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ABSTRACT: This paper proposes an e�cient decision support tool for the optimal
production scheduling of a variety of paper grades in a paper machine. The tool is based on a
continuous-time scheduling model and generalized disjunctive programming. As the full-
space scheduling model corresponds to a large-scale mixed integer linear programming
model, we apply data analytics techniques to reduce the size of the decision space, which has
a profound impact on the computational e�ciency of the model and enables us to support
the solution of large-scale problems. The data-driven model is based on an automated
method of identifying the forbidden and recommended paper grade sequences, as well as the
changeover durations between two paper grades. The results from a real industrial case study
show that the data-driven model leads to good results in terms of both solution quality and
CPU time in comparison to the full-space model.

1. INTRODUCTION
Modern industrial production processes are typically complex,
multistage processes, and much research has been conducted
in order to improve e�ciencies of these processes using
analytical techniques, such as mathematical optimization. The
application scope for optimization ranges from large-scale
supply network planning to short-term production scheduling
of individual machines. On the broader scope, Papageorgiou1

provides a review of supply chain management and
optimization. For short to medium terms, Maravelias and
Sung2 review the methodologies on production planning and
scheduling.

Scheduling can be considered as a key element of enterprise-
wide optimization3 and has been an area of intense research
activity over the last 20 years. The major feature in the
modeling of process-oriented scheduling problems is the time
representation, which can be discrete or continuous.4,5 This
subject has been widely studied in many scheduling
applications6�10 and concerns the division of the time horizon
of interest into a speci�c number of slots. The discrete-time
representation divides the time horizon into slots of �xed
duration, whereas the continuous-time representation relaxes
such an assumption. The major advantage of discrete-time
approaches against their continuous-time counterparts is their
simplicity and a tighter LP relaxation.11 As discrete-time
approaches need many more time slots to account for accurate
data, generating larger problems, the continuous-time
representation will be used in this paper.

The objective of this work is to propose an optimization
framework for single-stage production scheduling of paper

reels in a paper machine producing several paper grades with
sequence-dependent changeovers. Changeovers occur when
two di�erent tasks are processed in the same unit in
consecutive process operations. The changeovers are often
associated with changing the operating conditions or with the
cleaning of the equipment. There are many publications that
have addressed the production scheduling of multiproduct
plants with sequence-dependent changeovers.12�15 Oh and
Karimi12 presented a novel mixed integer nonlinear program-
ming (MINLP) formulation to solve the single machine
economic lot-scheduling problem on a single multiproduct
production facility. Liu et al.13 developed a hybrid discrete�
continuous-time mixed integer linear programming (MILP)
model for the medium-term planning of single-stage multi-
product plant with one processing unit. In their model, the
planning horizon is composed of a discrete number of weeks
with a known demand, and each week is modeled by a
continuous-time approach.

The problems, occurring in the paper industry, share
similarities with many other production scheduling problems.
For example, when changing the paper grade being produced
on a paper machine, the production process does not stop, but
the paper being produced during the transition may not meet
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customer quality criteria and is typically converted back to pulp
for reuse. The time required to make the transition between
the products depends on the starting and ending grades of the
grade change. These sequence-dependent changeover times, or
costs, are a common feature of paper production scheduling
models.

Keskinocak et al.16 developed a relatively comprehensive
scheduling approach for paper production on a company scale,
including order allocation to mills in addition to the actual
production scheduling (including sequence-dependent setup
times) and trimming on individual machines. Santos and
Almada-Lobo17 addressed the combination of paper produc-
tion scheduling with sequence-dependent setup times and
material �ows in an integrated pulp and paper mill with a two-
week planning horizon. Examples of sequence-dependent setup
costs can also be found from outside the paper industry. For
example, Tang et al.18 presented a scheduling solution for the
iron and steel industry using a multiple traveling salesman
approach.

This article has been motivated by a real-world application
from the Finnish paper making industry. The speci�c goal is to
explore how historical data can be used to narrow down the
decision space of a rigorous scheduling model addressing the
sequence-dependent changeovers. The contribution of this
work is threefold: �rst, we develop a continuous-time MILP
model for the production scheduling of di�erent paper grades
in a real-world paper machine. The model allows the
consideration of multiple intermediate due dates in the
production process. Second, we use automatic methods to
derive the changeover durations between two paper grades as
well as de�ne the forbidden and recommended changeovers.
Third, we use the past “best practices” to guide the
optimization in order to reduce the search space of the full-
space MILP model. We show that by combining data analytics
and rigorous scheduling models, more e�cient decisions can
be made while incorporating the rule-based operations into the
optimization model.

In the next section, we give a brief description of the
papermaking process. Section 3 develops a novel MILP
formulation based on generalized disjunctive program-
ming19�23 for the production scheduling of di�erent paper
grades on a paper machine. Section 4 applies data analytics
techniques to extract information from historical data to

support the full-space model developed in Section 3. Section 5
provides numerical examples to validate the proposed decision
support tool, and conclusions are given in Section 6.

