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Abstract

Short-term scheduling of batch processes is a complex combinatorial problem with
remarkable impact on the total revenue of chemical plants. It consists of the optimal alloca-
tion of limited resources to tasks over time in order to manufacture final products follow-
ing given batch recipes. This article addresses the short-term scheduling of multipurpose
batch plants, using a mixed integer linear programming formulation based on the state-task
network representation. It employs both single-grid and multi-grid continuous-time repre-
sentations, derived from generalized disjunctive programming. In comparison to other
multigrid scheduling models in the literature, the proposed multi-grid model uses no big-M
constraints and leads to more compact mathematical models with strong linear relaxations,
which often results in shorter computational times. The single-grid counterpart of the for-

mulation is not as favorable, as it leads to weaker linear relaxations than the multi-grid

KEYWORDS

1 | INTRODUCTION

Short-term scheduling of multipurpose batch processes is a challenging
problem and has received increasing attention over the last 20 years. It
consists of allocating limited resources to tasks over time in order to
produce final products following given batch recipes in terms of some
specific performance criteria (e.g., minimum cost, makesapn or maxi-
mum profit). Different types of rigorous optimization approaches have
been proposed to study this problem, with most of them consisting of
solving a discrete- or continuous-time mixed integer linear program-
ming (MILP) formulation. Reviews can be found in References 1-5.

In discrete-time approaches, the time horizon of interest is divided
into a number of time slots of equal and fixed duration,®” with the
beginning and ending of tasks being associated with the boundaries of
these time intervals. In contrast, in - continuous-time representations
the length of time slots is selected by the optimization,®1! thus leading
to a significant reduction in the number of decision variables. Though
continuous-time approaches will result in better solutions than their

discrete counterparts, they inevitably need tuning parameters

approach and is not capable of handling changeover time constraints.

batch plant, generalized disjunctive programming, MILP, scheduling, state-task network

(e.g., number of time slots), thus requiring an iterative procedure to
find the optimal solutions.*? This is a big drawback because the initial
guess on the minimum number of time slots is hardly trivial, thus
involving, in most cases, solving a particular instance at least five times
(see, e.g., Table 6 in Reference 13). However, if the initial guess is accu-
rate enough, no more than two iterations are usually needed.

For all of the above, the time representation becomes a critical issue
for scheduling problems,** with discrete-time being a particular case of
continuous-time.*> The main reason why the large majority of scheduling
models for batch plants have adopted a continuous-time representation is
that it is easier to cope with variable processing times. Two types of
continuous-time - models have been developed for multipurpose batch
plants: single-grid*¢-2° and multi-grid.222°%2 In the former, events and time
slots are common for all units, while in the latter each unit has its own set
of time intervals, which is not shared with other units. Both formulations
have their pros and cons, but the remarkable advantage of muilti-grid
continuous-time models is that they need fewer event points to generate
optimal solutions. In turn, the single-grid models can consider resource

constraints other than equipment, together with various storage policies.
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Most of the scheduling models for multipurpose batch plants can be
classified into two categories according to the process network representa-

STN)®1821242628 50 resource-task network

tion: state-task network (
(RTN) 21617192531 hoth facilitating the modeling by converting the real
plant entities into virtual entities. In contrast to the STN, the RTN represen-
tation has been shown to be very versatile due to the unified treatment of
resources, meaning that all resources are the same, regardless if they are
equipments, materials, and utilities. The first MILP scheduling model based
on the STN for batch plants was presented by Kondili et al.® who relied on
the discrete-time representation where the length of the time slots is
determined from the greatest common factor among the processing times
involved in the problem. For the same problem, lerapetritou and Floudas?*
developed an efficient multi-grid continuous-time MILP formulation that
was then generalized to tackle continuous and semicontinuous processes
with multiple intermediate due dates.?>?% The models need fewer events
to discover the optimal solutions and can be orders of magnitude faster

than the single-grid models.?”-2°

In another work, Castro et al.??

presented a single-grid continuous-
time formulation based on the RTN that is suitable for both continuous
and batch plants. Compared to the earlier attempt by the authors,'’
the formulation uses different sets of timing constraints that apart
from providing the optimal solutions in lower CPU times, lead to strong

26-28

linear relaxations. Shaik and co-workers introduced multi-grid

continuous-time models based on the work by lerapetritou and

Floudas,?*

which can handle both batch and continuous processes.
The main disadvantage of these models comes from allowing tasks to
be taken place over multiple events, which is achieved with the model
parameter An (=0, 1, 2, ...), a limit on the maximum number of events
over which a task can span. For a new instance, it is not known which
value of An should be adopted, and, for example, switching An from
zero to one doubles the number of binary variables and constraints
(see, e.g., Table 7 in Reference 26). This is not the case for the multi-

grid continuous-time formulation by Susarla et al.?’

who generalized
the model by Sundaramoorthy and Karimi?® to allow various types of
storage and wait policies for material states.

In addition to developing a wide range of MILP models, research on
the scheduling of multipurpose batch plants has also studied a variety of
solution methods. Velez et al.>? developed a constraint propagation algo-
rithm to account for the calculation of lower bounds on the number and
size of tasks necessary to meet given demand, which leads to reductions in
the computational requirements by orders of magnitude. Wu and
lerapetritou®® used a decomposition method based on a heuristic approach
and Lagrangian relaxation to provide lower and upper bounds for the origi-
nal problem first introduced by lerapetritou and Floudas.?* More recently,
Lee and Maravelias®® devised a three-stage optimization -framework, in
which the first stage uses a discrete-time model to find an approximate
solution, which then is mapped onto a continuous-time model. The final
stage uses a continuous-time linear programming (LP) model to obtain a
fairly accurate solution by refining the timing of events and batch sizes.

On the other hand, generalized disjunctive programming (GDP) is
becoming more popular, providing a high-level framework for model-
ing complex mixed integer programs.34° It is generally followed by

two formulations with complementary strengths: convex hull and big-

M reformulations. The former has been shown to always be at least as
tight as the big-M reformulation, but needs a couple more decision
variables and constraints. Maravelias and Grossmann?® are the first to
partly rely on a GDP-based formulation for the scheduling of batch
plants. The advantage is a tight formulation when minimizing the
makespan (see, e.g., tables 15-17 in Reference 13), which is a more
difficult performance criterion for scheduling problems.*®

In this article, we develop a continuous-time MILP approach based
on the STN for the optimal scheduling of multipurpose batch plants.
Both single-grid and multi-grid approaches are addressed, which differ
only by their timing constraints. The proposed model uses a slot-based
approach, always leading to one more event point in our multi-grid model
compared with unit-specific event-based approaches developed by
Floudas and co-workers.2¥2¢ This is because, in the slot-based
approaches when a task starts at a time point it does not finish at the
same time point. In order to ensure an efficient MILP formulation by
design, we rely on GDP for deriving the model constraints, applying con-
vex hull reformulations and converting logical propositions into integer
inequalities. Results show that the proposed multi-grid model is very effi-

cient computationally and leads to tighter linear relaxations.

