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1. Introduction. In its classical form, the obstacle problem is an archtype ex-
ample of a variational inequality [34]. The problem corresponds to finding the equilib-
rium position of an elastic membrane constrained to lie above a rigid obstacle. Other
examples of obstacle-type problems are found, e.g., in lubrication theory [39], in flows
through porous media [21], in control theory [37], and in financial mathematics [18].

Discretization of the primal variational formulation of the obstacle problem by the
finite element method has been extensively studied since the 1970s. Error estimates
for the membrane displacement in the H!-norm have been obtained, e.g., by Falk [19],
Mosco and Strang [35], and Brezzi, Hager, and Raviart [10]. For an overview of the
early progress on the subject and the respective references, see the monograph of
Glowinski [22].

Instead of focusing on the primal formulation, we study an alternative variational
formulation based on the method of Lagrange multipliers [2, 9, 11, 26]. The Lagrange
multiplier formulation introduces an additional physically relevant unknown, the re-
action force between the membrane and the obstacle, which in itself can be a useful
tool—especially in the context of contact mechanics; cf. Hlavacek et al. [30] or, more
recently, Wohlmuth [48]. Furthermore, the alternative formulation leads naturally to
an effective solution strategy based on the semismooth Newton method [29, 45] and
provides also a straightforward justification for the related Nitsche-type method that
follows from the local elimination of the Lagrange multiplier in the stabilized discrete
problem [43].

A priori error analysis for finite element methods based on a Lagrange multiplier
formulation of the obstacle problem has been performed by Haslinger, Hlavacek, and
Necas [27], Weiss and Wohlmuth [47], and Schréder and Banz [41, 3]. A posteriori
error estimates were derived, e.g., in Biirg and Schréder [13] or Banz and Stephan [4]
and, using a similar Lagrange multiplier formulation, in Veeser [46], Braess [6], and
Gudi and Porwal [25].
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The purpose of this paper is to readdress the Lagrange multiplier formulation of
the obstacle problem. We consider two methods. The first is a mixed method in which
the stability is achieved by adding bubble degrees of freedom to the displacement. The
second approach is a residual-based stabilized method similar to the methods used
successfully for the Stokes problem [31, 20]. The latter technique has been applied to
variational inequalities arising from contact problems in Hild and Renard [28].

Until our recent article on the Stokes problem [44], error estimates on stabilized
methods were always built upon the assumption that the exact solution is regular
enough, with the additional regularity assumptions arising from the stabilizing terms.
In [44], we realized that these extra regularity requirements can be dropped and only
the loading term needs to be in L?. In this work, we extend these ideas to variational
inequalities. We emphasize that the improved error estimates can be established only
if the discrete stability bound is proven in correct norms, i.e., in the norms of the
continuous problem and not in mesh-dependent norms as, for example, in Hild and
Renard [28], where the authors need to assume that the solution to the Signorini
problem is in H?®, with s > 3/2.

We perform the analysis in a unified manner. First, we prove a stability result for
the continuous problem in proper norms. This estimate becomes useful in deriving the
a posteriori estimates. As for the discretizations, we start by proving stability with
respect to a mesh-dependent norm. This discrete stability result implies stability in
the continuous norms and yields quasi-optimal a priori estimates without additional
regularity assumptions. For the stabilized methods, we use a technique first suggested
by Gudi [24].

The stabilized formulation of the classical Babuska’s method of Lagrange multi-
pliers for approximating Dirichlet boundary conditions is known to be closely related
to Nitsche’s method [36]. This connection has been used for the contact problem in
Hild and Renard [28] and Chouly and Hild [16] and for the obstacle problem in [14].
We show that a similar relationship holds here as well and observe that for the lowest
order method it leads to the penalty formulation.

We end the paper by reporting on extensive numerical computations.

2. Problem definition. Consider finding the equilibrium position u = u(x, y) of
an elastic, homogeneous membrane constrained to lie above an obstacle represented by
g = g(x,y). The membrane is loaded by a normal force f = f(z,y) and its boundary
is held fixed. The problem can be formulated as

—Au—f>0 inQ,

u—g>0 in €,

(u—g)(Au+f)=0 inQ,
u=0 on J9Q,

(2.1)

where Q C R? is a smooth bounded domain or a convex polygon and where we assume
that g = 0 at 9Q. Let V = H{ (). The problem (2.1) can be recast as the following
variational inequality: find u € V such that

(2.2) (Vu, V(v —u)) > (f,v—u) YveV,
where
(2.3) V={veV:v>gae in Q}.

It is well known that, given f € L?(Q) and g € H'(2) N C(Q), problem (2.2) ad-
mits a unique solution u € V; cf. Lions and Stampacchia [34] or Kinderlehrer and
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Stampacchia [33]. Given that the second derivatives of u have a jump across the free
boundary separating the contact region from the region free of contact, one cannot
expect the solution to be more regular than C1:1(Q); cf. Caffarelli [15]. However, the
second derivatives are bounded if the data is smooth [21]. In particular, if f € L?(Q)
and g € H2(£2), the solution v € V N H?(Q); cf. Brezis and Stampacchia [8].

Introducing a nonnegative Lagrange multiplier function A :  — R, we can rewrite
the obstacle problem as

—Au—A=f inQ,
u—g>0 in Q,

(2.4) A>0 inQ,

(u—g)A=0 1inQ,

u=0 on 0f.
The Lagrange multiplier is in the dual space to Hg (), i.e.,
Q= H'(%),
with the norm
(25) €l -1 = sup 428,
vev o]l

where (-,-) : V x @ — R denotes the duality pairing.

The corresponding variational formulation becomes to find (u,A) € V' x A such
that
(Vu, Vo) — (v, A) = (f,v) Yo eV,

2.6
(26) (u—g,p—2A) >0 Vi €A,

where
A={pe@:{(v,u) >0 Yw eV, v>0a.e. in N}.
Existence of a unique solution (u,\) € V x A to the mixed problem (2.6) and
equivalence between formulations (2.2) and (2.6) has been proven, e.g., in Haslinger,
Hlavécek, and Necas [27].
Let U =V x @ and define the bilinear form B : U x U — R and the linear form
L : U — R through

B(w,& v, p) = (Vw, Vo) — (v, &) — (w, 1),
L(v, 1) = (f,v) — (g, 1) -

Problem (2.6) can now be written in a compact way as follows: find (u,A\) € V x A
such that

(2.7) B(u, \;v, 0 — X)) < L(v, o — A) V(v,pu) €V xA.

