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1 Introduction and results

In this article, we are interested in the self-improving property of higher integrability of weak solutions to
porous medium-type systems, whose prototype is

deu — AJu|™ u) = 0.

This problem has been open for some time. For non-negative solutions to porous medium-type equations it
has recently been solved by Gianazza and Schwarzacher [16]. Here, we are able to treat signed solutions and
the vectorial case. More precisely, we consider equations (the case N = 1) or systems (the case N > 2) of the
form

otu —divA(x, t,u, Du™) =divF inQr, (1.1)

withu: Q7 — RY, inaspace-time cylinder Qr := Q x (0, T), where Q c R"is abounded open domain, n > 2,
T > 0, and we abbreviated ™ := |u|™ u. The assumptions on the vector field A: Q7 x RN x RN — RN" are
as follows. We assume that A is measurable with respect to (x, t) € Qr for all (u, ¢) € RY x RN, continu-
ous with respect to (u, &) for a.e. (x, t) € Qr, and moreover that A satisfies for some structural constants
0 < v £ L < oo the following growth and ellipticity conditions:

{A(Xy t’ u, ‘9 : { 2 vl‘ﬂz’

(1.2)
|A(x, t,u, §)| < LI¢]

fora.e. (x, t) € Qrandany (u, &) € RY x RV, Note that these assumptions are compatible with the ones in [1]
and [11, Chapter 3.5]in the scalar case. For the inhomogeneity F: Qr — RN" we assume that F € L2(Q7, RN").
As usual, we suppose that the solutions to (1.1) lie in a parabolic Sobolev space; the precise definition will
be given below in Definition 1.1.
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In the stationary elliptic case it is by now well known that weak solutions to elliptic systems of the type
—divA(x, t,u,Du) =divF inQ,

locally belong to a slightly higher Sobolev space than a priori assumed. The so-called self-improving prop-
erty of higher integrability was first detected by Elcrat and Meyers [25]. Their proof is based, among other
things, on a reverse Holder-type inequality — a direct consequence of a Caccioppoli-type inequality (also
called reverse Poincaré inequality) — and some adaptation of the famous Gehring Lemma [15]; the nowadays
standard interior version can be retrieved from [17, Chapter 11, Theorem 1.2], for the boundary version
we refer to [22] and [13, Theorem 2.4]. Originally, Gehring’s lemma was developed to establish the higher
integrability of the Jacobian of quasi-conformal mappings. Over time, the self-improving property of higher
integrability was first established for solutions of stationary elliptic systems [18] and later for minima of vari-
ational integrals [19] by Giaquinta and Modica. A unified treatment in the language of quasi-minima is given
in [21, Theorem 6.7]. Corresponding global results for stationary elliptic problems with a Dirichlet boundary
condition were established in [21, Section 6.5], [13, Section 3].

The first higher integrability result for vectorial evolutionary problems goes back to Giaquinta and
Struwe [20, Theorem 2.1]. More precisely, quasilinear parabolic systems of the type

ou —div(a(x, t,u)Du) =divF inQrp,

whose coefficients a continuously depend on (x, t, u) have been investigated. The technique of Giaquinta and
Struwe does not carry over to the parabolic p-Laplacian system

du — div(|DulP~2Du) =divF in Qr,

or general parabolic systems with p-growth (the growth and coercivity condition from (1.2) have to be
replaced by a(x, t, u, &) - & > v|¢P and |a(x, t, u, &)| < L(|é]? + 1)). The obstruction relies in the fact that the
parabolic p-Laplacian equation has a different homogeneity in the time and the diffusion term. In partic-
ular, multiples of a solution do not anymore solve the differential equation. This problem has finally been
solved by Kinnunen and Lewis [23] who proved the higher integrability result for general parabolic sys-
tems with p-growth. More precisely, they have shown that weak solutions from the natural energy space
C°([o, T); L?(Q, RN)) n LP (0, T; WHP(Q, RN)) have a more integrable spatial gradient, namely

Du e L{f(Qr, RM")  forsomee > 0.

This shows that also in the case of parabolic systems with coefficients of p-growth and coercivity energy solu-
tions enjoy the self-improving property of higher integrability for the gradient. The key to the result was the
use of intrinsic cylinders in the sense of DiBenedetto and Friedman [7-10], i.e. cylinders of the form Qo 1212
whose space-time scaling depends on the spatial gradient of the solution via

ﬂ \DufP dxdt ~ AP,
QD’AZﬂaQZ

This important result has been generalized over time in various directions. The global result with a Dirichlet
boundary condition at the lateral boundary was established by Parviainen [26]. Interior higher integrabi-
lity for weak solutions of higher order degenerate parabolic systems has been shown by Bégelein [3],
while the corresponding global result was established in [6]. The case of parabolic equations with non-
standard p(x, t)-growth was treated by Antonsev and Zhikov [2], while systems were treated by Zhikov and
Pastukhova [29] and independently by Bogelein and Duzaar [4].

For the porous medium equation, the question of higher integrability of the gradient, even for non-nega-
tive solutions in the scalar case, remained an open problem for a while. The reason was that when proving
regularity of the gradient the degeneracy with respect to u is much more difficult to handle. This difficulty has
recently been overcome by Gianazza and Schwarzacher [16] who proved that non-negative weak solutions
to porous medium equations of the type (1.1) enjoy the self-improving property of higher integrability. More
precisely, this means that the integrability Du™ € LIZOC(QT, R") of weak solutions was improved to

Du's € L*(Qr, R")  forsome € > 0.
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1006 —— V.Bogelein et al., The higher integrability of weak solutions of porous medium systems DE GRUYTER

The main novelty with respect to the proof for the parabolic p-Laplacian in [23] is that Gianazza and
Schwarzacher work with cylinders which are intrinsically scaled with respect to u rather than the spatial
gradient Du. This means that they consider cylinders of the type Q, 9,2 Whose space-time scaling is adapted
to the solution u via the coupling

H u™l dx df ~ 0 ha

Qp,002

(1.3)

This is exactly the intrinsic scaling which is typically used in the proof of regularity of u, as for instance Holder
continuity of u, cf. [10]. At first glance it is quite surprising that this approach also yields regularity of the
spatial gradient. However, these cylinders are better adapted to the equation and this is crucial for the proof.
Nevertheless, the argument becomes much more involved than the one for the parabolic p-Laplacian. The
overall strategy can be outlined as follows. First, one has to prove a reverse Holder-type inequality on certain
intrinsic cylinders. To achieve this, Gianazza and Schwarzacher distinguish whether a cylinder Q belongs to
the non-degenerate regime in which the inequality

H lu - u)o|™tdxdt <6 ﬂ u™ 1 dx dt
Q Q

holds true for some particular 0 < § < 1, or Q belongs to the degenerate regime in which the opposite inequal-
ity is valid. In the non-degenerate regime they rely on the expansion of positivity in order to guarantee that
the solution does not become too small on the cylinder. In a second step, one usually constructs a covering of
super-level sets of the spatial gradient with intrinsic cylinders. However, this is not possible for the cylinders
which are intrinsically scaled with respect to u. Gianazza and Schwarzacher overcame this problem by a very
elegant idea. They weakened this property to the so-called sub-intrinsic cylinders for which they succeeded
to prove the covering property. Thereby, they call a cylinder sub-intrinsic if (1.3) holds as an inequality, i.e.
the mean value integral is bounded from above by the right-hand side.

The methods of proof of this important result are only applicable in the scalar case for non-negative
solutions, because tools as the expansion of positivity are neither available in the vectorial case, nor for signed
solutions.

The present paper has its origin in the effort to extend the purely scalar result to the vector-valued case. As
a by-product of the vectorial case, we are able to deal also with signed solutions in the scalar case. Moreover,
contrary to Gianazza and Schwarzacher, we start from the definition of weak (energy) solutions introduced
in [28, Theorem 5.5], i.e. we start with solutions satisfying Du™ ¢ LIZOC(QT, RN") see (1.6). As main result,
we prove that

Du™ e LY*¥(Qr, R"™)  for some & > 0.

We note that starting from a vectorial version of the energy estimate used in [16], a modification of our method
also applies to the definition of weak solution as considered there. The key to the higher integrability result
in the vectorial case is to prove the reverse Hélder-type inequality just by the use of an energy estimate and
a gluing lemma as stated in Lemmas 3.1 and 3.2. In particular, it is important to omit the use of the expan-
sion of positivity. In fact, for the proof of the Sobolev-Poincaré-type inequality in Lemma 4.3 we only use the
Gluing Lemma 3.2, the standard Sobolev inequality and some algebraic lemmas. Here, we note that con-
trary to (1.3) we work with differently scaled cylinders which reflect more clearly the behavior of the
porous medium equation and which are adapted to the energy space (1.6) (for the heuristics see also
[16, Remark 5.6]). These cylinders are given by Qg’) =By x (—Gl‘mngﬂ, Gl‘QOTH) with an intrinsic scaling
of the form

|um |2 2m
5 dxdt = 6°™, (1.4)
e
QY
so that in case that the mean value of u™ on the cylinder Qgg) is zero, the scaling parameter 0 is compa-
rable to [Du™|. A cylinder Qée) is called sub-intrinsic if (1.4) holds as an inequality, where the mean value
integral is bounded from above by the right-hand side. Contrary to [16] we present a unified proof of the
Sobolev-Poincaré-type inequalities on sub-intrinsic cylinders that works likewise in the non-degenerate and

Brought to you by | Aalto University
Authenticated
Download Date | 3/15/19 8:42 AM



DE GRUYTER V. Bogelein et al., The higher integrability of weak solutions of porous medium systems =— 1007

degenerate regime. These inequalities are subsequently used to derive reverse Holder-type inequalities on
intrinsic cylinders and sub-intrinsic cylinders additionally satisfying

HIDumlzdxdt > 6%m, (1.5)
QY
For the final proof of the higher integrability we cover the super-level-sets of |[Du™| by sub-intrinsic cylinders.

