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Abstract

Electrical impedance tomography aims at reconstructing the interior electrical conductivity
from surface measurements of currents and voltages. As the current-voltage pairs depend
nonlinearly on the conductivity, impedance tomography leads to a nonlinear inverse problem.
Often, the forward problem is linearized with respect to the conductivity and the resulting
linear inverse problem is regarded as a subproblem in an iterative algorithm or as a simple
reconstruction method as such. In this paper, we compare this basic linearization approach
to linearizations with respect to the resistivity or the logarithm of the conductivity. It is
numerically demonstrated that the conductivity linearization often results in compromised
accuracy in both forward and inverse computations. Inspired by these observations, we present
and analyze a new linearization technique which is based on the logarithm of the Neumann-
to-Dirichlet operator. The method is directly applicable to discrete settings, including the
complete electrode model. We also consider Fréchet derivatives of the logarithmic operators.
Numerical examples indicate that the proposed method is an accurate way of linearizing the
problem of electrical impedance tomography.

Keywords: electrical impedance tomography, inverse elliptic boundary value problems, lin-
earization, Neumann-to-Dirichlet map, operator logarithm, Fréchet differentiability
AMS subject classifications: 656N21, 47B15, 35R30

1 Introduction

The reconstruction task of electrical impedance tomography (EIT) is undoubtedly one of the
most studied nonlinear inverse boundary value problems [30]. The mathematical foundations of
the problem were introduced by Calderén in [3], which considers the conductivity reconstruction
based on the Dirichlet-to-Neumann operator. As has become a more standard numerical approach,
in this paper we consider the Neumann-to-Dirichlet operator, which maps the boundary currents
to the corresponding boundary potentials for a given interior conductivity. The dependence of
the Neumann-to-Dirichlet operator on the conductivity is nonlinear so that reconstructing the
conductivity from the measurements is a nonlinear, and also illposed, inverse problem.

Nonlinear inverse problems can be straightforwardly approached with nonlinear least squares
minimization algorithms, which rely on successive linearizations of the forward operator. In par-
ticular, the accuracy of the sequential linearizations certainly affects the performance of such an
iterative reconstruction method. In EIT, one-step linearization can also be used to obtain an ap-
proximative reconstruction [1, 4, 15]. It is also worth noting that Calderdén’s investigations were
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based on a linearization of the forward problem in his seminal paper [3]. The Fréchet derivatives of
the EIT forward operator with respect to the conductivity can be computed explicitly [4, 20, 26].
By applying the chain rule of Banach spaces, or via direct computation, it is possible to consider
derivatives with respect to the resistivity or the logarithm of the conductivity as well. In this
paper, we compare the linearization errors resulting from these different input parametrizations
of the electrical properties. We also discuss the corresponding methods for the complete electrode
model (CEM), which is an accurate model for practical EIT measurements [5, 29].

As the main novelty, we introduce the logarithm of the Neumann-to-Dirichlet operator and use
its differentiability properties to construct a new linearization method for EIT. Loosely speaking,
the traditional forward operator is replaced by an operator that maps the logarithm of the con-
ductivity to the logarithm of the boundary potentials, the latter being understood in a sense of
linear operators. The corresponding least squares inversion algorithm then fits the computed loga-
rithmic potentials to the logarithm of the measurement matrix. Although this logarithmic forward
operator is still nonlinear, numerical experiments show that the resulting linearization errors are
in most cases smaller than with any other considered linearization method.

This paper is organized as follows. In Section 2, the continuum forward model of EIT and the
related Neumann-to-Dirichlet operator are reviewed. We write the dependence of the Neumann-
to-Dirichlet operator on the electrical properties in three different ways and recall also the cor-
responding Fréchet derivatives. Section 3 presents the formal definition for the logarithm of the
Neumann-to-Dirichlet operator and studies its differentiability and other properties as an un-
bounded operator on the space of square-integrable functions. In Section 4, observations from
Sections 2 and 3 are generalized for the complete electrode model. Numerical experiments con-
cerning linearization errors for both forward and inverse computations are given in Section 5.
Finally, Section 6 offers concluding remarks.

2 Input parametrization in EIT

The continuum forward model of EIT for the electric potential u is written as

V- (cVu)=0 in £2, (1)
a% = on 012,

where 2 ¢ R?, d > 2, is a bounded domain with a Lipschitz boundary 042 and a connected com-

plement, the electrical conductivity o € L3°({2) is real-valued and isotropic, and f € Hy Y 2(8(2)
can be complex-valued. The conductivity is bounded from below by a positive constant, that is,

LT (92) :={ve L*((;R) :v > a a.e. in {2 for some a > 0},
and the boundary current density belongs to the mean-free Sobolev space H,, 1/ 2(8!2) defined via
H(092) = {v e B'(09): (1,v) =0}, re(-1,1),

due to the conservation of electric charge. Here and in what follows, the bracket (-,-): H~"(942) x
H"(0£2) — C denotes the sesquilinear dual pairing that has an interpretation as an extension of
the L?(042) inner product (-,-): L?(082) x L?(0§2) — C. In particular, apart from L>(§2) :=
L>(£2;R), the multiplier field for all employed function spaces is C.

The variational form of the Neumann problem (1) is to find u € H(£2) such that

/ oVu-Vodr = (f,v|pn) (2)
2
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holds for all v € H'(£2). The standard theory for elliptic partial differential equations states that
there exists a unique solution for (2) in the quotient space H!'(§2)/C for any given current density

feH, 1/2 (092). In particular, there is a unique mean-free boundary potential
U = ulan € H/*(092)

that depends linearly and boundedly on the corresponding f € Hy '/ (002). [12]
The linear map f — U, which obviously depends on o, is called the Neumann-to-Dirichlet
operator and is denoted by A(c). For any given o € L (£2), the mapping

A(o): Hy V2(00) — HY*(00)
is a linear isomorphism that is self-adjoint in the sense that
(f,Al0)g) = (g, A(0)f)  forall f,g € Hy '/*(912)
and positive,
(f AV = el fl3 1200  forall f e Hy/?(92) and some ¢ > 0,

as can be easily deduced from (2) and (Neumann) trace theorems for those elements of H'(£2)/C
for which the range of V - oV(-) is a subspace of L?(£2) (cf., e.g., [8, p. 381, Lemma 1]). Unless
stated otherwise, we interpret A(c) as a self-adjoint operator from L2(9f2) to itself, that is, as a
map

Alo): f—U, L200)— L2(00),

which is compact as are the (dense) embeddings Hi/z((?!?) — L2(092) — H;UQ(@.Q). In partic-
ular, A(o) admits a spectral decomposition

Alo)f = Ml dx) b, (3)

k=1

where the eigenvalues satisfy Ay > Apy1 and Ry 3 Ay — 0 as £k — oo, and the corresponding
eigenfunctions {¢}32, form an orthonormal basis for LZ(912).
Let us denote by £(L2(d42)) the Banach space of bounded linear operators from L2(92) to
itself. The mapping
Ao Alo), LT(02) — L(L2(012)) (4)

is nonlinear and is called the (continuum model) forward operator of EIT. The inverse problem
of EIT is to find o from the knowledge of A(c). In practice, this means that the determination
of the conductivity is based on current-voltage pairs measured on the boundary. The following
example shows that by composing the forward operator with an elementary function, one can
obtain another forward operator that in some cases depends more linearly on the electrical input
parameters.