Our analysis is built upon the following stability condition. Note that we often
write @ 2 b (or a < b) when a > Cb (or a < Cb) for some positive constant C
independent of the finite element mesh.

THEOREM 2.1. For all (v,€) € V x Q there exists w € V such that

(2.8) B(v,&w, =€) 2 (vl + [1€]-1)?
and
(2.9) wlls < Mol + [1€]-1-
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Proof. Suppose the pair (v,£) € V x @ is given and let w = v — ¢, where ¢ € V
satisfies

(2.10) (Vq,Vz)+ (q,2) = (2,§) VzeV.
Choosing the test function z = g gives

(2.11) (0,€) = (Va,Vq) + (¢,9) = llqlF,
and hence we obtain

(2.12) ol = &2 < qup £ _ ey

lalls ~ zev Izl

The norm of ¢ can be bounded from above using (2.10) and the Cauchy—Schwarz
inequality as follows:

Z, Vq,Vz)+(q,2
(2.13) ey = sup 228 — oy VOV F(@2) 0
e P PR R P

This implies that ||g||1 = ||¢]|=1. Using now the results (2.12) and (2.13) and Poincaré’s
and Cauchy—Schwarz inequalities, we conclude that

B(v,&w, =£) = (Vv, Vw) + (v —w,§)
= (Vuv, Vo) — (Vv,Vq) + {g,)
> [Voll§ = IVollolIVallo + llal?
2 (ol + [1€]1-1)*-
Finally, from the triangle inequality it follows that
lwlly = [l —glls < llvllx + llglls = llvllr + €] -1- O

We will consider finite element spaces based on a conforming shape-regular trian-
gulation Cjp, of 2, which we henceforth assume to be polygonal. By &, we denote the
interior edges of 2. The finite element subspaces are

Ve CV, QnCQ.
Moreover, we define
Ap ={pn € Qp: up, > 01in Q} C A.

Remark 2.2. When Q) are piecewise polynomials of degree two or higher, the
condition up > 0 becomes difficult to satisfy in practice. In that case, one option
would be to implement this condition in discrete points, as is done in [3]. We do
not pursue this path, however, since it would lead to a nonconforming method with
Ap ¢ A and require a separate analysis.

We first consider methods corresponding to the continuous problem (2.7).

3. Mixed methods. The mixed finite element method for problem (2.7) reads
as follows.

THE MIXED METHOD. Find (up,Ap) € Vi, x Ay such that

(3.1) B(wn, An;vny iy — An) < LU, o — An)  Y(on, ptn) € Vi X Ap.

For this class of methods, the finite element spaces have to satisfy the “Babuska—
Brezzi” condition

(3.2) sup (vn En)
onevi, llvnll

2 énll=1 Vén € Qn.
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The Babuska—Brezzi condition implies the following discrete stability estimate.

THEOREM 3.1. If condition (3.2) is valid, then for all (vp,&n) € Vi X Qp, there
exists wy, € Vy,, such that

(3.3) B(on, s wn, —) Z (lonlly + 1€0]1-1)°
and
(3.4) lwnlls S ol + 1énll 1.

Proof. Let wy, = v, — qpn, where g, € V}, is such that
(Van, Vzn) + (an, zn) = (z2n,&n)  Vzn € V.
By condition (3.2) and the Cauchy—Schwarz inequality we have

Van, V
l€nll=1 S sup (2n: En) = (Van, Vi) + (gn, 2n)
v [zl e, EXE

< llgnllx-

Similarly as in the proof of Theorem 2.1, we get
B(vn, Ens why —&n) = (Vop, Vwr) + (§hy qn)
= [Vonllg = (Vor, Van) + llanll?
2 Vonll§ + llanll?
2 (lonlls + l€nl-1)*
Finally,
lwnlls = llon = anlls < llonlls + llanlly < llvalls + [€all-1- 0

We will use the technique of bubble functions to define a family of stable finite
element pairs. With by € P3(K) N H(K) we denote the bubble function scaled to
have a maximum value of one and define

(3.5) By (K)={z€ H}(K): z = bgw, w € P_y(K)},

where ]SZ,Q(K ) denotes the space of homogeneous polynomials of degree [ — 2. Let
k > 1 be the degree of the finite element spaces defined by

(3.6) Ve — {vn € Vi vp|x € PL(K) @ Bs3(K) VK € Cp} for k=1,
' "\ {on €V vnlk € Po(K) @ Bpyr (K) VK €Cp} for k > 2,

and let

(3.7) Qn = {{5h€Q5§th€Po(K) VK € Cp} for k=1,

{fhEQifhh(EPk_g(K) VKEC}L} for k > 2.

Note that the approximation orders of the finite element spaces are balanced, i.e.,
3.8 inf |lu— =O(h*) and inf ||]A—&l-1 = O(RF

(3.8) oif |lu—wvals = O(%) and " inf A =&ul-1 = O(RT),

when v € H¥T1(Q) and A € H*1(Q).
We will use the following discrete negative norm in proving the stability condition:

(3.9) €121 = D hilI€nlS 5 Vén € Qn-
KeCp

Analogously to the Stokes problem [42], we will need the following auxiliary result.
Note that the result holds independently of the choice of the finite element spaces.
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LEMMA 3.2. There exist positive constants Cy and Cy such that

(v, &n)

(3.10)
v €V ”UhHl

> Crllénll=1 = Callénll-1,n  Vén € Qn-

Proof. The continous stability (Theorem 2.1) implies that there exists w € H}(Q)
and C > 0 such that

(3.11) (w,&n) = Cllwll1[|€nll-1

for all &, € Qp,. Let w € V}, be the Clément interpolant [17] of w. Since &, € L?(Q) the
duality pairing equals to the L2-inner product. Then (3.11) and the Cauchy-Schwarz
inequality give

<{Ev £h> = <’I:l7 - w7£h> + <w7£h>
> (w =)k + Cllwll1[|€nll -1

Kecy,
>— > |lw—@loxlénllo,x + Cllwll[I€n] -1
KecCy,
=— > it lw = @lloxhrl&nllo.x + Cllwllénl -1
KecCy,
1
2
(3.12) > — ( D> hilllw - @|(2J,K> 1€nll-1,n + Cllwll1|Enll -1
KecCy,

From the properties of the Clément interpolant, we have

2
(Z hﬁnw@naK) < C'lwlx and @]y < "],

Kecy,

which together with (3.12) shows that

(@,8n) = =C'lwh[|€nll-1.n + Cllwll1[|€n]l -1
> —C'|lwll1[I&nll=1,n + Cllwll11énll-1
> C"(Cllnll-1 = Clignll—1m)ll@]l1

