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Abstract The paper investigates the post-buckling
response of web-core sandwich plates through classi-
cal continuum mechanics assumptions. The compres-
sive loading is assumed to be in the direction of the
web plates. Equivalent Single Layer (ESL) plate
formulation is used with the kinematics of the First
order Shear Deformation Theory (FSDT). During the
initial, membrane-dominated loading stages, it is
observed that the effect of finite size of the periodic
microstructure is barely influences the plate responses.
At the higher loads, when bending is activated, the
finite size of the microstructure activates secondary
shear-induced bending moments at the unit cells of the
plate. A method to capture the envelope of the
maximum values of these bending moments is
presented. The findings are validated with the shell
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element models of the actual 3D-geometry. Finally,
the physical limits of the classical continuum mechan-
ics are discussed in the present context.

Keywords Plate theory - Post-buckling - Structural
design - Sandwich Structures

1 Introduction

There is constant need to study new materials and
structural configurations for thin-walled structures.
Weight reduction and strength increase enable lighter
and often more sustainable structural solutions that
can be used in civil, naval and aeronautical applica-
tions. Structural efficiency in terms of strength-to-
weight and stiffness-to-weight is obtained by posi-
tioning of the material according to the load-carrying
mechanism of the structure. In bending dominated
applications, this often results in plates with periodic
microstructure, for example, single-sided stiffened
plates and sandwich panels with visibly discrete core;
see Fig. 1. The periodic structure allows integration of
functions to the panel(e.g. air-conditioning and cable
tracks). Thus, unidirectional stiffening system with
coarse spacing becomes attractive structural alterna-
tive; Refs. [1-13]. These unidirectional plates, espe-
cially in the form of steel sandwich plates, have been
found to have excellent mechanical properties for
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Fig. 1 Examples of periodic sandwich panels structural failures under different extreme loads. (Figures from: explosions Valdevit
et al. [18]; full-scale ship collisions Ehlers et al. [37] and quasi-static plate punch experiments Korgesaar et al. [38])

buckling, bending and impact loads [14-21]. These
structures are, however, challenging in terms of
structural analysis. The direct inclusion of the
microstructure to computational models of the entire
structure leads to expensive pre-processing, analysis
and post-processing times (i.e., computationally inten-
sive). The problem compounds if the geometry
changes and analysis is needed to be repeated several
times(e.g., during structural optimization or reliability
analysis [18, 20]). Further complications are caused by
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the fact that often the failure of these panels occurs
first locally in the microstructural level in the face and
web-plates or at the welds by yielding or buckling, see
Fig. 1. This means that certain level of accuracy is
needed in the analysis of structural details.
Homogenization is the alternative method for a
direct modeling of both micro- and macrostructure. In
terms of plates, it has been discussed by several
authors(see, e.g., Refs. [1, 3, 4, 11-14, 20-36]). In
plates, the main idea is to reduce the mathematical
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description to Equivalent Single Layer (ESL) repre-
sentation in which the deformations and stress resul-
tants (forces and moments) are computed for known
load and boundary conditions. In periodic sandwich
panels, the closed unit cells, including the interacting
face and web plates, form a structure that warps in
bending due to the out-of-plane shear. With this
phenomenon included, Libove and Hubka [1] pre-
sented an ESL-theory for corrugated-core sandwich
plates which follows First order Shear Deformation
Theory (FSDT). They derived the equivalent shear
stiffness and provided series solutions to prevailing
differential equations for bending. After this work,
several papers have been written for other microstruc-
tures [26-30, 33, 37, 38] where the stiffness param-
eters change, but the differential equations remain the
same. The approach has been also validated to
geometrically moderate non-linear global deforma-
tions [26-28]. However, the problem arises in the
assessment of stresses. As the local, microstructural
length-scale can be close to that of macro-structural,
the local oscillations of stresses within microstructure
can have significant contribution to the overall stress
state caused by macroscopic plate behavior. It has
been experimentally shown that the out-of-plane shear
damages the periodic structures from plate edges or
close to point loads, thus the secondary stresses
induced by shear need to be carefully assessed
[20-22], see also Fig. 1. These findings are based on
bending of plates. This situation can also occur during
in-plane compression after buckling when the initially
membrane-dominated responses are complemented
with out-of-plane responses [39].

