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ABSTRACT This work focuses on the interplay between rotation angle, transmit power, fading severity,
and noise impairment severity in signal space diversity-based three time-slot decode-and-forward two-
way relaying networks. Specifically, we develop a joint design for rotation angle selection and transmit
power allocation, while taking into account the performance impact of fading severities on the channels and
noise impairment severities on the receivers. To model different severities of fading and noise impairment,
Nakagami distribution and additive non-Gaussian noise are used respectively. The objective in doing so is to
promote the reliable reception of end-sources, while satisfying individual and total power budgets as well as
average error probability. To this end, we start by deriving average error probabilities of end-sources for non-
uniform constellations, which capture all possible signal constellations produced by using various rotation
angles. Next, we formulate the joint design problem in an optimization form. Unfortunately, the resulting
formulation is a non-convex optimization. To find the solution, we resort to numerical optimization. The
numerical results not only validate the derived error probability expressions, but also demonstrate the efficacy
of the proposed framework and provide useful insights on the interaction between rotation angle, transmit
power, fading severities of the channels, and noise impairment severities at the end-sources.

INDEX TERMS Cooperative communication, non-uniform constellation, relaying networks, signal space

diversity, decode-and-forward, additive non-Gaussian noise, Nakagami distribution.

I. INTRODUCTION
5G networks are expected to support various services, such as
industrial automation and vehicular interconnectivity, which
are critically dependent on the availability of wireless links
with high reliability [1]. Cooperative communication and
signal space diversity (SSD) have been recognized as two
effective techniques to enhance transmission reliability at link
level in wireless networks. The first achieves spatial diver-
sity by creating a virtual antenna array [2], and the second
achieves modulation diversity by applying a certain rotation
to a classical signal constellation [3].

In addition to improve the transmission reliability,
channel-adaptive transmission schemes were widely used for
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increasing transmission efficiency at the same time. Design
rules for determining modulation order and coding rates
based on different channel conditions can be found
in [4] and [5]. The examples proposed for fiber optical
channels where constellations vary with different chan-
nel features were given in [8]. The advantages of signal-
to-noise ratio (SNR)-adaptive constellation design over
bit-interleaved coded modulation (BICM) coded systems are
presented in [9] and the concept of SNR-adaptive transmis-
sion with a set of irregular constellations were represented
for coded scenarios [10] and for cognitive radio networks
in[11].

In the above mentioned constellation design studies, Gaus-
sian noise models were commonly used although various
noise models have been proposed for lighting discharge [12],
electromagnetic interference and impairment in powerline
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communication (PLC) systems [13]. The optimal precod-
ing strategy for MIMO-PLC was investigated in [14] in the
context of impulsive noise models. Another impulsive noise
model was discussed in direct-sequence spread-spectrum
access along with «-stable noise in [12]. Also, Middleton’s
class-A noise model was discussed for diversity combining
schemes in [15]. The new detection method in non-Gaussian
noise cases along with Nakagami fading scenarios was inves-
tigated in [16]. Within those models, it was very difficult to
define model parameters, and the change in noise model may
lead to a rethinking of actual signal detection systems. Along
these lines, [17] proposed an additive non-Gaussian noise
(ANGN) model, which focused on simplicity, robustness, and
analytical tractability; the aforementioned noise models can
be understood as special cases of this proposed ANGN model.

A. MOTIVATION AND CONTRIBUTION
To leverage spatial and modulation diversities jointly,
SSD-based cooperative schemes were discussed in [18]-[22].
They considered various cooperative transmission protocols
in one-way and two-way relaying networks with and without
relay selection. More specifically, in these schemes, original
data symbols were first rotated by a certain angle prior to
transmission. This resulted in the information of the original
data symbols being distributed over the in-phase and quadra-
ture components of the respective rotated symbols. Then,
the components of the rotated symbols were transmitted via
the cooperation of the end-sources and the relay(s) so as
to ensure that the components experienced different fades.
Reference [18]-[21] mostly focused on providing closed-
form expressions for error probabilities, assuming that an
optimal rotation angle was available. Since this assumption
lead to uniformly distributed constellations (after the oper-
ations of rotation and interleaving in SSD), it overly simpli-
fied the calculation of the closed-form expressions. However,
none of these closed-form expressions provide any additional
insights on the performance impact of rotation angle selec-
tion in the systems. This issue has been addressed by [22].
This paper first generalizes closed-form expressions for error
probabilities for the case of arbitrary rotation angle selection.
Then, it investigates the joint and individual impacts of
rotation angle selection and transmit power allocation on the
system performance. Further, it proposes a SNR adaptive
SSD-based cooperative transmission scheme for two-way
relaying networks.

