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Abstract  

This contribution presents two numerical applications of a newly developed fully coupled 

thermo-hydro-mechanical-chemical (THMC) finite element code (Thebes Code). The 

paper starts with an introduction of the adopted theoretical framework and its 

implementation followed by the description of the performed simulations. The first 

application involves the modelling of a large-scale mock-up test performed by CIEMAT 

(Madrid, Spain) which also serves as a validation benchmark. In the second application, 

the paper shows the solution of the Elder problem, which verifies the code capability to 

capture the density-driven salt transport triggered by the hydro-chemical coupling. The 

results of both simulations are in good agreement with the published data and the 

experimental measurements, serving as a further validation of the theoretical 

assumptions and verification of the correctness of the code implementation.  
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List of notation  

Roman 

ܽ Fitting parameter  ݌௢ Isotropic preconsolidation  
pressure, [M L-1 T-2] ࢈ Body force vector, [M L T-2]  

 Mean net pressure, [M L-1 T-2] ݌  Concentration in liquid phase, [M L-3] ܥ

   ௠௔௫ Maximum concentration, [M L-3]ܥ
௥௘௙݌  ௦ Concentration in solid phase, [M M-1]ܥ

௢  Reference mean pressure,  
[M L-1 T-2] ࡰ௘ Elastic stiffness matrix  

	∗௢݌ Saturated isotropic  
preconsolidation pressure  
at reference temperature, [M L-1 T-2] ܦ௔௧௠ Molecular diffusivity of water vapour 

in air, [L2 T-1] 
 

௢௜݌  ௢ Molecular diffusion coefficient, [L2 T-1]ܦ
∗ 	 Saturated isotropic  

Preconsolidation pressure at the 
beginning of loading step ݅, [M L-1 T-2] 

  ௛ Dispersion coefficient, [L2 T-1]ܦ

 ௩் Molecular diffusivity due to temperature, [Mܦ
L-1 T-1 Θିଵ] 

 

 ௩௪ Molecular diffusivity due to moisture, [M L-2ܦ
T-1] 

 
 
௢்݌
∗ 	 Saturated isotropic preconsolidation 

pressure at temperature T, [M L-1 T-2] 

	௖݌  Yield function ܨ Reference pressure in BBM, [M L-1 T-2] 

்݂ ௩ Thermal enhancement factor  
 
 ௪ Water pressure, [M L-1 T-2]݌

݁ Euler’s number or Napier’s constant  ݌௪௢ Reference water pressure,  
[M L-1 T-2] 

݃ earth gravity acceleration, [L T-2]  
 
ܳ Plastic potential function 

݃ఈ, ݃௡, ݃௠ van Genuchten curve fitting parameters  	  

Henry’s volumetric coefficient of solubility  ܳ௞ ܪ
௜  Sink/source term of component ݇,  

[M L-3 T-1] 

݄௚ Gas pressure head, [L]  ࢗ Darcy velocity, [L T-1] 

݄௪ Water pressure head, [L]  ݍ	 Deviatoric stress, [M L-1 T-2] 

௞࢐
௜  Non-advective flux of  

component ݇, [M L-2 T-1] 
  ௛ Total heat flux, [M T-3]ࢗ 

݇	 BBM parameter  ்ࢗ Conductive heat flux, [M T-3] 

	ௗܭ Distribution coefficient, [L3 M-1]  ݎ	 BBM parameter 

݅) ௟ Liquid phase hydraulic conductivity, [L T-1]  ܵ௜ Degree of saturationܭ ൌ ݈, ݃) 

௦௔௧ܭ
௟  Liquid phase saturated hydraulic 

conductivity, [L T-1] 
 
 
 Suction, [M L-1 T-2] ݏ

ܶ Absolute temperature, [Θ] 

	ሻ	Latent heat of water vaporization, [L2 T-2]  trሺ ܮ Trace operator 

 Specific volume ݒ

 ௜ Velocity of phase ݅, [L T-1]࢜  Slope of critical state line ܯ

 ,Auxiliary vector, {1,1,1,0,0,0}  ௢ܶ Reference absolute temperature ࢓
 [Θ] ݊ Porosity  

௔ܲ௧௠ Atmospheric pressure, [M L-1 T-2]  ݐ Time, [T] 
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Greek 
 ߙ Dispersivity, [L-1]  ߩ௪௢௟  Reference water density, [M L-3] 

	∗ߙ BBM non-associate plasticity coefficient   ߩ௪௙
௟ 	 Density of distilled water, [M L-3] 

,௢ߙ 	ଶߙ Elastic thermal strain parameters in BBM  ߩ௦ Solid particles density, [M L-3] 

 Thermal BBM parameter ்ߩ 

,ଵߙ 	ଷߙ Parameters control thermal effects on 
preconsolidation pressure in BBM 

 
 
 Net stress vector, [M L-1 T-2] ࣌

	఑ߙ Parameter controls ߢ value in BBM  ߪ௧ Surface tension of water, [M T-2] 

,఑௦ଵߙ  ௢௧ Reference surface tension, [M T-2]ߪ  ௦ value in BBMߢ ఑௦ଶ Parameters controlߙ

 ௦் Coefficient of volumetric thermal expansionߚ
of solid particles, Θିଵ 

 Total stress tensor, [M L-1 T-2] ࢚࢕࢚࣌ 

 ߬ Tortuosity 

 ௪௣ Coefficient of water compressibility, [M-1 Lߚ
T2] 