Example 1 (Constant conductivity). If o = inv(p) = p~! for p € Ry, then the potential u
from (1) solves the Laplace equation Au = 0 with the normal derivative pf on the boundary. In
particular, the mapping p — A(o) = (Ao inv)(p) is linear when restricted to spatially constant
functions.

Of course, the example above is nothing but the Ohm’s law, stating that in a homogeneous
medium the potential depends linearly on the resistivity p. Motivated by the example, we denote

Ay = Aoinv: p— A(p™"), LT(2) — L(L2(092)). (5)
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Similarly, the logarithm of the conductivity is denoted by k := log(c) and the corresponding
composite forward operator is defined as

Aesp = Ao exp: k> A(e®), L®(02) — L(L2(002)). (6)

The advantage of considering the logarithm of the conductivity is that the domain of Aexp is
the natural L*°-space without positivity constraints, simplifying many optimization schemes in
numerical computations. On the other hand, the advantage of using the standard conductivity
parametrization with the operator A is the simplicity of the corresponding sesquilinear forms, for
example in the context of stochastic Galerkin methods [27]. Note that considering the logarithm
of the resistivity would not add anything new compared to (6), except for a sign change.

It is well known that the map o — A(o) is Fréchet differentiable, i.e., that the bounded
derivative

DA(o;n): L2(002) — L2(09)

exists for every o € LY (f2) and depends linearly and boundedly on the perturbation n € L>°({2)
in the topology of L(L2(02)) (see, e.g., [26, Section 3]). In fact, the derivative can be obtained
from the equation

(f, D/l(a;n)g) =— /_(vauf - Vg dz, f,g € L2(092), (7)

where uy € H'(£2) denotes the solution to the forward problem (1) with the conductivity o and
current density f. By using the chain rule of differentiation for Banach spaces and (7), it easily
follows that the alternative parametrizations of the forward operator (5) and (6) are also Fréchet
differentiable and the corresponding derivatives can be characterized by

and

(fs DAexp(r;m)g) = — /Qne”Vuf - Vg dz (9)

for f,g € L2(012).

3 Logarithmic forward operator

In this section, we first introduce the logarithm of the Neumann-to-Dirichlet map A(c) as an
unbounded operator on LZ(942) and subsequently consider its differentiability with respect to the
conductivity.

3.1 Formal definition

The spectral representation (3) allows a simple way of defining a logarithm for the Neumann-to-
Dirichlet operator:

logA(0): f = Y og(A)(f, &) o, (10)
k=1
where log denotes the principal branch of the natural logarithm. As the eigenvalues {A\;}72; C R+

accumulate at zero, logA (o) is not bounded as an operator from LZ(942) to itself. We define the
domain of logA(o) to simply be

D(logAw)):{geLz(am : ||1ogA<a>g||%z<am=Zlog2<xk><g,¢k>|2<oo}. (11)
k=1
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It is obvious that D(logA(o)) is a dense linear subspace of L2(9£2) and logA(c) f € L2(912) for any
f € D(logA(0)).

Proposition 1. The logarithmic Neumann-to-Dirichlet operator logA(c) defined by (10) and (11)
is a self-adjoint (unbounded) operator on L2(912).
Proof. Since D(logA(c)) is dense in L2(942), the adjoint operator

logA(a)*: D(logA(a)*) — L2(082)

is well defined [31, p. 196, Thm. 1]. With the help of the Cauchy—Schwarz inequality, it is easy to
check that

(logA(0)f, 9) = (f,logA(o)g) (12)
is finite for all f, g € D(logA(o)). In other words, logA(o) is symmetric, that is, logA(o)* = logA(0)
on D(logA(c)) C D(logA(o)*).

Let V := N (logA(o)) C D(logA(c)) be the nullspace of logA(c). Note that V' is either finite-
dimensional or the trivial subspace, depending on whether A = 1 is an eigenvalue of A(c). In
consequence, L2(062) = V & W, where W := V1 is the orthogonal complement of V. It follows
from (10) and (11) that the range of logA(o) is exactly W, and thus logA(o) is self-adjoint as an
operator from D(logA(c)) N W to W [31, p. 199, Corollary].

Let g € D(logA(c)*) be arbitrary, i.e., there exists g* € L2(942) such that

(logA(o) f,9) = (f,9%) for all f € D(logA(0)).

Decompose g = go + g1, with go € V C D(logA(o)) and g1 € W, and observe that

(f,9%) = (logA(0)f, 90) + (logA(0) f, 91) = (logA(o) f, 91)

for all f € D(logA(o)) due to (12). Since logA(o) is self-adjoint on D(logA(o)) N W, g1 must
belong to D(logA(c)) N W, and altogether we have g = gg + g1 € D(logA(c)) C D(logA(c)*). In
other words, D(logA(c)*) = D(logA(c)), which completes the proof. O

Because any self-adjoint operator is also closed [31], D(logA(c)) becomes a Hilbert space if
equipped with the graph norm

1/2
9llguosaion = (I913c00) + 1 108A4@)gl 200 ) -
with respect to which logA(c) is trivially a bounded operator.

Corollary 1. The logarithmic Neumann-to-Dirichlet map logA(o) defined by (10) and (11) can
be interpreted as a compact operator

logA(o): HE(0S2) — L2(092), €>0,
that coincides with its L2(082)-adjoint on HS(0S2).