2 | PROBLEM STATEMENT

This work addresses the short-term scheduling of multipurpose batch
plants with no resources other than materials and equipment units. Given
the problem data (including the processing time of tasks in units, material
inventories, and the available units for each task) and the production rec-
ipe through the STN, we aim to develop a continuous-time MILP formula-
tion to optimally determine the sequence, timing, and size of tasks in each
equipment unit. We will use the idea of task decoupling, in which a task
that can be processed in several units is replaced by several tasks that
represent unique task-unit combinations (see Figure 1).

We adopt a continuous-time representation with both single and
multiple reference grids, featuring a set r € R time points and |R| — 1
time slots. In the single-grid case, the time slots are common for all
units whereas in multigrid option, each unit has its own set of time
intervals, which is not shared with other units. In other words, in the
multi-grid option the occurrences of each time point can vary across
different units. An example is event point rs in the left hand side of
Figure 2. The time point rs across unit J2 occurs at time 7.85 hr

whereas it locates at time 7.21 hr along the time axis of unit J3.

Decoupling

FIGURE 1 Task decoupling idea: Task i is replaced by two Tasks
iy and i, [Color figure can be viewed at wileyonlinelibrary.com]
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We use the binary variable X;,, to indicate that task i is performed

during time interval [r,r']|, ., <4 »;» Where Ar is a limit on the maximum
number of time slots over which task i can span (if Ar = 1, then tasks
can only last one time slot). For example, in the single-grid case in
Figure 2, task I8 spans over three time slots [r4,rs], [rs,rs] and [re, 7],

starting at time point r4(6 hr) and ending at time point r5 (8 hr).

3 | MATHEMATICAL MODEL

In the mathematical formulation to be presented next, we rely on
GDP to derive the new MILP scheduling model for the multipurpose
batch plants. We first present the common constraints for the single-
grid (- SG) and the multi-grid (MG) models and then separately device
timing constraints. Finally, we incorporate intermediate due date con-
straints into the SG.

3.1 | Common constraints for the SG and MG models
3.1.1 | Allocation, batch size, and processing time

Let X; , » be a binary variable indicating that task i€ |; is being
processed during time interval [r,r']|, ., <44 According to - disjunc-
tion in Equation (1), in each equipment unit at most a single task can
Let Vi .

represent the batch size of task i being processed during time interval

be processed during the time interval [r,r]|, ;< sar

[r,r'] The lower and upper limits on the batch size must be

‘r<r’ <r+Art

taken into account in each unit. The processing time of task i during time

interval [r,r']| that is, LR; ,, v is a linear function of batch size,

r<r'sr+Ar
where cp; and vp; are the constant and variable terms for the processing

time of task i in unit j. We have thus the following disjunction:

no task
X1

Xi,r,r’
V VAL VAR Vs Vi, r=0, Viel |Vielrr|

LR,‘yryrr =cp;t+ vp,«V,»v,y,/ LR;y,’,/ =0, Vie ’j

iE’j

r<r <r+Ar

D

The convex hull reformulation of disjunction (1) gives rise to
Equations (2-4).

18 18
4 \ . )
J " Y "
3 13 ' 15 ; 15 i 17 " 15 |
' r rs rs e rs
s
2 12 ; 14 ' 16 ' 16 : 14 1
n r2 rs3 ry s ry
1 11
J r ra
0 1 2 3 4 5 6 7 8 9  10h
Multiplegrid
FIGURE 2
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ZX,;,,,/ <1, Vjedrr|r<r sr+ar (2)
i€l;
V,minxi,r,r’ < Vi,r,r’ < V:"ﬂaxxi,r,r’ Vie ijj € J; r, r },< P <r+Ar (3)
LRi,r,r’ = Cpixi,r,r’ + Vpivi,r,r’ vie I]rj € J,l’, r {,< rsr+Ar (4)

From Figure 3, for each unit only one task can start and finish
at each time point, as stated by the logic propositions (5) and (6).
Note that due to Equations (5) and (6), constraint (2) becomes
redundant. If task i€ l; is being performed during time inter-
val[r,r']|;+1 <y <y+ap the same or other tasks suitable in unit j cannot
be processed in any time intervals(k,r”]|, <, .y (Figure 4a) or
[k, r"] (Figure 4b) or
as imposed by the logic proposition (7). Note that if a task is
kot

or[k,t"]|, <k <y <» the same or other tasks

[K,r"]|; <<y <, (Figure 4c),

‘r<k<r”<r’ork<r<r”<r’

performed intervals
[k,r"]

cannot be performed in unit j during time interval[r,r']

in unit j during time or

r<ksri<r
‘r<k<r”<r’ork<r<r”<r’

|r+1<r’ <r+Art

These are also satisfied by Equation (7), since from the discrete math-

ematics we have (P= - Q)=(Q= -P).

Xi,r,r’ \/Xno i

o Vi€dreRr

vV oV
iel,- r'eR
r<r'<r+Ar
vV oV

rerR

Xi,r,r’ \_/Xno i

H /
o ViedreR
iE’j
r<r sr+Ar

Koy == V' Xy |Vid €lrr keRr+1<r sr+arr+1skr zk+1
r"eR
k<r"<k+Ar
(7)
The above logic propositions lead to Equations (8-9).
4 . 18 \ 18 1
3 13 ‘ 15 , 15 17 15 .
12 i 14 N 6 14 }
]2 4 T T T 1
11
A
r r r3 r s rs. 17 e,
0 1 2 3 4 5 6 7 8 9 10h

Singlegrid

Single-grid and multi-grid representations for the proposed continuous-time approach [Color figure can be viewed at
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FIGURE 3 In each unit, only one
task can start and finish at each time
point [Color figure can be viewed at

wileyonlinelibrary.com]

r r+l r+2 r+3 r+4

1 2 3 4 5 6 hr 1 2 3 4 5 6 hr
(b) Task i is processed in unit j during time interval
[r, r+4], the same or other tasks can not start at time
points r+1, r+2, and r+3 and end at time points r+4.

(@) Task i is processed in unit j during time interval
|r, r+4], the same or other tasks can not start at time
point  and end at time points r+1, r+2, and r+3.

(@) Task i is processed in unit j during time interval (D) Task i is processed in unit j during time interval (¢) Task i is processed in unit j during time interval

[r, r+4], the same or other tasks can not be [r+1, r+3], the same or other tasks can not be [r+2, r+4], the same or other tasks can not be

performed in the same unit during time intervals

UL+l 2L+l 43 and 742, 043, [rr4land[r42, 44 pelmcrelodl = !

performed in the same unit during time intervals performed in the same unit during time intervals

]' __________________________________________________________________________________________________ hl
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| Ry i
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FIGURE 4 Simple example illustrating the need for Equation (10) [Color figure can be viewed at wileyonlinelibrary.com]

Z in,r,r’ < 1Vj€J,r’ eR (8) Fs,r=fg‘,»:1+Fs,r—1|r>1+ prs Z Vi,r’,r+ Zpic,s Z Vi,r,r' VseS,reR
reR i€l; iclf r'eR iel§ r'eR
<rF<r+a r<rsr'+Ar r<r'sr+ar
r<r=sr r
(1)

S > XiwstvjedreR (9) flin < Fo, <fM™ WseS,reR (12)
r'eR il

r<r sr+Ar

3.1.3 | Meeting demand
Ky + Xijrr <Vl €lrr keRr+1<r <r+Arr+1<kr zk+1
k<r" sk+ar

Demands at states s € SM storing final products are enforced as a

(10) hard constraint in Equation (13) indicating that the amount in the
state s at time point r = |R| must be at least as much as d,, the mini-
mum amount required by the market.