The objective of this study is to present the
phenomena related to post-buckling response of
web-core sandwich plates and thereby extending the
work presented in Ref. [39]. Primary focus is on the
bending responses due to the von Karman strains. The
ESL formulation based on the FSDT is utilized in
order to show the connection between in- and out-of-
plane deformations. In post-buckling regime, bending
occurs, which activates secondary normal stresses of
the microstructure. As the unit cell to plate length
ratio, [lpicro/lmacro» 18 Not infinitesimal, the micro-
fluctuations of stress at unit cell level contribute
significantly to the total normal stress response of the
face and web plates.

In order to show these aspects, we first formulate
the geometrically non-linear differential equations of

the problem at hand. We assume that the microstruc-
ture is linearly-elastic. Thus, at micro-scale, analyti-
cal, stiffness and strength formulations are possible
and the prevailing physics can be explained in
parametric form. Then we show how to eliminate the
microstructural elements from the plate model. This
elimination allows solution of the macro-scale prob-
lem with the classical ESL-FSDT formulations that
can be found from numerous textbooks and the finite
element implementations from several commercial
codes. Then, at the post-processing stage we focus on
assessment of stress concentrations at faces, webs and
welds and reconsider the finite size of the microstruc-
ture. This shows the limitations of this paper and also
the commercial FSDT-ESL FE-codes on capturing the
prevailing post-buckling behavior. It also motivates
extensions to the non-classical continuum mechanics
formulations.

2 Theory
2.1 Notations

The plate is assumed to consist of structural elements
with small thickness representing the face and web
plate(s). This justifies the use of Kirchhoff hypothesis
locally at the face and web-plates. The thicknesses of
the top and bottom face plates are denoted by ¢, and ¢,
respectively, and these are positioned in the xy-plane.
The web plates are in the xz-plane and have thickness
t,, spacing s, and height h. The plate has two
coordinate systems, namely: global xyz and local x;y,z;
(see Fig.2). The origin of the global coordinate
system is located at the geometrical mid-plane of the
plate and the origin of the local coordinate is located at
the geometrical mid-planes of face or the web plates
under consideration.

2.2 Classical, homogenized FSDT for periodic
plates

The deformation of the periodic plate is composed of
global bending deflection of the mid-surface and local
deflection due to warping of face and web plates. Thus,
the total deflections along the three coordinate direc-
tions of the faceplate can be represented as
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Faces: t, t,
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Fig. 2 Web-core sandwich plate, notations and the kinematics of the First order Shear Deformation Theory (FSDT) in Equivalent

Single Layer (ESL) formulation

u(x7y,Z7xl,yl,Zl) = MQ(X,_)/) + Zd)g,x(xvy)
+ 2 (% ¥: X5 y1) (1)

v(x7y7zaxl7yl7zl) = VO(X,)’) + Z¢g,y(x7y)
+Zl¢y,](x7yaxl7yl) (2)

W(%)’»vahthl) = Wg(x)y) +W1('x)y7xl7yl)' (3)

where subscript 0 denotes the in-plane membrane
displacements at the geometrical mid-plane, as shown
in Fig. 2. The subscripts g and [ denote bending
actions at the geometrical mid-plane of the entire
sandwich plate and face plate respectively. The global
deflection of webs is defined completely by the face
plate deflection at their intersection, wyep = We. In
addition, due to perfect connection with the faces, the
webs bend in the y-direction due to the local deflection
of the faces, wy. This deflection of the webs is defined
completely by the face plate rotations at the web-to-
face-interface. Thus, additional kinematical variables
are not needed for the web deformations. The rotation
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of the mid-plane of the entire plate is denoted by ¢y,
the in-plane displacements by u and v, and deflection
by w,. The global and local rotations are

dwg du dwg dv
=y 8T =y 8T (4
¢x,g Vxz dx dz ) d)),g ’yy~ dy dz ( )
dW[ dW[
= — — — — 5
¢x,l dx ’ ¢yﬁl dy ( )

which means the sandwich plate behaves according to
the FSDT. The relative strains, expressed in column
vector, are