Here, we rely on the construction by Gianazza and Schwarzacher. The idea is to choose with the help of the
intermediate value theorem for a given center z, and radius p > 0 the scaling parameter ‘éza;g in such a way

that -
u
i 1 gxde = g2m,
; 0?
QY (z,)
is satisfied, where
(9 B
QY (z) = Zo+Q( 2,

Unfortunately, the mapping p — @ZO;Q is not monotone. Therefore, we modify the parameter ézo;g by a rising
sun-type construction, i.e. we define
0,0 := max0y,,,.
r>p

Then the mapping g +— 8;,;, is monotonically decreasing and furthermore one can show that the cylinders
Q o0 Bz0:0) (z,) are still sub-intrinsic. A crucial observation at this point is that by construction either the cylinders
are intrinsic or satisfy (1.5). This allows to apply our reverse Holder inequality. As in [16] our cylinders satisfy
a Vitali covering property which allows to cover the super-level-sets of |[Du™| by countably many of these
cylinders. In this way, we obtain a reverse Holder inequality on the super-level-sets of |Du™|. In a standard
way, this implies the higher integrability by a Fubini-type argument.

1.1 General setting and results

In this subsection we fix the notations, describe the general setup and present our main result. First, we define
what we mean by a weak energy solution to the porous medium-type system.

Definition 1.1. Assume that the vector field A: Qr x RY x RN — RN satisfies the conditions in (1.2) and
that F € L (Qr, RM"). We identify a measurable map u: Q7 — RY in the class

0, T; W22(Q, RY)) (1.6)

loc

u e C°0, M; L™Y(Q,RY)) with u™ e L?

loc loc

as a weak solution to the porous medium-type system (1.1) if and only if the identity
”[u -0t — A(x, t,u, Du™) - D]l dxdt = ” F-Dg dxdt (1.7)
Qr Qr

holds true, for any testing function ¢ € C3°(Qr, RY).

Existence of weak solutions can be deduced from [1] after the transformation v = |u|™ u; see also [5] for a
different approach in the case of non-negative solutions.
Throughout the paper we work with parabolic cylinders of the type

m+l m+l
Qr(zo) = BR(xo) x (o =R m ,to + R ) € Qr,

whose associated parabolic dimension is

1

di=n+1+—.

m

Our main result reads now as follows.
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1008 —— V.Bogelein et al., The higher integrability of weak solutions of porous medium systems DE GRUYTER

Theorem 1.2. Let m > 1 and o > 2. There exist constants €, = €,(n,m, v, L) € (0,1]andc = c(n,m,v,L) > 1
such that the following holds true: Whenever F € L% (Qr, RN") and

loc

u e C°x(0, T); L™ (Q, RY)) with u™ e L2 (0, T; W2 (Q, RY))

loc loc loc

is a weak solution of equation (1.1) under the assumptions (1.2) in the sense of Definition 1.1, there holds

Du™ e L2*E1(Qr, RV,

loc

where €1 := min{e,, 0 — 2}. Moreover, for every € € (0, £1] and every cylinder Q,r(z,) € Qr, we have the quan-
titative local higher integrability estimate

2m e
if |Dum|2+fdxdtsc[1+ if [ +|F|2]dxdt] ff 1w axdese ff e axae )
Qr(zo) Q2r(20) Q2r(20) Qar

The quantitative local estimate (1.8) can be converted easily into an estimate on the standard parabolic
cylinders Cgr(zo) := Br(X,) x (to — R?, t, + R?). The precise statement is as follows.

Corollary 1.3. Under the assumptions of Theorem 1.2, the estimate

em

C m+1
H |Dum|2*£dxdtsﬁ[l+ H [|u|2m+R2|F|2]dxdt] H \Du™2 dxdt + ¢ H |F12* dx dt
Cr(zo) Cyr(20) Cyr(20) Crr(20)

holds true on any parabolic cylinder Cor(z,) € Qr and forevery € € (0, €1] and with a constant ¢ = c(n, m, v, L).

2 Preliminaries

2.1 Notations

In order not to overburden the notation, we abbreviate in the following the power of a vector (or possibly
negative number) by
u® = u/*u forueRManda >0,

where we interpret u® = 0 in the case u =0 and « € (0, 1). Throughout the paper we write z, = (x,, t,) € R" xR
and use the space-time cylinders
Q) (z0) 1= By(xo) x Ay (o), 2.1)
where
A (to) 1= (to = 0" 0" to + 610"
with some scaling parameter 6 > 0. One of the most important notions for this paper is the notion of sub-

intrinsic cylinders. We call a cylinder Qéa)(zo) sub-intrinsic if and only if

|u|2m

g rde< o

QP ()

holds true. If the preceding inequality actually is an equality, we call the cylinder intrinsic. In the case 6 = 1,
we simply omit the parameter in our notation and write

Qo (Zo) = By(Xo) X (to — 0" , ty + 0" )

instead of Qél)(zo), and, analogously, A,(t,) instead of Agl)(to). If z, is the origin, we write Q,, B, and A, for
Q,(0), B,(0) and A, (0). Moreover, if the center z, is clear from the context, we omit it in our notation.
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DE GRUYTER V. Bogelein et al., The higher integrability of weak solutions of porous medium systems =— 1009

For a map u € L1(0, T; L'(Q, RY)) and given measurable sets A c Q and E c Q x (0, T) with positive
Lebesgue measure the slicewise mean (u)4: (0, T) — RN of u on 4 is defined by

(W)al(t) := :'t u(t) dx fora.e.te(0,T7), (2.2)
A

whereas the mean value (u)g € RN of u on E is defined by

(Wg := H u dxdt.

E

Note that if u € C°((0, T); L2(Q, RY)) the slicewise means are defined for any ¢ € (0, T). If the set A is
a ball By(x,), then we abbreviate (u)y,;o(t) := (u)B,(x,)(t) and if E is a cylinder of the form Qg,g)(zo), we
use the shorthand notation (u)gz);g = (u)Qw) )" Finally, we define the boundary term

0 0

b[u™, a™] := (Ja™t = ju™Y —u- (@™ -u™) (2.3)

+1

that will appear in the energy estimate from Lemma 3.1.

2.2 Auxiliary material

In order to “re-absorb” certain terms, we will use the following iteration lemma, which can be retrieved by
a change of variable from [21, Lemma 6.1].

Lemma 2.1. LetO <9< 1,A,C = 0anda, § > 0. Then there exists a constant c = c(f3, 9) such that there holds:
For any 0 < r < p and any non-negative bounded function ¢ : [r, p] — Ry satisfying

o(t) < 9¢p(s) + A(s* - tPFiC forallr<t<sc< o,

we have
P(r) < c[A(e* - )P + C.

Lemma 2.2. Forany « > 1, there exists a constant ¢ = c(a) such that, for all a, b € RY the following assertions
hold true:

© ¢la®-b% < (jal*" +|b|* la - b| < cla® - b4,

(ii) |a - b|* < cla® - b%|,

(iii) |a* - b*|? < c(a** ! — b?* 1y . (a - b).

The proof of (i) and (ii) can be found in [19, Lemma 2.2]. Inequality (iii) can be derived by combining the
proof of 7, Chapter I, Lemma 4.4] with (i). The next lemma provides useful estimates for the boundary term b
introduced in (2.3).

Lemma 2.3. There exists a constant ¢ = c(m) such that for any u, a € RY the following assertions hold true:
@ L' -a"T P <bum am <clut -at P,

(i) ¢lu™—a™? < [luf™"+a™ o™, a™ < clu™ - a™?,

(iii) b[u™, a™] < clu™ — a™|"w .

Proof. Using the auxiliary function ¢ € C2(RY), ¢p(x) = —1;[x|"™*1, we can re-write the boundary term to

1 1
b[um, am] _ |u|m+l _ |a|m+l —am. (u _ a)
m+1 m+1

= ¢p(u) - p(a) - Vg(a) - (u - a).

The Hessian of ¢ is given by the matrix

Hp(x) = |x|""1(1[N +(m- 1);—| ® l’;—|)
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1010 —— V.Bbgelein et al., The higher integrability of weak solutions of porous medium systems DE GRUYTER

whose eigenvalues are |x|™~! and m|x|™"!. Therefore, the integral formula for the remainder in Taylor’s
expansion yields

1
b[u™, a™] 2J|a+t(u—a)l’"‘l(l—t)dtlu—alz. 2.4)
0

Now, we distinguish between the cases |u| > |a| and |u| < |a|. In the first case, for any ¢ € (%, 1) we have
1 1
la +t(u-a)l = tu| - (1 -t)lal 2 zlul > Z(Iul +lal),

from which we infer

1
blu™, a"l>c j(l - ) dt (lul +la)™ Hu - al* = ¢ (Jul + la)™ |u - al?, (2.5)
%

where ¢ = c(m). In the second case |u| < |a|, we restrict ourselves to values t € (0, %). Interchanging the roles
of u, aand t, 1 — t we end up with the same estimate for |a + t(u — a)|. In view of (2.4), this implies also in the
remaining case for b[u™, a™] estimate (2.5). Combining this with Lemma 2.2 (i), we arrive at the first claimed
estimate, since

+1 +1
blu™, a™] = c(m)(lul + la)™ Hu - al? > c(m)lu”z -—a"7 |2

For the second asserted estimate, we apply Lagrange’s formula for the remainder in Taylor’s expansion, which
yields

bu™, a™]

IN

l sup (u—-a)-Hg(a+t(u-a))(u-a)
2 te(0,1)

N

m
< —lu-al®* sup |a+tu-a)|™?!
2 te(0,1)

< cm)(lul + la)™ Y u - al?. (2.6)
In view of Lemma 2.2 (i), this yields the second estimate from (i), since
blu™, @™ < c(m)(Jul +|a)™  u - a® < c(m)lu”* - a"* 2.

m+1 m+1

The inequalities in (ii) are a consequence of (i) and Lemma 2.2 (i) applied with t=u 2 , a=a 2 and
_ 2m s
a = e’ since

1 1
(ul™ +]al™ o[u™, a™ = c(m)[Ju™! + ™ Ju™s - a™ |?

. 2(m-1) . 2(m-1) - ~
= c(m)[|a) " + |al = Jja - al?
> c(m)lu™ - a™|?.

The reasoning for the second bound in (ii) is similar. The inequality (iii) also follows from inequality (2.6)
and Lemma 2.2 (i)-(ii), since

1
blu™, a™] < cm)|u™ — a™||u - al < c(m)|u™ — a™|* . O

The following estimate, which is known as the quasi-minimality of the mean value, can be established by
Young’s and Holder’s inequality.

Lemma 2.4. Let « > 1. Then for any bounded domain A C RK k e N, anyu € L*(A, RM), and anya € RN there
holds

][ lu—(u)a|*dx < 2¢ ][ lu—a|*dx.