3.1.2 | Mass balance constraints Fsr 2 ds, Vs€SM (13)

Let F, , be the excess amount of state s at time point r. Due to . . .
Equation (11), F, , will be equal to F; , _ 1 adjusted by the amounts 3.14 | Tlghtenlng constraint

produced/ consumed by all tasks starting or ending at time point r. Constraints (14) lead to generate tight LP-relaxations for both SG and

The initial inventory of state s is a known parameter, f?. Equa-
tion (12) imposes lower and upper bounds on the storage capacity of

state s.

MG formulations, stating that the summation of the durations of the
tasks assigned to a specific unit should be smaller than or equal to the

time horizon.
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S>> D LRy shoavjed (14)
reR reR iel;
r<r' sr+Ar

3.2 | Timing constraints

Timing constraints are very crucial for continuous-time formulations.
They can have profound impact on the CPU time and even on the

solution quality. These will be demonstrated later in the result section.

3.2.1 | Timing constraints for the MG model

Let SR; , be the time that unit j starts to perform a task at time point r. As
stated by Equation (15), the difference between the start time of unit j at
two time points r and ' (r<r <r+ Ar) should be either equal to or
greater than the processing time of all tasks starting and ending at those
same time points in unit j. For different units linked to the same state s,
the start of unit j consuming state s, at time point r' should be after the
activity duration of unit j/ feeding the same state during the time interval
[l <y <r+ar» @S Stated in Equation (16).

SRip 2SR+ LRy V€SN cpcrinr (15)

il

SRiy 2SRy, +> LRipy Vi€ o € R(i#]),S €SI | cpcrsar  (16)

il

In short-term scheduling problems, the optimal production is to be
obtained for a given time horizon. Thus, the following time horizon
constraint should be considered.

SR+ LRirr Shmax Vi€rr Rl cpcrinr (17)

i€l

Similar timing constraints can be defined for tasks instead of units,
as imposed by Equations (15') and (16'). Note, however, that these
alternative constraints lead to relatively weaker LP relaxations in most
cases than Equations (15) and (16).

SRi» 2SRy +LRy . Vi,i' €l,jelrr

(15)

r<r' sr+Ar

SRip 2SRy, + LRy, Vielicl,icli eP(i#ij#i)seSnr] (16)

r<r <r+Ar

3.2.2 | Timing constraints for the SG model

Let CR, be the absolute time of time point r. The difference between
CR, and CR, (r<r sr+Ar) should be either equal to or greater than
the processing time of all tasks starting and ending at those same event
points. In addition, the absolute time of each time point must equal to
or less than the length of time horizon.

CR+-CR, 2 LR;,, Vir,r €R| (18)

r<r' sr+Ar

CR <hmax VreR (19)

3.3 | Sequence-dependent cleaning for the MG
model

Changeovers occur when two different tasks are processed in the same
unit in consecutive process operations. The changeovers are often associ-
ated with changing the operating conditions or with the cleaning of the
equipment. If unit j is processing two different tasks i and 'during time
intervals [r,r']|, <y <psar @NA (I, K|y < v <k <4 apr TESPECtIVElY, there will
be a changeover time of z;; at time point r’’ in unit j. We have thus
the following proposition and disjunction:

Xie AV Xy pr = XDNECOVENG i £ ) e IM,
ker

i

r"<ksr’+Ar

ER|r<r’£r+Ar,r’Sr” (20)

hangeover
Xiirses)
V'V A A A
- - SRj,,—n - (SRjy,- + LRi,r,r/) 2Tj
i

elii#1),jeIMrr,’" €Rlicpsrianr < (21)

The convex hull reformulation of the disjunction and the con-
version of the logic expression give rise to the following
constraints:

changeover
K 2Xinr + E :

keR
r'<ksr'+Ar

Xy~ Wil eli(i#£1),je M,r,r' 1"

€ R|r<r’ sr+anr<r’

(22)

SRy = (SRiy + LRy ) = 7y XDV i i c [y (i 1), € IMIE P € Ry e cpary <1

PN

(23)

We can now eliminate variables X%"8%¥¢" from the formulation

ii’rr
by combining Equations (22) and (23), giving rise to the following con-
straint (24):

SR; v 2 (SR + LR ) + 7y | Xirr + > X1 |V
keR
r'<ksr' +Ar
eli(i# )jeMrr,r' e Rly<p <r+anr <r’ (24)



3.4 | Objective function
Two alternative objective functions will be considered:

1. Maximum revenue. If we assume that all final products are sold at
the end of time horizon, the total revenue of the plant is calculated
by Equation (25)

maxz= Z Vst,\R| (25)
seSM

The SG model for revenue maximization consists of Equations
(3, 4, 8-14, 18-19, and 25). The MG model for revenue maximization
consists of Equations (3-4, 8-17, 24, and 25).

2. Minimum makespan. The plant must satisfy the amount required
by the market in a shorter time.

minz=H (26)
where the continuous variable H satisfies the following equations.

SRj‘r * ZLRL”’ sH Y elrre R|r<r’sr+Ar (27)

i€l;
CR,<H VreR (28)

Note that when minimizing the schedule makespan, the time hori-
zon parameter h,.x has to be replaced by the continuous variable H in
the tightening constraint (14).

The SG model for makespan minimization consists of
Equations (3-4, 8-14, 18, 26, and 28). The MG model for makespan
minimization consists of Equations (3-4, 8-16, 24, and 26-27).

3.5 | Due date constraints

In this section, we will incorporate intermediate due date con-
straints into the SG model. The same constraints can be easily
extended for the MG model. Let us assume that state require-
ments linked to the markets (s € SM) need to be met within a few
predefined time periods t € T, with h; standing for the end of time
period t (hg = 0 h and hjyj = hmax). The exclusive disjunction in
Equation (31) states that every time point in the grid must locate
in exactly one time period t € T. If time point r locates in period t,
its absolute time (CR,) should be within the time interval [h;
_1, he.

Yrt
! VreR 29
- L’t—iSCRrShJ re @9)

teT

Equations (30 and 31) are obtained using the convex hull

reformulation of disjunction (29).

