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We theoretically demonstrate that a pair of Dirac monopoles with opposite synthetic charges can be created
within a single spin-1 Bose-Einstein condensate by steering the spin degrees of freedom by external magnetic
fields. Although the net synthetic magnetic charge of this configuration vanishes, both the monopole and the
antimonopole are accompanied by vortex filaments carrying opposite angular momenta. Such a Dirac dipole
can be realized experimentally by imprinting a spin texture with a nonlinear magnetic field generated by a
pair of coils in a modified Helmholtz configuration. We also investigate the case where the initial state for the
dipole-creation procedure is pierced by a quantized vortex line with a winding number «. It is shown that if
k = —1, the resulting monopole and antimonopole lie along the core of a singly quantized vortex whose sign
is reversed at the locations of the monopoles. For k = —2, the monopole and antimonopole are connected by a
vortex line segment carrying two quanta of angular momentum, and hence the dipole as a whole is an isolated
configuration. In addition, we simulate the long-time evolution of the dipoles in the magnetic field used to create
them. For k = 0, each of the semi-infinite doubly quantized vortices splits into two singly quantized vortices, as
in the case of a single Dirac monopole. For k = —1 and ¥ = —2, the initial vortices deform into a vortex with a

kink and a vortex ring, respectively.

DOI: 10.1103/PhysRevA.99.023621

I. INTRODUCTION

One of the open questions in particle physics is whether or
not magnetic monopoles exist [1]. These hypothetical parti-
cles play significant roles in nature, and their existence would
have far-reaching implications for both quantum and classical
theories of electromagnetism. Dirac’s theory of monopoles,
consistent with quantum mechanics and the gauge invariance
of the electromagnetic field, sparked the search for these
elusive particles almost a century ago [2]. Dirac considered
a charged quantum-mechanical particle in the presence of
a static magnetic field of a monopole. He showed that the
wave function of the scalar particle is inevitably accompanied
by a semi-infinite line of vanishing density, which is often
referred to as a Dirac nodal line. The nodal line is a physically
observable feature distinct from the Dirac string, which, in
contrast, is a gauge-dependent object in the accompanying
vector potential. Another major step in the monopole problem
was taken in 1974 independently by 't Hooft [3] and Polyakov
[4], who showed the natural appearance of monopole solu-
tions in grand unified theories [5].

While monopoles in the natural magnetic field remain
elusive to experimental observation, a great deal of effort
has been put into the search for corresponding configurations
in experimentally more tractable systems. Analogs of mag-
netic monopoles have been found in a number of classical
systems, such as exotic spin ices [6,7] and nematic liquid
crystals [8]. Creation of a Dirac monopole in a ferromagnetic
Bose-Einstein condensate (BEC) was recently achieved ex-
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perimentally, providing the first known realization of Dirac’s
monopole theory [9-11]. An isolated monopole similar to the
’t Hooft-Polyakov monopole [12] was consequently created
in a quantum-mechanical order parameter of the polar-phase
spin-1 BEC [13]. In Refs. [14,15], the detailed evolution of
the isolated polar-phase monopoles was studied numerically
under conditions similar to their experimental realization.
Driven by the phase transition from the polar state to the
natural ferromagnetic ground state of the condensate [16], the
isolated monopole was predicted to relax spontaneously into
a polar-core vortex [15] or a ground-state Dirac monopole
configuration [14,17], depending, respectively, on whether
the quadrupole magnetic field was absent or present during
the evolution. The latter prediction was subsequently verified
experimentally by Ollikainen et al. [18].

The aforementioned experiments [9,13,18] utilized a pre-
cise control of the atomic spins by steering them with a
combination of uniform and quadrupole magnetic fields, the
latter generated by anti-Helmholtz current coils. In this article,
we propose modifying the monopole-creation method imple-
mented in Refs. [9,13,18] by replacing the anti-Helmholtz
coils with larger coils carrying parallel currents [19]. We show
theoretically that this adjustment makes it possible to imprint
a pair of synthetic Dirac monopoles within a single ferromag-
netic condensate, each carrying opposite magnetic charge and
attached to a separate nodal line. Creation of such monopole-
antimonopole pairs in the natural magnetic field has been
discussed in the context of high-energy experiments, e.g.,
via electron-positron [20-22], proton-antiproton [23], and
proton-positron collisions [24] in accelerators. Experiments
with nematic liquid crystals have shown the spontaneous
appearance of monopole-antimonopole pairs resulting from

©2019 American Physical Society
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unwinding of textures [25] via the Kibble-Zurek mechanism
[26,27]. Thus, it is interesting to investigate the behavior of
monopole pairs in the context of BECs, especially the dynam-
ics of interconnected monopoles. An analytical solution for
such dipoles was constructed in Ref. [11], but no experimental
scheme for their creation has been proposed so far.