 ߱௞
௜  Mass fraction of component ݇  

in phase ݅ 
 
 
 

 ௡் Curve fitting parameter, [Θିଵ]ߦ

 ௪் Coefficient of volumetric thermal expansionߚ
of water, [Θିଵ] 

௪்ߦ  Curve fitting parameter, [Θିଵ] 

߰ Matric suction head, [L] 

	ߚ BBM parameter, [M-1 L T2]  ்ߛ Material constant  

	∗ߚ Factor of water salinity  Φ௛	 Soil heat capacity, [M L-1 T-2] 

Δ Increment  ߶௜ Volume fraction of phase ݅ 

  Strain vector ࢿ
	〈∙〉   ௩ Infinitesimal volumetric strainߝ Derivation with respect to time 

	߲  Isotropic swelling index ߢ Partial differentiation operator 

	௢ Reference isotropic swelling index  સߢ Gradient operator 

 સ ∙	 Divergence operator 

	௦ߢ Swelling index due to suction    

	௦௢ߢ Reference swelling index due to  
suction 

 Superscripts	 
 ݁	 elastic 

	߉ Plastic multiplier  ݃	 Gas phase 

 ݅	 Phase (݅ = ݏ - solid, ݈ - liquid, ݃ - gas) 

	ߣ Isotropic compression index at full 
saturation 

 ݈ Liquid phase 

 
 
	ݏ Solid phase 

 ௗ௥௬ Thermal conductivity of a completely dryߣ
material, [M L T-3 Θିଵ] 

	ݐ݋ݐ Total 

	ݒ  Volumetric 

 ௦ Isotropic compression index at a constantߣ
suction 

   

	௦௔௧ߣ Thermal conductivity of a fully saturated  
material, [M L T-3 Θିଵ] 

 Subscripts	  

λ் Thermal conductivity, [M L T-3 Θିଵ]  ܽ	 Dry air component 

݃	 Gas phase 

  Poisson’s ratio ߥ
 
݇	 Component (݇ ൌ ,ݓ,ܽ ,ݏ  ሻݐݏ

 Solid particles component ݌ݏ

  ,௟ Liquid phase dynamic viscosityߤ
[M L-1 T-1] 

 Salt component ݐݏ 

 ௔ Dry air density, [M L-3] ܶ Temperatureߩ

  ௜ Density of phase ݅, [M L-3]ߩ
 
 Water component ݓ

௞ߩ
௜  Density of component ݇ in phase ݅,  

[M L-3] 
Note: The units are given after the comma,  
where L, M, T and Θ mean units of length,  
mass, time and temperature, respectively. 
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1. Introduction 

Safe design of engineering barriers requires knowledge and consideration of the influencing 

processes during the expected life cycle of the facility. In the case of a final disposal site for the 

spent nuclear fuel, the bentonite used as a sealing barrier must provide sustainable protection 

to the surrounding environment from the hazardous waste effect for hundreds of thousands of 

years. It is widely recognized that an acceptable simulation of the bentonite (or any other 

geomaterial) response in such complex environmental conditions should sufficiently address the 

effects of the active processes represented by the thermo-hydro-mechanical-chemical (THMC) 

coupled behaviour. This topic has been  the focus of many research groups  (e.g. Olivella et al., 

1996; Rutqvist et al., 2001; Collin et al., 2002; Laloui et al., 2003; Seetharam et al., 2007; 

Sánchez et al., 2017; Jacinto and Ledesma, 2017; Abed and Sołowski, 2017; Ahmad, 2017; 

Toprak et al., 2018; Rodriguez-Dono et al., 2018; Villar et al., 2018).    

In this context, the authors created a new finite element code, referred to in this paper as 

Thebes Code, with the goal to simulate the fully coupled THMC behaviour of bentonite. The 

developed framework encompasses novel features that include among others: 1) a more 

accurate derivation of the dry air and the thermal energy balance equations; 2) a new 

implementation of the temperature influence on the soil water characteristic curve and 3) effects 

of microstructure evolution on the water retention features and hydraulic conductivity of the 

simulated geomaterial. For the full discussion on these new developments, implementation, 

verification and validation of the code, the reader is referred to Abed et al.(2016) and Abed and 

Sołowski (2017, 2018). Recently, the capabilities of Thebes Code has been extended to include 

simple chemical effects (Abed et al., 2018) based on the theoretical work of Warrick et al. 

(1971), Van Genuchten (1982) and Boufadel et al. (1997).  

In this contribution, the chemical part is enhanced by introducing the effect of the salt 

concentration on the water density, which affects the possible water flow patterns.  

After presenting the governing balance equations with the adopted constitutive relationships, the 

paper demonstrates the capabilities of the code and the modelling framework by solving two 

benchmarks. The first simulation aim is to replicate the measurements of the CIEMAT mock-up 

test (Martin et al., 2006). This test has been selected due to the well-defined boundary 

conditions, measured data and the good characterization of the bentonite used in the 
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experiment. This test was also modelled by other research groups (CODE-BRIGHT, 2002; 

Sánchez and Gens, 2014) providing reliable references for discussing the employed material 

parameters and the numerical results.  

The aim of the second simulation is to verify the capability of the code to model the density-

driven salt transport. This verification is done by simulating the Elder problem (Elder, 1967), a 

well-known benchmark that is routinely exploited for verification purposes (Voss and Souza, 

1987; Boufadel et al., 1999; Diersch and Kolditz, 2002; Johannsen, 2003; Simpson and 

Clement, 2003; Van Reeuwijk et al., 2009). The provided results represent up-to-date 

calculations with clearly defined boundary conditions, spatial and time discretisation schemes, 

which might be used in the future comparisons and benchmarks.   