> V=1, VreR (30)
teT
> Yithi-1sCR <> Y ihe,VreR (31)
teT teT

If time point r is the last one located in time period t (i.e., Y, = 1
and Y, . 1, + = 0), the amount of material stored in state s should be as
large as d;, ¢, the minimum amount that the plant should produce
during the period t. Otherwise, the slack variables BR; ;, representing
the backorder of product at state s during the time interval [h; _ 4,
hy], is activated in disjunction (33) and results in penalty costs. Note
that the term BR; ; _ 1 inside the disjunction denotes the shortage of

state s during period t — 1 to be tardily met at period t.

YoeAYrore= Y3 VteTreR (32)

\/ ylatst
r
t
t |For+BRst=BRst-12 > dsr
teT

VseSM,reR (33)

The convex hull reformulation of the disjunction (33) and the con-
version of the logic expression (32) give rise to the following

constraints:

Y 2 Yie=Yriae, VEETreR (34)
t
For+BRo¢=BRyt-12 Y die V', VseSMteTreR  (35)
t'eT

Combining Equations (34) and (35), we have the following con-
straint (36):

t
For+BRy¢=BRst-12 > iy (Yre=Yri1e) Vs€SMEET,reR  (36)
t'eT

From constraint (36), one can simply derive Equation (37), leading

to a slight reduction in the CPU time.

Forz» (dst=BRs¢) ¥s€SM,r=|R| (37)
teT

Equation (38) maximizes the total revenue of the plant while

respecting the intermediate due dates needs.
maxz="Y VeFor=> > bcsBRs¢ (38)
seSM teT seSM

The SG model with the intermediate due date constraints consists
of Equations (3, 4, 8-14, 18-19, 30, 31, and 36-38).



TABLE 1 Effect of optcr and threads
option in GAMS on solution quality and

Case 1 (Makespan minimization)

CPU time S&F? (IN| = 26, An = 0) MG (IR| = 27, 4r = 1)
Optcr CPU (s) MILP (hr) RMILP (hr) CPU (s) MILP (hr) RMILP (hr)
Option threads = 0
1071 3.28 47.01 444 1.01 47.49 44.8
1072 135.46 47.01 44.4 2.67 47.01 44.8
1072 133.01 47.01 444 5.21 47.01 44.8
10 221.28 47.01 44.4 7.82 47.01 44.8
107° 224.86 47.01 44.4 7.23 47.01 44.8
107¢ 226.26 47.01 444 7.03 47.01 44.8
Option threads = 1
1071 1.00 47.64 44.4 0.76 48.55 44.8
1072 247.56 47.01 444 2.95 47.01 44.8
1073 260.26 47.01 444 50.89 47.01 44.8
10~ 275.01 47.01 44.4 64.98 47.01 44.8
107° 281.82 47.01 444 65.29 47.01 44.8
10°¢ 366.63 47.01 444 64.64 47.01 44.8
Case 2 (profit maximization)
S&F? (IN] = 8,4n = 1) MG (IR = 9, 4r = 2)
Optcr CPU (s) MILP ($) RMILP ($) CPU (s) MILP ($) RMILP ($)
Option threads = 0
107! 10.96 2,338.7 3,618.6 9.35 2,331.3 3,618.6
1072 549.5 2,345.3 3,618.6 102.7 2,345.3 3,618.6
1072 353.7 2,358.2 3,618.6 119.6 2,358.2 3,618.6
10 462.4 2,358.2 3,618.6 146.6 2,358.2 3,618.6
107 462.7 2,358.2 3,618.6 145.7 2,358.2 3,618.6
107¢ 459.1 2,358.2 3,618.6 147.3 2,358.2 3,618.6
Option threads = 1
107! 31.9 2,292.5 3,618.6 51.65 2,330.9 3,618.6
1072 572.6 2,345.3 3,618.6 655.1 2,358.2 3,618.6
1072 8754 2,358.2 3,618.6 947.6 2,358.2 3,618.6
107* 714.8 2,358.2 3,618.6 9794 2,358.2 3,618.6
107° 710.7 2,358.2 3,618.6 950.5 2,358.2 3,618.6
107¢ 708.4 2,358.2 3,618.6 950.0 2,358.2 3,618.6
2Shaik and Floudas.?
4 | COMPUTATIONAL RESULTS termination criteria were either a relative optimality tolerance of 10~°

The performance of the proposed models (the SG and MG) is now com-
pared to two similar approaches from the literature, that is, to the single-
grid model of Maravelias and Grossmann,*® and to the multi-grid model
of Shaik and Floudas.?® To ensure a fair comparison, all models have
been implemented in GAMS 24.9.1 and solved using CPLEX 12.7.1
(using four threads in parallel, i.e., option threads = 0) and the computa-
tions are performed without prefixing any binary or continuous variables.
The hardware consists of a laptop with an Intel i5-7300U (2.60 GHz,
8 GB of RAM), running Windows 10, 64-bit operating system. The

(based on Table 1) or a maximum computational time of 7,200 s.

We consider two benchmark example problems (Ex1-Ex2) tackled in
Shaik et al.®®The STN representations of these examples can be found in
Figure 5. For these example problems we consider two different scheduling

horizons (H = 8 hr and H = 10 hr) and three different demand scenarios.

4.1 | Choosing optcr and threads options

Optcr or optimality tolerance in GAMS specifies a relative termination

tolerance for a global solver.** The default option for optcr is 1071



indicating that the objective value will be within 10% of the true
objective value. With different adjustments for the optcr value, differ-
ent objective values may be found and the solver will stop as soon as
it has found a feasible solution proven to be within the tolerance
specified by optcr. The threads option controls the number of CPU
cores to be used by a solver. The default value for threads is 1, which
means that the solver will use only one core and leave the rest free
for other tasks. The solver will use all available cores if threads option
is set to zero (option threads = 0).

To show the effect of optcr and threads on the CPU time and the
solution quality, we solve two cases, both -sharing the STN

representation of Ex 2. In the first case, the aim is to meet - product
demands at states S12 and S13 (dsi>= 750 mass unit (mu), dsi3=
750 mu) at a minimum makespan, while the second case aims at maxi-
mizing the revenue during the next 10 hr. As can be observed from
Table 1, different optcr values lead to different CPU times and almost
in all cases the smaller optcr value, the higher CPU time. Table 1 also
indicates that the threads option has profound impact on CPU times
and can affect the solution quality too. For instance, the proposed
model finds a solution of $2,345.3 for Case 2 in 102.7 s with option
threads = O and option optcr = 1072, while it returns the global opti-
mum (2,358.2 $) in 655.1 s with the same optimality tolerance and
option threads = 1.