Exx Exx,0 Exx,g Exx,l
{e} =198y p =19 &m0 ¢+ 4 &g ¢+ &
ny ny,() ny, g Vx_\ul

(6)

with strains defined as
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dug 1 [dw,\> d
ﬂ+_(&) g = 2 s

Exx,0 = i o\ ng—x" y €xx,l
= —z;% (7)
&yy0 = [il—‘;) +% (dd_v;g> 27 Eyyg = Zg % 1 €yl
-2 )
e SRR OO

where the underlined terms denote the von Karman
strains, which are accounted at the macroscale. The
plates are assumed to be made of isotropic material
and follow Hooke’s law. Thus, the elasticity matrices
of the different layers (subscripts: ¢ = top face,
b = bottom face, w = web) of the sandwich plate are

Onu QO O
Q] =10 =|0Q12 O O
0 0 O],y

E vE
1—02 1—02 0
-l (10)
1 —0? 161)2 G
th
E.L 0 0
=1 0" 0 o (11)
0 0 0

where the web properties are smeared equally over the
unit cell width by the rule-of- mixtures. The stresses
per layer are:

{oi} = [El{ei}, i=1,w,b (12)

The stress resultants are obtained by through-
thickness integration and are

Nxx h/2 Oxx
{N}y =4 Ny o= [ {0y pdz, {M}
Ny —h/2 | Oy
n/2 | Oxx
= [ q o p2dz (13)
—h/2 | oy

Due to the periodic microstructure, smearing the shear
modulus of the core by an integrating over the
thickness of the sandwich does not result in correct
stiffness values. In the x-direction this is due to the
shear flow of the thin-walled section. In the y-direction
this is due to the higher order warping deformations of
the unit cells. Instead, we incorporate the shear
stiffness that accounts directly these two effects and
write:

@ ={8=} - wallr= %" {1}
(14)

The equilibrium of a plate element is governed by
the following equations:

dN,:  dNy
=0 15
dx + dy (1)
dNyy,  dNy
BARAL = 16
dy dx (16)
dQy, | dQOyy .
— 4+ ——=4+N =0 17
I + dy +N*w, + g (17)
dM XX dM xy dM. xx,l dM xy,l
= — Oy t4+——=0 18
dx + dy Qu dx; dy; (18)
~—_————
local
dev dey dev 1 dev.l
= — == 4 —== = 19
dy + dx QO + dy; dx; (19)
—_—
local
N*w —i N. d&+ N %
£ ax U dx o dy
d dw dw
— [Ny —2+N,,—= 20
+dy< "dx+ » dx) (20)

where the underlined terms are associated with local
shear-induced warping response. It should be also
noticed that due to the von Karman strains, the in-
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plane membrane and out-of-plane shear forces are
coupled, by Eq. (20). The differential equations in
terms of displacements are then:

Puy  dw, d*w Pvy  dw,d*w
Aul— 4+ =222 ) A — =8
11(dx2 * dx dx? ) AR (dxdy+ dy dxdy>
P g Le g (e, P
y

dy? dxdy
<d2u0 d*vo dwgdwg

dw, dzwg
dy?  dxdy dxdy dy = dx dy?

+ By

(1)

d? dw, d* d’ dw, d*
2 (Vz() +=% M;g) +An <u0 + 2 wg>
dy , dy dy ) dxdy ) dx dxcziy
¢y, d¢, d ¢,, d°¢
B B X.8 B V.8 X,8
R S B dxdy T “( " dxdy)
dZV() dzu() d W, dw dw d2W
Age | — 8778 | 7787 s
+ 66<dx2 +dxdy * dxdy dx = dy dx?