Both benchmarks yielded very satisfactory agreement with the targeted data, which further 

verifies the implementation and validates the applicability of the adopted theoretical framework.  

2. Governing Equations and Solution Strategy 

In this section, a summary of the adopted balance equations is given. The detailed description 

and derivation of these equations can be found in Abed and Sołowski (2017). Sections below 

only discuss the mass balance of the salt component and its effect on the water density in 

greater detail, as these constitute the new contribution of the paper.   

    

Figure 1. Phases and components of a geomaterial. 

 

2.1 Mass balance equations 

The soil is modelled as a porous medium consisting of the solid phase (ݏ), the gas phase (݃) 

and the liquid phase (݈). Each phase has its components: (i) the solid phase has the solid soil 

particles (݌ݏ) and possibly crystallised (adsorbed) salt (ݐݏ), (ii) the gas phase is decomposed 

into the dry air (ܽ) and the water vapour (ݓ) and (iii) the liquid phase consists of the liquid water 
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 see Figure 1. The compositional method ,(ݐݏ) the dissolved dry air (ܽ) and the dissolved salt ,(ݓ)

(Panday and Corapcioglu, 1989) is used to derive the mass balance equations for the soil 

components. Accordingly, the general mass balance equation for any one component is written 

as (Olivella et al., 1994; Diersch and Kolditz, 2002; van Esch, 2010; Huyakorn, 2012; Abed and 

Sołowski, 2017): 

 

߲൫߶௜ߩ௜߱௞
௜ ൯

ᇣᇧᇧᇤᇧᇧᇥݐ߲
௦௧௢௥௔௚௘	௧௘௥௠

൅ સ ∙ ൫߶௜ߩ௜߱௞
௜ ௜൯ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ࢜

௔ௗ௩௘௖௧௜௢௡	௧௘௥௠

൅ સ ∙ ௞࢐
௜ᇣᇤᇥ

௡௢௡ି௔ௗ௩௘௖௧௜௢௡	௧௘௥௠

ൌ ܳ௞
௜ด

௦௜௡௞/௦௢௨௥௖௘	௧௘௥௠

 

1. 

 

where the symbols ߶௜	and ߩ௜ denote volume fraction and density of the phase ݅ (݅=solid, liquid, 

gas). The mass fraction of component ݇ in the ݅-phase is  ߱௞
௜ ൌ ௞ߩ

௜

௜൘ߩ  . The phase-velocity 

vector is represented by ࢜௜ whereas ࢐௞
௜  is the non-advective flux vector of the component ݇. The 

sink or source term ܳ௞
௜  of the component ݇ obeys the constraint  ܳ௞

௦ ൅ ܳ௞
௟ ൅ ܳ௞

௚ ൌ 0 in absence of 

any external sink/source. Based on Equation 1 the following balance equations for each 

component can be derived (see Abed and Sołowski (2017) for full details): 

1. Mass balance equation of the water component: 

 

െሺ1 െ ݊ሻ൫ܵ௟ߩ௪௟ ൅ ܵ௚ߩ௪
௚൯ߚ௦்

߲ܶ
ݐ߲

൅ ൫ܵ௟ߩ௪௟ ൅ ܵ௚ߩ௪
௚൯
௩ߝ߲
ݐ߲

൅ ݊൫ߩ௪௟ െ ௪ߩ
௚൯
߲ܵ௟

ݐ߲
൅ ݊ܵ௟

௪௟ߩ߲

ݐ߲
൅ ݊ܵ௚

௪ߩ߲
௚

ݐ߲
൅ સ

∙ ሺߩ௪௟ ௟ሻࢗ ൅ સ ∙ ൫ߩ௪
௚ࢗ௚൯ ൅ સ ∙ ௪࢐

௚ ൌ 0 

2. 

 

where ܵ௟ and ܵ௚ denote the liquid and the gas degree of saturation, respectively. The symbols 

 ௦்  stand for temperature, porosity, volumetric strain and the coefficient of solidߚ ,௩ߝ ,݊ ,ܶ

thermal expansion, respectively. The flow velocity of the liquid phase ࢗ௟ and the gas phase ࢗ௚ 

are assumed to obey Darcy’s law (Darcy, 1856). 

It is important to notice that the water density ߩ௪௟  in this extended formulation is assumed to be a 

function of temperature ܶ, water pressure ݌௪ and salt concentration ܥ (Boufadel et al., 1999): 
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௪௟ߩ ൌ ݋ݓߩ	∗ߚ
݈ ሻ݋ሺܶെܶܶݓߚ൯െ݋ݓ݌െݓ݌൫݌ݓߚ݁ ൌ ݂ݓߩ	∗ߚ

݈  

3. 

 

with  

 

∗ߚ ൌ ൬1 ൅ ܽ
ܥ

ݔܽ݉ܥ
൰ 

4. 

 

where ߚ∗ is a factor describing how the water density is affected by the salt concentration. The 

parameter ܥ௠௔௫ denotes the maximum salt concentration, whereas ܽ is a parameter controls the 

increase in density with salt concentration. The symbols ߚ௪௣, ߚ௪், ݌௪௢ and ௢ܶ represent the 

coefficient of water compressibility, the coefficient of volumetric thermal expansion, the 

reference pore water pressure and the reference temperature, respectively.   