Product 1

Product 2

State-task network representation for Ex 1

FIGURE 5 State task network representations for Ex1 and Ex2

State-task network representation for Ex 2

TABLE 2 Computational results for Ex 1 using the SG model under revenue maximization

Event points CPU (s) Nodes Nonzeros

Ex 1a(H =8 hr)

M&G 5 0.23 3,157

SG 5(@r=1) 0.04 580
5(ar=2) 0.06 1,112

Ex 1b (H = 10 hr)

M&G 8 25.01 41,023 5,752

SG 8(4ar=1) 0.17 6,654 1,006
8 (Ar=2) 6.50 31,511 2,090
8 (Ar=3) 9.45 30,266 3,510
8 (4r=4) 10.87 41,209 5,166

Ex 2a(H=8hr)

M&G 7 7.50 14,730 6,728

SG 7 (ar=1) 0.50 743 1,198
7 (Ar=2) 0.70 1,421 2,403
7 (Ar=3) 0.76 1,421 1,379

Ex 2b (H = 10 hr)

M&G 10 7,200° 3,256,256 10,856

SG 10 (Ar=1) 5.87 22,129 1,789
10 (Ar=2) 326.92 1,453,542 3,732
10 (Ar = 3) 148.4 509,111 6,379
10 (4r = 4) 188.29 457,597 9,755

?Relative gap (RG) = 8.67%.

Binary variables Total variables Egs. MILP ($) RMILP ($)
80 496 1,095 1,498.56 1,730.8
32 147 212 1,498.56 1,730.8
56 219 368 1,498.56 1,730.8
128 793 1,719 1,962.69 2,690.5
56 249 359 1,860.72 2,775.4
104 393 671 1,958.99 2,775.6
144 513 1,031 1,962.69 2,775.6
176 609 1,399 1,962.69 2,775.6
154 946 2,076 1,583.44 2,560.6
66 297 436 1,274.48 2,750.9
121 462 781 1,583.44 2,750.9
165 594 1,157 1,583.44 2,750.9
220 1,351 2,934 2,307.66 3,473.9
99 438 643 1,963.88 3,618.6
187 702 1,195 2,156.36 3,618.6
264 933 1,853 2,307.66 3,618.6
330 1,131 2,567 2,307.66 3,618.6



TABLE 3 Computational results for Ex 1 using the SG model under makespan minimization

Event points CPU (s) Nodes Nonzeros Binary variables Total variables Egs. MILP (hr) RMILP (hr)
Ex 1c (dsg= 200 mu, dsg= 200 mu)
M&G 10 7.06 3,687 7,968 160 992 2,137 19.34 18.68
SG 10 (ar=1) 8.65 29,164 1,368 72 318 459 19.78 18.68
10 (Ar = 2) 1.39 3451 2,884 136 510 875 19.34 18.68
10 (Ar=3) 1.79 3,585 4,968 192 678 1,379 19.34 18.68
Ex 1d (dsg= 500 mu, dso= 400 mu)
M&G 20 7,200° 342,956 21,578 320 1,982 4217 46.52 45.57
SG 20 (ar=1) 7,200° 4,777,385 2,868 152 658 949 46.52 45.57
Ex 1e (dsg= 600 mu, dso= 600 mu)
M&G 25 7,200°¢ 231,955 30,483 400 2,477 5,257 56.81 56.05
SG 25(r=1) 7,200° 985,756 3,618 192 828 1,194 56.81 56.05
Ex 2¢ (ds12= 100 mu, ds13= 200 mu)
M&G 11 71.1 44,575 12,226 242 1,487 2,980 13.36 11.33
SG 11 (Ar=1) 0.62 2,034 1,994 110 486 714 14.61 11.25
11(4ar=2) 6.09 20,582 4,183 209 783 1,335 13.53 11.25
11 (Ar=3) 11.07 31,419 7,226 297 1,048 2,087 13.36 11.25
11 (Ar = 4) 13.03 32,315 11,223 374 1,278 2,920 13.36 11.25
Ex 2d (ds10= 250 mu, ds13= 250 mu)
M&G 12 23.60 5,665 14,357 264 1,622 3,508 17.02 14.40
SG 12 (Ar=1) 0.79 3,083 2,191 121 533 783 18.97 14.27
12 (Ar=1) 1.36 2,475 4,626 231 863 1,473 17.02 14.27
12 (Ar=3) 1.78 2,529 8,065 330 1,160 2,319 17.02 14.27
Ex 2e (ds1o= 930 mu, ds13= 840 mu)
M&G 29 691.4 32,276 54,749 638 3,917 8,370 51.82 50.92
SG 29 (ar=1) 12.43 17,780 5,540 308 1,332 1,956 59.74 49.92
29 (Ar=2) 49.28 29,507 12,157 605 2,223 3,819 51.82 49.92
29 (Aar=23) 110.21 38,830 22,328 891 3,081 6,263 51.82 49.92
°RG = 2.01%.
®RG = 0.79%.
RG = 1.15%.

4.2 | Comparison of the SG to a previous single-grid
approach

In this section, we compare the performance of the proposed SG
model to the single-grid model of Maravelias and Grossmann,* here-
after referred to as M&G. From Tables 2 and 3, one can see that both
formulations require the same number of time points to find the same
optimal solution. However, the proposed model always requires fewer
continuous variables (but slightly more binary variables), constraints
and often spends lower CPU times finding the optimal solutions. In
turn, M&G exhibits tighter LP relaxations (RMILP) in most cases.
Table 2 gives the model and solution statistics of the SG and M&G
models for the case of revenue maximization. In Ex 1a (H = 8 hr), Ex
2a(H =10 hr) and Ex 2a (H = 8 hr), both the SG and M&G models per-
form equally well. The proposed SG model excels for Ex 3b, being
10 times faster to find a solution worth 2,307.66 $ in 669.48 s (5.87
+326.92 + 148.4 + 188.29) with 10 event points. Note that unlike

M&G that needs only a single tuning parameter (i.e., the number of
time points in the grid), the proposed model requires two tuning
parameters, i.e., the number of time points and Ar. At each event
point, we need to iterate over Ar to discover the global optimal
solution.

When minimizing the schedule makespan, we need to specify the
big-M value for those constraints in M&G involving big-M parameters.
Similar to the literature, we use M = 50 in Ex 1c and Ex 2c and
M = 100 in Ex 1d, Ex 1e, Ex 2d, and Ex 2e (these are also applied to
the -multi-grid model of Shaik and Floudas?®). Table 3 summarizes the
model and solution statistics of the SG and M&G models for the case
of makespan minimization. In Ex 2c, our SG model solves slightly
slower than M&G (8.65 + 1.39 + 1.79 = 11.83 s vs. 7.06 s). In Ex 1d
and Ex 1e, both SG and M&G perform equally and cannot close the
gap in 2 hr while generating the same optimal solution at termination.

For Ex 2c, Ex 2d, and Ex 2e, though the SG model requires more



TABLE 4 Computational results for Ex 2 using the MG model under revenue maximization

Event points

Ex 1a(H =8 hr)

S&F 4 (an=0)
5(an=0)
5(n=1)

MG 5(r=1)
6(Ar=1)

6 (Ar=2)

Ex 1b (H = 10 hr)

S&F 6(An=0

MG 74r=1

Ex 2a(H =8 hr)
S&F 5(An =0)
6 (An =0)
6(An=1)
MG 6(ar=1)
7 (Ar=1)
7 (Ar = 2)
Ex 2b (H = 10 hr)
S&F 6(An=0

MG 74r=1

binary variables, it performs better and solves a few times faster

than M&G.