Proof. The proof is based on Lemma 1 in Appendix A, where an equivalent norm ||- || is introduced
for H(062), 0 < s < 1/2, with the help of (negative) powers of A(o) defined in the natural way.
By virtue of Lemma 1 and the asymptotic dominance of A, over log2()\k) as k tends to infinity,

[ logA(o) fll2(002) < [ fllgogaco)) < Cllfllgia—<r2(oy) < Cllflles2 < C||fHH§/2(39)

forany e > Oand f € H§/2(8(2), with C' = C(e) > 0 that may change between different occurrences.
Since logA(c): L2(02) D D(logA(o)) — LZ(02) is self-adjoint and the embedding HE(02) —
H? (012) is compact, the assertion follows. O
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So far we have discussed the logarithm of the linear Neumann-to-Dirichlet operator. A natural
way to define the corresponding nonlinear forward operator is as follows (cf. (4) and (6)):

Definition 1. The logarithmic forward operator of EIT is
L :=logAoexp: k — logA(e®), L>*(2)— LIH(N),L2(012))
for some € > 0.

Considering the conductivity logarithm x instead of o affords the same convenience as with
the non-logarithmic forward operator Aeyp, in (6). Moreover, the linear nature of Aj,y in (5) with
constant conductivities (see Example 1) becomes now available as well, as shown next.

Example 2 (Constant conductivity revisited). If o = e* is constant in (2, then the mapping
k+— L(k) is affine.

Proof. As in Example 1, the potential « from (1) solves the Laplace equation with the normal
derivative e™" f. Thus, the Neumann-to-Dirichlet operator satisfies

o0
A)f =D Ae " (f, br) bk
k=1
where the eigensystem corresponds to the unit conductivity. Taking the logarithm results in

L(k)f =logA(o)f = > log(\e)(f, )b — £ D _(f> dr)dk = (L(0) — kid) f,
k=1

= k=1

which proves the claim. O
The following example shows that the logarithmic forward operator depends “almost linearly”

on the conductivity logarithm of a certain interior inclusion.

Example 3 (Nested concentric disk). Let 2 C R? be the unit disk and let 2r C 2 be an origin-
centered disk with radius 0 < R < 1. Define the conductivity via its logarithm k = log(o) as

0 in 2 \ QR,
R =
/Aﬁl/ in .QR
for some k € R. Now the logarithmic forward operator satisfies L(k) = L(0) + % L'(0) + O(k3) for
some L'(0) € L(L2(902)) and with O(R3) referring to the topology of L(L2(012)).

Proof. Tt is shown in [19] that in this rotationally symmetric case the eigenfunctions of A(c) do
not depend on K (they are the standard Fourier basis with respect to the polar angle, excluding
the constant function), and the eigenvalues are

_ 1 gr(R)
k gr(—K)’

A2k§—1:A2k§ k:172737"'7

where ~
e —1
K) = 1-— %R2k.
95 (F) ef +1
The logarithm of the eigenvalue Ao satisfies

log(Aak) + log(k) = log(gk (%)) — log(gr(—F)), (13)

which is an analytic, odd function with respect to %. In particular, the second derivative of log(Aag)
with respect to k vanishes at the origin, and it is also straightforward, yet tedious to check that
the corresponding first and third derivatives are uniformly bounded over k£ € N in a neighborhood
of the origin. The claim thus follows by plugging (13) in (10) and using Taylor’s theorem. O
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3.2 Fréchet differentiability

Let us next consider the differentiability of logA (o) with respect to the conductivity. Since logA(o)
has not itself been introduced as a boundary operator corresponding to some (elliptic) partial dif-
ferential equation, but its definition directly involves an eigensystem for A(c), the natural way
to start would be to consider the differentiability of {\g, %}, C Ry x L2(992). Indeed, the
Gateaux differentiability of (a suitable parametrization for) individual eigenvalues and eigenfunc-
tions with respect to the conductivity could be proven by considering the corresponding eigen-
system {\; ', % }7, of the (unbounded) Dirichlet-to-Neumann operator A~!(c) and utilizing its
analyticity with respect to perturbations in the conductivity; see, e.g., [3] for the analyticity of
A71(+) and [23, p. 392, Theorem 3.9] or [25] for more information about the differentiability of
an eigensystem for a self-adjoint, unbounded operator with respect to a real parameter that does
not affect the domain of definition. However, due to the singularity of the logarithm at the origin
and the infiniteness of the sum in (10), (the natural sense of) the differentiability of logA(c) is
not trivial to establish. Moreover, as our main motivation for differentiating logA(c) with re-
spect to the conductivity is numerical computing as in Section 5, we only consider derivatives for
finite-dimensional approximations of o +— logA(o) in what follows.
To be more precise, we investigate a finite-dimensional, positive and self-adjoint mapping

AP (0) := PMA(0)P™: L2(802) — L2(82), neN, (14)
where .
P™) =" Py: L2(092) — span{dy, ..., ¥n} (15)
k=1

is an L?(042)-orthogonal projection composed of individual projections Py onto fixed orthonormal
basis functions ¢ € L2(012), k = 1,...,n, respectively. Furthermore, let

A (a): [ uk(fron) o

k=1

be a spectral representation for A (o), with {u;}7_, C Ry and {px}7_, C span{e,...,¥n}
being orthonormal. Take note that {ux}y_; and {¢x}7_; depend on o, but the basis for the
discretization {¢},}7_, does not. The logarithm of A () is defined in the same way as for its
infinite-dimensional counterpart:

logA™ (0): £ log(uk) (£, 0k) Pk
k=1

which is obviously a bounded, linear map from L2(942) to itself.
Theorem 1. The mapping
LT(02) 3 0+ logA™ (0) € L(L2(802)) (16)

is Fréchet differentiable. The derivative at o € LT (§2) in the direction n € L (§2) is the element
of L(L2(092)) defined via

n o log (1) — log(pk

DlogA™ (gm): o 330 OBV U (1 ) (DA e) e, 7)
=1 k1 Hj — Pk

where DA(o;n): L2(082) — L2(092) is the Fréchet derivative of A(c) and the divided difference is

extended for recurrent eigenvalues in the standard limit sense, i.e.,

log(p;) —log(pu) 1

Hj — Pk I

if wj = -
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Proof. Obviously, the finite-dimensional approximation o — A (o) inherits Fréchet differentia-
bility from o — A(c). In fact, the derivative of the former at o € L(42) is simply

L®(02) 30— P™WDA(o;n)P™ e L(L(012)). (18)