A A

The following statement shows that mean values over subsets are still quasi-minimizing. This is well known
for a = 1. Here, we state the version for powers. As expected, the quasi-minimality constant depends on the
ratio of the measures of the set and the subset.
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DE GRUYTER V. Bogelein et al., The higher integrability of weak solutions of porous medium systems =— 1011

Lemma 2.5. Let a > 1. Then there exists a universal constant ¢ = c(a) such that whenever A ¢ B c RX, k € N,
are two bounded domains and u € L**(B, RYN), there holds

{ [u® - )5 |* dx < % ][ lu® - (u)§|? dx.
B B

Proof. We start by estimating the difference |(u)g — (u)}|. Using Lemma 2.2 (i)-(ii), we obtain for a constant
¢ = c(a) that

) — @31 < cllpl** 7 +1(wal**?1l(w)s - W)al®

< cllplP*? + ()4 - Wa** 1w - (Wal®

< clwpg**? ][ |u — (W)pl* dx + cl(w)a - (Wpl**

A
<c } [u® - (g2 dx + ¢ :‘t lu - (u)p|?% dx
A A
ClB'} o a2
< —— 1 |u®* - ()% dx.
|A] B

B
From this estimate we conclude
][ u® — )i|2 dx < 2 { u® — @12 dx + 21 — 4|2
B B

c|B|

A ()2
< S fue - a0 ax,

B
which proves the claim. O

The following lemma is from [12, Lemma 6.2]. For convenience of the reader, we nevertheless include the
proof.

Lemma 2.6. Let a > 1. Then there exists a universal constant c = c(a) such that for any bounded domain
A c R, any non-negative u € L**(A, RY), and any a € RY there holds

][ u® — () dx < c][ u® — a®P? dx.
A A
Proof. Using Lemma 2.2 (iii), we obtain for a constant ¢ = c(a) that
fiu - g ax < cfw- o) @ - @i dx
A

ctu -, W' - a*ydx

<ctu- @t - a? 1t dx. 2.7

B — s ——

In order to estimate the integrand from above, we distinguish between two cases. In the case |u| < %lal, we
have
la|® = |a* — u* + u%| < |a* — u®| + 27%a|*

20

and hence |a|® < 57—

|u®* — a?|. In turn, this allows us to estimate

2a-1
’

|u2a—1 _ a20(—1| < 2|a|2a—1 < C((X)Iu“ _ aal n

which by Lemma 2.2 (ii) implies

2a-1 _

2a-1

lu - (u)allu @) < cla@)u® - )%= [u® - a%* (2.8)
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In the remaining case |a| < 2|u|, Lemma 2.2 (i) shows

2a-1 2a-1 2a-2 2a-2
[u—@allu™" —a®*| < c(a) lu — (Wal(Jul“** + |al“* ) |u - al
2a-2
< c(a) [ul***lu - (Wallu - al

-1 -1
=c(a) [ul*u - Wallul* u-al.

An application of Lemma 2.2 (i) therefore yields

20-1 _

lu— (u)allu a’ 1 < clu® - @§/u® - a¥|. (2.9)

Combining (2.8) and (2.9), we infer that in any case the estimate

1

1 2a—
201 _ 261 < clu® — (w)i|eju® - a®| T +cju® - W)s||u® - a%|

lu - (Wallu
holds true for a constant ¢ = c(a). We insert this into (2.7) and apply Young’s inequality twice. This leads to
][ lu® - (w)4]?dx < % ][ lu® — )51 dx + c{ [u® - a®* dx.
A A A
Here we re-absorb the term % ]f " |u® - (u)gl2 dx into the left-hand side and obtain the asserted inequality. [
Finally, we ensure that the mean value is also a quasi-minimizer of a — f 4 blu, al dx.

Lemma 2.7. There exists a universal constant c = c(m) such that for any bounded domain A c R", any non-
negative u € L™ (A, RY), and any a € RY there holds

{ b[u, ()a] dx < c][ bu, a] dx.
A A
Proof. Due to Lemmas 2.3 (i) and 2.6 we obtain
][b[u, (waldx < ¢ ][|u’”T” )y P dx
A

y)
1 1
<c ][Iu% —a%lzdxscfb[u,a]dx.
y) y)

This proves the asserted inequality. O

3 Energy bounds

In this section we derive an energy inequality and a gluing lemma which follow from the weak formulation
(1.7) of the differential equation by testing with suitable testing functions. Later on, they will be used in order
to prove Sobolev—Poincaré and reverse Holder-type inequalities.

Lemma 3.1. Letm > 1 and let u be a weak solution to (1.1) in Q7 in the sense of Definition 1.1, where the vector-
field A fulfills the growth and ellipticity assumptions (1.2). Then there exists a constant ¢ = c(m, v, L) such that
on any cylinder Qg’) (zo) € Qr With0 < p <1 and 6 > 0, and for any r € [£, p) and any a € RY the following
energy estimate:

m+1

mg . m
sup f Gm‘lmdx+ H |Du™|? dx dt

[C)] m
(e to) B x) ¢ 0 (z0)
u™ - am|? b[u™, a™
<cC :H: I:l(g—r)2|+0milH]dth+C {'J: |F|2dth,
- m —1 m
QY (z0) e QY (z0)

holds true, where b has been defined in (2.3).
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DE GRUYTER V. Bogelein et al., The higher integrability of weak solutions of porous medium systems =— 1013
Proof. Forv e L1(Qr, RY), we define the following mollification in time:

t
Vin(x, t) := Je%t v(x, s)ds.
0

= -

From the weak form (1.7) of the differential equation we deduce the mollified version (without loss of gener-
ality we may assume that u € C°([0, T); L2 _(Q, RY)))

loc

h

T
” [at[[u]]h <@ + [A(x, t,u, Du™)]p -D(p] dxdt = ”[[F]]h -Do dxdt + 1 J u(0) - j e‘%<pds dx (3.1)
Qr Qr Q 0

for any ¢ € L%(0, T; Wé’z(Q, RM)). Let 1 € C(l)(Bg(xo), [0, 1]) be the standard cut off function with n =1
in B,(x,) and |Dn| < -2~ and { € Wl’m(Aée)(to), [0, 1]) defined by

<5
1 fort >t — 01",
§6) =9 (t-to)om 1L + o™ e ms
( (;)7“ Lﬂg fort e (t, - 01 ™Mp ", to — O1 M ).
Q m —F m

Furthermore, for given € > O and ¢; € Aﬁe)(to) we define the cut-off function i, € Wl’m(Aée)(to), [0, 1]) by

1 fort e (t, — 1 Mp"n , t1],
Ye(t):=11-L(t-t;) forte (t1,t1 +¢),
0 fort e [t; +&,ty).

We choose

P, £) = N> OO (O™ (x, 1) - a™)
as testing function in the mollified version (3.1) of the differential equation. For the integral containing the
time derivative we compute

|| otutn-gaxae= || niopeoduls-quly - a™dxae

03" (z0) 0¥ (z0)
+ ” N> (Peocluly - (u™ - [ul}) dxdt
QP (z0)
1
> - ” nzCllleat( ] |[uln|™ - @™ [[u]]h)dxdt
QY (zo)
=~ || wepeoeinay, amyaxar
QY (zo)
- | wwis pesottuty, amaxat,
QY (z0)
where we also used the identity o¢[uls = - ([ulr — ), cf. [24, Chapter 2]. Since [u]s — u in L% (Qr), we

may pass to the limit h | 0 in the integral on the right-hand side and therefore find that
lm inf ” dcluly - @ dxde > H 2L + Yeolu™, @™ dxdt =: I, + IL,.
Q) (z0) Q) (z0)
At this point, we pass to the limit € | 0 and obtain for the first term

llmIs = j rlzb[um("tl)) am]dxs
elo
By (x0)
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1014 —— V.Bbgelein et al., The higher integrability of weak solutions of porous medium systems DE GRUYTER

forany t; € Aﬁe)(to), whereas the term II, can be estimated in the following way (observe that the boundary
term is non-negative):

m m
i< [[ ¢owmamaxdes || emflb,[&"l—":m;dxdt.
Q¥ (z0) QP (z,) e

Next, we consider the diffusion term in (3.1). After passing to the limit h | 0, we use the ellipticity and growth
assumption (1.2), and later on Young’s inequality. In this way, we obtain

” A(x, t,u, Du™) - Do dxdt = ” A(x, t,u, Du™) - [n?pDu™ + 2n{h(u™ — a™) ® Dn] dx dt
QP (z) Q¥ (z0)

>v H 72 (el Du™ 2 dx dt - 2L ” nIDNICpelu™ - a™||Du™| dx dt

QY (o) 0¥ (z0)
v
z5 ” 2P| Du™|? dx dt - ¢ ” D Qe lu™—a™? dx dt
QZ,G) (z0) QZF) (20)
v u™ — am|?
z5 ” n2 el Du™? dx dt - ¢ ” |(g——r)2|dth
QY (z0) QP(z,)

for a constant ¢ = ¢(m, v, L). Finally, we consider the right-hand side integrals in (3.1). The second integral
disappears in the limit h | 0, since ¢(0) = 0. In the integral containing the inhomogeneity F we pass to the
limit A | 0 and subsequently apply Holder’s inequality. In this way, we obtain

” F-Dg dxdt = H (2P - Du™ + 200 - (u™ ~ a™) o Dy dxdt

Q¥ (z0) Q¥ (z0)
v um — qm 2
<7 ” [nzapgwumﬁ + l(g—r)zl] dxdt +c ” IFI? dxdt.
QY (z0) QY (z0)

We combine these estimates and then pass to the limit € | 0. This leads to

t

jb[u’"(-,tl),a’"ldﬁz j JIDumlzdxdt

By (xo) g1y i Bo(xo)
u™ - am|? blu™, a™
<cC JJ [I(Q—r)2|+9m_1H]dxdt+C JJ |F|2dxdt
- m —F m
QY (zo) e QY (zo)

for any t; € Ase)(to), with a constant ¢ = c(m, v, L). In the preceding inequality we take in the first term on
the left-hand side the supremum over t; € Aée)(to), and then pass to the limit t; T t, + gl-myit Finally, we
take means on both sides. This procedure leads to the claimed inequality. |

The following lemma serves to compare the slice-wise mean values at different times. This is necessary since
Poincaré’s and Sobolev’s inequality can only be applied slice-wise. Such a result, which connects means on
different time slices, is termed Gluing Lemma.