CPU (s)

0.14
0.32
0.54
0.10
0.26
0.42

0.76
6.29
61.23
27.39
1,829.87
0.46
0.82
17.67
4.81
302.12

0.21
1.15
8.82
0.28
0.64
3.73

0.57
3.87
17.04
25.01
384.12
1,570.12
0.35
1.67
5.46
11.17
118.56
321.20

Nodes

418
886

541

1,997
36,996
256,043
140,520
3,500,606
978

5211
75,429
25,696
908,315

310
4,911
41,801
402
2,725
21,764

1,161
14,793
51,931
117,362
1,328,510
2,896,294
1,035
6,886
22,490
33,576
525,135
839,726

Nonzeros

722
921
2,217
704
877
1,717

1,120
1,319
3,233
1,518
3,741
1,066
1,242
2,530
1,418
2,881

1,280
1,557
3,727
1,289
1,544
3,039

1,557
1,834
4,222
2,111
5,117
7,075
1,544
1,799
3,598
2,054
4,157
6,756

4.3 | Comparison of MG to a previous -multi-grid

model

In this section, we compare the performance of the proposed MG

model to perhaps one of the most efficient -multi-grid scheduling

Binary variables Total variables
32 165
40 206
72 270
32 162
40 199
72 295
48 247
56 288
104 384
64 329
120 441
48 236
56 273
104 417
64 310
120 478
55 286
66 343
121 453
55 280
66 332
121 497
66 343
77 400
143 532
88 457
165 611
231 743
66 332
77 384
143 582
88 436
165 667
231 865

Egs.

307
390
754
250
309
557

473
556
1,088
639
1,255
368
427
799
486
920

545
661
1,280
455
542
977

661
777
1,512
893
1,744
2,008
542
629
1,151
716
1,325
1,997

MILP ($)

1,498.56
1,498.56
1,498.56
1,498.56
1,498.56
1,498.56

1,943.16
1,943.16
1,962.69
1,943.16
1,962.69
1,912.87
1,912.87
1,962.69
1,912.87
1,962.69

1,583.44
1,583.44
1,583.44
1,583.44
1,583.44
1,583.44

2,292.54
2,293.46
2,345.30
2,293.46
2,358.20
2,358.20
2,292.54
2,292.54
2,345.30
2,292.54
2,358.20
2,358.20

RMILP ($)

1,730.8
2,083.9
2,123.3
1,730.8
2,019.3
2,091.1

2,727.1
2,775.4
2,780.2
2,804.9
2,805.4
2,628.4
2,732.0
2,770.9
2,775.3
2,804.2

2,100.0
2,750.9
2,750.9
2,100.0
2,563.2
2,682.0

2,871.8
3,369.6
3,369.6
3,618.6
3,618.6
3,618.6
2,853.9
3,204.6
3,325.6
3,424.58
3,618.64
3,618.64

models in the literature, that is, to the event-based model by Shaik

and Floudas,'® hereafter referred to as S&F. For the sake of a fair

comparison, we have removed the big-M term in constraint (16) in

S&F, which makes it exactly equivalent to the model by Vooradi

and Shaik.?” In general, MG always needs one more event point to

find the optimal solutions, but roughly the same number of total

variables and fewer constraints and often leads to tighter LP relaxa-

tions. Similar to the proposed model, S&F also uses a parameter An



TABLE 5 Computational results for Ex 2 using the MG model under makespan minimization

Event points CPU (s) Nodes Nonzeros Binary variables Total variables Egs. MILP (hr) RMILP (hr)

Ex 1c (dsg= 200 mu, dsg= 200 mu)

S&F 9 (An = 0) 1.10 3,984 1,722 72 371 652 19.34 18.68
10 (An = 0) 1.54 2,511 1,921 80 412 727 19.34 18.68
10 (An = 1) 1.93 3,890 4,762 152 556 1,511 19.34 18.68

MG 10 (Ar=1) 1.09 4,112 1,635 72 348 547 19.34 18.68
11 (Ar=1) 1.20 4,044 1,815 80 385 606 19.34 18.68
11 (Ar=2) 1.64 4,013 3,793 152 601 1,164 19.34 18.68

Ex 1d (dsg= 500 mu, dso= 400 mu)

S&F 20 (an=0) 0.59 0 3,911 160 822 1,477 46.11 45.57
21 (4an=0) 2.34 2,670 4,110 168 863 1,552 46.11 45.57
21(4an=1) 6.14 2,610 10,350 328 1,183 3,260 46.11 45.57

MG 21 (Ar=1) 1.48 2,631 3,615 160 755 1,196 46.11 45.57
22 (Ar=1) 1.92 3,840 3,795 168 792 1,255 46.11 45.57
22 (Ar=2) 3.62 2,741 8,215 328 1,272 2,495 46.11 45.57

Ex 1e (dsg= 600 mu, dso= 600 mu)

S&F 25(4an=0) 3.17 2,806 4,906 200 1,027 1,852 56.68 56.05
26 (4n =0) 2.61 2,606 5,105 208 1,068 1,927 56.68 56.05
26 (An=1) 10.37 3,244 12,890 408 1,468 4,055 56.68 56.05

MG 26 (Ar=1) 2.25 2,949 4,515 200 940 1,491 56.68 56.05
27 (Ar=1) 2.70 2,688 4,695 208 977 1,550 56.68 56.05
27 (Ar=2) 473 2,565 10,225 408 1,577 3,100 56.68 56.05

Ex 2c (ds12= 100 mu, dsq13= 200 mu)

S&F 7 (An = 0) 0.21 130 1,841 77 401 702 13.36 11.25
8(an=0) 0.64 1,580 2,118 88 458 807 13.36 11.25
8(an=1) 521 9,015 5,124 165 612 1,658 13.36 11.25

MG 8(ar=1) 0.34 80 1,848 77 385 631 13.36 12.31
9 (ar=1) 0.54 760 2,109 88 437 718 13.36 11.62
9 (ar=2) 1.18 3,621 4,254 165 668 1,327 13.36 11.25

Ex 2d (ds12= 250 mu, dsq3= 250 mu)

S&F 10 (An = 0) 0.46 238 2,672 110 572 1,017 17.02 14.27
11 (An =0) 0.90 627 2,949 121 629 1,122 17.02 14.27
11 (An = 1) 6.64 9,739 7,209 231 849 2,321 17.02 14.27

MG 11 (Ar=1) 0.45 56 2,631 110 541 892 17.02 14.53
12 (Ar=1) 1.12 1,303 2,892 121 593 979 17.02 14.39
12 (Ar=2) 2.29 3,274 5,967 231 923 1,849 17.02 14.27

Ex 2e (ds1o= 930 mu, dsq3= 840 mu)

S&F 28 (An =0) 73.18 54,090 7,658 308 1,598 2,907 51.82 49.92
29 (4n = 0) 1,013 704,068 7,935 319 1,655 3,012 51.82 49.92
29 (An=1) 7,200° 1,739,494 19,716 627 2,271 6,299 51.82 49.92

MG 29 (ar=1) 0.90 54 7,329 308 1,477 2,458 51.82 50.92
30(4ar=1) 5.35 3,783 7,590 319 1,529 2,545 51.82 50.26
30 (4r = 2) 22.89 14,579 16,245 627 2,453 4,981 51.82 49.92

°RG = 3.68%.
(=0, 1, 2,...) that defines a limit on the maximum number of events starts at a time point does not end at the same point, leading to a
over which a task can span. However, as the proposed model is a minimum value of one for the parameter Ar (=1, 2, 3,...) in our

slot-based approach and not a event-based model, a task that model.