We simulate both the creation process and the subsequent
evolution of the monopole-antimonopole pairs for parame-
ters pertaining to 8’Rb atoms. Our simulations agree well
with analytical expressions for monopole-antimonopole so-
lutions. We also show that doubly quantized vortices split
into pairs of singly quantized vortices for energetic reasons
[28], in analogy with the case of a single Dirac monopole
[17,18]. We furthermore investigate two additional cases:
(a) the monopoles are located at the core of a single quantum
vortex whose vorticity is effectively reversed at the locations
of the monopoles, and (b) the monopole and antimonopole
are connected by a doubly quantized vortex line segment. The
decay dynamics are also studied in both cases and are shown
to result in nontrivial vortex configurations such as polar-core
vortex rings [29].

This paper is organized as follows. Section II provides
a brief theoretical introduction to the synthetic electromag-
netism in spinor condensates. In Sec. III, we describe our
proposed experimental protocol and identify expected tech-
nical challenges in its realization. We discuss the analytical
solutions for Dirac dipoles in Sec. IV. The details of numerical
simulations are given in Sec. V. The main results of this paper
are presented and discussed in Sec. VI, and the conclusions
are given in Sec. VII.

II. THEORETICAL BACKGROUND

In the context of spin-1 condensates, a Dirac
monopole configuration is revealed by writing the
mean-field order parameter of the condensate as
W =1, where = ./ne’® is the scalar part of the
order parameter, n = wiw,  and ¢ = (&, o, §_1)T is
a normalized spinor expressed in the z-quantized basis
{IF=1,m,=1),|F=1,m, =0),|F =1,m, = —1)} [30].
The artificial, or synthetic, radial magnetic field acting on the
scalar part of the condensate order parameter arises from the
synthetic vector and scalar gauge potentials [30-32],

A*(r, 1) =it (r, )Ve(r, 1) (1)

and
®%wﬁﬂﬁm0%dn& )

respectively [33]. Thus, the temporally and spatially varying
spinor field ¢(r, ¢) gives rise to synthetic electromagnetism.
In particular, the spinor imprinted in Ref. [9] reads

1

5(1 - cost)

%e”” sinf |, 3)
1e%%(1 4 cos 0)

70, 9) =

where 6 and ¢ are the polar and azimuthal angles, respec-
tively. By substituting Eq. (3) into Eq. (1) and calculating its

curl, we obtain the synthetic magnetic field
B*(r, 1) = AV x A*(r, )] = i, )
r

where we have left out any singularity corresponding to the
Dirac string since it can be fully removed by a proper gauge
transformation [34]. Thus, the scalar part of the condensate
and the synthetic magnetic field generated by the spinor field
play, respectively, the roles of the charged scalar particle and
the field of the classical magnetic monopole discussed in
Dirac’s seminal paper [2].

The synthetic magnetic field is equal to the physically
observable superfluid vorticity

Q(r,t) =V x v(r, t) &)

almost everywhere, that is, away from the nodal lines. Here,
h
vs(r, 1) = Z[W)(r, 1) —A*(r,1)] (6)

is the superfluid velocity and m is the mass of the atoms.