Dividing by ||w||; provides the claim. O
Using this result one proves the following.
LEMMA 3.3. If we have stability in the discrete norm, i.e.,

(wn, &n)

(3.13)
wp EVY, HwhHl

2 nll-1,n V€n € Qn,

then the BabuSka—Brezzi condition (3.2) holds.
Proof. Suppose (3.13) holds. Then by Lemma 3.2, for ¢ > 0 we have

sup <wh7£h> —¢ sup <wha§h> +(1—t) sup <wha€h>
wneVi |[Whll1 wneVi |[wnll1 wneVi |[whll1

> t(C1llénll-1 — Callénll-1.n) + (1 = )C3||€nl-1.n
=tC1||énl|-1 + (C5 — Cst — Cat)||En | -1.n-

(3.14)
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Thus, if we choose t = %Cg(CQ + C3)71, the second term on the right-hand side of
(3.14) is positive and hence

(wn, &) C1C5
su > _ V&, € .
S0 ol 220G 1 Gy el Ve € Qn 0

The advantage in using the intermediate step in proving the stability in the mesh-
dependent norm is that the discrete negative norm can be computed elementwise in
contrast to the continuous norm which is global.

LEMMA 3.4. The finite element spaces (3.6) and (3.7) satisfy the Babuska—Brezzi
condition (3.2).

Proof. We begin by showing stability in the discrete norm ||-||_1,, and then apply
Lemma 3.3 to get the stability in the continuous norm. Given £, € @, we can define
wy, € Vi, by

(3.15) wn|k = brchickn k-
Then we estimate
(3.16) (wn,&n) = Y (wn &) = Y / bich%c&h dz 2 [|€nl|% 1 p-
Kecy, KeCp

Moreover, using the inverse inequality and the definition (3.15) we get
(3.17) lwnl? S Y lllwnls e S D hiclénlld i = l16nl® -

KeCy KeCy
Combining estimates (3.16) and (3.17) proves stability in the discrete norm. Finally,
we apply Lemma 3.3 to conclude the result. 0

LEMMA 3.5. The following inverse estimate holds:
[€nll—1.n S €ll—1 VEn € Q.

Proof. In the preceeding lemma, we showed that

w b
sup {wn, &) 2 Nénll=1,n Vén € Qn.
[[wh |1

wp E€Vh

The assertion thus follows from the fact that
[(wn, En) S llwnll1lI€nll-1- u|

Remark 3.6. Note that the above inverse inequality is valid in an arbitrary piece-
wise polynomial finite element space Ay, since one can always use the bubble function
technique to construct a space V}, in which the discrete stability inequality is valid.

The a priori error estimate now follows from the discrete stability estimate of
Theorem 3.4.

THEOREM 3.7. The following error estimate holds:
e —unlly + A = Anll-r 5 inf lu—wnfl + inf <||)\ = pinll—1 + v/ (u = g,uh>) ~

Proof. Let (vp, up) € Vi, X Ay, be arbltrary. In view of the stability estimate, there
exists wy € V}, such that

(3.18) lwalle S llun — valls + [An — gl -1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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and

(3.19) (lun = valls + 1A = pall=1)* S B (un = va, An = s wn, pin = An) -
Given the discrete problem statement and the bilinearity of B, by adding and sub-
tracting B(u, A; wy, pup, — Ar), we obtain
B(un — vn, An — s Wh fth — An)
= B(un, Aw; wh, ptn, — An) — B(vn, pin; Why pin — An)
(3.20) < B(u —vn, A = pin; Wy i — An) + L(Wh, i — An) — B(u, A\;wh, i — An)
= B(u — v, A = pni wh, o, — M) + (U — g, o — An)
< B(u — vy A — pns Wiy i — An) + (u — g, i — A)
where in the last two lines we have used the continuous problem, i.e.,
0< <uig7>‘h7/\>'
The continuity of the bilinear form B and the bound (3.18) imply
B(u — vn, A — pn; Wy i — An)
S (llw = vnlly + 11X = pall=1) (lun = onlls + A = pnll-1)-
Combining the estimates (3.19), (3.20), and (3.21) gives

(3.21)

(lun = onlls + A0 = pall-1)?
S (e =onlly + A = pall ) (lun = onlls + A = pall 1) + (w = g, 10 = A).

Applying Young’s inequality to the first term on the right-hand side and completing
the square gives

llun = wvnlly + [|An = pall-1 S llw = vnlls + A = pall-1 + V (w =g, 0 = A).
Since (u — g, \) = 0, the triangle inequality yields
lu = unlls + A = Anll-1 < lluw—vnlls + [lun —vnlls + [IA = prll-1 + A0 = prll -

< inf |ju— 'f</\— S+ lu—g, ).u
Nw}thHu ”hHlJ’uiEAh A= pnll -1+ V{u—g,pn)

Remark 3.8. This error estimate is known in the literature; cf. [26, Theorem 5,
Remark 3] and [27, Lemma 4.3, Remark 4.9]. However, we perform the analysis more
in the spirit of Babuska [1, 2] than that of Brezzi [9], which seems to be the common
approach.

Next we derive the a posteriori estimate. We define the local error estimators ng
and ng by

nk = Wi | Aup + An + fH(%,K»
ng = he IVuy, - nK|§ -
Further, we define
=Y+ Y
KeCy Jorr
Sm = [1(g — un)+[l1 + V{(g — un)+, An),

where w4 = max{w, 0} denotes the positive part of w.
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THEOREM 3.9. The following a posteriori estimate holds:
= unlly + [[]A = Anll-1 S 7 4 Sim-

Proof. By the stability of the continuous problem (Theorem 2.1), there exists
w € V such that

(3.22) wlli S llw—unlls + [[A = Anfl-1
and
2
(3.23) (Hu — uh||1 + ||>\ — /\hllfl) S B(u —Up, A — A w, Ap — )\).

Let w € V}, be the Clément interpolant of w. The problem statement gives
0 < —B(up, An; —w,0) + L(—w, 0).
It follows that
(Il = unll + 1A = Al 1)
< B(u A w, Ap — A) — B(up, Ap;w, Ap, — N)
B(u, Ay w, Ap, — A) — B(up, Ap; w, Ay — A) — B(up, Ap; —w,0) + L(—w, 0)
L(w, A, = A) = B(up, Ap;w — @, A, — A) + L(—w,0)
('LU w )\hf/\)fB(uh,Ah;’Ll}*ilj,)\h*/\).