Lemma 3.2. Let m > 1 and let u be a weak solution to (1.1) in Q7 in the sense of Definition 1.1, where the vector-
field A fulfills the growth and ellipticity assumptions (1.2). Then for any cylinder Qée) (zo) e QrwithO<p<1
and 08 > 0 there exists p € [%, o] such that forall t1, t; € Ag’)(to) there holds

1

(Wit - a0l < G f UDw™ )+ [Py axate

QP (z0)

for a constant ¢ = c(L).
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Proof. Let t1,t; € Ai,e)(to) with t; < t, and assume that r € [, p]. For § >0 and 0 < &£ < 1, we define
& e Wé"’o(tl —&,t)+&) by

(0 fort, — 01 Mp"n <t<t; -,
LU forty —e<t<ty,

() =11 fort; <t<ts,
try+e—t

fort, <t<t)+¢,

[0 fort, +e<t<t,,

and a radial function ¥ € Wé’oo(Bms(xo)) by Ws(x) := Ps(Ix — x,]), where

1 forO<s<r,
Ps(s) = 145 forr<s<r+6,
0 forr+6<s<p,
for s € [0, p]. For fixed i € {1,..., N} we choose ¢, s = é&Wse; as testing function in the weak formula-

tion (1.7), where e; denotes the i-th canonical basis vector in RY. In the limit &, § | 0 we obtain
t

J (-, )~ u(-, t1)] - erdx = J J [A(x, t,u, Du™) + F] - e ® -

By (xo) t1 0B (xo) -

dH™ 1 (x) dt.

Xo
Xol
We multiply the preceding inequality by e; and sum overi =1, ..., N. This yields

t

J [u(-,tz)—u(-,tl)]dx=j j [A(x, t,u, Du™) + F]

Br(xo) t aBr(Xo)

X —Xo

dH™ 1 (x) dt.
|x = Xo|

Here, we use the growth condition (1.2), and immediately get for any ¢4, t; € Ago)(to) andanyr € [%, o] that
there holds
ty
J [u(-, t2) —u(-,t)]dx| < J J [LIDu™| + |F|] dH"1 dt.
By (xo) t1 0By (xo)

Since

~
)

[L|IDu™| + |F|] dx dt
t1 By(xo)

[L|Du™| + |F|] dH"™ ' dedr

t ()B,(Xu)

\%

IR e 1y O e
o

j [LIDu™| + |FI] d3¢" dedr,
t1 0By (xo)

there exists a radius 9 € [%, p) with

tz 2 tZ

J J [LIDu™)| + |F|]dH™ 1 dt < 2 J J [L|Du™| + |F|] dx dt.

ty aB@(Xa) t Bg(xa)
Therefore, we choose in the above inequality r = p and then take means on both sides of the resulting inequal-
ity. This implies

C
Ws(t2) - (Dt < j }[|Du’"|+|F|]dxdt
A (t,) Bolxo)

com
- oon A} upwry+ iRy axae

Q¥ (z)

forany tq, t; € Aég)(to) and with a constant ¢ = c(L). O
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4 Parabolic Sobolev—Poincaré-type inequalities

Throughout this section we consider so-called sub-intrinsic cylinders. These cylinders are characterized as
follows: On the scaled cylinder fo)) (zo) € Q7 with 0 < p < 1 and 6 > 0 the following coupling between the
mean of "‘Qﬁ on Qée) (z,) and 6 holds true:

|u|2m
2

dxdt < 29292m, (4.1)
QY (z0)

The following lemma is the first step towards a Poincaré-type inequality for weak solutions to the porous
medium system. This is necessary because the standard Poincaré inequality in R" x R cannot be applied
directly, since weak solutions u a priori do not possess the necessary regularity with respect to time; note that
we only assume for the spatial derivative Du™ € LIZOC(QT, RN™), while no regularity assumption with respect
to time is incorporated in the definition of weak solutions. Nevertheless, we are able to prove some sort of
Poincaré inequality. This is achieved by considering the space and time direction separately. In x-direction
we can apply the Poincaré inequality on R", while in ¢-direction the needed regularity is gained from the
gluing lemma.

Lemma 4.1. Let m > 1 and let u be a weak solution to (1.1) in Q7 in the sense of Definition 1.1, where the
vector-field A fulfills the growth and ellipticity assumptions (1.2). Then on any cylinder QZ,G) (zo) € Qr satisfying
the sub-intrinsic coupling (4.1) for some 0 < g < 1 and some 6 > 0, the inequality

u™ — (um © 2 u™ — (™, . (DI? 2
H % dxdt<c H l ( QZ)Z"’Q( ) dxdt + c[ H [|Du™| + |F|] dx dt (4.2)
QP (z0) QY (z0) QP (z0)

holds true with a universal constant ¢ = c(n, m, L).

Proof. In the following we shall again omit for simplification the reference point z, in our notation. Moreover,
we let g € [%, o] be the radius from Lemma 3.2. By adding and subtracting the slice-wise means (u):’;(t) as
defined in (2.2), we obtain the inequality

m_ (yymy®)2 lu™ — ()™ (6)|? 2
H " - @) dxdtgg[ J][ — 2 gydt+— ][ ’ } (@) - D) dr| dt
© e ©® € ¢ QNN
Q! Q, A" Ay
1 2
+ _2| ][ (W) (r) dr—(um)§9)| ]
0 o

=: 31+ I + I11], (4.3)

with the obvious meaning of I, II, III. In the following, we treat the terms of the right side in order. We start
with the term I. Using the fact that p € [, p], we can first replace the slice-wise means (u)g‘ (t) by (u)g' (t) with
the help of Lemma 2.5, and afterwards apply Lemma 2.6, to obtain

um_umt2 m _ m tZ
| (2)9( )l dxdt < c |u (ll2 )o (DI d
e e

) ()
QY QY

x dt,

where ¢ = ¢(m, n). Since III < I, it remains to treat the term II. In turn, we apply Lemma 2.2 (i) and Lemma 3.2
to infer that forany ¢, T € Ag’) there holds

@7 () - @ (D) < cll@a O +1we(DI™HIw)a(6) ~ (Wp(7)]

<2 HnDu"w +FI] e defla)p (01" + [ (@™ 1,

)
QY
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where ¢ = ¢(m, L). Taking squares on both sides, integrating with respect to t and 7 over Ag’) and applying
Holder’s inequality and the sub-intrinsic coupling (4.1), we infer
m-1 2
Il < %[ ff dxdt] [ ffupuri+ im dxdt] < c[ ffupuri+ iFyaxae
QY

2D ho(m-1
0 92(m-1) o o

2

for a constant ¢ depending only on n, m, and L. At this point, we use the estimates for I — III in (4.3) and
obtain the claimed inequality. O

With the help of Lemma 4.1 we can now easily deduce a Poincaré-type inequality. Later on, Lemma 4.1 will
also be the starting point for the proof of a Sobolev—Poincaré-type inequality; see Lemma 4.3.

Lemma 4.2. Let m > 1 and let u be a weak solution to (1.1) in Qr in the sense of Definition 1.1, where the
vector-field A fulfills the growth and ellipticity assumptions (1.2). Then on any cylinder Qée) (zo) € Qr satisfying
the sub-intrinsic coupling (4.1) for some O < p < 1 and some 0 > 0, the Poincaré-type inequality

u™ — (um ©) 12
i l(é)#dxdtsc ff upu + 1p?) dxae

0¥ (z0) 0¥ (z0)

holds true with a universal constant ¢ = c(n, m, L).

Proof. In the following we shall again omit for simplification the reference point z, in our notation. We
will take estimate (4.2) from Lemma 4.1 as starting point for our considerations. To the first integral on the
right-hand side, we apply Poincaré’s inequality slice wise for a.e. t € Aé,e). In this way, we obtain

m _ m t 2
I "'(Q#dxdtg c {f pump axar,

() ()
QY QY

where ¢ = c(n, m). Applying Holder’s inequality to the second integral on the right-hand side of (4.2) yields
the claimed Poincaré-type inequality on sub-intrinsic cylinders. O

The next statement can be interpreted as some sort of Sobolev—Poincaré inequality for the L?-deviation of u™
from its mean value on the sub-intrinsic cylinder fo) (zo). Later on, we shall use this inequality to estimate the
right-hand side in the energy inequality from Lemma 3.1. As usual, this leads to a reduction in the integration
exponent of the energy term of the right-hand side, i.e. the integral containing Du™. Similar to Lemma 4.2,
we take Lemma 4.1 as starting point in the proof. Then the idea is to extract a part of the integration exponent
from the L2-oscillation integral by the sup-term (occurring in the left-hand side of the energy estimate) and
then to apply Sobolev’s inequality to the remainder.

Lemma 4.3. Letm > 1 and let u be a weak solution to (1.1) in Q7 in the sense of Definition 1.1, where the vector-
field A fulfills the growth and ellipticity assumptions (1.2). Then on any sub-cylinder Qg))(zo) € Qrasin(4.1)
forsome 0 < p < 1 and some 6 > 0, and for any given € € (0, 1] the following Sobolev-type inequality holds:

@ |2 m my(0)
[u™ — (u™)z,5l blu™(-, 1), (U™)z,;]
H Q—zz”’gdxdtse sup J: ot L
) m
Q) ehe (1) B, (x,) e
1
c m2q ! 2
+— [Du™|“9dxdt| +c |F|* dx dt
en
QY (z0) Q¥ (zo)

for a universal constant ¢ = c(n, m, L) and q := % < 1.