TABLE 6 Results for Ex 1b and Ex 2b with two alternative timing constraints for the MG

Event points CPU (s) Nodes Nonzeros
Ex 1b (H = 10 hr)
S&F 7 (An = 0) 6.29 36,996 1,319
7 (An=1) 61.23 256,043 3,233
7 (An = 2) 89.87 291,704 4,154
MGT? 8(ar=1) 5.95 26,491 1,578
8(4r=2) 56.64 184,206 3,154
8 (ar=3) 46.96 103,278 4,984
MGUP  8(ar=1) 0.82 5211 1,242
8 (ar=2) 17.67 75,429 2,530
8 (ar = 3) 28.03 77,534 4,120
Ex 2b (H = 10 hr)
S&F 8(an =0) 25.01 117,362 2,111
8(an=1) 384.12 1,328,510 5,117
8 (4n = 2) 1,570.12 2,896,294 7,075
MGT? 9(ar=1) 24.61 133,841 2,510
9 (ar=2) 202.12 864,354 5,012
9 (ar = 3) 610.40 1,531,723 7,953
MGUP  9(ar=1) 11.17 33,576 2,054
9 (ar=2) 118.56 525,135 4,157
9 (ar = 3) 321.20 839,726 6,756

MG with constraints (15) and (16).
PMG with constraints (15) and (16).

TABLE 7 Sequence-dependent changeover times used in Ex1
Changeover time (hr)

Task 12 13 14 15 16 17
12 0 - 0.2 — 0.4 -
13 - 0 0.2 - 0.3
14 0.2 - 0 - 0.5 -
15 - 0.1 - 0 - 0.2
16 0.1 - 0.4 - 0 -
17 - 0.3 - 0.5 - 0

Table 4 shows the results for the MG and S&F models when maxi-
mizing the revenue. For Ex 1a, both MG and S&F perform equally well,
but the proposed model needs fewer nodes and nonzero elements. In
Ex 1b, the MG confirms the solution (with nine events point and Ar = 2)
in 302.12 s of CPU while S&F proves the optimality in 1,829 s. Results
for Ex 2a are roughly similar, but the MG leads to a tighter LP relaxation.
The proposed MG model excels for Ex 2b, being able to prove the opti-
mum in 321.20 s versus 1,570.12 s required by S&F.

Table 5 gives the computational results for MG and S&F when mini-
mizing the schedule makespan. For examples Ex 1c, Ex 1d, Ex 1e, Ex 2c,
and Ex 2d, both the MG and S&F perform roughly similar in terms of CPU
time, but the proposed model requires fewer nonzero elements and con-

straints. In Ex 3e, the proposed MG model surprisingly outperforms S&F.

Binary variables Total variables Egs. MILP ($) RMILP ($)
56 288 556 1,943.16 2,775.4
104 384 1,088 1,962.69 2,780.2
144 464 1,244 1,962.64 2,780.2
56 305 567 1,943.16 2,775.4
104 449 1,059 1,962.64 2,775.4
144 569 1,569 1,962.64 2,775.4
56 273 427 1,912.87 2,732.0
104 417 799 1,962.69 2,770.9
144 537 1,209 1,962.69 2,770.9
88 457 893 2,293.46 3,618.6
165 611 1,744 2,358.20 3,618.6
231 743 2,008 2,358.20 3,618.6
88 481 908 2,293.46 3,618.64
165 712 1,685 2,358.20 3,618.64
231 910 2,501 2,358.20 3,618.64
88 436 716 2,292.54 3,424.58
165 667 1,325 2,358.20 3,618.64
231 865 1,997 2,358.20 3,618.64

When tasks cannot span, S&F spends 73.18 s finding a solution worth
51.82 hr with 28 event points whereas the proposed model finds the
same solution in 0.90 s. Considering one more time point, S&F requires
1,013 s to confirm the solution obtained with 28 time points, while the
proposed model proves the solution in 5.35 s. For the case that tasks can
last more than one time slot (An = 1 and Ar = 2) the proposed model finds
the same makespan of 51.82 hr in 22.89 s with 30 time points whereas

S&F cannot close gap in 2 hr with 29 events.

4.4 | Alternative timing constraints (Ex 1b, Ex 2b)

As already mentioned, timing constraints are very crucial for
continuous-time formulations and they can have profound impact on
the CPU time and even on the solution quality. As can be observed
from Tables 4 and 5, the MG model always needs one more event
point compared to S&F. In other words, if S&F discovers the global
optimum with n event points, the proposed MG model will require n
+ 1 event points to generate the same optimum. However, with the
same task spanning limits, they may result in different solutions. This
can be - seen from the results of Ex 1b in Table 4, where with seven
event points and when tasks cannot span (4n = 0), S&F generates a
solution worth $1,943.16, whereas the MG model yields a solution of
$1,912.87 with eight event points and Ar = 1 (the same happens for
Ex 2b). Considering the timing constraints for tasks instead of units
(i.e., Equations (15) and (16’)), the MG model results in the same solu-

tion as S&F generates with the same task spanning limits (see
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FIGURE 6 Gantt chart for Ex 1b with and without changeover time constraints using seven event points (4r = 2) [Color figure can be viewed

at wileyonlinelibrary.com]