(22)

Puy  dw, d*w vy dw,d*w
B | —+—-2—"¢% B, GWe & We
11( * by ) * (dxdy+ dy dxdy>
g e

D D
+ Dy d2 £+ lzdxdy

d*¢ d*¢
D £ .8
+ 66( a2 +dxdy>
+ Bgs <d2u20 + call + Ay dy dwgdzvzg)
dy dxdy dxdy dy dx dy

dw dM,;  dM.y,
~pa () -5
local

=0
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d*v dwg dzwg dPuy dwg dzwg
By +—=— 2|5+t ==
dy ) dy dy . dxdy  dx dxdy
¢y, d°¢,
D D =
+ D2 dy? £+ D dxdy
d*¢ d*¢
D y.8 x.8
* 66( dx? + dxdy)
© Beg d2v0+d2u0+d2wgdwg %dzwg
6\ ax2 dxdy dxdy dx = dy dx?
dw daM,; dM.,,,
_ Do [De _ @My ¥,
Q2< dy - ¢y’g> dyi dx;
—_———
local
=0
(25)

The membrane, membrane-bending coupling and
bending stiffnesses are
h/2

I 10(1,z,2%)dz,i = t,w,b (26)
—h/2

[A,B,D] =

The shear stiffness is obtained by unit cell analysis
of the periodic structure. In x-direction (see Ref. [21])
this is:

by

1 2 y
A(Zi f(f> t,-ds,-)

where the shear correction factor is obtained by
integration of shear flow through top, web and bottom
faces; for details see Ref. [21]. In the y-direction the
shear stiffness is computed by unit frame analysis (see
Ref. [21] and Fig. 3b) and is given by

12D,,

ki =

=t,w,b (28)

Dy = (29)
(ke 6) + 128 21)
k) = Qgifs,k'l =1~ ko, k> = kg, k) =2 — 3ko, kS
=3ko — 1,
(30)
1+ 122 (f - F) + 684
ko = (31)

1+ 1254+ 2
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(A) Unit cell deformation

(B) Unit cell kinematics

(Face and web plates)

—_
At web:
Wg =Wl

(C) Shear-induced bending stress

S
~

webs in unit cell \:

Local (real)

—

Y= Goeit )2 [ Y F

= R Global

(equivalent)

(D) Shear-induced bending moment,

due to moment, M,,, in faces and \.. M,,, in faces along plate

Global average shear

Fig. 3 a Web-core sandwich under shear deformation in weak
direction. b Reduction of the deformation from 3rd order
polynomial to st order polynomial in y-direction. ¢ The shear-
induced bending stresses in the unit cell and d variation of the

where kg is the rotation stiffness of the laser-stake weld
and k-parameters model the relative stiffness of faces
and webs. For symmetric sandwich panels the param-
eter ko = 1/2 indicating that equal amount of shear is
carried out by top and bottom face plates.

2.3 Unit cell analysis for out-of-plane shear

The local response, opposite to stiffener direction, is
assumed to have the same values as the global
response at the unit cell edges in terms of displace-
ment, wi(x,y) = we(x,y), wi(x,y + 5) = we(x,y + 5), as
shown in Fig. 3a and b. However, along the unit cell
the local displacement field in the y-direction can
differ from global due to shear-induced warping (see
Fig. 3b). Due to the classical continuum assumptions
the average shear strain of horizontal and vertical
sliding, yy.= (Vyznt Yyz)/2, is utilized.

The local warping deflection due to shear force Oy,
is given as (see Ref. [21]):

shear induced bending moment between the unit cells (periodic
behavior is shown by dashed lines, and average behavior by
points)

d . 2 3
winggk;<de’+3yé i;;),it,b (32)

with the k-factors defined in Eq. (30). The curvature is

d*w; . d*w; _ dw; ~ Qgys kli (1 B 2&)
N

dx; dxdy T dy;  2D;

(33)
The local bending moments and shear forces are

Q05 ,;
MJCJ = UMy’[,MyJ = —%kll (1 — 2%),Mx},71 =0

(34)
Qx,l = Oa Qy,l = Qkali (35)
The volume averages are
* S MX‘I * *
M, =T, v dv = O,M),J = O’Mxy,l =0, (36)
0, =0,0;, =0, = Qo/k| + Qoyky (37)
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Thus, with these average values the underlined
terms in equilibrium Egs. (18) and (19) and differen-
tial Egs. (24) and (25) based on displacements become
zero. The shear force Q,, is produced by the unit cell
warping, see Fig. 3b. This gives us the homogenized
differential equations that are derived based on the
classical continuum mechanics assumption, that /e o/
Imacro = 0. These equations can be found from numer-
ous text books of composite materials(see, e.g., Ref.
[40]). In these books the corresponding analytical
solutions and finite element formulations are also
presented. The corresponding finite element imple-
mentations can be found from most of the commercial
FE codes.