Opening up the right-hand side and combining terms results in

(lw = wnll + A = Anll-1)*
S (frw—=w) = (g, An = A) = (Vun, V(w — w)) + (w — w, An) + (un, An — A)

= (Aup+ A+ fiw =)k — Y (WVup-nKw— @) + (un — g, An — A).
Kecy, Eecé&y

The first two terms are estimated as usual; recall that the Clément interpolant satisfies

1
2
(z ho— e+ 3 h;ww—maE) < Julh.

KeCy, Ecé&p

The last term is bounded as follows:

(un =g, A\n —A) = (g — un, A)
< (g —un)t, )
= ((g = un)4s A = An) + ((g — un)+, An)
< I(g = un)+ I [IA = Anll=1 + {(g — wn)+, An). o

To derive lower bounds, let f, € Q5 be the L2-projection of f and define

(3.24) osci (f) = bkl f = fullo,
(3.25) ose(f)? = Y oscx(f)?
KeCp,
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To be able to estimate (w, u) when w € H}(U), with U C Q, we extend w by zero
into @\ U and for u € A then define

U?
(3.26) lilory = sup 2H
vEH(U) [vll1,0

We let w(E) be the union of the two elements sharing F.
LeEmMA 3.10. For all vy, € Vi, and pup, € Qp, it holds that

(3.27)  hil|Avy + pn + fllo.x S llu—vnll1x + [|A = pnll 1,5 + oscx (f),

(3.28) ( Z hic|| Aoy + pn + f

KeCy,

(3.29) A} |9V, - K

2
3,K> S llw = onlls + A = pall -1 + ose(f),

lo,e S llu—vnlliwe) + 1N = pall-1,0E) + Z osci (f),
KCw(E)

(3.30) ( Y helIVe, 'nK”g,E> Sl =onlls + A = pall -1 + ose(f).
Eeé&y,
Proof. Using the bubble function bx € P3(K)N H}(K), we define yx by
Vi = hibr (Avy +pp + fn) in K and v =0 in Q\ K.
Testing with vx in (2.6); yields

(3.31) (Vu, Vyg)k — (v, A) = (f, 76 )k -

Using this and the norm equivalence in polynomial spaces, we obtain

Pl Avk + pn + frll§ x

S B3|V ok (Avy, + pn + Ti)llg &
(3.32) = (Avp + pp + fro VKK
= (Avp + pn, Y6 ) i + (F, 7))k + (frn = f76) K
= (Avy + pn vk + (Vu, Vg )k — (v, A + (fn = f, 96 ) K
= (V(u—),Vyr)k + (Vs o — A) + (fn — fo76) -

The right-hand side above can be estimated as follows:

(V(u—v1), Vyr)k + (Y, i — A) + (fn — i) K
< IV (u=vp)llo,x VYK llo,ic + lan = Ml=1,x Vi1, + osere (f)Rg vk

0,K-

By inverse inequalities, we have

Ik 13 & S R vells &
(3.33) = hi |Ibr (Avn + pn + fo)ll§ &
< Wil Avn + pn + flld -

Combining (3.32)—(3.33) gives the first estimate (3.27).
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To prove (3.28), we write v = > e, 7k and sum the inequality (3.32) over all
elements. This yields

> bl Avh + pn -+ fulld s
KeCy

S Z {(V(u—vn), VYK )k + (Yics o — A) + (fn — [, 76k }
KeCy

(3.34)
= (V(u - ’Uh)7v’}/) + <77/’Lh - )‘> + (fh - f:FY)

1
2
< lw = onllalivll 4 flen = Ml=1llvll + ose(f) ( > h;flIWII%,x) :

KeCy,

Summing estimates (3.33) over K € Cp, leads to (3.28).

Next, let bg be the bubble on E, and denote wg = bpX g(JVvy, - nK), where Xg
is the standard extension operator onto H}(w(E)); cf. Braess [7]. By scaling and
Poincaré’s inequality we have
gas) Ve Klos  IVERIVoL - nllop & b wp o)

‘ 1/2 1/2
~ hy IVwg|lowE) = hy/ lweweE)-

Using this, Green’s formula, and the variational formulation (2.6) yields
13V o, - nK|[§ 5
S H AV bEJVvh . nK||g7E = (JVvh . 'I’LK7 wE)E
(336) = (A’Uh, wE)w(E) + (vvha V’wE‘)w(E)
= (Avp, wg)wr) + (V(ve —u), Vwg),g) + (Vu, Vog) o)
= (Avp, wE)wE) + (V(vn —u), Vug) ) + (f,we)we) + (N wE)
= (Avp + pn + fywe)wr) + (V(vn —u), Vog)ug) + (A — th, we).
Hence, it holds that
3V on - 1K|[§ 5 S Aok + pn + Fllowm lwellowe
(3.37) + IV(u = vp)llo,wm) [Vwellow)
+ A = pnll-10m) lwEe

|1,w(E)7
and (3.35) gives

hy 3% - K05 < hil|Avk + pn + llowe) + 1IV(u —vn)llowe)

(3.38)
+ A = pnll =10

and (3.29) follows from the already proved estimate (3.27).
In order to prove (3.30), we use (3.36) to obtain

> hellIVor KIS 5 $ D he(Avy + i+ f,wE)w)

Eecé&y, Ee&y
(3.39) + Y hp(V(on —u), Vwg)ue)
Ecé&y
+ Z hE<>\ —uh,wE>.
Ecé&y
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Since each E € &, contains two elements of Cp,, we get from (3.35)

Z hE(Avh + Hh + fv wE)w(E)
Ecgy,

1 1
2 2
(3.40) < ( > BRI Avy + pn + f(Q),w(E)> ( > h%'”wE"g,w(E))

Eecé&y Eeé&y

[N

(Z hE||JVvh-nK||§7E> ,

Ee&y,

S ( > bl Av + pn + f|(2J,K>

KeCy,

Z he(V(u —vn), Vwg)u(e),

Ecé&y

1 1

2 2
(3.41) < (Z [V (u— vh)”%,w(E)) (Z ||vwE||i(E)>

Eec&y, Ee€é&y,
1
3
SV (= wn)llo (Z hplIVop - nKII%,;;) :
Eegy,
and
> hp(we, A — ) = < > haE,)\—Nh>
Ecé&), Ee&y

(3.42) SIA=pl1 || Y hews

Eeé&y 1

S A= pnll— ( > helIve, 'an,E> :

Ecé&y

The asserted estimate now follows by combining (3.39)—(3.42) and (3.28). |
Choosing vy, = up and pp = Ap above, we obtain the local lower bounds
(3.43) nk S llu—unllix + 1A = Anll-1,x + osck (f),
(3.44) ne Sllu—unliwm + Y. (1A= Anll-1.x + osex (f))
KCw(E)

and the global bound
(3.45) 1S llu—unlly + |A = Anfl -1 4 ose(f).