Proof. In the following, we shall again omit the reference point z, in our notation. As in the proof of
Lemma 4.2 we take inequality (4.2) from Lemma 4.1 as starting point. Moreover, we abbreviate (u™),(t)
by (u™),. From the context, it is clear that (u™), is to be interpreted as a function of t. To the first integral
on the right-hand side, we apply the lower bound for the boundary term from Lemma 2.3 (ii) and Holder’s
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"2 In this way, we obtain

n+2

inequality with exponents %, nte
u™ — (u™m t 2
ﬁd dt = — [u™ _(um)g|n+2|u _(um)g|n+2 dx dt
Q(G) Q Q Q(ﬂ)
e e
c Z(mle) 5
< ? [lu"’lm +( m)g|*] " oplu™, (™)l m [u™ — (u™),| w2 dx dt
QY
Ty
1 1 2 m(n+
< —2[ ]f][ (1™ + @™y, )7 | dxdt]
(6)
e
2 m n+2
blu™, (™)) H ™ — (u™) | dxdt]
QY
m-1 _d_
Cc om m(n+2) m m 2 m n+2
<= |ul“™ dx dt blu™, ™)l u™ — (u™),| e dxdt
QZG) Qéﬂ)
Now, we use the sub-intrinsic coupling (4.1), Holder’s inequality with exponents §, ;% and fora.e. t € AY

d

Sobolev’s inequality slicewise (note that 2d" > 1, since n > 2). This yields
2(m 1
[ H blu™ ,(u’”)g] [u™ — (u™),| 4 dxdt]

m _ m tz
lu (u2 )o(0)] dede< €
Q® e 07 o®
e 4
2
e ff ot )
Q(e) Q m Qd
0
blu™, @™,] | 17[ [ - @Ml#E 1T 7
<ol f [ forr T dx] | - dx] dt]
A(G) B Q " Bg Qd*Z
< ¢ sup [][9'" L0l 0), (um)g(t)] ]
m+l
ter B, om
@Ml 1T 1
][ ][ 72 el dx] dt]
( Qd*Z
b m ,t m (9) ﬁ n %
[u™(-, 6), (™), de] [HlDu"‘lzddxdt] ,

3csup[{6m1 —

ter onr Q®

with a universal constant ¢ = c(n, m). In the last line we have used Lemma 2.7 in order to replace in the
G . _

boundary term b the slice wise mean (u™),(t) by the mean (u™), ) Inserting this inequality into (4.2) and

blum(-, t), @™ .

applying Young’s and Hélder’s inequality, this results for any € € (0, 1] in
2 d
n+2 o 2

x] [ H |Du™|@ dxdt]

0))2
[u™ — (u™),"
H > € dxdt<csup }9’”‘1 —
Q(De) e tEAée) er Q(gg)
2
+c [|Dum|+|F|]dxdt]
QY
() d
[u™(t), (u™),"] c " n
< sup 01 wer— e dor | iun# axe| e ff 1FP dxae.
o g ol
This completes the proof of the Sobolev-Poincaré-type inequality.
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5 Reverse Holder inequality

As it is well known, the core of each higher-integrability result is a so-called reverse Holder inequality for
the quantity in question, which in our case is the gradient Du™. These reverse Holder inequalities result in
a certain way from the previously established Caccioppoli-type estimate and Sobolev—-Poincaré-type inequal-
ities. In principle, the right-hand side integrals of the Caccioppoli inequality are estimated by applying the
Sobolev—-Poincaré inequalities. However, the proof turns out to be more subtle than originally expected. The
assumption that a sub-intrinsic coupling assumption must be imposed for the cylinder Q(Z? (z,) is obvious,
since this was presupposed in Lemma 4.3. However, this is not sufficient because the factor 8™~ in the energy
estimate has to be converted into an L™*1-oscillation integral of u. This is done by a super-intrinsic coupling
on the cylinder Q (zo) see the assumption (5.1),. Both assumptions together, i.e. (5.1); and (5.1),, mean
that the cylinder in, (zo) is intrinsic in some sense. On such an intrinsic cylinder the oscillations of u are
small compared to the mean value of u. This case could be called the non-degenerate case.

Proposition 5.1. Let m > 1 and let u be a weak solution to (1.1) in Qr in the sense of Definition 1.1, where
the vector-field A fulfills the structural assumptions (1.2). Then on any cylinder Q(zeg) (zo) € Q7 with an intrinsic
coupling of the form

2m 2m
H g' 7 dede < 0°" < H '”; dxdt (5.1)

Q%) (z0) Qo)

forsome 0 < p < 1 and 6 > O, the following reverse Hélder-type inequality holds true:

1
q
]f][ \Du™? dx dt < c[ H \Du™|24 dxdt] re H IF2 dxdt
QY (zo) Q) (z,) Q%) (z,)
for some universal constant ¢ = c(n, m, v, L) and where q := % < 1.

Proof. Once again, we omit the reference to the center z, in the notation. We consider radii r, s with
p <1 < s < 2p.From the energy estimate in Lemma 3.1, we obtain

m m (9)
sup }9"’ 1 U™ C-, O, (W), dx + H |[Du™|? dx dt

m+1

ter? B, rom ®
u™ — (u™ blu™, (u™
<c H | S ( )2’ ® axat s H o 1%dxdt+c H \F? dxdt
o o T o
=: I+ 1 +1II, (5.2)
with the obvious meaning of I, II, III. We abbreviate
s
Rys = Tl mi? (5.3)
S2m — ) 2m
and observe that
s —rm <(s-r)am T
This together with Lemma 2.5 yields for the first term
4m_ um _ um 0)2
[< Ry ﬂ % dxdt. (5.4)

o
For the second term we use the intrinsic coupling (5.1),, Lemma 2.3 (ii)—(iii), Holder’s inequality and
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Lemma 2.5 to infer that

m»(0)
1 blu™ ,(nul) ]d

Sm

HSCR%SH:Gm xdt

(6)
s

m_ (yymy(0))2 my(0)
s [ P g ) g1 )

) sz () SmTH
§> Q()

s

blum, (™))

p dxdt

9), m-1
+ e R2 @™

(6)
s

u™ — (um )2
< cRE H l(s% dx dt
"

0
jum - )P

2
<CcRyg
. 2

s

()
Qv

dxdt.

Inserting the estimates for I and II above and applying Lemma 4.3, we find for any € € (0, 1] that

m m
sup{@m DU, 0, @) dx+H|Du |2 dx dt

m+l

ten” p, rr Q®
m et B 1), @) ) )
<c RS esup{@ T dx + — HIDu |“ dx dt +H|F| dxdt|.
teAﬁe) B, Sm En Qge)
With the choice e = —14-, this yields
2cRMH
Lo (-, 6), @™\ )
sup ][ om T dx + H |[Du™|” dx dt
teAﬁe) B, rm Q(e’
1 bl (-, 1), ] imea P
<5 sup ][ pm-1 o dx + c R/ [ H |[Du™|*4 dxdt] + R H |F|? dx dt,
ten’ () S m Q(e) Q(e)
20 20

for a constant ¢ = ¢(n, m, v, L). To re-absorb the term %[. .. ] from the right-hand side into the left-hand side,
we apply the Iteration Lemma 2.1. This leads to the claimed reverse Holder-type inequality, i.e. to

b um ,t um (0) 1
sup {em 1 PTG 0, e T H |Dum|2dxdtsc[ ﬁ |Dum|24dxdt]q re H IF2 dxdt.

© m+1
tel om
¢ Be @ H Q%

This finishes the proof of Proposition 5.1. O

The next lemma deals with the degenerate case which is characterized by the fact that u 15 small compared to
the oscillations of u. In terms of integral quantities this means that on the one hand ng (zo) is sub-intrinsic,
and on the other hand the scaling parameter 62" is smaller than the mean of |Du™|? on Qgg (o). As in
the non-degenerate case, we need the assumption (5.5)1, i.e. that ng (z0) is sub-intrinsic, as a prerequi-
site for the application of Lemma 4.3, which serves to deal with some of the right-hand side integrals of the
Caccioppoli-type estimate. However, during this procedure, a term of the order of magnitude §0?™ appears,
and it is precisely there where we need assumption (5.5),, which converts this term into the oscillation term
that can be re-absorbed into the left-hand side of Caccioppoli’s inequality.

Proposition 5.2. Let m > 1 and let u be a weak solution to (1.1) in Qr in the sense of Definition 1.1, where the
vector-field A fulfills the structure assumptions (1.2). Then on any cylinder Q(zgg) (zo) € Qr satisfying a coupling
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of the form

2m
Il glg)z dxde<o <k {f 1D + |7 dxde (5.5)

Q%) (z,) QY (zo)
for some scaling parameter 6 > 0 and some constant K > 1, the following reverse Holder-type inequality holds
true:
1
q
]f][ DU dxdt < c[ H D™ 29 dx dt] ie H IF? dxde
QY (z0) Q%) (z0) Q%) (z0)
2)(m
with a constant ¢ = c(n, m, v, L)K g and qg:=2<1.

Proof. We omit in our notation the reference to the center z,. Furthermore, we consider radii r, s with
o <r<s<2p. As in the proof of Proposition 5.1 we start from inequality (5.2) which follows from the
energy estimate in Lemma 3.1 and we recall the abbreviation (5.3). Estimate (5.4) for I is the same as in the
proof of Proposition 5.1. This is clear, since we did not use hypothesis (5.1), for their proof. Therefore, it
remains to consider the term II. Applying Young’s inequality, Lemma 2.3 (iii), and Lemma 2.5, we infer for
any 6 € (0, 1] that

blum (0)
<R H em-l% dxdt
Q¥ o
4m.
:Rmﬂ m m (0) %
< 856%™ 4 21 H blu ,(uz)r Jme dx dt
m+1 S
Q®
4m
m+ 6
< sgom o CRA H ju™ <um)‘ 2o
6m+1 Q(s9)
Rm+1 my(0) 2
< 562m 4 70 H L (" 51 gxat.
m+1 0(9)

From (5.4), the preceding estimate and Lemma 4.3 we obtain for §, € € (0, 1] that

4m_

1
Rmﬂ m m q
I+11< 662m 4 00 [s up][am LURCUNCIN ]dx+i2[H|Dum|2qudt] +H|F|2dxdt].
e

® m+l
tels B

m+1

m
S (6
s

Moreover, from the coupling (5.5), we infer that
6°m < 29K H [IDu™|? + |F|?] dx dt.
Q"

We insert the estimates for I and II into (5.2) and choose 6 = 2-(@*DK-1  This allows us to re-absorb the
integral of [Du™|? into the left-hand side. Proceeding in this way, we obtain

um m 9)
sup}@’" 1Dl 0, @) dx+H|Du’”|2dxdt

® m+1
teh; B,

rm

Q¥
S Lblum(-, 1), @™
< ceKmiRyS" sup ][ o™ ) dx
ter® 3 s
me1 A
+CKm+iﬂz,"j;1[ [Hmu |24 dxdt] + H |F|2dxdt].
Q® Q!
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At this stage the choice

1
E =

mo1  Am
2¢K it R
,S

yields

m. my(6)
sup ][Gm‘lb[u ¢, 0, @, ]dx+ H |[Du™|? dx dt

mrl
teA® B rom
r

Q
w ][ g1 B ), @m?]
)

m+1
2)

teA! B, §Sm

dx

<

1
2
1
ey 02 2 g )
+cK mion R, H|Du |°9 dx dt +ﬂ|F| dxdt|.