III. EXPERIMENTAL SETUP

To facilitate the experimental creation of Dirac monopole-
antimonopole pairs, we propose a formally simple change
in the design of the magnetic coils compared to the previ-
ous method of creating a Dirac monopole [9]. Specifically,
we suggest replacing a pair of magnetic coils in the anti-
Helmholtz configuration with coils carrying current in the
same direction. Denoting the radii of the coils in the pair
by R;, and their axial (z) locations by A;,, the magnetic
field generated by a pair of coils in cylindrical coordinates

[p = +/x2+ y2, ¢ = arctan2(y, x), z ] reads [19]

By = (B, + B.,)2+ (B, + B,,)p, )
where
uNI 1 [ 2
B.,(p,2) = K (k
" 21 J(Rip+pP2 +(z— A1) (ki2)
RI, —p? — (2 — A1 2)?
s ZEMQ} (®)
(Ripg—p)+(z—A12)
and
uNI 72— A
B, (p.2) = : 2[—K@b)
270 \/(Ria+ p)*+(z — A1)

R}, + p? + (z — A1 )?
- 6| o
(Rip—p)+(z— A1)

are the axial and radial components of the magnetic field due
to each coil. Here I is the current in the coil, N is the number
of windings,  is the permeability, and K (k*) and E(k?) are
the complete elliptic integrals with

k2 _ 4R1’2,0
1,2 — 2 2"
(Ri2+p)*+(z—A2)
In the modified Helmholtz coils [smaller (magenta) loops
in Fig. 1(a)], we choose the radii of the coils to be larger

than their separation in order to maximize the curvature of
the magnetic field. Such a configuration generates a magnetic

(10)
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FIG. 1. Schematic representation of (a) the experimental setup
and (b)—(d) the magnetic field it generates. (a) A schematic showing
the coils that produce the uniform (larger, green loops) and nonuni-
form (smaller, magenta loops) magnetic fields. Electric current,
running in parallel in each pair of coils, is shown with red arrows. The
condensate (red sphere) is confined in an optical trap generated by
three orthogonal laser fields (large blue arrows). (b)—(d) The axially
symmetric magnetic field when (b) the bias field is zero; (c) the field
zeros are brought into different hemispheres of the condensate; and
(d) the field zeros are located at the center of the condensate. Dots
with + and — in (c) designate the two magnetic field zeros, which are
also the expected locations of the Dirac monopole and antimonopole,
respectively; the dot with + in (d) indicates coincident locations. The
field of view in (b)—~(d) is 15.5 x 15.5 um?.

field B4(r) with two zeros on the symmetry axis z, equidistant
from the origin. We also use standard Helmholtz coils [larger
(green) loops in Fig. 1(a)] to create a highly uniform magnetic
field By(t), which we refer to as the bias field and use to move
the field zeros along the z axis. The total magnetic field thus
reads

Bioi(r, 1) = Ba(r) + By (1)2. Y

We assume that initially By(0) = —|B4(0)| + 8B, which,
for a sufficiently strong offset field 6B > 0, yields the almost
uniform field configuration shown in Fig. 1(b); the application
of such a field to the spin-1 BEC renders the atomic spins
nearly aligned with the z axis prior to the imprinting process.
Subsequently, By(t) is adiabatically decreased, which moves
the two magnetic field zeros towards the origin. We refer to
this step as the creation ramp. Depending on the final value
chosen for the bias field, the creation ramp either brings both
magnetic field zeros to (p, z) = (0, 0), as shown in Fig. 1(d),
or stops earlier, placing the two field zeros in different hemi-
spheres of the condensate cloud, as in Fig. 1(c).

We now turn to the question of the technical feasibil-
ity of the proposed scheme in real experiments. The anti-
Helmbholtz coils used in Refs. [9,13] generate magnetic field

gradients strong enough to steer the atomic spins, even when
modest electric currents are used. In contrast, the magnetic
field gradient generated in the proposed scheme is orders of
magnitudes weaker for the same current values. To achieve
a sufficiently strong gradient, we choose the parameters of
the magnetic coils in Egs. (8) and (9) to be Ry = R, =4 cm,
Al =—A,=1cm, I =400 A, and N = 500. Two technical
challenges arise immediately. First, the total electric current
of 200 kA through a 4-cm coil is extremely high, and we
are not aware of any experimental realizations of resistive
electromagnetic coils with such parameters. Second, in order
to cancel the uniform component of the magnetic field, which
for the chosen parameters exceeds 3 T, the electric currents
through both pairs of coils in Fig. 1(a) must be controlled with
unprecedented precision. We suggest superconducting coils
as a possible solution to these challenges. Superconducting
setups that produce suitable magnetic fields exist [35,36] and
may be applicable in future experiments. For this theoreti-
cal proposal, however, we will proceed with the parameters
chosen above and leave the technical realization as an open
question for future investigation.