Remark 3.11. These estimates have appeared in the literature; cf. [3, 6, 13]. For
completeness, we have given a proof based on our approach.

Remark 3.12. In proving Lemma 3.10, we never used the fact that (up, \) solves
the mixed problem. The estimates thus hold also for the stabilized methods that will
be presented in the next section. In fact, they turn out to be crucial for the a priori
error analysis of these methods.

4. Stabilized methods. From the Stokes problem, it is known that the tech-
nique of using stabilizing bubble degrees of freedom can be avoided by so-called
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residual-based stabilizing [32, 20]. Below we will show that this approach applies
also to the present problem. The resulting formulation, stability, and error estimates
are valid for any finite element pair (V4, Ap).

Let us start by introducing the bilinear and linear forms Sy, and Fy, by

wf,v,u Z h2 Aw—é'?_Av_ILL)K

KeCy,

p) =Y hi(f,—Av—pk,

KeCy,
and then define the forms B, and £; through
Bh('lU, 57 v, :u‘) = B(w7 57 v, :u‘) - OéSh(U), §7 v, :u’)v
L (v, 1) = L(v, p) — a Fp(v, p),

where o > 0 is a stabilization parameter.
Note that with the assumption f € L?(Q) it holds that Au + X € L*(Q), even if
Au & L*(Q2) and A € L?(€2). Hence it holds that

(4.1) Sn(t, A; vy pin) = Fr(vn, in) - ¥(vn, pin) € Vi X Ap.

This motivates the following stabilized finite element method.

THE STABILIZED METHOD. Find (up,Ap) € Vi, X Ap, such that
(4.2) Bh(wn, An; vy i — An) < La(Vns ptn — An) - V(0n, pn) € Vi X Ap.

In our analysis, we need an inverse inequality, which we write as follows: there
exists a positive constant C; such that

(4.3) Cr Y Wil Avall§ x < IVunll§ Von € Vi
KecCy

The following stability condition holds.

THEOREM 4.1. Suppose that 0 < o < Cy. It then holds that for all (vp,&) €
Vi X Qp, there exists wy, € Vi, such that

(4.4) B (vns n; wny —€n) 2 (Jonlly + [1€nll-1)
and
(4.5) lwnlli S sl + 1€l -1-

Proof. Let (vp, &) € Vi X Qp be arbitrary. With the assumption 0 < o < C7,
the inverse estimate (4.3) gives

Bi(vh, §ni vn, —En) = IVonll§ — @ Y hicllAvall§ s + allénll® 1 s
KeCy

(6%
Z (1 — F) ||vvh||(2) + a||£hH2—l,h
I
> Cs(IVunllg + l1€nl1% 1.0)
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which guarantees stability with respect to the mesh-dependent norm for functions in
Ap. To prove stability in the H'-norm, we let ¢ be the function for which the
supremum in Lemma 3.2 is obtained, viz.,

(qn,&n)
llqn 1

By homogeneity we can assign the equality

(4.7) lanlls = 1€l -1-

Using the above relations, estimate (4.3), and the Young’s inequality, with ¢ > 0,
gives

Bi(vn, &n5 n,0) = (Vou, Van) + (qn, ) — a0 Y hic(Avp + &, Agn)
KeCy

> —[|VunllolVanllo + Cill€nll? 1 — Call€nll=1.nll€n]1 -1

—a ( 5 h%(nmhnal() (z h%(mqhnaf() —angun,h( 5 h%(mqhna]()z

KeCy, KeCy, Kecy,

(4.6) > Cillénll-1 = Callénll-1,n-

@] (87
> (14— ) [VurllolIVanllo+C 2.-C _ i —— 1allv
> ( 0,)” ol Vanlo+Callnl?~Callnl 116011~ —=16 |-1.l Vano

[e%

o
> (1+— _ 2 _ - _ _
> <+CI>||Vvh|o||§h| 1+HC 121 =ColEn =1 nl1ER ]l -1 mllfhl\ Lallénll—1

£ o 1 « a
1+ —= 2 _ - 14— 2 Bt 2
<01 5 ( -‘rC,I-‘rCQ—FOé)) l€nll? = (( +C[> |V on||2+ (02+Cz> |§h||—1,h)
> Call&nll?1 — Cs (IIVonllg + €117 1) -

where € has been chosen small enough. Hence

(4.8)  Bi(vn, &ns o + 0gn, —&n) > 8C4|En]|2, + (C3 = 6Cs) (I[Vonlls + [I1€a 121 1)
and the assertion follows by choosing 0 < § < C3/Cs. O

Y

Next, we derive the a priori estimate. We follow our analysis for the Stokes
problem (see [44]) and use a technique introduced by Gudi [24]. The key ingredient
is a tool from the a posteriori error analysis, namely, the estimate (3.28) of Lemma
3.10.

THEOREM 4.2. The following a priori estimate holds:

lu—unli+IA=Anll -1 S inf fu—vplli+ inf (A= pnll =1+ (u = g, un) ) +osc(f).
Vh h 20

h

Proof. Theorem 4.1 implies that there exists wy € V}, such that

lwalle S llun —valls + [An — gl -1

and
(lun = vl + 1An = pull=1)* S Bu(un = va, An — pn; Why pon — An)-
We then estimate, similarly to the bound (3.20) of Theorem 3.7,

Br(un — vh, An — fh; Why ftn — An)
= Br(un, An; Why ih — An) — Br(Vn, bh; Wh, e — AR)
< B(u = vn, A = i Wy i — An) + L(Why i — An) — B(u, Ay wh, i — An)
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—a > hi(=Aw—vn) = (A= pa), —Awy — (n — An))

KeCy,
< B(u — vy A — pns Wiy i — An) + (U — g, i — An)
+a > Wil Aoy + pn + fllox | Aws + pn = Ao

Kecy,

The first two terms are as in Theorem 3.7. The last term is estimated using the
triangle and Cauchy—Schwarz inequalities, Lemma 3.10, and the inverse inequality of
Lemma 3.5:

D il

Kecy

Anllo,x

2

(Z h Avh+ﬂh+f||0K>

Kecy,

hic || Awn 13 K>

Kecy,

N

(Z hicl| Avn + pn + £1I5 K> ( %<||Nh_)\h|(2)¢K>
Kecy,

Kecy,

S ([l =wnlls + A = pall—1 + ose(f)) ([[Vwnllo + l[en = Anll-1,n)
S (lw=wnlls + A = pnll—1 + ose(f)) (IVwallo + [[n — Anll-1)- 0
For the a posteriori estimate we define
(4.9) Ss = ll(g = un)+ll1 + v/ ((un = 9)+, An)-

THEOREM 4.3. The following a posteriori estimate holds:
lu—unlly + A = Anll-1 S+ Ss.