The evolution of the water density in time is derived as: 

 

௪௟ߩ∂

ݐ∂
ൌ
௪௟ߩ߲

߲ܶ
߲ܶ
ݐ߲

൅
௪௟ߩ߲

௪݌߲

௪݌߲
߲݄௪

߲݄௪
ݐ߲

൅
௪௟ߩ߲

ܥ߲
ܥ߲
ݐ߲

ൌ െߚ௪்ߩ௪௟
߲ܶ
ݐ߲

൅ ݓߩ௪௣݃ߚ
݈ ௪௢௟ߩ

߲݄௪
ݐ߲

൅ ௪௙ߩ
௟ ܽ

ݔܽ݉ܥ

ܥ߲
ݐ߲

 

5. 

 

The pore water pressure is given as ݌௪ ൌ ௪௢௟ߩ݃ ݄௪ , where ݃ is the gravity acceleration, ݄௪ is the 

water pressure head and  ߩ௪௢௟  is the reference distilled water density at the atmospheric 

pressure and the reference temperature ௢ܶ = (273.16 + 20)K. The density of the distilled water 

at any temperature and water pressure is indicated by ߩ௪௙
௟ .  

Moreover, the presence of salt in water affects, in particular, the gravitational component of the 

Darcian flux which is re-written as 	ࢗ௟ ൌ െܭ௟ሺસ݄௪ ൅  ௟ is the water hydraulicܭ ሻ where∗ߚ

conductivity.   
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2. Mass balance equation of the dry air component: 

 

௔ሾܵ௚ߩ݊ ൅ ௦்ߚ௟ሿܵܪ
߲ܶ
ݐ߲

൅
௔ሾܵ௚ߩ ൅ ௟ሿܵܪ

1 െ ݊
߲݊
ݐ߲

൅ ݊ሾܵ௚ ൅ ௟ሿܵܪ
௔ߩ߲
ݐ߲

൅ ܪ௔ሾߩ݊ െ 1ሿ
߲ܵ௟

ݐ߲
൅ ௔ܵ௟ߩ݊

ܪ߲
߲ܶ

߲ܶ
ݐ߲

൅ સ

∙ ሺߩ௔ࢗ௚ሻ ൅ સ ∙ ሺߩ௔ࢗܪ௟ሻ െ સ ∙ ௪࢐
௚ ൌ 0 

6. 

 

where ߩ௔ and ܪ denote the dry air density and Henry’s volumetric coefficient of solubility, 

respectively.  

The above equations require constitutive relationships (soil water retention curve, mechanical 

constitutive model, velocity and pressure head relationship etc.) to quantify  
డௌ೗

డ௧
 , 
డఌೡ
డ௧

 .௚ࢗ ௟ andࢗ , 

The used constitutive equations are summarized in Table 1.  

   

Table 1. Summary of the employed constitutive equations for fluid, thermal and salt transport. 

 
 
 3. Mass balance equation of salt component:  

 Upon examining Equation 1, it is clear that the general salt mass balance equation is the sum 

of contributions related to the crystallised (adsorbed) salt in the solid phase and the dissolved 

part in the liquid phase. For the salt in the solid phase, Equation 1 is written as: 
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డ൫థೞఘೞఠೞ೟
ೞ ൯

డ௧
൅ ߘ ∙ ሺ߶௦ߩ௦߱௦௧

௦ ௦ሻ࢜ ൅ ߘ ∙ ௦௧௦࢐ ൌ ܳ௦௧௦   

7. 

 

It is assumed in Equation 7 that the solid salt is not exposed to any chemical reactions that 

could affect the mass balance. Similarly, for the dissolved salt in the liquid phase, Equation 1 

yields: 

 

߲ሺ߶௟ߩ௟߱௦௧
௟ ሻ

ݐ߲
൅ ߘ ∙ ሺ߶௟ߩ௟߱௦௧

௟ ௟ሻ࢜ ൅ ߘ ∙ ௦௧௟࢐ ൌ ܳ௦௧௟  

8. 

 

Noticing that any adsorbed mass of salt should result in an equal loss in the dissolved salt mass 

and vice versa with ܳ௦௧௦ ൌ െܳ௦௧௪ and assuming that the soil is deforming slowly with ࢜௦ ൎ 0, 

summing Equations 7 and 8 eventually gives the governing salt mass balance equation: 

 

߲൫ሺ1 െ ݊ሻߩ௦ܥ௦൯
ݐ߲

൅
߲ሺ݊ܵ௟ܥሻ

ݐ߲
൅ ሾ݊ܵ௟ܥ ൅ ሺ1 െ ݊ሻߩ௦ܥ௦ሿ

௩ߝ߲
ݐ߲

൅ ߘ ∙ ሺࢗ௟ܥሻ െ ߘ ∙ ሺ݊ܵ௟ܦ௛ܥߘሻ ൌ 0 

9. 

 

where ߩ௦ is the solid particles density. The mechanical coupling emerges through the volumetric 

deformation ߝ௩ and porosity ݊. The dispersion coefficient ܦ௛ includes the molecular diffusion and 

the mechanical dispersion, where: 

 

௛ܦ ൌ ௢ܦ߬ ൅ ;|௟࢜|ߙ ௟࢜				 ൌ
೗ࢗ

௡ௌ೗
  

10. 