In the aforementioned works, there are two common
assumptions that limit the scope of the validity of the given
closed-form expressions for error probabilities:

o All channels are modeled using Rayleigh distribution,
viz., considering same level of severity for fading
channels.

o There is a basic (impractical) noise model, additive
white Gaussian noise (AWGN). However, in practice,
wireless systems are often impaired by non-Gaussian
noise resulting from factors such as electromagnetic
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interference, and human-made
noise [12], [15].

In this work, we investigate the joint optimization of rota-
tion angle and power allocation, while taking into account
the influence of both the fading severity of the channels and
the noise impairment severity at the receivers. To account
for the fading severity of the channels in the joint design
problem, we utilize a general distribution, viz., Nakagami
distribution, to model the fading channel characteristics of
links. The Nakagami distribution is parameterized by m €
[0.5, oo], which measures the ratio of line-of-sight signal
power to multi-path power. For instance, when the value of m
is set to one, the distribution corresponds to Rayleigh fading
(severe fading condition). The severity of fading reduces as
the value of m approaches infinity, and lastly, when m = oo,
it corresponds to an AWGN channel with no fading [23].
Furthermore, to account for noise impairment severity in the
system, we utilized a general noise model proposed in [17],
viz., ANGN model, due to simplicity, robustness, and analyt-
ical tractability. It is worth mentioning that the AWGN model
is a special case of the ANGN model. Broadly speaking,
the contributions of the work can be summarized as follows:

« We begin by deriving a closed-form expression for the
probability density function (PDF) of the output SNR at
the end-sources over the Nakagami fading channels with
the existence of ANGN.

« Next, using the derived PDF expressions, a closed-form
expression for the average error probabilities of the end-
sources for irregular constellations is obtained, which
enables us to obtain the optimum rotation angle as a
function of SNR.

« Lastly, using the average error probability expressions,
we propose an optimization framework that explores
the complex interaction among rotation angle selection
and transmit power allocation for various SNR values
and severity levels of fading and noise impairment. The
design objective is to minimize the average error prob-
ability of one of the end-sources, while meeting the
individual and total power budget constraints and the
predefined threshold for the average error probability of
the other end-source.

impulsive

B. PAPER ORGANIZATION

The paper is organized as follows. Section II describes the
two-way system model together with the SSD-based coop-
erative transmission protocol. Section III derives the ana-
lytical expressions for the average error probability that pro-
vide the basis for the optimization of the rotation angle and
transmit power allocation in Section I'V. Section IV focuses
on the problem of maximizing the transmission reliabil-
ity. Section V includes numerical analysis and discussions.
Lastly, Section VI concludes the work.

Il. SYSTEM AND TRANSMISSION MODEL
We consider a system that consists of two end-sources
(A and B) and an intermediate relay (R), see Fig. 1.
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FIGURE 1. An example for the SSD-based cooperative two-way relaying
system.

We assume that the channels are reciprocal and modeled
by a Nakagami-m random variable with shaping parame-
ters of {map, maRr,mpRr} and average fading powers of
{248, QAR, 2pR} for the links of A < R, B <> R, and
A < B, respectively. It is assumed that the wireless channel
coefficients remain constant during one symbol duration.
Similar to [22], in the considered scheme, signal space
diversity and a three time-slots cooperative two-way relay-
ing protocol are incorporated to double the number of sym-
bols that are transmitted over three time slots, i.e., four
symbols over three time slots. In particular, the original
symbols are first rotated by a certain angle before being
transmitted from both the end-source .4 and the end-source 5.
Next, the end-source A and the end-source B collaborate
with the relay R to transmit the real and imaginary parts
of the rotated symbols. A new constellation, x, is gener-
ated by applying a transformation ® to an ordinary con-
stellation, and the transformation ® be given as ® =
cos(f) — sin(6)
|:sin(9) cos(0)
dimensional signal space. A pair of signal points from the
rotated constellation, i.e., sf‘, sé“ € x, which corresponds to
the end-source A’s message, is assumed to be transmitted.
Note that s7* = Rt{s7'} +[3(s7'} and s5' = R{ss'} + j3{s3'),
where N{.} and J{.} represent the in-phase and quadra-
ture components of the corresponding signal points, respec-
tively. After interleaving the components of sf‘ and s;‘,
the new constellation point that will be sent from the end-
source A can be written as A 4 = ER{S{‘} + j?s{s{l}. Similarly,
we assume that 5 = (s? ; s?) is a pair of signal points
from the rotated constellation, i.e., s?, sf € X, which cor-
responds to end-source B’s message. Again, the constella-
tion point that will be transmitted from the end-source B
is formed by interleaving the components of s? and s? as
follows: Ag = E){{s?} —l—j%{sf}. We note that A4 and Ap
belong to the expanded constellation, A, defined as A =
N{x} x I{x}, where x denotes the Cartesian product of two
sets. In this expanded constellation, all members consist of