2. PROBLEM STATEMENT
Figure 1 presents a schematic overview of the papermaking
process.24,25 First, the paper machine is fed by pulp, the main
ingredient of paper, to produce large rolls of paper called
jumbo reels, which are often of �xed width for each paper
machine. The jumbo reels then continue to another machine
called winder to be cut into rolls of smaller dimensions. The
rolls either go straight to the customer or are cut into sheets at
the cutters. In the end, the �nal packaged products are
dispatched to customers or distribution centers. In this paper,
we will only focus on the production of di�erent grades of
jumbo reels that are typically around 8�10 m wide and 25�35
km long.

Because of market requirements and global competition,
more paper grades are manufactured nowadays, and con-
sequently frequent grade changes are inevitable in the paper
machine. The grade change is a transition from one set of
operating conditions (e.g., speed, stock �ow, and steam
pressure) to another and requires from few minutes to hours
depending on the subsequent grades. As the paper machine is
never idle, the paper produced during the transition may not
be sellable due to quality reasons and is typically recycled again
into the pulper. Therefore, minimizing the grade change
transition can lead to a signi�cant reduction in production loss
and the e�orts and energy needed to recycle o�-spec waste.

Given the number of jumbo reels needed to be produced
during a speci�c time horizon, we aim to sequence the
production of paper grades in the paper machine while
minimizing the grade change transitions. It is a challenging
objective function to deal with because its linear relaxation is
typically zero, often far away from the actual MILP solution. It
is worth mentioning that, in practice, paper machine operators
usually use a cyclic scheduling strategy to meet customer
orders and consequently, historical process data can be used to
reduce the domain of variables and constraints, which has a
profound impact on the CPU time of the full-space MILP
model.

Figure 1. An overview of the papermaking process.

Figure 2. Continuous-time grid for proposed formulation.
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3. MATHEMATICAL FORMULATION
We now present a continuous-time MILP formulation for
production scheduling of jumbo reels in a paper mill. Such an
MILP model (hereafter referred to as the full-space model) is
capable of �nding the optimal sequence of paper grades in a
paper machine in a single step.

3.1. Sequencing Production Runs. We adopt a
continuous-time formulation with the common reference grid
given in Figure 2. It is made of a set of chronologically ordered
r � R = {1,2,...,|R|} production runs. Therefore, run r must be
performed after run r � 1. As the continuous variable SRr
represents the starting time of production run r and LRr its
duration, we will have eq 1. Equation 2 enforces that all
production runs are located within the given time horizon h.
Note that the start time of the �rst run is a known datum, that
is, SR1 = 0.

� + � � |� � �SR SR LR r Rr r r r1 1 2 (1)

� �
�

LR h
r R

r
(2)

3.2. Size and Length of Each Run. Let the Boolean
variable Xi,r = True indicate if run r is processing grade i, and
let Xr

no i = True if no grade is being processed during run r. In
the former case, the processing of grade i is associated with the
production of a certain number of jumbo reels (Vi,r). In the
latter case, the variables Vi,r will be equal to zero. Notice that
the disjunction in eq 3 is exclusive, meaning that at most one
grade can be processed during each run r � R.

Equations 4 and 5 are obtained using the convex hull
reformulation of disjunction 3. Note that the binary variable xi,r

that has a one-to-one relationship with the Boolean variable Xi,r
can be assigned to Xi,r to transform disjunction 3 to an MILP
representation.

� � � �
�

x r R1
i I

i r,
(4)

� � � � �v x V v x i I r R,i i r i r i i rmin, , , max, , (5)

Equation 6 computes the length of a run r � R processing
grade i.

�= � �
�

LR ptV r Rr
i R

i i r,
(6)

The number of production runs (|R|) as a tuning parameter
of the proposed model should be postulated by the user.
Because the resulting problem for |R| is a relaxation of the one
for |R| � 1, a typical procedure is to increase the cardinality of
the set R by one until no better schedule is discovered. In case
the number of prede�ned runs is greater than the optimal
number of runs to be performed, the problem will result in
some dummy runs (Xr

no i = 1 or �i�IXi,r = 0). To reduce the
symmetry, dummy runs should be con�ned to the end of
ordered set R, see eq 7.

This can be reformulated into eq 8.

� �� � � |
� �

� �x x r R
i I

i r
i I

i r r, , 1 2
(8)

3.3. Grade Change Transition and Forbidden Grade
Changes. When two consecutive runs process two di�erent
grades, a transition period occurs between the runs. If grade i
has been processed at run r � 1, and run r is processing grade

Figure 3. Simple example illustrating constraint 24.
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i�,there will be a transition time TTr(= �i,i�) between the two
runs. We have thus the following conditions

� � � 	 � � |� 	 	 �X X X i i I r R, ,i r i r i i r r, 1 , , ,
GChange

2 (9)

The reformulation of logic proposition 9 and the convex hull
reformulation of the disjunction 10 result in the following
constraints

� + � � 	 � � |	 � 	 �x x x i i I r R1 , ,i i r i r i r r, ,
GChange

, 1 , 2

(11)

� � �= � � |
� 	�

	 	 �TT x r Rr
i I i I

i i i i r r, , ,
GChange

2
(12)

Note that constraints 11 and 12 can be replaced by a single
inequality equation in constraints 13 by combining eqs 11 and
12 � � �= � � � � + �� 	� 	 	 	 	 	 � 	( )TT x x x x( 1)r i I i I i i i i r i i i i r i i i r i r, , ,

GChange
, , ,

GChange
, , 1 , .