(6) (6)
ng QZ@

Now, we apply the Iteration Lemma 2.1 to re-absorb the sup-term from the right-hand side into the left. This
leads us to

1

q
Vs ﬂ \Du™ 2 dx df < c[ ﬂ \Du™ |2 dxdt] p H IF2 dx dt,

][ gnoa D" 0, @y

Sup m+1
t A(G) QT
€7y Bg Qée) QZ) Q(z?
(m-1)(n+2) . . ..
where the constant c is of the form c(n, m, v, L)K =D | This finishes the proof of the proposition. O

6 Proof of the higher integrability

As we have seen in the last section, one can establish reverse Holder inequalities in both the degenerate
and the non-degenerate regime. It should be recalled, however, that the cylinders on which these reverse
Holder inequalities are valid, are essentially scaled by the solution u. More precisely, the relationship between
ﬂ 0¥ (z,) '“Lﬁm dx dt, the scaling parameter 6 and ﬂ:QZf’)(za) |Du™|? dx dt plays the decisive role. Therefore, the
main objective in the proof of the higher integrability theorem is to find parabolic cylinders covering the
super-level set of the spatial gradient of u™ in the sense of a Vitali-type covering, such that on each cylinder
either a coupling in the form of (5.1) or in the form of (5.5) holds true. These cylinders will be constructed by
some sort of stopping time argument, combined with a rising sun-type construction. This very nice idea, which
has already been explained in the introduction, goes back to [16]. Once the covering has been constructed
by means of such cylinders, the application of the reverse Holder inequalities leads to a quantitative estimate
of [Du™|? on the super-level sets in terms of |[Du™|?4 for q = 7 < 1. The decay in terms of the super-level sets
can then be converted into the higher integrability of Du™.

Before we start the construction of the system of non-uniform cylinders reflecting the character of the
porous medium system as explained above, we fix the setup. We consider a fixed cylinder

Qsr(Yo, To) = Bsr(Yo) X (To — (BR) %, 7o + (8R) ) € Qp
with R € (0, 1]. In the following, we abbreviate Q, := Q, (Yo, To) for g € (0, 8R] and define
1
2m ml
Ay =1+ [ H [ U Dump? + |F|2] dxdt] .

(4R)?
Qur

At this point, we recall the notation for space-time cylinders Qé,e) (zo) from (2.1), which will be used in the
following construction. Moreover, we observe that

Q¥ (z)  Qur

whenever z, € Qag, 0 € (0,R] and 6 > 1.
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6.1 Construction of a non-uniform system of cylinders

The following construction of a non-uniform system of cylinders is similar to the one in [16, 27]. Let z, € Q2.
For a radius p € (0, R] we define

Eé inf{@e[/lo,oo):L JJ
[Qpl
QY (z,)

|u|2m

QDJ

dxdt < 9’"*1}

Note that 50 is well defined, since the set of those 6 > A, for which the integral condition is satisfied, is non-
empty. In fact, in the limit & — co the integral on the left-hand side converges to zero, while the right-hand
side blows up with speed 8™*1. Note also that the condition in the infimum above can be rewritten as

2m
H ™ i de < g2m,
0?

0¥ (z0)

Therefore, we either have that

59 =1, and H

(99)

|u|2m

dxdt < 92’" /Ig”’,
(20)
or that

n |u|2m n2m
8,>1, and H - dxdt=B; 6.1)

(6o)

Q, " (20)
holds true. In any case we have Or = Ay = 1. On the other hand, if A, < g, then (again by definition and the
fact that Q%OR)(ZO) C Qug), we have

1 |u|2m 42 |u|2m
gt = ” dxdt < ” dxdt < 44241,
1Qgl "R? 10zl J) (4R)?

(§R)(ZD) Qur
Therefore, we end up with the bound
O < 475 A,. (6.2)

Next, we establish that the mapping (0, R] > o — 59 is continuous. To this end, consider p € (0, R]and € > 0,
and define 6, := 0, + &. Then there exists § = §(¢, g) > 0 such that

1 |u|2m m+1
a ” - dxdt < 6]

Q¥ (z,)

forallradiir € (0, R] with |r — p| < 8. Indeed, the preceding strict inequality holds by the very definition of @Q
with r = p, since the integral on the left-hand side decreases with the replacement of ég by 6, (note that the
domain of integration shrinks), while the right-hand side strictly increases. The claim now follows, since
both, i.e. the integral on the right- and the left-hand side, are continuous with respect to the radius. With
other words, we have shown that 5, <0, = @Q + ¢ for r sufficiently close to p. Therefore, it remains to prove
0,>06_:= ég — ¢ for r close to p. This is clear from the construction if 6_ < A,, since 0, > A, for any r. In the
other case, after diminishing 6§ = 6(¢, p) > 0 if necessary, we get

1 |u|2m 1
dxdt > 6™*
1Q/l JJ r2

Q¥ (z,)

forallr € (0, R] with |r — g| < 8. For r = p, this is a direct consequence of the definition of 59, since otherwise,
we would have ég < 6_, whichis a contradiction. For r with |r — p| < § the claim follows from the continuity of
both sides as a function of r. By definition of 6,, the preceding inequality implies 0,>0_= 59 — g, asclaimed.
This completes the proof of the continuity of (0, R] 3 g + .
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Figure 1: lllustration of the rising sun construction.

Unfortunately, the mapping (0, R] > g + 6, might not be monotone. For this reason we modify 6, in
a way, such that the modification — denoted by 6, — becomes monotone. The precise construction is as
follows: We define

0,=0,.,:= max 0 ..
0 = Yzos0 1= AR Yzoir

This construction can be viewed as a rising sun construction, because on those intervals (g, ¥) on which
0, < 0;,forr e (o, 1), one replaces 0, by ;. Then by construction the mapping (0, R] 5 ¢ — 6, is continuous
and monotonically decreasing; see Figure 1 for an illustration of the construction.

Moreover, the cylinders Qé ")(zo) are sub-intrinsic whenever g < s. More specifically, we have

|u|2m 2m
H p dxdt < 6," foranyO<p<s<R. (6.3)

Q" )

In fact, the definition of 65 and its monotonicity imply 85 < 85 < 0,, so that Qge")(zo) C Qg S)(zo). Therefore,
we have

2m g,\m-1 2m 9, \m-1_ _
Il M axar< (22) Il M axdes (22)" g = gptar < 63m.

s2 s2
Q" (zy) ’ 0% (z,) ’
We now define
R if6, = A,,
p:=1 e (6.4)
min{s € [p, R] : 05 = 05} if 6, > A,.
In particular, we have 6, = 5@ forany r € [p, p]; see again Figure 1. Next, we claim that
d+2
S\ m+1
0o < <E> 0s foranys € (p, R]. (6.5)

In the case that 6, = A, we know that also 65 = A,, so that (6.5) trivially holds. Therefore, it remains to con-
sider the case 8, > A,.If s € (g, 0], then 8, = 65, and the claim (6.5) follows again. Finally, if s € (g, R], then
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the monotonicity of p — 6,, (6.1) and (6.3) imply

d+2

_ |u|2m il S\EET q |u|2m il S5\ 2
0, = 05 = [IQQ ” dx dt] g(E) [lel ” dxdt S(g) 0.
(

? 2, Q™ (z,)

We now apply (6.5) with s = R. Since 6y = 6 the estimate (6.2) for O yields

egs(g)g’ 9R<<4§) . (6.6)

In the following, we consider the system of concentric cylinders Q( oi0)

Note that the cylinders are nested in the sense that

(zo) withradiip € (0, R]and z, € Qar.

(6z03r)

(020:5)
r (z0) € Qs

(zo) wheneverO0<r<s<R.

The inclusion holds true due to the monotonicity of the mapping ¢ — 0,,,,. The disadvantage of this system
of nested cylinders is, that in general the cylinders only fulfill a sub-intrinsic coupling condition.

6.2 Covering property

Here, we will prove a Vitali-type covering property for the cylinders constructed in the last subsection. The
precise result is the following:

Lemma 6.1. There exists a constant ¢ = ¢(n, m) > 20 such that the following holds true: Let F be any collection

of cylinders Q( ) (z), where Qﬁez")(z) is a cylinder of the form constructed in Section 6.1 with radius r € (0, %).

Then there exists a countable subfamily S of disjoint cylinders in & such that

UJecJa (6.7)

QeF Q€S
where Q denotes the -times enlarged cylinder Q, i.e. if Q = Q(e“)(z) then Q = Q(g” (2).

Proof. Forj € N we consider the sub-collection

(C) _ R R
7= (0@ €7 o <r< o

and choose §; c J;j as follows: We let §; be any maximal disjoint collection of cylinders in J;. Note that §;
is finite, since by (6.6) and the definition of F; the £™*!-measure of each cylinder Q € G; is bounded from
below. Now, assume that §1, G5, ..., Gx_1 have already been selected for some integer k > 2. Then we choose
Sk to be any maximal disjoint subcollection of

k-1
{Qe&"k:QnQ* = ¢ for any Q" € US,-}.

j=1

Note again that also Gy is finite. Finally, we define

G:= Ej Gj.
=1

Then § is a countable collection of disjoint cylinders and § ¢ J. At this point it remains to prove that for each
Q € T there exists a cylinder Q* € Gwith Q n Q* # 0, and that this implies Q ¢ 0*.