IV. ANALYTICAL SOLUTION

During the adiabatic creation ramp, the spins rotate by an
angle S = arccos(Byy - Z/|Byo|) about the azimuthally vary-
ing axis n = —Xsin¢ + ycos¢, where By, is defined in
Eq. (11). In the z-quantized basis, this spin rotation corre-
sponds to the transformation matrix

F-n
R(B, ¢) = exp (—l 5 ,3>, (12)

where F = (Fy, F), ) is a vector of the dimensionless spin-
1 matrices satisfying [Fy, Fp] = i€apc Fey Eape 1S the Levi-
Civita symbol, and a, b, ¢ € {x, y, z}. Applied to the initial-
state spinor ¢ = (1, 0, 0)T, this rotation yields

| %(Hcosﬁ)
W) =RB.|0]|=| Je?sinp | 13)
0

1,
3e*?(1 — cos B)

We first present the analytical solution for the case of
overlapping monopoles [Fig. 1(d)], as it allows for a simple
expression of the spinor and the corresponding synthetic
magnetic field, similar to Egs. (3) and (4) for a single Dirac
monopole. When the two zeros of the external magnetic field
are brought all the way to the center (p, z) = (0,0), the
adiabatic creation ramp rotates the spin states by an angle
B(r) = — 20, turning Eq. (13) into

sin 6
/269 sin 6 cos 0 |. (14)
eX® cos? 6

(0, 9) =

Insertion of the spinor of Eq. (14) into Eq. (1) and calculation
of the synthetic magnetic field as B* = 7V x A* yields
A%(r) = _2COS9 c:ot@(;5 (15)
Ir|
and
4cosb |

B (r) = FZWI'. (16)
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FIG. 2. Dirac dipoles obtained from analytical solutions.
(a, ¢, e) The y-integrated color-composite density of a Dirac dipole
pierced by a vortex with a winding number (a) « =0, (b) x =
—1, and (c) kx = —2. Green dots and white arrows schematically
represent the monopoles and the attached vortices. (b, d, f) The
direction of the synthetic magnetic field in the xz plane with the y
component of the superfluid velocity shown by the background. The
field of view is 15.5 x 15.5 um?.

Thus, a pointlike dipole creates a radial synthetic magnetic
field that changes its sign at z = 0. The vector potential A}
contains two singularities that lie on the positive and negative
z axes and coincide with vortex cores in the |—1) component
of the condensate. The singularities in the vector potential (15)
are not physically observable and can be removed by applying
an appropriate gauge transformation, as shown in Ref. [34]
for a Dirac monopole. However, as we will discuss in more
detail in Sec. VI, the monopole and antimonopole will, in
practice, remain separated even if the field zeros are taken to
the center of the condensate. The more realistic configuration
thus corresponds to the case shown in Fig. 1(c), where the
field zeros are displaced from the condensate center. The
corresponding spinor fields are presented in Figs. 2(a) and
2(b). The points where the external magnetic field vanishes
are also the centers of the synthetic magnetic monopoles with

opposite charges

Q = L/ dzo'iSiijabcﬁzajﬁzakﬁ: = :|:1, (17)
8m Js,,

where ¥, and X_; are surfaces enclosing the field zeros
in the northern and southern hemispheres, respectively, and
B* = B*/|B*| is the unit vector of the synthetic magnetic
field. Each monopole acts as the termination point for a
doubly quantized vortex line penetrating from outside into the
condensate.

A creation procedure identical to that described above but
applied to a condensate initially pierced by an axial vortex
with a winding number « generates the spinor

ell{¢

6B, ) =R(B. )| O
0

=%, (18)

We show the spinor configurations of Eq. (18) fork = —1 and
k = —2 in Figs. 2(c)-2(f). The « = —1 dipole in Figs. 2(c)
and 2(d) lies at the core of a singly quantized vortex that
reverses its vorticity at the locations of the monopoles. For
the case x = —2 shown in Figs. 2(e) and 2(f), the initially
imprinted vortex extending outside the condensate is canceled
by a Berry phase [37] accumulated during the creation ramp.
The resulting monopole and antimonopole are connected by a
vortex with free ends, and the dipole as a whole is an isolated
configuration similar to the dipole solution constructed in
Ref. [11].