 

The symbols ߬, ܦ௢, ߙ and ࢜௟ denote tortuosity, the molecular diffusion coefficient, dispersivity 

and the average liquid velocity, respectively. Tortuosity is a measure of the geometric 

complexity of a porous geomaterial, which allows for the consideration of the effective path 
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length available for liquid flow. The adsorbed concentration (amount of salt per unit mass of 

solids) ܥ௦ (kg/kg) is assumed to correlate linearly with the dissolved concentration ܥ (kg/l) 

through a distribution coefficient ܭௗ	(l/kg) where ܥ௦ ൌ   .ܥௗܭ

This study adopts the fully coupled formulation, which accounts for the spatial variation in water 

density. That is shown, for example, in Equation 2 upon expanding the term સ ∙ ሺߩ௪௟ ௟ሻࢗ ൌ

௪௟ߩ ሺસ ∙ ௟ሻࢗ ൅ ௟ࢗ ∙ ሺસߩ௪௟ ሻ. Neglecting the spatial variation in water density (e.g. સߩ௪௟ ൌ 0) is known 

as Boussinesq approximation. Johannsen (2003) shows that such approximation leads to 

remarkable differences in the estimated flow field and consequently to a different salt 

concentration profile. 

 

2.2 Energy balance equation 

The enthalpy balance equation is given as follows (Thomas and He, 1997; Rutqvist et al., 2001; 

Collin et al., 2002; Abed and Sołowski, 2017): 

 

߲Φ௛

ถݐ߲
ு௘௔௧	௦௧௢௥௔௚௘

൅ ௪ܳܮ
௚

ถ
௟௔௧௘௡௧	௛௘௔௧	௢௙	௩௔௣௢௥௜௭௔௧௜௢௡

൅ સ ∙ ௛ᇣᇤᇥࢗ
௛௘௔௧	ௗ௨௘	௧௢	௖௢௡ௗ௨௖௧௜௢௡	௔௡ௗ	௖௢௡௩௘௖௧௜௢௡

ൌ 0 

11. 

 

where Φ௛ is the soil heat capacity and ࢗ௛ is the heat flux including conduction and convection. 

Symbol ܮ represents the latent heat of water vaporization and ܳ௪
௚ is the rate of water vapour 

production which can be derived based on Equation 1. The constitutive relationships related to 

the heat flow and the soil thermal conductivity are given in Table 1. The soil heat capacity is 

derived by adopting a suitable thermodynamic state function that requires the specific heat 

capacities of each soil components to be used (Diersch and Kolditz, 2002). 

 

2.3 Mechanical Balance Equation 

The local static mechanical balance equation is given as: 

 

સ ∙ ࢚࢕࢚࣌ ൅ ࢈ ൌ 0 

12. 
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where ࣌௧௢௧ and ࢈ stand for the total stresses and the body forces at a certain point of the 

domain, respectively. The body forces are usually due to the self-weight which is related to the 

density. To calculate the developed stresses as a result of the applied loading increment 

(chemical, thermal, hydraulic or mechanical load), a suitable constitutive model for unsaturated 

soil is needed. The current study employs an extended version of the Barcelona Basic Model 

(BBM) that accounts for thermal effects on mechanical behaviour (Alonso et al., 1990; Gens, 

1995; Laloui and Cekerevac, 2003). Appendix A gives an introduction to the BBM framework, 

though the interested reader may like to check the full description of the model and the 

numerical implementation given in previous publications (e.g. Abed, 2008; Sołowski and 

Gallipoli, 2010; Sołowski et al., 2012; Sołowski and Sloan, 2013; Abed et al., 2016; Abed and 

Sołowski, 2017). 

 

2.4 Solution strategy  

The finite element method is employed to discretise the balance Equations 2, 6, 9, 11 and 12 

while a fully implicit finite differences scheme (backward Euler method) is used for the time 

discretisation. The resulting coupled system of nonlinear algebraic equations is solved using 

Newton-Raphson iterations. 

This formulation is implemented into a computer code “Thebes Code” (Abed and Sołowski, 

2017; Abed et al., 2018) based on the NUMERRIN numerical solver (Laitinen, 2013). The code 

has logical switches that allow activating or deactivating any of the aforementioned balance 

equations to accommodate the nature of the treated problem.   

 

3. Numerical applications with Thebes Code 

The following sections illustrate results of two numerical applications that are generated using 

Thebes Code. 
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Figure 2. Details of CIEMAT mock-up test (modified after Martin et al. (2006)). 

 

3.1 Application 1: Modelling of THM coupling (CIEMAT experiment) 

Within the framework of FEBEX research project (Huertas et al., 2000), CIEMAT (Madrid, 

Spain) performed a full scale mock-up test with controlled boundary conditions that resemble 

the real in-situ situation of nuclear waste barrier (Martin et al., 2006). As shown in Figure 2, the 

test used two electrical heaters to simulate the temperature produced by the nuclear waste 

canisters. These were surrounded by a clay barrier made from the compacted “FEBEX” 

bentonite blocks. The test was fully instrumented with an automatic control of the heater 

temperature, sensors to measure the evolution of the main variables in the system 

(temperature, relative humidity, stresses etc.) and a data acquisition system to record and 

process the collected data by the sensors. Due to symmetry, only the indicated part in Figure 2 

is numerically modelled in axisymmetric conditions.  