The principal branch of a logarithm of a matrix (or of a finite-dimensional linear operator given in
a fixed basis) is also Fréchet differentiable over the set of matrices that do not have eigenvalues on
the closed negative real axis in the complex plain [17]. The Fréchet differentiability of the mapping
(16) thus follows from the chain rule for Banach spaces, which also gives the representation (17)
when combined with [17, Theorem 3.11 & Corollary 3.12] and (18). O

The computational cost of evaluating the full eigensystem of A required in (17), is O(n?)
since A is positive-definite [9]. The number of the basis functions, or input currents ¥y, k =
1,...,n, is typically so low that this causes no computational difficulties. In particular, practical
EIT devices often only employ tens, e.g. M = 16 [24], or at most around a hundred of electrodes,
which means that the eigensystem of a resistance matrix, which belongs to CM—Dx(M=1) " cap
be easily computed; consult Section 4 below for more information on electrode measurements.
Moreover, the number of degrees of freedom in the parametrization of the conductivity, say, NV € NN
is usually higher than n?, making the numerical evaluation of the relevant integrals (7), (8) or (9)
for all f = ¢; and g = 9 the most time consuming task when employing (17). This step is
required in the linearization even if no logarithm is taken of the Neumann-to-Dirichlet operator.
Finally, the matrix arising from the linearization of any of the above introduced forward operators
of EIT belongs to C"**N hecause in the resulting linear system the elements of the measured
A () are the data and the unknowns are the degrees of freedom in the parametrization of
the conductivity. The computational complexity of solving such a problem in a regularized least
squares sense (cf. (32) below) by resorting to a straightforward QR factorization is O(N?n?) [9],
which reduces to O(n®) if one underestimates N ~ n?. To summarize, the computation of the
eigensystem for A needed in (17) does not usually reduce the computational efficiency of any
reconstruction algorithm for EIT based on linearizations of a forward map.

If one chooses the discretization frame to be ¥ = ¢y € Hi/Q(&Q), k=1,...,n, ie., the first
n orthonormal eigenfunctions of A(c) for a particular, fixed o € L3°(£2), then

logA™ (o) = P 1ogA(0)P™: f = Y log(A)(f, dk) S, (19)
k=1

that is, logA(™) (o) inherits its eigenvalues and eigenfunctions from logA(c). In this case,

DlogA (osn): = 3 3 B =B (1) (DA mon ) 6y @0
j=1k=1 J

Recall that here the basis for the discretization is fixed. In other words, the projection P in (19)
is considered invariable when the Fréchet derivative is computed, that is, it corresponds all the
time to the first n orthonormal eigenfunctions of the unperturbed A(o), not to those of A(o + 7).

Remark 1. The derivative of the finite-dimensional logarithmic forward operator of EIT,
L™ :=1ogA™ o exp: k> logA™ (%),  L®(02) — L(L2(012))
is obtained by simply replacing DA(o;m) with DAexp(k;m) of (9) in (17).

We complete this section with a continuation of Example 3. It numerically studies the lin-
earization error of the discrete logarithmic forward operator L(™ with respect to the logarithm of
the conductivity in a generic discoidal inclusion embedded in the unit disk.
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Example 4 (Nested non-concentric disk). Let 2 C R? be the unit disk and let Qr. C 2 be a
disk of radius 0 < R < 1 —|c| centered at ¢ € 2. As in Example 3, we define the conductivity via
its logarithm k = log(o) as

(21)

0 in2\ Qg
KR =
K inﬂR,c

for some K € R. According to the Riemann mapping theorem for doubly comnected domains
(see, e.g., [16]), there exists a unique 0 < R’ = R'(R,c) < 1 and a Mébius transformation ®: 2 —
2, unique up to rotations of the image disk, such that ®(2\ Qr.) = 2\ 2r/ 0. The explicit forms
of ® and R’ are given, e.g., in [13].

By the change of variables induced by ®, it is straightforward to deduce that the Neumann-to-
Dirichlet map corresponding to the piecewise constant conductivity defined by (21) is characterized

by (see, e.g., [11])
A(0): | |og|(dk 0 @lan) — Ae(dr 0 @log — ck), k=1,2,3,...,

where A\, = A\ (K, R') and ¢y, are, respectively, the eigenvalues and (Fourier) eigenfunctions intro-
duced in Ezample 3 for the concentric case. Moreover, |®'| is the absolute value of the complex
derivative of ®, i.e., the square root of the Jacobian determinant of ®, and ¢ € C is the mean
of ¢i, 0 @l over d2. By numerically expanding the non-orthogonal bases {|®'|(¢r o ®) 172, and
{¢r 0 ® — ¢ }32, of LZ(902) in the orthonormal basis {¢y}72,, it is possible to accurately and
efficiently form matrixz representations for finite-dimensional approximations A(”)(o) of the type
(14) with respect to the Fourier basis ¢ = ¢, k = 1,2,..., in the considered simple geometry.
Let us study the linearization errors for Ag;bl)) = A oexp and L™ with respect to the parameter
k€ R in (21) around K = 0. To be more precise, we define the ‘symmetrized’ relative errors via

emmw%p—ﬁﬁjDﬂﬁf“M%-ﬂ%)pﬂ“ﬂb
QHAQXP Hz
and
e (i) = |[L(M(0) = LM (—&) — DLM(0;7)]|,, + || L (R) — L™ (0) — DL™ (0; 7 Hz’
2Lt
where || - ||2 denotes the spectral matriz norm. Observe that we have here abused the notation by

interpreting A&Zﬁ%, DA&ZZ;( i-), L™ and DL (-; ) as functions of the logarithmic conductivity
level of the inclusion in an obvious manner. (The needed derivatives DAgZ});(O;E) and DL™ (0; %)
with respect to K at k = 0 are actually approximated using the central difference rule with a fine
enough step size.)

Figure 1 shows the errors ecxp and ey, for four combinations of R and c. After an initial brief
cubic behavior, the relative error related to Aex, seems to decay asymptotically as O(K?) for all
parameter combinations. On the other hand, ey, decays initially as O(K?), but the convergence rate
seems to gradually decrease as k approaches zero — in particular, one cannot exclude the possibility
that the asymptotic rate is only O(K?2). The closer the inclusion is to the exterior boundary 912,
the earlier the change of rate begins. However, in all cases considered in Figure 1 the value of the
relative error ey, is already less than 10™% at this stage. Moreover, ey, is significantly smaller than
eexp for all considered inclusions and plotted values of k.