V. SIMULATION METHODS

Nonadiabatic effects arising from the harmonic potential,
kinetic energy, and interatomic interactions cause the dipole
state to deviate from the ideal case described by Eqgs. (13) and
(18). In order to take these effects into account, we simulate
the creation process using the mean-field Gross-Pitaevskii
(GP) equation [38,39]

9 72
ih—W(r,t)=| — —V?*+ V(r) + grupBu(r, 1) - F
ot 2m

+ gan(r, t) + gsn(r, t)s(r, t) - F] Y(r, 1),

19)

where g is the Landé factor, up is the Bohr magneton,
s = ¢'F¢ is the local average spin, and V(r) = mw?’r?/2
is an external optical trapping potential which we assume
to be spherically symmetric and harmonic with frequency
. The density-density and spin-spin couplings are defined
by g4 = 4wh’(ag + 2a»)/3m and g, = 4wh’(ar — ag)/3m,
respectively, where ay is the s-wave scattering length cor-
responding to the scattering channel with total two-atom
hyperfine spin f [30].

We choose the parameters of the simulation to be close to
those of the experiment of Ref. [9]. The number of trapped
atoms is N, = [ Wi(r, 1)W(r, 1) d*r = 2.5 x 10°, the optical
trap frequency is @ = 2w x 90 Hz, and the material parame-
ters are taken according to the natural values of 87Rb, namely,
ap = 5.387 nm and a, = 5.313 nm [40].

023621-4
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We first find the ground state of the BEC in the uniform
magnetic field shown in Fig. 1(b) using a successive over-
relaxation method [41]. The subsequent monopole-creation
dynamics are simulated by solving the GP equation (19)
with the help of an operator-splitting method and fast Fourier
transforms on graphical processing units. The computed area
is (24 x a,)?, with a, = /li/mw. The grid size is 200 points
per dimension and the time step is 2 x 107*/w.

VI. NUMERICAL RESULTS

We numerically simulate the proposed creation procedure
by solving the dynamics according to the GP equation (19)
and by employing the parameters given above. During the
80-ms adiabatic creation ramp, the offset field § B is decreased
linearly from 20 to 0.1 mG, which corresponds to the rate
By, = —0.25 G/s. This creation ramp places the magnetic
field zeros 10% of the condensate radius away from the
center of the condensate, as shown schematically in Fig. 1(c).
Figure 3 presents the results of the simulations analogous to
the analytical results of Fig. 2. The corresponding spin fields
of the BEC are shown in Fig. 4.

Qualitatively, the GP simulations are observed to repro-
duce the Dirac dipole configurations of the analytical con-
siderations in all three cases k = 0, —1, —2. Quantitatively,
however, we observe noticeable deviation from the analytical
solution (Fig. 2), which we attribute to the vanishing magnetic
field By (r, ) between the field zeros as they approach the
plane z = 0. Consequently, the monopoles in Fig. 3 come
to a halt approximately halfway between the center and the
periphery of the condensate, even though the magnetic field
zeros are brought closer to the center.

The misalignment between the magnetic field direction ﬁtot
and the direction of the spin field ns is evident from Fig. 4
for all the cases x =0, k = —1, and ¥k = —2: the magnetic
field zeros are displaced from z = 0 by 10% of the conden-
sate radius, while the monopoles are located much further
apart. Note also that the monopoles penetrate deeper into the
condensate in the cases x = —1 and k = —2 than in the case
x = 0; we attribute this difference to the existence of vortices
already prior to the creation ramp when « € {—1, —2}, which
results in vanishing condensate density along the paths of
the magnetic field zeros. In all three cases, the spin density
vanishes along the vortex cores. The monopole lag effect also
adds artifacts in the case k = —2 [Fig. 4(d)]: both ends of the
two-quantum vortex are attached to cone-shaped spin-density
depletions. We attribute this effect to the interplay between
topological and energetic reasons: On the one hand, the spin
should rotate by 47 around the monopole locations. On the
other hand, the misalignment of the magnetic field and the
spin field increases the Zeeman energy. This energy is lowered
by forming the observed spin-density depletions.