TABLE 8 Results for Ex 2a with and without changeover time constraints

Event points CPU (s) Nodes Nonzeros Binary variables Total variables Egs. MILP ($) RMILP ($)
Ex 1b (H =10 hr)
MG1® 6(ar=1) 0.31 266 1,730 40 199 489 1,765.75 2,397.16
6 (ar=2) 0.51 474 3,242 72 295 857 1,765.75 2,419.69
7 (Ar=1) 0.70 1,693 2,254 48 236 620 1,765.78 2,584.49
7 (ar=2) 3.50 12,355 4,356 88 356 1,110 1,789.70 2,717.17
7 (ar=13) 4.79 14,511 6,319 452 1,558 1,789.70 2,721.21
8 (ar=1) 4.10 15,370 2,838 273 763 1,765.75 2,691.46
8 (Ar=2) 44.90 153,694 1,242 417 1,387 1,789.70 2,769.02
MG2°P 6(ar=1) 0.15 0 890 40 199 309 1,912.87 2,436.69
6 (Ar=2) 0.26 157 1,742 295 557 1,912.87 2,436.69
7 (ar=1) 0.46 978 1,066 48 236 368 1,912.87 2,628.45
7 (ar=2) 1.15 2,989 2,136 356 678 1,962.69 2,722.23
7 (ar=23) 0.96 2,930 3,388 452 1,006 1,962.69 2,742.19
8(ar=1) 0.82 5211 1,242 273 427 1,912.87 2,732.06
8(ar=2) 17.67 75,429 2,530 417 799 1,962.69 2,770.92
MG with changeover time constraints.
PMG without changeover constraints.
Table 6). However, these constraints lead to a slight increment in the 6 | 111 . | 111 .
. . . . 41.87 68.36
number of continuous variables and constraints and to relatively poor 10 10
LP relaxations in most cases. As can be seen from Table 6, replacing J5 41.87 68.36
constraints (15') and (16) by (15) and (16) roughly doubles the CPU 14 : =L |
times in all cases. I8 . 18 . I8 .
J3 55.83 T saes ' 1868
2 3 LI5 \ 17 . 17 |
4.5 | Changeover time (Ex 1b) 38.02 7641 36.53 84.29
71 12 4 11 ' 12 ' 12 |
Here we solve Ex 1b with changeover time constraints to show how 55.83 38.20 91.18 52.98
they can affect the solution quality and - CPU time. Table 7 shows the 0 1 2 3 4 5 6 7 $ hr

sequence-dependent changeover times considered in Ex 1. The
changeover time constraints are very important in practice and all
scheduling models should consider them rigorously; otherwise, the

returned solutions may not be acceptable to the users. This can be

CR =0, CR,=1.55,CR, =248, CR, =338, CR;=3.65, CR(=4.39,CR, =5, CR;=6.21, CR, = 8,

FIGURE 7 Gantt chart for Ex 2b with intermediate due dates
using nine event points (4r = 3) [Color figure can be viewed at
wileyonlinelibrary.com]
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TABLE 9 Results for Ex 2a with intermediate due dates constraints

[R| CPU (s) Nodes Nonzero Binary variables Total variables Egs MILP ($) RMILP ($)
9(ar=1) 12.26 48,784 1,794 106 416 639 604.1 2,940.1
9(4r = 2) 122.92 506,609 3,463 183 647 1,122 986.7 2,940.1
9(Ar = 3) 101.96 465,398 5,690 249 845 1,686 1,152.9 2,940.1
10(4r = 1) 34.92 122,887 2,012 119 465 715 604.1 2,940.1
10(4r = 2) 676.43 1,890,415 3,923 207 729 1,267 986.7 2,940.1
10(ar = 3) 2,469.5 4,428,925 6,542 284 960 1,925 1,152.9 2,940.1

realized from the right-hand side of Figure 6. Reaction 3 (tasks 16, 17)
that has been processed twice in unit J2 and once in J3, now with the
changeover time constraints is processed only twice in unit J3. The
computational results for Ex 1b with and without the changeover time
constraints are all summarized in Table 8. It can be seen that apart
from poor solutions, with the changeover time constraints the MG
model becomes slower, which can be caused due to almost 40%

increases in the number of constraints.

4.6 | Ex 2a with intermediate due dates

Ex 2a is tackled again here, but this time the requirements of states S12
and S13 should be met within two due dates T1 = 5 hr and T2 = 8 hr.
We consider dsio, 11 = 80 mu, ds13 11 = 60 mu, ds12 T2 = 200 mu and
ds13, 72 = 60 mu, and bc,, ¢ = 2 $/mu. The Gantt chart schedule for Ex 2a
using nine time points (Ar = 3) is given in Figure 7. It can be observed
that time point 7 (CR; = 5 hr) is the last one located in the first period.
Therefore, at this time point the amount of material stored at states S12
and S13 should be as large as 80 and 60 mu, respectively. Otherwise,
backordered costs will be raised. Analyzing Figure 7, one can simply
derive that, tasks 110 and 111 produce 83.75 mu (= 41.87 + 41.87) for
state S12 from time 3.38 to 5 hr. At the end of period 2, the total
amount stored at state S12 should be at least 280 (80 + 200)
mu. However, accodring to Figure 7, state S12 faces 59.47 mu shortages
of P1 in the second period. This is because the total amount that tasks
110 and 111 produce for the state S12 during the time horizon is 220.52
mu (=41.87 + 41.87 + 68.36 + 68.36).
avoided at state S13, that is, 37.66 mu in the first period and 40 mu in
the second period. Model statistics and computational results for Ex 2a

Backorders also cannot be

with intermediate due dates are all summarized in Table 9.

5 | CONCLUSIONS

This article presented an MILP formulation based on the STN for
the short-term scheduling of multipurpose batch plants with
changeover time and intermediate due dates constraints. It
employed a continuous-time representation with both single and
multiple reference grids. We used the high-level construct of GDP
to associate simple linear constraints to each decision variable,
which were then converted into MILP format using convex hull

reformulations. We also rely on logical propositions to formulate

constraints featuring solely binary variables. The proposed MILP
formulations have been tested using a set of benchmark problems
from the literature and results were compared to two previous pub-
lished formulations. The results demonstrate that the proposed MG
model leads to substantial reductions in solution times, problem
sizes, and to tighter linear relaxations compared to a state-of-the-
art event-driven approach. The single-grid counterpart of the for-
mulation is not as favorable, as it exhibits relatively weaker linear
relaxations and is not capable of handling the changeover time con-
straints. The main disadvantage of the proposed approach is that it
requires two tuning parameters that may hinder finding the global

optimal solution.
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NOTATION

Sets/Indices

I/i tasks

J/j units

S/s states

R/r time points

T/t time periods

I; tasks that can be processed in unit j

4 tasks which produce state s

I tasks which consume state s

4 units which feed state s

Jg units which is fed by state s

SM states that feed local markets (final states)
M units that can process more than one task
Parameters

Rmax time horizon (hr)

hy time at which time period t ends (hr)

cp;i fixed duration of task i (hr)

vp; variable duration of task i (hr)

T sequence-dependent changeover time when task i is

followed by task i’ (hr)

pfs(>0) proportion of state s produced by task i

Pis(<0) proportion of state s consumed by task i



vnax maximum batch size for task i (mu)

vmin minimum batch size for task i (mu)

0 initial amount of state s (mu)

fo maximum storage capacity of state s (mu)

f;“in minimum storage capacity of state s (mu)

d minimum amount needed by state s at the end of the
time horizon (mu)

ds ¢ minimum demand of state s due at period t (mu)

Vs price of state s ($)

cs;y changeover cost when task i is followed by task i’ ($)

bcs, ¢ unit backorder cost in state s during time period t ($)

Variables

Xir v binary variable indicating that task i is being processed
during time interval [r, r']

Yot binary variable indicating that time point r locates in
time period t

y'ftst true if time point r is the last one located in time
period t

Virr batch size of task i during time interval [r, r']

Fs. r excess amount of state r at time point r

SR; « time at which task j starts at time point r

N time at which task i starts at time point r

LRi, processing time of task i during time interval [r, r']

CR, absolute time of time point r

BRs. ¢ backorder in state s € SM during time period t

H makespan
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