According to additional numerical studies not documented here, the linearization error of A

with respect to the conductivity and that of A(”) with respect to the resistivity of an embedded
discoidal inclusion are quadratic and do not seem to exhibit a preliminary cubic convergence rate.
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Figure 1: Relative linearization errors for n = 36 and four discoidal inclusions with respect to their
logarithmic conductivity levels: ¢ = (0.1,0) and R = 0.1 (solid), ¢ = (0.2,0) and R = 0.2 (dashed),
¢ = (0.3,0) and R = 0.3 (dash-dotted), ¢ = (0.4,0) and R = 0.4 (dotted). Left: eexp(k). Right:
er, (R)

4 Complete electrode model

Practical EIT measurement setups are characterized by M € N\ {1} electrodes that are attached
to the surface of the imaged object. Let E,, C 02, m = 1,..., M, denote these nonempty, open,
connected, well-separated sets. In the CEM, the Neumann boundary condition in (1) is replaced
by [5]

ou M
05, = 0 on 02\ mL:JI E,, (22)

ou
UE_Cm(Um_U) onE,, m=1,...,M,

/ U@dS:Im, m=1,..., M,
Em ov

where ¢ = [(]M_; € RY denote the (constant) contact conductances at the electrode-object
interfaces. The current pattern I = [I,,,]M_, is prescribed, whereas the electrode potentials U =
[Unn]M_, are part of the solution. Both of these vectors belong to the mean-free subspace CM C
CM | the current pattern due to the conservation of electric charge and the electrode potentials
as a result of our specific choice for the ground level of potential. The variational formulation

corresponding to the conductivity equation from (1) with the boundary conditions (22) is to find
(u,U) € HL(2) := HY(2) & CM such that

M

/aVu-Vidx—!—Z(m/ U =)V —0)dS =1V (23)
2 m=1 Em

holds for all (v, V) € H'(§2). The problem (23) is uniquely solvable [29].

For simplicity, we use the same notations for the forward operators of CEM as introduced
previously for the continuum model in Section 2. However, as a disparity, the CEM forward
operators depend on the contact conductances in addition to the conductivity. As an example,
the CEM forward operator that takes the conductivity and contact conductances as its inputs is

of the form
A: (0,¢) = A(0,¢),  LT(R2) x RY — ¢M=Dx(M=D), (24)



GENERALIZED LINEARIZATION IN EIT 11

where the output is called the resistance matrix (regardless of the used input parametrization),
which is given with respect to a fixed orthonormal basis for CM. In other words, if o € CM~!
carries the coordinates of an electrode current pattern I € CX with respect to the employed
basis, then A(o,()a gives the coordinates of the resulting electrode potentials U € CM in that
same basis. Since o and ( are real-valued and positive, it follows easily from (23) that A(o, () is
Hermitian and, in particular, positive-definite. Similarly,

Auwt (p.2) > A(p™' 270, L2(2) x RY o5 COI-0XO00),

and
Aexp: (1,0) = A(e®,e¥),  L®(02) x RM — c(M-Dx(M=1)
where we have abused the notation by defining 271 = [2,,1]M_, and eV = [e¥"]M_, as vectors of

RM. Finally, the logarithmic forward operator is defined in accordance with Definition 1, that is,
L: (k,v) + logAexp(k,v), L%(£2) x RM (j(M*l)X(M*l)7

where logAexp(k,v) is the principal logarithm of the positive-definite matrix Aexp(k,v).
The Fréchet derivative of the basic forward operator (24) with respect to o € L({2) in the
direction n € L*({2) is characterized by [20]

BYDyA(o,C;n)ac = — | nVug - Vug dr, a,feCM-1 25
B
9]

where (ug, Ug) and (uq, Uy ) are the solutions of (23) corresponding to the current patterns with
the coordinates a and j3, respectively, in the employed orthonormal basis for C. Analogously,
the derivative of ¢ ++ A(0,¢) in the direction ¢ € RM can be assembled via

M
ﬁTDCA(Uv C;f)a = Z gm/ ((Uﬁ)m - Uﬁ) ((Ua)m - ua) ds, a,B € cM-t (26)

m=1 m

Furthermore, the Fréchet derivatives of Aj,, and Aey, can be easily obtained by utilizing the
chain rule and the above two formulas for A (cf. (8) and (9)), and those of the logarithmic forward
operator L can be deduced by writing an eigendecomposition for A(o, () and mimicking Theorem 1
and Remark 1.

Remark 2. Applying the three basic operations id, inv and exp to the conductivity and the contact
conductances, one could come up with nine different parametrizations for the forward operator of
the CEM. Here we only consider three of them, although it is probable that in some cases one of
the other options is optimal from the standpoint of the linearization error.

Remark 3. When the contact conductances are perfect, i.e., in the limit (,, — oo for all m =
1,..., M, the resulting model is called the shunt model [5, 7]. On the other hand, when o/(y,
approaches infinity for allm = 1,..., M, meaning that the contacts at the electrodes are extremely
bad compared to the resistivity of the imaged body, the model formally approaches a resistor network
for which the resistance between electrodes E; and E,y, is Ry = (G| E|) ™Y + (Cu|Eml|) ™t In other
words, the resistance observed when feeding current between two electrodes can be modelled as the
sum of the resistances at the considered electrodes. In particular, the elements of the resistivity
matriz R depend in the limit linearly on the pair (p,z) = (0=1,(™1Y), since they depend linearly
on the contact resistances (71 = [(;Y]M_, and not at all on the resistivity p of 2. As R(0,()
is essentially just a representation of A(o, () with respect to certain non-orthonormal current and
potential basis, for high contact resistances z and low resistivity p it is reasonable to expect that of
the different forward operators Ainy, which is parametrized by (p, z), is closest to being linear.
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5 Numerical experiments

In this section, we study the accuracies of different linearization techniques by performing numer-
ical experiments in the unit disk £2 € R2. The elliptic forward problems for both the continuum
model and the CEM are solved with the finite element method (FEM) on meshes with approxi-
mately 30000 nodes and piecewise linear basis functions. These meshes and corresponding FEM
solutions are also employed when evaluating derivatives of forward maps (cf., e.g., (7)—(9)). The
discretization errors of the FEM solutions can be regarded to be small. Throughout this section,
the notation E[-] is used to denote the sample mean. The size of the sample is 50000 in each
considered case and the random realizations of involved parameters are mutually independent.