Next, we investigate the long-time evolution of the im-
printed dipole configurations kept in the field of the form
shown in Fig. 1(c). As shown in Fig. 5, the vortices undergo a
relaxation process, as expected from energetic considerations.
In particular, the doubly quantized vortices in the case k = 0
split into pairs of singly quantized vortices, which can also
be considered as single vortices changing their sign at the
monopole locations. Due to this relaxation, the repulsion

FIG. 3. Dirac dipole configurations obtained from numerical
simulations. (a, c, e) The y-integrated color-composite density of a
Dirac dipole initially pierced by a vortex with a winding number (a)
k =0, (b) kK = —1, and (c) x = —2. (b, d, f) The direction of the
synthetic magnetic field in the xz plane with the y component of the
superfluid velocity shown by the background. The field of view is
15.5 x 15.5 um?.

between vortices also decreases, and the monopoles shift
towards each other, as shown in Fig. 5(a). For the case k = —1
[Fig. 5(b)], the kinetic energy of the vortex with a reversed
sign bends the vortex core near the condensate center. A
simple classical analogy is a piece of rubber band whose ends
are rotated in one direction and the center in the opposite
direction.

Whereas the creation ramp results in qualitatively similar
monopole-antimonopole configurations in both final states of
Figs. 1(c) and 1(d), the decay products for the case k = —2
heavily depend on the final configuration of the magnetic
field. On the one hand, if the magnetic field zeros do not
coincide, as in Fig. 1(c), the monopole and the antimonopole
are pinned to different hemispheres of the condensate and
the doubly quantized vortex between them splits into a pair
of single-quantum vortices [Fig. 5(c)]. On the other hand,
if the magnetic field zeros coincide at (p, z) = (0, 0), as in

023621-5



TIUREV, KUOPANPORTTI, AND MOTTONEN

PHYSICAL REVIEW A 99, 023621 (2019)

FIG. 4. Spin fields of Dirac dipoles. (a) The magnetic field and
(b)—(d) spin fields right after the creation ramp. Panels (b), (c), and
(d) correspond to a Dirac dipole imprinted into an initial state with
a vortex of charge k =0, k = —1, and k¥ = —2, respectively. The
spin density |ns| is shown in the background, with np, = 5.1 x
107*N,/a?. The field of view is 15.5 x 15.5 pum?.

Fig. 1(d), the dipole evolves into an axisymmetric polar-core
vortex-ring configuration [Fig. 5(d)].

VII. CONCLUSION

In summary, we have introduced and modeled a ro-
bust method to create Dirac monopole-antimonopole pairs
in spinor BECs. Furthermore, we studied the creation of
such dipoles when the initial state hosts a «-quantum vor-
tex and numerically simulated the creation and subsequent
decay for « € {0, —1, —2}. We showed that the detailed
structure of the created Dirac dipole, as well as their even-
tual decay products, change substantially with the value
of k.

The proposed scheme is similar to the method of creation
of Dirac monopoles [10] used in Ref. [9] and can be real-
ized in the existing experimental setups after a modification
of the control coils. However, the strength of the magnetic
field required to control the spins may exceed experimentally
achievable values of resistive coils, and alternative ways to

(@) (b
V4
P y .

Nmin Nmax

FIG. 5. Decay of Dirac dipoles. Isosurfaces of the spin density
after 500 ms of decay of a Dirac dipole (a) without additional
vortices, (b) initially pierced by a x = —1 vortex, and (c, d) pierced
by a k = —2 vortex. In cases (a)—(c) the two magnetic field zeros
are kept in different hemispheres as in Fig. 1(c), whereas in (d) they
coincide at the origin as in Fig. 1(d). The density range shown is
[Pmins Mmax] = [1.0,5.1] x 107N, /a>. The field of view is 15.5 x
15.5 um?2.

generate the magnetic field need to be sought. We suggest
superconducting magnets as one possible solution.

Dirac monopoles and antimonopoles in the natural mag-
netic field have been proposed to appear in pairs in a number
of publications [20-24]. If natural magnetic monopoles were
to be found, all the cases discussed in this paper should also
be regarded as possibilities for the wave function of a charged
scalar particle interacting with a pair of such monopoles.
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