i| , where 6 is the rotation angle in two-
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two components, each of which uniquely identifies a particu-
lar member of y. Hence, decoding a member of the expanded
constellation results in decoding two different members of the
original constellation.

A. COOPERATIVE TRANSMISSION PROTOCOL

In the first time slot, the received signals at end-source 3 and
relay R can be written as

yA78 = VEAh i + 15, €))
yA7R = VEahapia + 1R, @)

where E 4 denotes the transmit power at end-source .A.
Herein, the probability density functions (PDF) of the noise
variables (n4 and np) conditioned on g are given as

_H
enn

Jo; (nlg) = 3

Tolg
Herein, g is a non-negative random variable, and 0’3 has
turned into the variance of pure Gaussian noise for g = 1,
i € {B, R} [17]. Let suppose that g has Gamma distribution
with unit mean and Gamma parameter, k,, the noise power

has become a random variable and its PDF is written as
: kg*"'

HO= T )
In the case of k; — 00, (4) leads to a dirac delta function
so it yields a Gaussian noise model [17]. This is because
some well-known non-Gaussian noise models [17] (i.e. Mid-
dleton class-A noise model and Gaussian mixer model) can
be included as a special case of (4).

In the second time slot, the received signals at
end-source A, yB_”‘l, and relay R, yB_’R, can be written
by replacing A and Eg which denotes the transmit power at
end-source B.

In the third time slot, the new constellation point that
will be sent from the relay, R is formed by interleaving the
components of s{‘ and s§4, and s{s and sf as follows:

e kes ghe =1, )

1 . 1 )
am = —= (NP + 3 + —= (B + 505 5)

V2 V2
The received signals at the end-sources can be given as
VA = VERhaRAR + i, ©)
VB = VErhpRrAR + fi, @

where E is the transmit power used in the third time slot.
Since end-sources .4 and B know their own data, the back-
propagating known data can be canceled out, and the modi-
fied received signals at the end-sources can be expressed as

E . _

yR=A /—thR [m{sf} +JS{s?}] tig o (8)
E . _

yR=B /TRhBR [m{s;‘}+ JS{s;“}]JrnB. )
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The received signals at end-source B in the first and third time
slots can be given as

= VEahas [Wst') + M5 | + 05, (10)

[E
yR_)B = TRhBR I:fﬁ{sfl} + ]mY{Sl }:I +ng. (11

By comparing the received signals at user B, it is observed
that the received signal from the selected relay contains
components of the original signal that are not included in
the received signal from user 4. Hence, from the point of
view of user B, different components of each member of the
original signal (i.e., s{‘ and s{‘) are affected by independent
channel fading. To detect the original message, end-source B
reorders the received components so that the corresponding
components of each signal point in sA join together.