The average initial water content of the bentonite blocks is 14%, which corresponds to the initial 

suction value of about 120MPa. Their initial dry density is 1770.0 Kg/m3 and the total mass of 

bentonite used in the test is 22.5t. The dry density of bentonite decreases after saturation to an 

average targeted value of 1650 Kg/m3 after the closure of the gaps between the blocks due to 

the bentonite swelling. 
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After an initial saturation phase, the heaters are put to work in three stages: (i) in the first 6 days 

they are subjected to an electrical power of 250W per heater, (ii) in the following 4 days the 

power is increased to 500W/heater, (iii) after this initial phase, the temperature is automatically 

controlled so that it stays at 100oC throughout the experiment operational life. A special system 

(see Figure 2) ensured continuous hydration of the bentonite through the outer boundaries by 

applying water under 0.55MPa pressure. Due to the limited data, the numerical simulation is 

only performed for the first 2500 days of the test duration. 

 

Figure 3. Finite element model of the mock-up test: (a) mesh and dimensions; (b) mechanical 

boundary conditions; (c) hydraulic boundary conditions; (d) thermal boundary conditions. 

 

3.1.1 Finite element model 

Figure 3 shows the finite element model used in the simulation. The sensitivity study of the 

solution with respect to the mesh density has shown that there was no significant change in the 

results when a denser mesh than the selected finite element mesh was used.  Therefore, the 

analysis adopted a mesh made from 1396 4-noded quadrilateral elements with four integration 

points per element; see Figure 3(a). Thebes Code performs regular infinitesimal strain 

incremental analysis followed by updating the coordinates of the nodes. The updated mesh is 

used in the next loading step, which allows for capturing the influence of changing geometry on 

the results. Nonetheless, the deformations in the current problem are small and there is almost 



15 
 

no change in the results for analysis using classical small strain and the one with the mesh 

update. 

To simulate constant volume conditions the model is constrained in the directions normal to its 

boundaries as depicted in Figure 3(b). The hydraulic and thermal boundary conditions are 

illustrated in Figure 3(c) and (d), respectively. The thermal load in the simulation has been 

applied to replicate the experiment. Therefore, the boundary near the heater is first subjected to 

total of 250W followed by 500W of energy flux during the first ten days. After that, the thermal 

boundary condition is changed to the prescribed temperature of 100oC. The outer boundary of 

the model is kept at the prescribed temperature of 24oC which simulates the recorded average 

room temperature. As no gas pressure measurements are provided, the gas pressure is 

assumed to stay atmospheric everywhere in the solved domain. An initial stress of 10kPa is 

assigned to the bentonite that simulates the average bentonite self-weight in the middle of the 

container. Only Equations 2, 11 and 12 are active in this analysis yielding a coupled thermo-

hydro-mechanical problem.   

 

Table 2. FEBEX bentonite properties as used in the analysis (for a better understanding of the 

mechanical parameters see Appendix A) 
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3.1.2 FEBEX bentonite properties 

The FEBEX bentonite has been thoroughly tested to establish its relevant thermal, hydraulic, 

mechanical and chemical properties, including Gens et al. (2009), Villar and Gómez-Espina 

(2009),  Sánchez and Gens (2014). Data from these publications are used to calibrate the 

required model parameters, which are listed in Table 2. The derived parameters are in the 

ranges of the typical values for FEBEX bentonite (CODE-BRIGHT, 2002; Toprak et al., 2012; 

Sánchez and Gens, 2014). The extra parameters  ߦ௡்  and  ߦ௪்   that account for the effect of 

temperature on the water retention curve (see Table 1) are calibrated based on data by Jacinto 

et al. (2009) and the measurements of CIEMAT test.  

 

Figure 4. Numerical results versus measurements: (a) relative humidity; (b) temperature; (c) 

swelling pressure; (d) water intake. 

 

3.1.3 Discussion of numerical predictions 

The numerical results at the control points 1, 2, 3 and 4 in Figure 3(a) are depicted in Figure 4. 

These numerical results are compared to the experimental measurements given by Martin et al. 
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(2006).  In Figure 4(a) the code predictions are in a good agreement with the relative humidity 

measurements, especially during the first 500 days. After that, the numerical predictions deviate 

from measurements showing faster hydration. The temperature obtained in the simulation is in 

very good agreement with the temperature measurements as can be seen in Figure 4(b).  

Similarly, the water intake is predicted very well, as shown in Figure 4(d). However, the swelling 

pressure predictions in Figure 4(c) are less satisfactory. Even though the swelling pressure 

value at 2500 days is recovered fairly well, the code gives too low values of the swelling 

pressure during the initial stages of the test. That can be partially related to microstructure 

effects upon hydration, which are not taken into account in the mechanical model in the 

simulation. Figure 5 shows porosity, degree of saturation and temperature distribution at 2500 

days of experiment life. 

 

Figure 5. Basic variables distribution after 2500 days of experiment inception: (a) porosity (n); 

(b) degree of saturation Sl; (c) temperature (T). 

 

3.2 Application 2: Modelling of Hydro-Chemical coupling (Elder problem) 

The Elder problem (Elder, 1967) is a convection problem originally designed to study the 

laminar fluid flow initiated by thermally induced water density gradient. The problem was later 

adjusted by Voss and Souza (1987) for the simulation of a density-driven salt transport. Since 

that time, it became a typical benchmark to verify the performance of the computer codes 

(Boufadel et al., 1999; Diersch and Kolditz, 2002; Van Reeuwijk et al., 2009). The Elder problem 
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is challenging due to bifurcation and its sensitivity to the imposed boundary conditions, used 

mesh and time step. A comprehensive overview on the matter can be found in Park and Aral 

(2007) and Van Reeuwijk et al. (2009).  