Proof. By the continuous stability there exists w € V with the properties

(4.10) [wlli < llu—unlls + A = Anfl-1
and
(4.11) ([ = unlly + 1A = Aull=1)* S Bl — un, A — Answ, A — A).

Using the problem statement we have
0 S _Bh<uha )‘ha _w7 0) + ‘Ch(_ﬂj7 0)7
where w is the Clément interpolant of w. It follows that

(Iw = wnlly + 12 = Ml —1)?
< B(u, \;w, Ay — A) — B(up, Ap;w, A, — N)
S L(w, Ay — A) = B(up, Ap; w, Ap — ) — Br(up, Ap; —w0,0) + Ly (—w, 0)
S Lw —w, A — A) — Bup, Ap, w — W, Ay, — A)

(4.12) ta Y i (—Aup — Ay — f,AD) K
Kecy,
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The first two terms are estimated similarly as in the proof of Theorem 3.9 with the
exception of the term (up — g, A, — A). For the stabilized method, (un, — g, A\n) # 0,
and therefore

(9 —un)+,sA) — (g — un, An)
(9 —un)gs A= An) + ((un — 9)+, An)
< |[(g = un)+ 1 [IA = Anll—1 + ((un — g)+, An)-

The last term in (4.12) is bounded using the Cauchy—Schwarz inequality and inverse
estimate as

%
D Bi(=Aup = A — £, AD)k (Z h2 ||Auh+>\h+fo> V@]
KeCp KeC,

and by the properties of the Clément interpolant we have that |V@|p < ||w]1. 0

Note that we have not explicitly defined the finite element spaces, and hence the
method is stable and the estimate holds for all choices of finite element pairs. The
optimal choice is dictated by the approximation properties and is

(4.13) VhZ{UhEVZUh‘KGPk(K) VKECh}

and

(414) o :{{ghengh|Kepo(K) VK €Cy)  fork =1,

{fheQigﬂKEP]@,Q(K) VKECh} for k > 2.

Remark 4.4. For the lowest order mixed method, i.e., for the method (3.1) with
k =11n (3.6) and (3.7), a local elimination of the bubble degrees of freedom gives
the stabilized formulation with & = 1, for which we have

Sn(w,&v,pm) = Y (& )k and F(v,p)=— > hk(f.n)

KeCy, KeCp

This is in complete analogy with the relationship between the MINI and the Brezzi—
Pitkdranta methods for the Stokes equations; cf. [12, 38]. Note also that no upper
bound needs to be imposed on « in this case.

5. Iterative solution algorithms. The contact area, i.e., the subset of €2 where
the solution satisfies u = g, is unknown and must be solved as a part of the solution
process. Let us first consider the mixed method (3.1). The weak form corresponding
to problem (3.1) reads as follows: find (up, Ap) € Vi, x Aj such that
(5.1) (Vun, Vop) = (An,vn) = (f,on)  VYon € Vy,

(un — g, pn — An) 2 0 Yiup, € Ap.

Testing the inequality (5.2) with pp = 0 and pj, = 2A;, leads to the system

(Vun, Vor) = (An,vn) = (f,on)  Yon € Vi,
(un —g,pn) >0 Vpn € Ap,
(un —g,An) = 0.
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We consider the case of low order elements with 1 < k <3 and let §;, j € {1,..., M},

be the Lagrange (nodal) basis for Q. When writing p, = Zfil w;&;, we then have
the characterization

M
(5.3) Ap = pn= & |u >0
j=1

By letting ¢;, j € {1,..., N}, be the basis for V},, and writing uj, = Z;vzl ujpj, we
arrive at the finite dimensional complementarity problem

(5.4) Au—BTA=Tf,

(5.5) Bu > g,

(5.6) A'(Bu —g) =0,

(5.7) A>0,

where
A eRVN(A); = (Vei, Veg;), B eRY™N (B = (&,¢)),
feRY, (f)i = (f,04), g €RY, (9)i =(9,%),
u e RY, (w); = u, A eRM A)i =\

Remark 5.1. For higher order methods with k£ > 3 and a nodal basis the inequal-
ities A, > 0 and A > 0 are not equivalent and another solution strategy is required if
one wants the solution space to span all positive piecewise polynomials.

Following, e.g., Ulbrich [45] the three constraints (5.5)—(5.7) can be written as a
single nonlinear equation to get

Au— BT =7,

(5:8) A —max{0,A+c¢(g— Bu)} =0

with any ¢ > 0. Application of the semismooth Newton method to the system (5.8)
leads to Algorithm 1 [29]. In the algorithm definition we use a notation similar to
Golub and Van Loan [23], where, given a matrix C and a row position vector %, we
denote by C(%,:) the submatrix formed by the rows of C marked by the index vector
4. Similarly, b(¢) consists of the components of vector b whose indices appear in
vector 4. Note that the linear system to be solved at each iteration step (step 8) has
the saddle point structure. For this class of problems there exist numerous efficient
solution methods; cf. Benzi, Golub, and Liesen. [5].

Let us next consider the stabilized method (4.2). The respective discrete weak
formulation is to find (up, Ap) € Vi X Ap such that

(Vuh, V’Uh) — ()\h, vh) — Z h%((Auh—i—)\h, A’Uh)[{ = (f, Uh) + « Z h%((f, A’Uh)K,
KecCy, KeCp

(un—g, tn—=An) + @ Y BE(Aup+ A+ f, ph—=An)ic >0
KeCy,

hold for every (vp, pup) € Vi, X Ap.
Through similar steps as in the mixed case we arrive at the algebraic system

(5.9) A,u—BIX=f,,
(5.10) B,u+ C )\ > g,
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Algorithm 1. Primal-dual active set method for the mixed problem.