Considering the existence of the non-Gaussian noise model
at the receivers as in (3) and (4), the optimal detection algo-
rithm under this assumption might be questionable. From this
perspective, it was already shown that the optimal symbol-
wise detection algorithm used in the Gaussian noise model is
also optimal for the considered ANGN model [17]. There-
fore, end-source B applies a maximum likelihood (ML)
detector on the reordered signal to detect the source message.
Hence, end-source B’s ML decision rule can be expressed as
follows:

2
) = lhasPVE s

314 = arg min [.‘
A
s{TEX

+ [Sthpry* 7By — Ihsr —o{s1 }

]

12)

$4 = arg min [ Sy BY = 1hasPVEAS (1) ‘

53 €X
Er 2
+ ‘m{hgny%"ﬁ’} - |hsn,,|27m{s;‘}‘ ]

(13)

Following the same procedure, the detection at end-source A
can be obtained in a similar manner.

lll. PERFORMANCE ANALYSIS OVER NAKAGAMI FADING
The end-to-end (E2E) error probability for ith user is
expressed as

o Piirecs + (1= Pog) Pi e |R),  (14)
such that i # j, j € {A, B}. Here, P,y is the probability of
the case where the relay remains silent because of erroneous
reception of information from a single user or both, Pdlrect
gives the average error probability belonged to the A4 « B

link, and P; (¢ |R) considers the error probability where the
relay is actively used at the end user in a cooperative manner.

Pi(e) =P,

A. DIRECT LINK CALCULATION
In a direct link scenario, e.g., A — B, the received
instantaneous SNR at end-source 3 can be given by
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ygire“ = Ealhagl*/ gcrnz, and the instantaneous error prob-

ability expression conditioned on g at end-source B can be
written as,

PA»B ( dlrect|g)

direct
M2-1  M*-1
=Y P Y P FeDygls A] (15)
k=0 =0
1#k

where Py is the probability of transmitting the k-th symbol,
A(k) is the k-th symbol in the expanded constellation, and
Dy is the decision region of the symbol A(k). Note that

B (ydiectig, A (k)) consists of the sum of all possi-
bilities that a transmitted A (I) symbol drops into Dy ).
By utilizing the geometric trajectory on 2-D space shown
in [24], Pr [yA”B € Doy |A (k)] can be formulated
as

Pr[y*=F € Dagy g, ha = A ) |

T
— ZiQ (Kl /yg,irect, K /Vg’irect; K3), (16)
t=1

where the definition of k1, k2 and «3 are given as!

K1 = £N2L1,, (A (K)), (17a)
K2 = V2L ., (AK), (17b)
K3 = R [cl,p,, c;'fm]. (17¢)

Herein, 7; denotes the lines bounding the decision region
Dawy, ckg = A (1) — A (k). In (16), the neighboring deci-
sion regions of the symbol A (/) are expressed by A (1) 5y,
and A (I) INCTOL and Q (-, -; -) denotes the complementary
cumulative density function (CCDF) of a bivariate Gaussian
variable [25]. The detailed information about the sign 4= and
summation terms can be found in [26].

The conditioned average E2E error probability can be
obtained by taking the average of instantaneous error prob-
ability in (15) with respect to yd“e“ which can be explicitly
formulated as

A—B (—direct
P direct (VB | )
M2—1M?*—1 T,

=22 )

k=0 [=0 t=1
1£k

i/Q(KI\/?’ K27 63) sl (v 1©)dy.  (18)
0

Since the fading channels are modeled as Nakagami-m dis-
tribution with the Nakagami parameter m 45 and average

IRefer to [22] for detailed definitions and intermediate steps for the
analysis.
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the resulting PgiB (78ecte) can be

power Qp5,
expressed as

A—B (—di
Plirect (Vémtlg)

M2-1M2-1 T,

SYESy e (e ) o
1=0 i 2 \ sin® (0) + a; 7
£ 0

k=0 t=1 i=l1
k
along with
v = v (k1, K2, k3), (20a)
vy = v (K2, K1, K3), (20b)
ar = KI7E"/ 2map), (20c)
ay = K7 E° ) @map) (20d)
K14/1— /<32
arctan | ——— |, K3K1 = K2,
K2 — K3K1
2
v (K1, K2, K3) = 1 =3
arctan | —— |+, k2 < K3K1,
o2 — K3K]
1
arctan ( + K3>, K1 =ar=0.
1—k3
(20e)

Note that the expression of )/d‘reCt is dependent on g since

V%rect — P_AQ.AB/( [ ]Gn) and using [27, Eq.(25)],
(19) results in

PA—>B (—dlrect| )

direct

M2-1M2—1 T,

Z Z ZZA(U(’Q»/Q ink3), &i (g))’ Q1)

k=0 1= 1=l i=I
1#k

where the auxiliary function in (21), A (x, y, g) is formulated
as

1 sin? (x)(mAB+1/2)