Despite the possible bifurcation, certain finite element mesh configurations and time stepping 

scheme (Johannsen, 2003) provided stable steady state solutions which are adopted in this 

study as a reference. Furthermore, the comparison also uses results for the transient phase by 

Voss and Souza (1987) and Guo and Langevin (2002). 

   

3.2.1 Finite element model  

Figure 6 shows the geometry, boundary conditions and the finite element mesh employed in this 

analysis. The problem is plane strain and, due to symmetry, only half of the problem is 

analysed. The physical properties in the analysis are listed in Table 3. The simulation assumes 

the soil to be fully saturated with ܵ௟ ൌ 1.0 during the analysis. The problem is also isothermal 

and the soil matrix is considered non-deformable. Therefore, only Equation 2 and Equation 9 

are active and solved together yielding a coupled hydro-chemical problem. The boundaries are 

closed with respect to water flow, with imposed zero water pressure head (݄௪ 	ൌ 	0) enforced 

along a small 0.2m part of the upper boundary, see Figure 6. That represents point-like 

condition when compared to the other problem dimensions. The bottom boundary has a 

prescribed zero salt concentration while the central 300.0 meters of the upper boundary are 

subjected to a maximum salt concentration of ܥ௠௔௫	 ൌ	310.0g/l. The analysis investigates the 

system behaviour over a total period of 100 years. To show the effect of the mesh and the time 

stepping on the numerical results, the analysis is performed twice. In the first run which will be 

referred to as coarse discretisation case, the mesh is relatively coarse and consisting of 40x100 

(4000) four-noded quadrilateral finite elements with four Gauss integration points per element. 

The simulation time step increases in time: the time step of t = 15 days is employed during the 

first two years, the time step t = 60 days in the range 2 years ൏ ݐ ൑ 20 years and, finally, the 

time step t = 576 days in the range 20 years ൏ ݐ ൑ 100 years. This time stepping arrangement 

yields a total number of 206 time steps. In the second run which will be referred to as fine 

discretisation case, finer mesh and time steps are used with 200x800 (160000) elements and 

fixed time step of t = 15 days throughout the analysis (total number of 2400 time steps).   
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According to Johannsen (2003) the coarse discretisation should lead to a steady state with salt 

concentration showing one finger in the middle of the solution domain being known as S1 

configuration, while the fine discretisation should lead to S2 configuration with two fingers of the 

salt concentration.  

 

Figure 6. Finite element model for Elder problem. 

 

Table 3. Physical properties for Elder problem. 

 
 
3.2.2 Discussion of the numerical results 

Considering the hydraulic boundary conditions alone and neglecting the coupling effects, no 

water flow is expected to occur. Moreover, the salt is expected to gradually diffuse from the high 

to low concentration boundaries. This situation is achieved in this example by putting ܽ = 0 in 

Equation 4 which removes any effect of salt concentration on the water density. Figure 7 shows 

the perfect match between the calculated steady state in this case and the reference solution by 

Johannsen (2003). It is worthwhile to mention that the solution here is the same for both coarse 

and fine discretisation cases.      

   

Figure 7. Calculated salt concentration at steady state versus reference results by Johannsen 

(2003) in case of decoupled hydro-chemical calculations (ܽ = 0). 
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The situation clearly changes upon considering coupling and putting ܽ = 0.2. By doing so, the 

water density ultimately reaches 1.2 times its initial value. The gradual increase in water density 

due to the increase of salt concentration triggers water flow due to the spatial variation of ߚ∗ 

value in the domain. The new water flow pattern, in turn, affects the salt diffusion process and 

so on and so forth. Figure 8 shows a perfect match in this case at the steady state case 

compared to the reference results for the coarse discretisation case where S1 configuration is 

recovered. 

    

Figure 8. Calculated salt concentration at steady state versus reference results by Johannsen 

(2003) in case of coupled hydro-chemical calculations (ܽ = 0.2) and coarse discretisation. 

 

Additionally, Figure 9 shows that the Thebes Code results match well other published results 

(Voss and Souza,1987; Guo and Langevin, 2002) with comparable coarse discretisation during 

the transient phase (at t = 10 years). The differences are partially explained by the different 

meshes, time stepping and finite element types employed by the authors. However, bearing in 

mind the sensitivity of the Elder problem to such variations, the solutions match well. The 

calculated salt concentration distribution at different time steps is given in Figure 10. The 

graphical output in Figure 10 is produced with the freely available ParaView visualization 

software (Henderson et al., 2004).      

    

Figure 9. Calculated salt concentration after 10 years compared to published data.  
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Figure 10. Calculated salt concentration at different time steps in case of coarse discretisation 

(contour lines represent from top to bottom: 0.9Cmax, 0.7Cmax, 0.5Cmax, 0.3Cmax and 0.1Cmax 

where Cmax = 310.0g/l).  

 

The Thebes Code results also match perfectly the steady state that involves S2 configuration in 

the case of fine discretisation as it is clear in Figure 11. The evolution of salt concentration 

profile over time is shown in Figure 12 in this case. 