1: k= 0; A0=0

2: Solve Au’ = f

3: while k < 1 or |A* — A¥=1|| > TOL do
4: s¥ = A¥ +¢(g — BuF)

5: Let 3% consist of the indices of the nonpositive elements of s*
6: Let a* consist of the indices of the positive elements of s*
T )\k+1(ik) =0
8: Solve
A —B(ak, )T ukt+1 f
~B(a") 0 } {Ak“(a’f)} - [—g(ak)}
9: k=k+1

10: end while

(5.11) A'(Bau+ CoX —ga) =0,
(5.12) A >0,
where

Ay eRVN D (AL)i; = (Vi Vi) — > hic(Api, Ap))k,

KeCy,
Ba € RMXN, (Ba)ij = (fu%) + CYZ h%((gl,A@])K7
KeCp,
Co €RMM (Co)ij =) hic(&,&)k,
KecCy
fOcERNv (.fa)i :(f7(pz)+az h%((faA¢Z)K7
KecCy
[ S RIVIa (ga)i = (gvé-z) - Oéz h%((.ﬁ gl)K

Kecy,

The system corresponding to (5.8) reads
Aju—BIX=f,,

5.13
( ) A —max{0, A + ¢(go — Bau — CoA)} =0,

which leads to Algorithm 2. Note that the inversion of the matrix C, is performed on
each element separately and that the equation to be solved in step 6 is symmetric and
positive-definite. It has a condition number of O(h~2) and hence standard iterative
solvers can be used.

6. Nitsche and penalty methods. Consider the stabilized method and recall
that the stability and error estimates hold for any finite element subspace Ay for the
reaction force. Let 2}, denote the contact region and assume, for the time being, that
its boundary lies on the interelement edges. We will derive the Nitsche’s formulation
by the following line of argument.

Noting that the functions of Aj are discontinuous, we may eliminate the variable
Ap, locally on each element. Testing with (0, pp) in the stabilized problem (4.2) gives

(hy tn = An) + 0> W5 (Aun+ X, ptn = An) K > (9, n =) =Y hie(f, pin—An) ke
Kecy, KeCp

for every up € Aj. Since the contact area O, is assumed to be known, this reads

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/19/19 to 130.233.216.233. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

2736 TOM GUSTAFSSON, ROLF STENBERG, AND JUHA VIDEMAN

Algorithm 2. Primal-dual active set method for the stabilized problem.

1: k=0
2: Solve A u’ = f,
32 A = C;1(go — BouY)
4: while k < 1 or ||A¥ — X*=1|| > TOL do
5: Let a* consist of the indices of the positive elements of A*
6: Solve
(Aa + B, (a",))TC,(a*, a*) 1 B, (a", )) uftt
= fa + Ba<ak7 :)Tca(ak7 ak>_1ga(ak)
7. A =max{0,C; (g, — Bou*!)}

8: k=k+1
9: end while

(s pon) + @ > We(Aup + Ny pn) ik = (9, p1n) — @ Y hc(fs pin)
KCQ§ Ky

giving locally
(6.1) /\th = (ah%)_l(ﬂhg — Hhuh)|K - th|K — HhAuh\K VK C Qz,

where I, is the L2-projection onto Aj. Testing with (vs,0) in (4.2) and substituting
(6.1) into the resulting equation gives the following problem: find uj € V}, such that

(Vun, Vor) + > (Mpun, ThAvp) g + > (MpAup, Thon)

KCQf, KCQf,
o™ (Myun, Myvp) ke + Y B (I = Ty) Aup, (I = T) Avy )
KCQf, KCQf,
— Z h%(Auh,Avh)K
KCO\Qg
= (f,on)anas + (I =) fron)as +a Y hi((I =) f, Avp) i
KCQf,
+ > (Mg, MpAv) g + o7 > b (g, o)k
KCQf, KCQf,
+a Z h%((f7 AU}L)K
KCO\Q¢

for every vy, € Vj,.
Now we are free to choose

n=1{n € Q: &l € Pu(K) VK € Cp}.
Then the formulation simplifies to the following: find u; € V}, such that

(Vun, Vor) + > (un, Ava)k + Y (Bup,on) i+~ Y hiP (un, vn) ke

KCQf, KCQy5, KcCQf,
-« Z h3-(Aup, Avy) i
KCQ\Qs
= (frondaves + DO (@:Au)k +a ' Y hillgv)k +a Y B(f, Avn)k
Ko Ko KCO\9;
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holds for every vy, € Vj,. Note that the only thing that now remains of the discrete
Lagrange multiplier is the rule to determine the contact region, i.e., the elements K
for which formula (6.1) yields a positive value for Ay.

This motivates the formulation of Nitsche’s method in the general case where the
contact region is arbitrary. Given v, € V;, and the local mesh lengths hy, we define
the L2(Q) functions 4 and Apvy, by

(6.2) hlk = hk and Apvp|r = Avp|k, K € Cy,
respectively. The discrete contact force is then defined as
(6.3) An(z,y) = max{0, ((aﬁQ)_l(g —up)— f— Ahuh)(x,y) }
and the contact region is
(6.4) h="1{(z,y) € 2 An(z,y) >0}.

THE NITSCHE’S METHOD. Find up € Vj, and Qf, = Qf (up) such that

(Vun, Vo) + (un, Apvn)as + (Anpun,vp)as + o (A *up, vn)og
— a(ﬁ2Ahuh, Ah'Uh)Q\Q’CL

= (f,on)anas + (9, Anvn)ag +a~ (A2g,vn)a: + (A f, Apvn)avas

holds for every vy, € Vj,.

The iteration in Algorithm 2 corresponds now to solving the problem by updating
the contact force through

(6.5) X () = max{0, (af?) " (g — uf) — f — Apuf)(2,9) }
and computing the contact area from
(6.6) Vs w1 = {(@,9) € QN (z,y) > 01,
with the stopping criterion
(6.7) 1A = A5 Hl—1n < TOL.
For the lowest order method, with
(68) Vh:{thV:vh|K€P1(K) VKECh},
the Nitsche’s method reduces to
(6.9) (Vun, Vo) + o~ (A 2un, vn)ag = (fron)anas + o (A72g,vn)ag,

which (except for (f, ’Uh)Q\QZ instead of (f,vp)q) is the standard penalty formulation;
cf. Scholz [40].

Note that the a posteriori estimate of Theorem 4.3 still holds when the reaction
force is computed from (6.3).