Ax,y) =

2 2’

1 1
— F -, , =
27 (2map + 1) yAB 1 (mAB + =, mAB

3 sin®(x) . 2
mAB + 5, — ,sin” (x) ), (22)
—direct ydirect
along with & (g) = K%is and & (g) = K;Z,ig . Also,
Fi(,-, -, -, -, ) isthe Appell hypergeometric function of two

variables defined in [28, Eq.(9.180.1)] along with the assump-
tions of 0 < v (k1,42,k3) < 2w and 0 < v (k2, K1, K3) <
2. Now, (4) can be used to calculate the unconditioned
A (x, K) such that,

kz

(kg)
and such that K = «?P 445/ (207m4p). Then, A (x, K)
can be calculated as in (24), as shown at the top of the

A, K) = / Ax,y) eikgggkgfldg, (23)

next page, (see Appendix A for details). Note that PdlrectB

direct

can be obtained by just replacing ydlreCt with y§
P/ (870;)-
116166

1) GAUSSIAN NOISE (kg — oc) WITH INTEGER
VALUED m CASES
In the case of the Gaussian noise and integer m values,

(24) can be found in a more simplified form, which
is [23, Eq.(5A.24)]

Ax,y)
1
=x—-z ((1 +sign (x — ) T + 2¢ (x,))

2mAB+y mfi;( )[ ( ZHﬁ\B)}_I

o ()
- T/ 2 N\
2mAB+)’ =0 p=0 [4(1_'_%)]
sin2(l—p) ¢ (x,y) (25)
2(0—p) ’
where the definition of ¢ (x, y) is given by
@ (x,y)
2
2\/ s (14 g ) sin @)
= E arctan
(1 + my%> cos(2x)—1
b4 1 . y2
+—1—=({1+4sign{ |1+ cos(2x)—1
2 2 mARB
X sign (sin (2x)) :| . (26)

B. COOPERATIVE LINK CALCULATION

The relay operations depend on a process of decoding the
received signals in the first and second time slots from
A < R and B < R, respectively. The probability

of remaining silent in the third time slot for the relay is
—R

= —B—R

direct) (1 —P direct) where
Pﬁlrect and Pdlrect can be obtained following the same steps
already given in (19)-(21) by just replacing (m AB> yglr“t)
with (maR. yd‘%“ EAQaRr/ (g0?)) for A — R link
and (mpR, yg‘{{’“ = EgQpr/ (g07)) for B — R link,
respectively.

In a cooperative scenario, the average SER of the cooper-

ative link, e.g., A — R — B3, can be given as

expressed as ﬁoﬁ =1- (1 -

Pg(e|R)
M—1M—-1 T

=2 > Zi—/Q KINY s K2/V5 K3) Freney (V)Y -

k=0 1=0 =1
Ik

27

Since it is a two-way relaying system that is considered here,
the PDF of yrp is dependent on the average powers used
in the first and second time slots. The PDF of the received
SNR at the end-source B, f, (), can be calculated from
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sin (x)1/27*¢ K =MABT (ko + m 43)

ACK) = S KmasT (k) T (s + /2T (kg

 (maB)s (mas + k), -~

] D (=D T (/24 mas +5) <
s=0

Kkg ) —kg—mAB—s

sin? (x)

s!

1 1 3 .
Fy (E,mAB—i-s—i-E;mAB+s+5;51n2(x)). (24)

the derivative of the joint CDF of Z and yrg (z, ), which
are found as follows (See Appendix B for details):

11— MRB m
_ P mrp)"'Var [ mrs Y e
fyRB ()/) - Eva =direct € R
YBRTYAR \YRp
— MmBR
KaByBr MRB
L (mrB) VR + VAR \ KABVER
e | Kapraet (28)

The PDF of f “ﬁlm?pRHB (y) is a convolution of f,,,; () and

. y .
Fras )i fyom (1) = fy 15 (1) 5 fy 5 (v) and substitut-
ing it into (27), T in (27) can be formulated as

v (ki kp,k3)
ZZ: / VAR sin?(0) e
; ) VBRTVAR sin?(0) + k?yrB/2mRB

sin? (0) B
. 3 do
sin” (0) + k[ v.AB/2m B

v(ki,kp.k3)
N KABY BR
YBR TV AR

sin? () "RE

X

sin® (0) + k2K ABYBR/2mR B

.2 mAB
0

x| — sz( ) de, (29)

sin® (0) + ;v AB/2mAB

where p =3 —i.