To this end, fix Q = Q( ) (z) € 7. Then there exists j € N such that Q € J;. By the maximality of §;, there
exists a cylinder

(0z,5r.)

j
Q"= Q@) €| JSi
i=1
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with Q N Q* # 0. We know that r < ﬁ andr, >
the following, we shall prove

%, so that r < 2r,. This ensures that B4,(x) C Baor, (x.). In
d+2
0z..r, < 64m1 Oy, (6.8)

By 7. e [r., R] we denote the radius from (6.4) associated to the cylinder Q(ez* re) (z+). Recall that either
Q(ez* ro) (z4) is intrinsic or 7, = Rand 8;,.,, = A,. In the latter case we have due to the definition of 8,., that

I

(6, )

Therefore, we may assume that Q5, (z.) is intrinsic, which means

1 2m
ol = ” M gy dr. (6.9)
Qs 72

(Zz* T )(Z*)

&

In the following, we distinguish between the cases 7, < % and 7, > )5;, where p := 16. In the latter case we
exploit (6.9) and the definition of A, and 6., to obtain

m+1 ﬁ 21 Jj w ﬁ 2 m+1 d+2 m+1
025 <(3.) i || G ver=(57) At < caoten,

Qur

This shows that
92,‘,r* < (4p)met T 92 re

Therefore, it suffices to consider the case 7, < 5. Since 7, >r, and |x — x| < 4r + 4r, < 12r,, we know that
Byz, (x+) € By, (x). In addition, we have

It —t.] < 81,7 (4n) 5 + 01T (4r,) " (6.10)

Without restriction one can now assume 6., < ;. .., , because otherwise (6.8) trivially holds. Now, the mono-
tonicity of p — 0, and r < 2r, < 27, < 7, yield

92*;r* = 6z;r > 62;;17,,:

so that

0L (4F,) " + |t - t.] < 20170 (47.) "W + 01" (4r)

Zw3ls

m+1

mtl A1-m Fom 1-m (5 2L
<2.8m 92:;47 GZW (ur,) ™ .

But this means
(02)47*

(02* 7*
N () € A o).

Therefore, from (6.9) and (6.3) with g = s = uf., we obtaln
2 2m
9m+1 U J'J |u~| dy dr < yd+29;r::1.

Zy3T s < |Q**| oA (yr*)z
Q VZiHT (2)

UTs

This implies that
d+2

02,5, < U™ Oy
This finishes the proof of (6.8). With (6.10), r < 2r,, and (6.8) we conclude

m+1

034N + 1t t.] < 20340 + 61T (4r.)"W

(m=1)(d+2) 1)(d+2) mil
]91 m m

Z*,r*

< 4" [1+2 25 64

1
<Ol m(er,)

for a constant ¢ = ¢(n, m) > 4. This ylelds the inclusion A(e“ (t) c A(GZ* re) (t.). After possibly enlarging ¢, so
that ¢ > 20, this implies Q ¢ Q* = z* ’*)(z*) This estabhshes (6. 7) ‘and completes the proof of the Vitali
covering-type lemma. O
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6.3 Stopping time argument

For A > A, and r € (0, 2R], we define the super-level set of the function |[Du™| by
E(r, A) := {z € Q, : zis a Lebesgue point of [Du™| and |Du™|(z) > A™}.

The Lebesgue points are to be understood with regard to the cylinders constructed in Section 6.1. Note that
L1 3 e. point is a Lebesgue point with respect to these cylinders; cf. [14, Section 2.9.1] and the Vitali-type
covering Lemma 6.1. For fixed radii R < R1 < R, < 2R, we consider the concentric parabolic cylinders

Qr € Qr, € Qr, < Q2r.

Note that the inclusion
(x) _m . mtl _m  mil
QQK (20) = BQ(XO) X (to - Kt mQ o , b + Kt mQ ’"l) C Qg,
holds true whenever z, € Qg,, k € [A,, 00)and p € (0, R, — R1]. Wefixz, € E(R1, A) and abbreviate 05 = 0,5
for s € (0, R] throughout this section. By Lebesgue’s differentiation theorem, cf. [14, Section 2.9.1] we have
that

hﬂ} H [IDu™|? + |F|?]dxdt > |Du™?(z,) > A*™. (6.11)
S

Q¥ (z,)

In the following, we consider values of A satisfying

4¢R \m
A > BA,, whereB := < ) > 1, (6.12)
Ry - Ry
where ¢ = ¢(n, m) denotes the constant from the Vitali-type covering Lemma 6.1. For radii s with
R, -R
—26 L<s<R (6.13)

we have, by the definition of A,, for any s as in (6.13) that

H [IDu™|? + |F|*]dxdt < 'Q(‘;,R)| H[lDum|2+|F|2]dxdt
0% (z,) 18 g0,

< |Qu4rl gm-1m+1
Qs = °°
d+2)(m-1)

d+ DD
(%) o

d+ (d+2)(m-1)

( 4¢R m+1
<
R, -R;
— BZmAZm < AZm

0 .

2m
A

In the last chain of inequalities we used (6.6), (6.13) and d + (dfn)i"l’*l) = 2";,52{2). On the other hand, on
R,—-R;

behalf of (6.11) we find a sufficiently small radius 0 < s < =22~ such that the above integral with QEHS)(ZO)

c
as domain of integration, possesses a value larger than A>™. Consequently, by the absolute continuity of the

integral there exists a maximal radius 0 < g, < @ such that

[IDu™|? + |F|*]dx dt = A>™. (6.14)
0y’ z,)

The maximality of the radius p,, implies in particular that

H [IDu™? + |F|*] dxdt < A*™ foranys € (p,, R]. (6.15)
Q% (zo)

Finally, we know from the construction that Q(@ZZ" )(Zo) is contained in Q¢y,, (2,), which in turn is contained
inQ R,-
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6.4 Areverse Holder inequality

As before, we consider z, € E(r1, A) with A as in (6.12) and abbreviate 6,, = 0,,,,. . Asin (6.4) we construct
the radius 0, € [0z,, R]. Exactly at this point, we pass from the possibly sub-intrinsic cylinder Q 9’” (zo) to
the intrinsic cylinder Q(ii“ﬂ)(zo) Observe that 05 = 0,, foranys ¢ [g,, 0,], and, in particular, OQZO 0., -
Our aim now is to prove the following reverse Holder inequality:

H |Du’"|2dxdtsc[ H IDumlzqudt]q+c H P2 dxdt (6.16)

Bz, ) (0pz4) 0oz
Qpy, ° (20) QI,QZOD (z0) 049200 (Za)

with g := d <1 and c = c(n, m, v, L). We distinguish between the cases 1n wh1ch 0z, < 20, OF QZD > 20z,.
In the case g, < 2p,, we apply Proposmon 5.1 on the intrinsic cylinder Q "ZO (zo) (note that Q 920 (zo) is
intrinsic and, thanks to (6.3), Qz P20 )(zo) is sub-intrinsic) and obtain

H D" dx dt < 2¢ H D" dx dt

(0oz,) (0oz,)
Qpz,° (o) o” (20)

<c H IDumlzqudt] +c H |F|? dx dt

Q%0 (z,) Q0 (z,)

20zo 20z0

sc[ H |Du’“|2‘1dxdt] +e ﬂ \F2 dx dt,

Q4 (2,) 04 (z0)

where c=c(n,m,v,L). In the other case p,, > 2p,,, we want to apply Proposition 5.2 on the cylinder

“0 (z0). However, this is only permitted if the hypothesis (5.5) is satisfied. First, we notice that (5.5);
is an immediate consequence of (6.3), and therefore we only need to verify (5.5),. To this end, we consider
two cases. If 6,, = A,, we obtain (5.5); by the following computation:

o = A" < AP = ﬂ [IDu™|? + |F|*] dx dt.
052’ (z,)

Here we used (6.14) for the last identity. If 6,, > A,, then by construction ngizo )(zo) is intrinsic. Moreover,
since %@zo > p2,, we can apply (6.3) with (g, s) replaced by (g, , %@zo)- This together with Lemma 4.2 and
(6.15) (applied with s = g, € (g2, , R]) ensures that

1
[ 2m 2m
u
0, = H M ax dt]
L o) on
2220 ()
(Boz) |2 (0ozy) L
|um ( m)Zg 5 | ﬁ |(u )ZQ g |m
< H 22275 dxdt] + —"’; Z"
QY0 z,) o o,
(0oz,) |2 1 i
l - ( m ZD‘?QZD 2m 1 |u|2m m
<c — dxdt| +2™m e 2clxdt
Ogn) Zo (ng (ZQZO)
Q"% (20) ° (Za)

0z0

1
2m
<c H [|Dum|2+|F|2]dxdt] +2%6,,

(Boz,)
sy (Z0)

<ch+ 2‘%6920

Q
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for a constant ¢ = c(n, m, L). Re-absorbing 2w 0,., into the left-hand side and using (6.14), we find that

L
2m

6o, <CcA=c H [IDu™|? + |F|?] dxdt]

(99
Q=0 (z,)

for a constant ¢ = c¢(n, m, L) > 1. This yields (5.5), in the second case with K = c¢?™ > 1. Therefore, we are
allowed to apply Proposition 5.2 on the cylinder Qiilo )(zo), thereby obtaining that

1
q
ﬂ |Dum|2dxdtsc[ H IDu’"lzqudt] e H IF12 dxdt.
02 (2,) 052 (z0) 057 (z0)

In conclusion, we have shown that in any case the claimed reverse Hélder inequality (6.16) holds true.

6.5 Estimate on super-level sets

So far we have shown that if A satisfies (6.12), then for every z, € E(R1, A) there exists a cylinder Q( 01020 ) (o)
with Q(ez" 0z0) (zo) C Qg, such that (6.14), (6.15) and (6.16) hold true on this specific cylinder. As before we
abbrev1ate 0p., = 0z,:0.,- We define the super-level set of the inhomogeneity F by

F(r,A) := {z € Q, : zis a Lebesgue point of F and [F| > A™}.

As for the super-level set E(r, 1) the Lebesgue points have to be understood with regard to the cylinders con-
structed in Section 6.1. Using (6.14) and (6.16), we obtain for 1 € (0, 1] (to be specified later in a universal
way) that

A2 = H [|IDu™|? + |F|?] dx dt
0y’ (z,)

1
q
<c ﬂ |Du”’|2qudt] . H FP dx dt

Q2 (zo) Q4 (z,)
1
1 q
<cnp?™Arm 4 ¢ [— ” |Du™|%9 dx dt
Q0 (2 oM gt
C
_ |F|? dx dt
"l 20l

“" (20)NF(R2,nA)

for a constant ¢ = c¢(n, m, v, L). In the preceding inequality we choose the 7 in the form ™ = % This choice
allows the re-absorption of %}lzm into the left-hand side. Furthermore, we use Holder’s inequality and (6.15)
to estimate

. 1 1-q
@ < [ H |Du™|? dx dt] < A2ma-a),
Qza

Q%0 (z,)nE(R,,nA) Q%0 (z,)

4020 4020

|Du™|?9 dx dt]

1Q4p,7 (20)]

We insert thls above, and multiply the result, i.e. the inequality where we already fixed n and re-absorbed
1A2m, by |Q4ngzo )(z,)]. This leads to the inequality
M0 (z2,) < ¢ ” A2m0-0|Dy™ 24 4y dt + ¢ ” \F? dxde
Q( “0 (20)NE(R,nA) Q( gzo (20)NF(R,nA)

again with ¢ = c¢(n, m, v, L). Now, (6.15) with the choice s = ¢g,, allows us to estimate A2™ from below.
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The precise argument is as follows: Using in turn (6.15), the monotonicity of g — 6, and (6.5), i.e. that
0z0., < bp., < g 820, » we obtain that

A2m s H \Du™? dx dt > \Du™|? dx dt.