Our conclusion is that the stabilized method can be implemented in a straightfor-
ward way using the above Nitsche’s formulation. In practice, one can replace f and
g in (6.5) with their interpolants in Vj,.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/19/19 to 130.233.216.233. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

2738 TOM GUSTAFSSON, ROLF STENBERG, AND JUHA VIDEMAN

7. Numerical results. Let @ = {(z,y) € R? : 22 + y* < 4} and consider
problem (2.4) with

f(xvy) = _17
(7.1) VI—2 ifr < 0.9,

r) =
9(r) c17r + ¢ otherwise,

where 7 = /22 + y2 is the distance from the origin and ¢, cs are chosen such that
the obstacle is C! in the whole domain.
The radial symmetry reduces (2.4) to the ordinary differential equation
0? 10
(7.2) 677"1; + ;877: =1, a<r<2, u?2)=0, wula)=g(a), u'(a)=dg(a),
where the unknowns are the function u = u(r) and the radius a of the contact area.
Evidently A = 0 for » > a, and when 7 < a the solution (u, \) satisfies

(7.3) u=g and A=1-Ag.
Solving (7.2) leads to
r 7“2 ’ r
u(r) = (1 +alog 5) (4 - 1> +¢'(r)alog 3 and a = 0.829.

The solution w has a step discontinuity in the second derivative in radial direction.
Hence, it is globally only in H>/27¢(Q), ¢ > 0, but smooth in both the contact
subregion and its complement.

First, the prescribed problem is solved by mixed and stabilized methods using two
mesh families: one that follows the boundary of the true contact region (a conforming
family of meshes) and an arbitrary mesh (nonconforming mesh)—see Figure 1 for
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Fic. 1. The two different mesh families: the first conforming to the true contact boundary
(upper panel), and the other a general nonconforming family (lower panel).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/19/19 to 130.233.216.233. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

MIXED AND STABILIZED FEMs FOR THE OBSTACLE PROBLEM 2739

1 0.7
‘ 10 -6
S 0.6 S
g T s 5
=1 05 g
-1 ~ o, 4
2 0.4 2
3
1 0.3 1
2 2
0.2 2
1
\ 0 0.1
-1
y -1 0 0
2, z
! 11
19° 0.9
0.8
2 0.7
5 0 0.6
s 2] 0.5
2 0.4
1 . 0.3
2
0.2
0.1
0
18
7
10 6
s B
~< 0 4
2
3
3 B
1
0
112
12
10
2 10
20
EN 8 —
g s 10 8
~< 0 6 :f,
2 o4 6
‘ 2
1 4
2 1 4
2
2
2
0

F1G. 2. A comparison of analytic (top panel) and discrete (lower panels) solutions. The discrete
solution was computed using nonconforming (left panel) and conforming (right panel) meshes and
stabilized Py — Py (third row) and P1 — Py (fourth row) methods.

examples of the two different types of meshes. In Figure 2, the analytical solution is
compared against the discrete solutions obtained by the P, — Py and P; — P, stabilized
methods. Note that the P, — Py method does not (even for the conforming mesh)
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yield a reaction force converging in L2. For the displacement we only give one picture
for each mesh type since both methods give similar results.

The mesh is refined uniformly and the errors of the displacement u in the H!-
norm and of the Lagrange multiplier A in the discrete H ~'-norm are computed and
tabulated. The resulting convergence curves are visualized in Figure 3 as a function
of the mesh parameter h = maxgec, hx. The parameter p stands for the rate of
convergence O(h?). The stabilization parameters were chosen through trial and error
as a = 0.1 and a = 0.01 for the P, — Py and P; — Py stabilized methods, respectively.

The numerical example reveals that the limited regularity of the solution due
to the unknown contact boundary limits the convergence rate to O(h*/?) and that
the H!'-error of the lowest order methods is not affected by it. When comparing
the convergence rates of the Lagrange multiplier it can be seen that the lowest order
mixed method does not initially perform as well as the lowest order stabilized method.
Through local elimination of the bubble functions (cf. Remark 4.4 above) this can
be traced to a smaller effective stabilization parameter causing a larger constant in
the a priori estimate. If the stabilization parameter of the P; — Py method is further
decreased, the performance of the two methods will be identical.

It is further investigated whether the limited convergence rate due to the unknown
contact boundary can be improved by an adaptive refinement strategy. Based on the a
posteriori estimate of the stabilized method we define an elementwise error estimator
as follows:

1
Exc(un, M) = Rl Aup + A + fII5 & + §hK||JVUh KIS o

g — )2 g+ /K (un — g)< A d.

107 o/e/é/é/o ] 107 e/e/é/e/e
=107 | =107
3 3
| |
=107 - = 10"
—— P+ B;— Py, p=0.98 —O— P+ B; — Py, p=0.96
10’4 -=[- P, — P, stab., p=0.98 |] 107 -=[- P, — P, stab., p=0.96 |]
—©— D+ By — Py, p=173 —©— P+ By— Py, p=144
- % =P, — Py stab., p=1.94 - % = P, — Py stab., p=1.48
107 -2 - 0 107 -2 - 0
10 10 10 10 10 10
mesh parameter h mesh parameter h
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= <
| 2 i | 2 i
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10—3 «=[= P, — Py stab.,p=1.74|] 10-3 c=[= P, — Py stab., p =147 |]
—O— P+ B3~ Py, p=175 —O— P+ By — Py, p=147
" - % =P, — P stab., p=1.90 » - % =P, — P stab., p=1.49
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mesh parameter h mesh parameter h

FIG. 3. The convergence of the error v —up, in H'-norm (upper panel) and the error A — Ay, in
the discrete negative norm (lower panel) for the two different mesh families: conforming (left panel)
and nonconforming (right panel).
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Ex(un, An) llw = wnllg + b X = Mallox
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-1

F1G. 4. Three meshes arising from the adaptive refinement strategy. The local error estimators
(left panels) are compared to the true local error (right panels).

Refining the triangles with 90% of the total error we create an improved sequence of
meshes. See Figure 4 for examples of the resulting meshes. We repeatedly adaptively
refine the mesh and compute the solution and error of P, — Py stabilized method.
The resulting convergence rates with respect to the number of degrees of freedom are
given in Figure 5. Note that for a uniform mesh the relationship between the number
of degrees of freedom and the mesh parameter is N ~ h~2. Hence, we see that by the
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Fic. 5. The convergence of the Po — Py stabilized method with uniform and adaptive (noncon-
forming) refinements. The behavior of the error estimators n and Ss is shown separately for both

cases.

adaptivity we regain the optimal rate of convergence with respect to the degrees of

freedom for the P, — Py methods.

8. Summary. We have introduced families of bubble-enriched mixed and
residual-based stabilized finite element methods for discretizing the Lagrange mul-
tiplier formulation of the obstacle problem. We have shown that all methods yield
stable approximations and have proven the respective a priori and a posteriori error
estimates. The lowest order methods have been tested numerically against an analyt-
ical solution and were shown to lead to convergent solution strategies with optimal

convergent rates.
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