Considering integer-valued m 43 and my 3, Nakagami fad-
ing parameters enable us to utilize from Residue theorem [23,
(5.70)], which is given by

L[ sin?(0) Lo sin2@) \'
el S A > V)
n(sin2 (9)+c1> ;Z "’l(sm2 (9)+cl>

I=1 =
(30)
where Ay ; is given by [23]
dmi—k L 1 My .
{dx_msz | - (m> } |x ==
At = . 3D

m;—k
' (myp — k)

Following this procedure, a closed-form expression for terms
seen in (29) can be rewritten in the same form as the ones
for Pior, which are given (21)-(22), by putting the suitable
variables into (30).
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IV. MAXIMIZING TRANSMISSION RELIABILITY

Our purpose is to demonstrate that additional performance
gains are possible by jointly optimizing the rotation angle and
transmit power allocation. To this end, we first introduce the
constraints and the design objective.

The growing demand for data traffic increases energy con-
sumption in the system. To limit the total energy consumption
over three time slots, we introduce the following constraint:
Eq+ Eg + Er < Er, where E™™ < Er,i € {A, B, R},
and Er < Eﬁ‘”‘ + Eg‘a" + E;‘z‘"‘x. In addition, since each
node has a limited battery life in practical systems, the power
consumption at the nodes is constrained as E; < E"™,i €
{A, B, R}. Furthermore, the average error probabilities at
the end-sources are constrained by a predefined threshold,
P (e), to ensure that transmission reliability for the end-
sources is above a certain threshold. The design objective is
to minimize the average error probability of one of the end-
sources, i.e., to maximize the transmission reliability for this
end-source. Then, we formulate the problem for maximizing
transmission reliability by jointly optimizing rotation angle
and power allocation like this:

Pgle)

P _4(e) < P(e), (32b)
0<E; < Eima", ie{A B, R}, (320)
EA+Eg+Er <Er. (32d)

min (32a)
Ea,ER,EB, 6€(0°, 45°)

subject to

Noting that the constraints (32¢) and (32d) are linear,
and the objective function and the constraint (32b) are non-
convex. Hence, the optimization problem in (32) is non-
convex. To obtain the solution for this problem, we resort to
numerical optimization using the MATLAB finincon solver
which is based on Quasi-Newton updating method.

V. NUMERICAL RESULTS

In this section, we investigate the performance of our pro-
posed joint optimization design and provide numerical results
to support its merits. We also consider various fading and
noise impairment scenarios. Throughout the numerical anal-
ysis, we consider QPSK signalling, and Gray bit-to-symbol
mapping in considering scenarios.

Example 1 (Validation of Analytical Error Probability
Expression): To validate the analytical expressions pro-
posed for the end-to-end (E2E) average error probabili-
ties in Section III, we consider four different scenarios
which include different Nakagami shaping parameter sets,
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Simulation.
¢ Simulation.
O Simulation.
A Simulation.
Analytical

],0 = 25° with k, = 10
],0 = 25° with k, = 1
],0 = 20° with k, = 10
],0 = 20° with k, = 3

5888

E2E error probability (F,;)

0 2 4 6 8 10 12 14 16 18
Er/N, (dB)

FIGURE 2. Simulation and analytical results comparison for the E2E error
probability.

TABLE 1. Optimum rotation angles for different fading severity.

0
o ¢ Simulation. m = [, 1, 1].0 = 20° with k, - 0o
0] Simulation. m = [1,1,1], 0, with k, — co
X Simulation. m = [2,2,2],6 = 15° with k, — oo
Simulation. m = (2,2, 2], 0, with k, — oo
10 F O Simulation. m = [1,2,3],0 = 20° with k, — 0o §
. X Simulation. m = [1,2,3], 0, with k, — oo
= Analytical
>
=102 & E
2
2
B103 F i
3
=
&
&
104 F &
10° £ E|
108 . . . . ¥
0 5 10 20 25 30

15
Er/Ny (dB)

FIGURE 3. Simulation and analytical results comparison with optimal
rotation angle values.