5.1 Forward accuracy

We study the linearization errors of the EIT forward problem with discrete lognormal random
conductivity fields. To this end, the domain (2 is divided into N = 1800 subdomains (2;, each
having approximately the same area, and the piecewise constant conductivity is written as

o(x) = Z@‘Xi(l")’ (27)

where y; is the indicator function of {2; and the vector & € Rf contains the corresponding
conductivity values. The resistivity p = 0~ and the logarithm of the conductivity x = log(c) are
defined similarly via vectors p € Rj\_[ and # € RV, respectively. Furthermore, let &; € {2, denote
the center of a subdomain. The random conductivities are drawn via their logarithms such that
the vectors & follow a Gaussian distribution with the probability density

1

P8 = T P

where &y € R¥ specifies the discrete mean field and

#2513

2

), i,j=1,...,N (28)

defines the covariance matrix for some variance parameter ¢> > 0 and correlation length ¢ > 0.
Table 1 lists the used values for four different distributions.

First we consider the continuum model. For the purpose of numerical computations, the finite-
dimensional approximation A () in (14) is considered with n = 16 trigonometric basis functions

Vo1(0) = % cos(kf), thor(6) = % sin(k0), k=1,....8, (29)

where 6 denotes the polar angle. In order to obtain a fully discrete forward operator, the conduc-
tivity o is replaced by &, resulting in

A: 6 AG), RY - R™™, (30)

where A(6) is the matrix representation of P A(g)P(™ for the conductivity (27); see (15). This
nonlinear matrix-valued function is linearized around the unit conductivity og = 1 as

A(6) ~ Aun(6) = A(60) + A'(60) (6 — 60),
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Table 1: Parameters defining the discrete random conductivity fields F1-F4 and the random
contact conductances C1-C2 used in the numerical experiments.

‘ N | ko ‘ G2 ‘ 14 ‘ E[||5l £2(2)] ‘ M ‘ vg ‘ 72 ‘
F1 | 1800 0 1/4 1/3 0.86 Cl | 16 log(lo) 1
F2 | 1800 0 1/4 2/3 0.84 C2 | 16 log(IOOO) 1
F3 | 1800 0 1 1/3 1.74
F4 | 1800 0 1 2/3 1.66

where A’(6)7) is the Fréchet derivative of the mapping (30) in the direction 4 € RN. To be more
precise,

N
A8)) = Z PM™DA(o; x;)P™, (31)
=1

which can be evaluated with the help of (7); see also (18). The alternative fully discrete forward
operators p Am\,( p) and R — Aexp( ) are defined analogously, as are their linearizations around
po = 1 and kg = 0, respectively, with the appropriate derivative from (8) or (9) replacing DA(o; x;)
n (31). The same conclusions also apply to the fully discrete logarithmic forward operator & —
L(#); cf. Definition 1, Theorem 1 and Remark 1 with n = y;. Note that for a rotationally
symmetric conductivity, (29) are eigenfunctions of the Neumann-to-Dirichlet operator, meaning
that ¢r = ¢r = v, in the notation of Section 3 (cf. [19] as well as Examples 3 and 4). In
particular, (19) and (20) hold.
The error indicator for the linearized A is

| 4iin(6) — A6 >||F]
@l |

e(Ad) =E

where [|-||F is the Frobenius norm. The corresponding definitions of indicators for Aipe and /iexp
should be obvious. For the logarithmic forward operator, the error is computed as

where exp is just the ordinary matrix exponential, i.e., the inverse of (the principal branch of) the
matrix logarithm.

The left-hand side of Table 2 lists the mean errors for the four linearization approaches and
for the four different random fields defined in Table 1. It can be seen that linearizing with respect
to the conductivity results in the worst accuracy in each case, whereas the novel logarithmic
linearization method is clearly the best. Increasing the correlation length in the random field
deteriorates the performance of the conductivity and log-conductivity linearizations, whereas /iinv
and L perform better with the smoother fields. An intuitive explanation for the latter phenomenon
is that increasing the correlation length in our random model makes the corresponding realizations
of the conductivity to be closer to constants, for which Ainy and L are linear and affine, respectively;
see Examples 1 and 2. It is not surprising that increasing the pointwise variance ¢? leads in every
case to a higher sample mean for the linearization error.

For the CEM experiments we employ the same lognormal conductivity fields F3-F4 as with
the continuum model, but now the contact conductances (,, are also random. The conductances
are drawn independently and for each of the M = 16 electrodes the conductance distribution is
lognormal with the underlying Gaussian distribution having mean vg and variance v? as listed on
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Table 2: Linearization errors e for the continuum forward model (left) and for the CEM (right)
with the different random distributions defined in Table 1. The forward operators parametrized
with respect to conductivity, resistivity and log—conduct1v1ty are denoted by A Ay and Aexp,

respectively, whereas the logarithmic forward operator is L.

‘ e(A) ‘ e(Ainv) ‘ e(Aexp) ‘ e(L) ‘ e(4) ‘ e(Ainy) ‘ e(Aexp) ‘ e(L)
F1 | 0.237 | 0.076 0.095 | 0.039 F3/C1 | 0.916 | 0.175 0.390 | 0.270
F2 | 0.294 | 0.043 0.123 | 0.027 F4/C1 | 1.012 | 0.090 0.418 | 0.269
F3 | 0.989 | 0.288 0.327 | 0.142 F3/C2 | 1.003 | 0.272 0.345 | 0.132
F4 | 1.481 | 0.146 0.434 | 0.094 F4/C2 | 1.420 | 0.139 0.430 | 0.090

the right in Table 1. Of these two statistical models for the contact conductances, C2 is in better
correspondence with the electrode contacts documented for water tank experiments in, e.g., [5, 6];
note that when comparing contact conductances documented in different works and dimensions,
one needs to take into account the size of the imaged domain as well as its approximate conductivity
level as explained in [18, Section 3.1]. However, bad contacts described by the scenario C1 cannot
be excluded in, e.g., imaging of concrete [22].

The identical electrodes are positioned uniformly and they cover approximately 46% of the
boundary 92. The orthonormal electrode current basis for R}, employed when forming the
resistance matrices, is the discrete counterpart of the Fourier bas1s (29), that is,

_ /2 [2 .
JACLR R M[cos(kam)]ﬁ,{:l, 1k — M[Sln(kém)}%:l, k=1,...,M/2—1,

and (M= = [(=1)"~YM_, /\/M. Here, 0,, = 2r(m —1)/M is the central polar angle of the mth
electrode. The definitions of the fully discrete CEM forward operators, their linearizations and
the corresponding error indicators should be obvious. In particular, the forward operators are now
mappings from Rf Mo RVAM 4o R(M=Dx(M=1) an{ their derivatives can be assembled using
the appropriate variants of (25), (26) and (20).