�� + � � 	 � � |	 � 	 �TT x x i i I r R( 1) , ,r i i i r i r r, , 1 , 2
(13)

Note that the binary variable xi,i�,r
GChange in eqs 11 and 12 can

be treated as a continuous 0�1 variable. This is simply because
(i) when both xi,r�1 and xi�,r take one, the constraint 11
enforces xi,i�,r

GChange to be 1, and (ii) when at least one of the
variables xi,r�1 and xi�,r is zero; consequently xi,i�,r

GChange must be
zero. The latter is due to the fact that variable TTr has a
profound impact on the value of objective functions in eqs 29
and 30 which are minimized. Except Ex 2, we will use
constraints 11 and 12 in our implementations.

The start time of run r should be after completing the end of
the previous run r � 1 and the subsequent changeover
operation between the two runs

� + + � � |� � �SR SR LR TT r Rr r r r r1 1 2 (14)

Because of prohibitively long transition times, some grades
cannot be processed in consecutive runs. This condition is
imposed by the logic proposition 15, which is reformulated
into eq 16

‹ � � 	 � { | = } � |� 	 	 �X X i i I fs r R( ) , 1 ,i r i r i i r, 1 , , 2
(15)

+ � � 	 � { | = } � |� 	 	 �x x i i I fs r R1 , 1 ,i r i r i i r, 1 , , 2
(16)

3.4. Inventory and Due Date Constraints. Let us
suppose that the horizon of interest is partitioned into a
number of time periods t � T = {t0,t1,t2,...} and ept is end of
period t (note that ept=t0 = 0, see Figure 3). The aim is to
produce a prede�ned number of reels i during each time
period. Clearly, when a run starts, it should complete in exactly
one of the time periods. If run r is completed during time
period t (Yr,t = True), its completion time SRr + LRr should
satisfy ept�1 � SRr + LRr � ept. These conditions can be
described through the following disjunction

The convex hull reformulation of the disjunction gives rise
to the following due dates timing constraints

� = � �
�

y r R1,
t T

r t,
(18)

�+ � � �
�

SR LR ep y r Rr r
t T

t r t,
(19)

�+ � � �
�

�SR LR ep y r Rr r
t T

t r t1 ,
(20)

Note that it is not necessary for a run that has started at
period t to be completed in the same run. This is because eqs
19 and 20 are only applied to the completion time (SRr + LRr)
of a run r and not to the start time of that run (SRr), meaning
that yr,t = 1 can only lead to ept�1 � SRr + LRr � ept. For
instance, run 4 processing grade 17 in Figure 3 completed at
time period 2 starts during the �rst time period.

Alternative due date timing constraints can be developed
using the big-M constraints in eqs 21�23. They describe that if
run r is processing a grade, it should complete in one of the
time periods and its completion time should satisfy ept�1 � SRr
+ LRr � ept. If, run r is a dummy run, its completion time is
relaxed. As constraints 18�20 result in a tighter linear
relaxation, they will be used in our implementations.

� �= � �
� �

y X r R
t T

r t
i R

i r, ,
(21)

+ � + � �

� � �

SR LR ep h ep y

r R t T

( )(1 )

,

r r t t r t,

(22)

+ � � � ��SR LR ep y r R t T,r r t r t1 , (23)

The inventory balance at the end of each time period is
de�ned in eq 24, stating that the number of reels of grade i at
the end of time period t (IVi,t) is equal to the number of reels i
at period t � 1 plus the number of reels produced during time
period t minus the numbers sent to the downstream processor
(nwi,t). To satisfy the market demand on time, the number of
jumbo reels of grade i sent to the downstream processor
should be exactly equal to nwi,t, the number of jumbo reels of
grade i that needs to be produced during period t. The initial
inventory of each grade is a known parameter as stated by eq
25.

�= + � � � � |�
�

�IV IV V y nw i I t T,i t i t
r R

i r r t i t t, , 1 , , , 1

(24)

= � � =IV iv i I t, 0i t i,
0

(25)

Note that the bilinear term Vi,ryr,t(=VYi,r,t) can simply be
linearized by the following equations.

� � � � �VY v y i I r R t T, ,i r t i r t, , max, , (26)

� + � � � � �VY V v y i I r R t T(1 ) , ,i r t i r i r t, , , max, ,
(27)

� � � � � � �VY V v y i I r R t T(1 ) , ,i r t i r i r t, , , max, ,
(28)

Figure 3 is a simple example illustrating constraints 18�25.
The time horizon h = 72 h has been divided into three time
periods t1, t2, and t3, with each period being composed of one
day (24 h). There are a total of 8 production runs during the
scheduling horizon, and each run is completed in exactly one
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Figure 4. Example time window of transition period identi�cation.
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