TABLE 2. Optimum values from joint optimization.

Er1/Ng | Scenario-1 | Scenario-2 | Scenario-3
(dB) fop () Bop: (°) fop ()
0 30.42 30.67 30.44
3 29.04 29.01 28.88
6 28.32 28.15 28.05
9 27.94 27.69 27.61
12 27.74 27.45 27.39
15 27.63 27.32 27.28
18 27.57 27.25 27.23
21 27.54 27.21 27.23
24 27.53 27.19 27.23
27 27.52 27.18 27.22
30 27.51 27.18 27.21

Scenario-1 Scenario-3
Er/No(dB) {00pt(°), B, E, ER} {00pt(°), Ea, Ep, ER }
15 {27.58,0.2671, 0.6419, 0.0900} | {27.12,0.5545,0.2992, 0.2274}
18 {27.55, 0.2684, 0.6406, 0.0900 {26.81, 0.5025, 0.2431, 0.2246}
21 {27.53, 0.4415, 0.3767, 0.1808 {26.77,0.3932, 0.2445, 0.2164}
24 {27.52,0.5538, 0.3144, 0.1308 {26.73, 0.3485, 0.2402, 0.2304}
27 {27.52,0.5808, 0.3139, 0.1042} | {26.59, 0.3384, 0.2204, 0.2639}
30 {27.51,0.5753,0.3146, 0.1048} | {26.52,0.3259, 0.2202, 0.3572}

m = [m4pB, mAR, mBR], kg values and given fixed rotation
angles, 6. Then, both analytical and simulated results are
plotted in Fig. 2. It is worth mentioning that the infinite
summation terms in (24) are truncated after the 50th term.

As the figure shows, the analytical results perfectly match
the simulation results. Thus, the changes in noise variance
(i.e., kg) and the Nakagami shaping parameter can signifi-
cantly impact the receiver performance. g

Example 2 (Optimization of Rotation Angle Selection): In
this example, we aim to enhance the transmission reliability
by solely optimizing rotation angle for the given SNR values.
We consider the following scenarios, where m takes values of
[1,1,1],[2,2, 2], and [1, 2, 3] along with 3245 = QAR =
1.5QpR and k, — oo. In Fig. 3, the E2E error probability of
end-user B in the considered scheme is plotted. In this figure,
the total power budget is assumed to be equally distributed
over the end-sources and the relay. We compare two cases:
the case when the rotation angle, 6, is fixed for all SNRs,
and the case when 6 selection is adaptive depending on the
SNRs of the channels. For the simulation of the latter case,
the optimum values of the rotation angle, 6,,, are used.
Noting that the values of 6,,, in degree for different E7 /Ny
values are presented in Table 1.
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FIGURE 4. Performance comparison of conventional scheme, optimized
rotation angle along with equal transmit power allocation, and joint
optimized rotation angle and transmit power allocation.

As it can be seen from Fig. 3, the transmission reliability of
the system heavily depends on the chosen value of the rotation
angle. In addition, the simulation results demonstrate that the
considered fading scenario affects the selection of values of
the rotation angle for the given SNR. |

Example 3 (Joint Optimization of Rotation Angle Selection
and Transmit Power Allocation): Here we investigate the
problems associated with angle rotation and power allocation.
The improvement achieved by the joint optimization in the
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transmission reliability is illustrated in Fig. 4. The optimal
values of 0, and E,,; = {E 4, Eg, ER} for various values of
Er /Ny are shown in Table 2.

As a benchmark model, the E2E error probability of the
conventional scheme (CS) is also included to Fig. 4. For a fair
comparison, 16-QAM modulation is considered for this CS,
which achieves the same spectral efficiency over three time
slots. The figure shows that the scheme with optimal rotation
angles outperforms the conventional one over the entire range
of SNR values. O

VI. CONCLUDING REMARKS

This work builds on the work published in [22], and extends
the analysis to include the performance impact of fading
severity and noise impairment severity on the SSD-based
two-way relaying scheme. We have derived closed-form
error probability expressions in presence of Nakagami fad-
ing and non-Gaussian noise when two-dimensional non-
uniform constellations are adopted for the end-sources. Based
on the derived expressions, we develop a framework that
jointly optimizes rotation angle selection and transmit power
allocation so as to enhance transmission reliability, subject
to power budget and average error probability constraints.
Subsequently, using this optimization framework, we have
provided useful insights on the intricate interplay between
rotation angle, transmit power, fading severity, and noise
impairment severity. Numerical results confirm our theoreti-
cal analysis and show the possible gains that can be obtained
by the joint optimization in various scenarios.