A(mfl)(d+2)
© C ™ o

0.
Qpiez’ g, Q.77 (20)

Cezo Cezo

Inserting this above and keeping in mind that ¢ depends only on n and m, we deduce
” IDu™P dxde < ¢ ” A2mO-0) | Dy 24 dx dt
(

Q%0 (z,) Q1% (2,)nE(Ry,nA)

Czo 40z¢

e ” IFP dxdt 6.17)

(Bozo)
Qo (Zo)NF(R2,mA)

with ¢ = ¢(n, m, v, L).

So far, we showed that for any value A > BA, the super-level set E(R1,A) can be covered by a family
F= {Qz%z"f’o)(zo)} of parabolic cylinders with center z, € E(Ry, A), which are contained in Qg,, and such
that on each cylinder estimate (6.17) holds true. At this point, we use the Vitali-type Covering Lemma 6.1
and gain a countable subfamily

[y @) < F
consisting of pairwise disjoint cylinders, such that the 7-times enlarged cylinders Q( i "Z* (z;) are contained
in Qg, and cover the super-level set E(R1, A), i.e.

( Zl Zl
E(RlyA)CUQ “(2i) € Qr, -
Since the cylinders Q4 i g’l (z;) are pairwise disjoint, we obtain from (6.17) that

| DU ded < Y || 1w axa

E(R;,1) =1 Gz, ,

coz;

l)

Q.
) || wmeopumpraxdescy [ ARaxae

( zi302;)
4Qz

<c ” A2m0-0)| Dy 24 dx dt + ¢ ” 2 dx dt,
E(R2,nA) F(R2,nA)

=1 (ZzQz,

(z:)NE(R2,nA) 4gz

(zi)NF(R2,nA)

where the constant ¢ depends only on n, m, v, and L. On E(R;, nA) \ E(R1, A) we have the pointwise bound
[Du™|? < A?™ and therefore
” IDu™? dx dt < ” A2 Dy (24 dy dt.
E(R1,nA)\E(R1,A) E(R;,nA)
We combine the last two inequalities and get the following reverse Holder inequality on super-level sets:
|Du™|? dx dt
E(Ry,nM)
<c ” A2m0-0) | Dy 24 dx dt + ¢ ” P2 dxdt.
E(Ry,nA) F(R2,nA)
Here, we replace nA by A and recall that n < 1 depends only on n, m, v, and L. With this replacement we
obtain for any A > nBA, =: A; that
IDu™? dxdt < ¢ ” A2mO-0)| Dy |24 dx df + ¢ ” IFI? dxdt (6.18)
E(R1,A) E(Rz,A) F(R3,A)
holds true with a constant ¢ = c(n, m, v, L). This is the desired estimate on super-level sets.

Brought to you by | Aalto University
Authenticated
Download Date | 3/15/19 8:42 AM



DE GRUYTER V. Bogelein et al., The higher integrability of weak solutions of porous medium systems =— 1031

6.6 Proof of the gradient estimate

For k > A; we define the truncation of |[Du™| by
[Du™|i := min {|Du™|, K™},
and for r € (0, 2R] the corresponding super-level set
Ex(r,A) :={z € Q; : [DU™|; > A™}.
Note that [Du™|; < |Du™| a.e., as well as Ey(r, A) = 0 for k < A and Ey(r, A) = E(r, A) for k > A. Therefore, it
follows from (6.18) that
” |Du™ 22| DU dxdt < c ” AmO=D| Dym|24 dx de + ¢ ” |F2 dxdt
Ex(Ry,A) Ex(R2,0) F(R,,A)
whenever k > A > A;. Since Ey(r, 1) = @ for k < A, the last inequality also holds in this case. Now, we multiply

the preceding inequality by A*™~1, where ¢ € (0, 1] will be chosen later in a universal way, and integrate the
result with respect to A over the interval (11, co). This gives

(oo}
JAE"H[ ” IDumli_quDumlzqudt] dA

A Ex(R1,M)
o0 (o]
<c J Am<2-24+€>-1[ ” \Du™ |29 dx dt] dA+c J Afm-l[ ” IFP2 dx dt] da. (6.19)
A Ex(R2,M) M F(Ry,7)

Here we exchange the order of integration with the help of Fubini’s theorem. For the integral on the left-hand
side Fubini’s theorem implies

J)l”"‘l[ | |Dum|§‘2q|Dum|24dxdt]dA

/\1 Ek(Rl;A) 1
|Du™| ™
- H |Du™[2 =% Du™| [ J Asm1 d)l] dxdt
Ex(R1,A1) Ay
1 _ _
-— ﬂ [IDu™ 229 Dy 29 - AS™| Du™ 229 D™ 2] dxc dit,
Ex(R1,A1)
while for the first integral on the right-hand side we find that
o |Du'"|k%
jAm@-Zq”)-l[ ” |Du™ 24 dx dt] A = ” |Dum|2q[ J AmC-2a+0-1 41 | dx dt
A Ex(Rz,2) Eix(Ry,A1) A
1 _
< oG Tage || D DunRaxa
Ex(R2,A1)
1 _
< mi=a ” |Du™|2 =297 Dy 24 dx dt.
Ei(Ra,A1)
Finally, for the last integral in (6.19) we obtain
co |F|
j)lfm-l[ ” IFI? dx dt] da = ” |F|2[ J pem-1 d/\] dxdt
A F(R3,A) F(Rz,A1) A
1
< ” |FI* dxde
em
F(R3,A1)
1 2+e
< — |F|“*¢ dx dt.
em
Qar
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We insert these estimates into (6.19) and multiply by em. This leads to

|| wri e punpadde<agn [[ 1w pun e
Ei(R1,A1) Ei(R1,A1)
cE
+
1-q

” |Du™ (27| Du™ |2 dx dt
Ex(Rz,A1)
ve ” IFI>* dxdt.
Qar
The last inequality is now combined with the corresponding inequality on the complement Qg, \ Ex(R1, A1),
i.e. with the inequality
DU 2727 Du 24 dx dt < A5 ” |Du™|272| Dy dx dt.

Qry \Ex(R1,A1) Qry \Ex(R1,A1)

We also take into account that [Du™|; < |Du™|. All together this gives the inequality

J[ 1D 2o pur s axae < £ [ w2 pune dxar

Qgr, Qr,
+AE™ ﬂ |Du™|? dx dt + ¢ ” |F|**€ dx dt,
Qar Qar
where c, = c.(n, m, v, L) > 1. Now, we choose
1 —
0 < € <min{e,, 0 -2}, whereg, := c 1 < 1.

Note that &, depends only on n, m, v, and L. Moreover, observe that A = (1BA,)¢ < BAS, sincen<1,B>1
and O < € < 1. Therefore, from the previous inequality we conclude that for any pair of radii Ry, R, with
R < Ry < R; < 2R there holds
_ 1 _
” D24 D2 dxde < ” \Du™ 229 Dy 24 dx dt
Qr, Qr,

m(n+2)

R m+
+c( ) ' AEM ” |Du™|? dxdt+c” |F|2*€ dx dt.
R>-R;
Q2r Q2r

We can now apply the Iteration Lemma 2.1 to the last inequality, which yields

”|Du'"|i‘2q+€|pum|24 dxdt < c A2 ” IDu™P dxdt + ¢ ” P> dxdt.

Qr Qar Qar
On the left side we apply Fatou’s lemma and pass to the limit k — co. In the result, we go over to means on
both sides. This gives

H IDU™ 2+ dxdt < ¢ 5™ H IDu™? dxdt + ¢ H FI* dxdt.

Qr Qar Qar
At this point, we estimate A, with the help of the energy estimate from Lemma 3.1 applied with 8 = 1 and
a = 0 and Holder’s inequality. This leads to the bound

1

|u|2m N m+l
Aosc[1+H [ Rz + |F| ]dxdt] ,
Qgr
where ¢ = c(m, v, L). Inserting this above, we deduce

2m %
H|Dum|2+f dxdt < c[l N H ['”' N |F|2] dxdt] H \Du™ 2 dx dt + ¢ H |F12* dxdt,

R2
Qr Qgr Qar Qar

where ¢ = ¢(n, m, v, L). The claimed estimate (1.8) involving the cylinders Qg and Q,g now follows by a cov-

ering argument. This completes the proof of Theorem 1.2. O
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6.7 Proof of Corollary 1.3

It remains to deduce a corresponding estimate on a standard parabolic cylinder
C2r(2Zo) 1= Bar(Xo) x (to — (2R)?, to + (2R)?) € Qr.
To this end, we rescale the solution u, the vector-field A, and the right-hand side F via
v(x, t) := u(x, + Rx, to + R*t),
B(x, t,u, &) := RA(Xo + R, to + R’t, u, £4),
G(x, t) := RF(x, + RX, to + R?t)
whenever (x, t) € C; and (u, &) € RY x RN", Then v is a weak solution of the differential equation

ov—divB(x, t,v,Dv™) =divG in Q, c C,,

in the sense of Definition 1.1. Moreover, assumptions (1.2) are satisfied for the rescaled vector-field B in place
of A. Therefore, estimate (1.8) is applicable to v on the cylinder Q,, which yields

H DV 2+ dx dt < c[1 + Hnwz'" +1G2] dxdt] H DV 2 dxdt + ¢ H G2 dx dt
Q Q, Q; Q;

for every € € (0, &,], with a constant ¢ = c¢(n, m, v, L). Scaling back and recalling that Q, c C,, we arrive at
the estimate

em

R {f |Dum|2+€dxdtgcR2[1+ i [|u|2m+R2|F|2]dxdt]m ff 1w axa

Cr(2o) Car(20) Car(20)
+ CR2¥ ﬁ |FI2* dxdt.
Car(20)
Dividing both sides by R%*¢ yields the assertion of Corollary 1.3. O
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