For the contact conductance distribution C1 with the lower expected value, the resistivity-based
operator Aj,, results in the best linearization accuracy, as can be seen on the right in Table 2
This is in line with Remark 3. On the other hand, when the contact conductance is high (i.e., the
setting is close to the shunt model), the errors almost coincide with the corresponding values for
the continuum model. That is, the rows corresponding to C2 are similar to the adjacent rows on
the left-hand side of Table 2. In particular, the logarithmic forward operator L gives the best and
the conductivity-based parametrization the worst linearization accuracy for the CEM as well.

5.2 Inverse accuracy

Regarding the accuracy of linearizations when solving the inverse problem of EIT, we only con-
sider the forward operators /iexp and L that are based on the logarithmic input parametrization.
One reason for this is the fact that non-logarithmic parametrizations may lead to conductivity
reconstructions that are not positive. In addition, it would be problematic to design equivalent
regularizations for different input parametrizations, and thus the error indicators would not be
directly comparable to each other. In the following, we give all definitions for the logarithmic
forward operator L, but the corresponding definitions for /iexp should be obvious.

The simulated finite-dimensional Neumann-to-Dirichlet operators are denoted by A(6). They
are also computed with FEM, but in order to avoid inverse crimes, the matrices A(6) are contami-
nated with Gaussian noise. More precisely, realizations of independent, zero-mean normal random
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variables with standard deviation

§:=10"E {max /I(ﬁ)m}

2Y)

are added to each element of a matrix /i(ér), and the matrix is subsequently symmetricized. The
simulated CEM measurements are obtained in the same way and they are denoted by /T(&, q).

For a regularization parameter ¢t > 0, the reconstruction &y based on the logarithmic continuum
model forward operator Lis

fa(L) = arg min{ | Lun(9) — log(A(@)|, + (|G — #o)][5 }+ (32)
geRN

where G € RV*¥ is a ‘Bayesian regularization matrix’ satisfying I'"! = G'TG. Here, I is the
covariance matrix (28) of the distribution from which the logarithm of the vector & is drawn,
and the expected log-conductivity &g is as in Section 5.1. The reconstruction obtained from (32)
approximates a mazimum a posteriori (MAP) estimate under the assumption that the linearization
error is negligible and the elements of the matrix log(/T(&)) are contaminated by independent
realizations of zero-mean Gaussian noise with standard deviation ¢ > 0 [21]. (Notice that the latter
is not true for any ¢ due to the application of the matrix logarithm after adding the measurement
noise.) Naturally, for /Iexp the minimization does not involve a logarithm, but the linearized

operator is compared directly to the matrix A(6) in the Frobenius norm. For the CEM forward
operators, the reconstructions are computed according to

(m(D),vi(L) = argmin {||Lin(@,w) = log(A@, I} + |GG - R0} (33)
geERN , weRM

or by replacing ﬁlin(g, w) with (/Iexp)nn(g, w) and deleting the logarithm. In particular, no regu-
larization is applied to the contact conductances since their estimation is a relatively stable task
(cf, e.g., [14, (4.8)]). Observe that (32) and (33) correspond to minimizing quadratic Tikhonov
functionals, which is a simple task.

The average reconstruction error for a fixed regularization parameter ¢ > 0 is

Lt(f/) = E[Hﬁt(i) - "{HL2(Q):|7

where k = log(c) is the (random draw of a) true log-conductivity corresponding to the vector &
in (32); see (27). For a given conductivity/conductance distribution, the optimal regularization
parameter is obtained by solving a one-dimensional optimization problem,

7(L) := argmin 1,(L),
teR 4

and the corresponding error indicator is simply denoted by ¢(L) = Lo ﬁ)(ﬁ). (Naturally, such an
optimal regularization parameter cannot be found in practice when the true conductivity is not
known, but the idea here is to compare upper bounds for the performances of the two considered
one-step reconstruction algorithms.) In addition, for the CEM we denote the contact conductance
reconstruction error by

d(L) = EJv, 1(L) = vlla],

where v = log({) is defined componentwise, but it should be emphasized that the optimal reg-
ularization parameter 7(L) is still chosen so that it minimizes the L2({2) reconstruction error
corresponding to the mere log-conductivity. Once again, the corresponding definitions for Aeyp, are
analogous.
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Table 3: Conductivity reconstruction errors ¢ for the linearized continuum model (left) and for
the linearized CEM (right), together with the conductance errors d for the CEM. The considered
random fields and parameters are described in Table 1.

| o Aep) | o(D) | (g | UD) | dldep) | D)
F1 0.329 0.204 F3/C1 1.042 0.833 8.266 3.404
F2 0.296 0.058 F4/C1 1.053 0.437 8.034 2.889
F3 1.204 0.580 F3/CZ 1.097 0.759 421.3 164.6
F4 1.128 0.134 F4/C2 1.061 0.320 359.4 79.98

2 2
15 e 15 ¢
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05 1 05 1 )
ey ‘ - ' ey
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o 01 02 03 04 05 06 o 01 02 03 04 05 06
N t

Figure 2: Mean reconstruction errors ¢; as functions of the regplarization parameter ¢ for the
linearization methods based on the continuum forward operators Aeyp, (dashed) and L (solid). The
plots correspond to the random fields F3 (left) and F4 (right).

Table 3 reveals that the new logarithmic method is more accurate in each test case, and the
difference is highlighted with the smoother fields F2 and F4, as could have been predicted based on
the forward accuracy observations in Table 2. In practice, the choice of regularization parameter
may well be suboptimal. However, Figure 2 demonstrates that the new method results in a smaller
average error with almost any choices for the regularization parameters.

In order to illustrate the difference in the one-step inversion accuracies for /iexp and i, some
example reconstructions, with regularization parameters that are optimized as described above,
are shown in Figures 3 and 4. The first example, which is based on a realization of the random con-
ductivity field F3 and the CEM with high contact conductances, demonstrates that the traditional
linearization method is not capable of recovering the high contrast of the target conductivity. On
the other hand, the new method reproduces the conductivity levels far more accurately and also
recovers the resistive area close to the northwest boundary of the unit disk. The second example
presented in Figure 4 considers a realization of the random conductivity field F4 with twice as
long correlation length. The superiority of the new logarithmic method is even more clearly visible
with this smoother conductivity field, as was expected based on the statistical evidence in Tables
2 and 3.