APPENDIX A

CALCULATION OF (24)

In this appendix, the derivation of (24) can be represented
in a more detailed way. Considering the integral defini-

Eq. (3.1)], (22) can be rewritten as
1 sin? (x)™ABF1/2 T (m a5+ 3/2)
2r 2m+ 1) y"A8 T (myap+1/2)T (1)

1 ) —MmAB
o [ enaner (1 | sin <x>f>
0

Ax,ylg) =

—1/2
X (1 — sin? x) r) dr, (33)
2
suchthaty =f (g) = K/g, K = %. Then, uncondi-

tioned A (x, K) can be expressed as

A, K)
b sin? (x)MABFL2) T (map +3/2)
C2r Qmag+1) T(map+1/2)T (1)

1! —m
/ mAB=1/2 (1 — sin? (x) ‘l,') A dt
0

X —
KmAB
—mAB
rg) dg.

kg
(34)

)
X/ookLefkgggkg+mA37] 1450 (x)
0 T (k) K
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After changing the variable sin” (x) Tg/K with 7 in the second
integral above and using the definition of the Tricomi conflu-
ent hypergeometric function [30], which is

1
[ (z1)

oo
Uz1,22:23) = / e Bt (L4 2 a dr,
0

(35)
the closed-form solution of the second integral expression

in (34) can be found as

kggKkg+mABF (kg + mAlg)

T (kg) Sin2kg+2mAB (x) cketman

Kk,
x U kg‘i‘mAB;kg‘i‘l;T . (36)
sin” (x) T

Substituting (36) into (34) yields
1 —1/2
A, K) = c/ ke 1/2 (1 — sin? (x))
0

Kk,
x U kg‘l‘mAB;kg“‘l;T dT, (37)
sin“ (x) T

where
sin? ()Rt ) T (mag 3/ T (kg +map)
2w 2mas+1) T (ko) T (mas + 1/2)

(38)

After utilizing Kummer transformation of the Tricomi
confluent hypergeometric function [31], U (z1,22;23) =
zé_zzU (z1 —z22+ 1,2 —20;z3), and implementing the
Poincare-Type series expansion over the same function,

U@ 22;23) = 230 Do @)n @1 —22), (—23) 7" /n!
[32], (34) can be found as
A(x, K)

_sin(0)!/2 7R KTMABT (kg 4 m 4p)
2w KmABT (k) T (map + 1/2) T (k)

> k
03 1y (maB)s (mAB + kg)

ST (1/2 + map + 5)

!
= s!
< Kks )ﬁﬁ (1 bl +
X —,m s+ =;m s
S () 1| 5:mAB 5+ MAB
3
+3; sin’ (x)>, (39)
where 8 = —k; — mgp — s, (-); is the Pochhammer
operation and F (-, -; -; -) is the regularized hypergeometric

function [28].

APPENDIX B

CALCULATION OF (28)

Considering Z = min(yY4-R, ¥8-R), the joint CDF
expression of Z and yrp can be formulated as

Fz yrs (2 7)
=Pr(Z <z, yrB < 7]
= Prlyar > vBrIPrlyBR < 2, YyRB < VIvAR > VBRI
+ Prlypr > vARIPrlyvAR < 2, yRB < VIVBR > VAR]-
(40)
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By using the order statistics, Fz .. 5 (z, ¥) can be rewritten

as

FZ,}/RB (Za V)

Y AR
= ——F @ F )
VB’R, _,’_ V_AT\’, YAR YRB
YBR
— — Frpr @Qu(y/Kas —2)
YBR T Y AR [ R
+Fypr V/Kag)u(z—y/Kap) — F

x8(z—vy/Kasl,

yer (2)
(41

where Yo = KanY pr and K45 = Pr/Pp. Herein, u (-)
and § (-) denote the unit step function and dirac delta function,
respectively.

After using the identity Fy, ; () =lim; 00 Fz 1 5 (2, V)
and taking the derivative of F), , () with respect to y, the
PDF of yrz can be obtained as (28).
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