 

Figure 11. Calculated salt concentration at steady state versus reference results by Johannsen 

(2003) in case of coupled hydro-chemical calculations (ܽ = 0.2) and fine discretisation. 
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Figure 12. Calculated salt concentration at different time steps in case of fine discretisation 

(contour lines represent from top to bottom: 0.9Cmax, 0.7Cmax, 0.5Cmax, 0.3Cmax and 0.1Cmax 

where Cmax = 310.0g/l).  

 

4. Conclusions 

This article illustrates the performance of a newly developed fully coupled THMC code through 

the simulation of the well-known Elder problem and the well-documented CIEMAT mock-up test. 

The numerical results show that Thebes Code is capable of providing reliable predictions for the 

bentonite behaviour in complex environmental conditions, as in the case of nuclear waste 

barriers. However, the adopted framework still needs improvement to consider properly the role 

and evolution of bentonite microstructure. That is the aim of the ongoing research (Abed and 

Sołowski, 2018), which will improve the constitutive relationships for mechanical behaviour of 

bentonite, water, heat and salt transport. 
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Appendix A 

This appendix gives a summary on the enhanced Barcelona Basic model (Alonso et al., 1990; 

Gens, 1995; Laloui and Cekerevac, 2003) used in the analysis. 

  

The net stress rate is determined as:  

ሶ࣌ ൌ ሶࢿୣࡰ െ ்࢓ୣࡰ ఑ೞ
ଷ௩ሺ௦ା௉ೌ ೟೘ሻ

ሶݏ ൅ ்࢓ୣࡰ ሺఈ೚ାఈమ୼்ሻ

ଷ
ሶܶ െ ሶ߉ୣࡰ

డொ

డ࣌
  

where ୣࡰ is the elasticity matrix which is dependent on the soil swelling index ߢ , isotropic net 

pressure ݌ ൌ ሶࢿ The symbols .ߥ and Poisson’s ratio  ݒ ሻ/3, the specific volume࣌ሺݎݐ  ௔ܲ௧௠ ,ݏ ,࢓ ,

and  ߉ሶ stand for total strain rate, unity vector, suction, atmospheric pressure and a plastic 

multiplier, respectively. The parameters ߢ௦ , ߙ௢ and ߙଶ are the suction swelling index and thermal 

elastic expansion parameters, respectively. The temperature increment is denoted by ܶ߂.  

 

In order to account for the swelling nature of some soils, the elastic stiffness is made pressure 

and suction dependent as follows: 

ߢ ൌ ௢ሺ1ߢ ൅  ሻݏ఑ߙ

௦ߢ ൌ ௦௢ߢ ቌ1 ൅ ఑௦ଵlnߙ ቆ
݌
௥௘௙݌
௖ ቇቍ ݁ఈഉೞమ௦ 

where ߢ௢ and ߢ௦௢ are reference values of ߢ and ߢ௦, respectively. Extra material parameters ߙ఑ , 

௥௘௙݌ ఑௦ଶ andߙ , ఑௦ଵߙ
௖  are needed in this case. 

 

The yield surface ܨ is described by: 

ܨ ൌ ଶݍ െ ݌ଶሺܯ ൅ ௢݌௦ሻሺ݌ െ ሻ݌ ൌ 0  

where ܯ is the slope of critical state line and ݍ stands for the deviatoric stress: 

ݍ ൌ
1

√2
ඥሺߪଵ െ ଶሻଶߪ ൅ ሺߪଶ െ ଷሻଶߪ ൅ ሺߪଷ െ  ,	ଵሻଶߪ

where ߪଵ, ߪଶ and ߪଷ are the principal stresses. The plastic strain direction is determined by a 

plastic potential function ܳ: 

ܳ ൌ ଶݍ∗ߙ െ ݌ଶሺܯ ൅ ௢݌௦ሻሺ݌ െ ሻ݌ ൌ 0 
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The factor ߙ∗ , which allows for the recovery of the Jaky’s approximation of coefficient of at rest 

soil pressure ܭ଴ in 1D compression, is defined as 

∗ߙ ൌ
ெሺெିଽሻሺெିଷሻ

ଽሺ଺ିெሻ

ఒ

ఒି఑
	,  

where ߣ is the slope of normal consolidation line.  

 

Extended thermal BBM assumes that the soil shear strength is affected by suction and 

temperature as follows:  

௦݌ ൌ ఘି݁ݏ݇
೅୼், 

where ்ߩ and ݇ are material constants. The soil preconsolidation pressure ݌௢ is also considered 

to be suction and temperature dependent through the equation:  

௢݌ ൌ ௖݌ ቆ
௢்݌
∗

௖݌
ቇ

ఒି఑
ఒೞି఑

 

with 

௦ߣ ൌ ሺ1ൣߣ െ ሻ݁ିఉ௦ݎ ൅  ൧ݎ

and  

௢்݌
∗ ൌ ∗௢݌ ቆ1 െ log	்ߛ ቀ

்

೚்
ቁቇ  

where the preconsolidation pressure at full saturation and at the reference temperature ௢ܶ ൌ

20 ௢ܥ  is indicated by ݌௢∗. The parameters  ݌௖, ்ߛ  ,ݎ ,ߚ are material constants that have to be 

determined experimentally. Finally, the preconsolidation pressure is updated as: 

∗௢݌ ൌ ௢௜݌
∗ ݁

ೡഄሶ೛
ೡ

ഊషഉ	,   

where ݌௢௜
∗  is the initial preconsolidation pressure and 	ߝሶ௣௩ ൌ  ሶ௣൯ is the plastic volumetric strainߝ	൫ݎݐ

rate. 