Our final numerical example, presented in Figure 5, considers a single piecewise constant target
conductivity, which is not in good correspondence with the employed ‘prior model’ characterized
by the pair F4/C2. The new logarithmic linearization technique is still slightly more accurate, but
neither method is able to capture the high contrast of the inhomogeneity. This is not very surprising
taking into account that the regularization matrix G in (33) promotes smooth conductivities. On



GENERALIZED LINEARIZATION IN EIT 17

2
1.5
1
05
0
05
\ -1
-15

Figure 3: Example reconstructions for the CEM and a realization of the random conductiv-
ity /conductances F3/C2. Left: target log-conductivity with [|s[/z2(2) =~ 1.526. Middle: recon-

struction based on a single linearization of /Iexp with L2(£2)-error 1.051. Right: reconstruction
based on a single linearization of L with L2(£2)-error 0.729.
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Figure 4: Example reconstructions for the CEM and a realization of the random conductiv-
ity /conductances F4/C2. Left: target log-conductivity with [|s[/z2(p) ~ 1.372. Middle: recon-
struction based on a single linearization of Aep, with L2(£2)-error 0.924. Right: reconstruction
based on a single linearization of L with L2(£2)-error 0.310.

the other hand, both of the one-step reconstruction methods are able to approximately locate the
support of the inclusion, which is in line with [15]. The reconstructions in Figure 5 are the best
possible in the sense that the regularization parameter ¢ appearing in (33) is in each case chosen so
that the reconstruction error for the considered target is minimized. This is naturally an unrealistic
approach in practice, but it enables a relatively fair comparison between the optimal performance
levels of the two linearization methods for a single, fixed target conductivity.

6 Discussion

We have reviewed existing linearization approaches for EIT and proposed a new logarithmic tech-
nique that seems to be the most accurate linearization method amongst those studied here. Al-
though the EIT forward operator is somewhat frequently linearized with respect to the conductivity,
it was numerically demonstrated that the linearization error in the measurement matrix becomes
smaller if the linearization is based on the resistivity or the logarithm of the conductivity. In a
sense, this is just a consequence of the Ohm’s law, and the conclusion applies to both the contin-
uum model and to the CEM. Our novel method, which maps the logarithm of the conductivity
to the logarithm of the Neumann-to-Dirichlet operator or the measurement matrix, produces the
smallest linearization error in almost all tested cases.
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a - .%

Figure 5: Example reconstructions for the CEM, a piecewise constant target conductivity and
a realization of the random conductances C2. The Tikhonov functional (33) is formed as if the
conductivity were a realization of the random model described by F4. Left: target log-conductivity
with [|k]|z2() ~ 3.179 (the log-conductivity level of the inclusion is log(100) ~ 4.605, which

N

i

is slightly outside the color scale). Middle: reconstruction based on a single linearization of /Iexp

with L2(£2)-error 2.533. Right: reconstruction based on a single linearization of L with L2(£2)-error
2.351.

Regarding the inverse problem of EIT, the proposed logarithmic method retains the positivity
property of the log-conductivity parametrization, while preserving the accuracy of the resistivity
linearization in the case of, e.g., constant conductivities. Numerical studies and example recon-
structions demonstrate that when comparing to the traditional log-conductivity linearization ap-
proach, the proposed method is clearly more accurate, regardless of the parameters defining the
lognormal random models for the conductivity and the contact conductances.

The above conclusions are valid if the measurements are modelled by the Neumann-to-Dirichlet
map or its counterparts for electrode measurements. If the Dirichlet-to-Neumann map were em-
ployed, one would expect conductivity parametrizations to prevail over those based on the resistiv-
ity (cf. Ohm’s law). However, such a change would not affect the performance of the novel method
since the logarithms of the Neumann-to-Dirichlet and Dirichlet-to-Neumann operators only differ
by their sign.
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A An equivalent norm for H}(02)

This appendix is based on the assumptions and definitions of Sections 2 and 3. The proof of
Corollary 1 requires the following lemma. Observe that the lemma could be extended (with obvious
modifications) for —1/2 < s < 1/2 by duality and for a wider scale of smoothness indices by utilizing
some integer power of A(c)~! in place of A(c)~'/? in the following proof, assuming 92 is smooth
enough.

Lemma 1. For any fized o € LS°({2), it holds that

H3(092) = {g € L3(092) : |lglls < oo},  0<

@
IN
M| —
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where
< q ) 1/2
ol o= (3 s a0
—1 'k
k=1

defines an equivalent norm for HZ(012).

Proof. Let us introduce the positive powers of A(c): L2(9£2) — L2(9£2) in the natural way, that
is,

AS(U): f — ZAZ(JC’ ¢k) ¢ka L<2>(6“Q) - Li(ag)v

k=1
which defines a compact, injective, self-adjoint operator with a dense range for any s > 0. The
negative powers are the corresponding inverse operators:

A (o) fr= Y Alz(f, oK) b, D(A7%(0)) — L2(892), s> 0,
k=1

where (cf., e.g., [10, Theorem 2.8])
D(A™(0)) == R(A°(0)) = {g € L3(32) : [[A7*(0)gllz2(002) = llglls < o0}

Using the same arguments as for logA(c) in Section 3.1, it is easy to show that A=*(c): D(A™*(0)) —
L2(012) is self-adjoint and becomes an isomorphism between Hilbert spaces if its domain is equipped
with the graph norm defined via

. 1/2
lglls < lgllgta-soy i= (1913200 + 14*@)gl3x00)) < Clllls (34)

for g € D(A™*(0)) and with C' > 0.

Since A(o): H§1/2(6Q) — Hi/z(&(?) is positive and self-adjoint, the (positive) square root
AY?(0) is, in fact, an isomorphism from L2(9£2) to Hi/Q(&Q); see, e.g., [2, Lemma 3.4] for a
simple proof. In particular, D(A=/2(c)) = Hi/Q(G.Q). According to [28, p. 10, Definition 2.1 &
Remark 2.3] and the definition of H*(9{2) as a (complex) interpolation space (see, e.g., [28, p. 36,
Theorem 7.7]), we thus have

H3(092) = [Hy*(002), L2(00)],_,, = D(AC~1=2D/2(5)) = D(A7%(0)),  0<s<1/2,
with the graph norm of D(A~%(0)) being equivalent to that of H3(9f2). The claim now follows
from (34). O
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