2.4 Calculation of envelope of periodic stresses
from homogenized response

The periodic shear-induced bending moments and
normal stresses (see Fig. 3¢) are important as the with
these included the total stress always exceeds the
averaged, homogenized solution values. The charac-
teristic length, /,,;cr0, Of these normal stresses is equal
to web plate spacing, s, lnicro = . These shear-induced
bending moments and normal stresses have zero mean
as shown in Fig. 3d and Eq. (36). Next we assume
that, as the homogenized structure is in equilibrium,
the periodic structure must be in equilibrium too.
Then, the periodic strains and stresses are (see Ref.

[21]):

{fy=Tit B ({8 -{i))
(38)

{e} = {eo} — z{x} (39)
{o} = [El{e} + {00} (40)

where Egs. (34) and (38) together create periodic
strain field from homogenized, smooth, strain field.
From strength viewpoint shape of this micro-fluctua-
tion is not important, but the maximum value is. Thus,
for linear distribution within unit cell, (see Eq. (34)
and Fig. 3c and d), the maxima and minima are simply

S : )
O g, = 4 B g, =0

(41)

MJ®, = k]
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It should be noted that when [ ;. = s=0, these
bending moments and resulting shear induced stresses
become zero and result is the same as produced by the
homogenized solution without any additional post-
processing.

3 Example
3.1 General

The example presented here is taken from Ref. [39]; it
is extended here in order to explain the main post-
buckling phenomena. A square plate with length and
width of L = B=3.60 m is considered. Thickness of the
face and web plates are t,= 2.5 mm and #,,= 4.0 mm,
respectively. Core height is .= 40 mm and the web
plate spacing is s = 120 mm giving I icro/lnacro= S/
L = 1/30. The interface between web and face plate is
assumed to be rigid in order to simplify the analysis. It
has been shown in Refs. [21, 36] that non-local plate
formulations are needed in the cases were the laser-
stake weld is assumed to be flexible or if /,,,;c.o/Lnacro-
ratio would be significantly larger. In cases where the
Liicrollmacro-ratio would be significantly smaller, the
shear-induced stress fluctuations would be less impor-
tant. Material is assumed to be linear-elastic with
Young’s modulus 206 GPa and Poisson ratio 0.3.

The FSDT-ESL problem is solved numerically by
using Finite Element Method. The non-linear analysis
is carried out in two steps. The first eigenmode is first
computed. It is used as the shape of the initial out-of-
plane imperfection and is given the magnitude of
0.01% of the plate length, L. Then, the geometrically
non-linear analysis is carried out to trace the post-
buckling path. Abaqus software, version 6.9, is used.
A subspace iteration solver is used for the eigenvalue
analysis and the modified Riks procedure for the post-
buckling path. In order to secure converged results in
FSDT-ESL, amesh of 50 x 50 S4R shell elements are
used. Simply supported boundary conditions are
considered, with the loaded edges kept straight and
the unloaded edges free to pull in.
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3.2 3D Finite Shell Element Analyses
for Validation

In order to validate the FSDT-ESL approach, a 3D
model of the actual periodic plate is used; see Fig. 4
for details. The 3D-plate is modelled using shell
elements (S4) that follow the Kirchhoff hypothesis
(assumption in FSDT-ESL model). Concentrated
nodal forces act at web plates in the nodes in the
geometrical mid-plane. Six shell elements per web
plate height and between webs are used as this has
been shown to produce converged results in buckling
and bending problems [20, 41]. Simply supported
boundary conditions are considered, with the loaded
edges kept straight by constraint equations and the
unloaded edges free to move in-plane. The transverse
deflection is zero only at the nodes at the geometric
mid-plane. This allows the rotation of the plate around
the mid-plane edge.

3.3 Results

The load-end-shortening, load—deflection and load-
out of plane shear behavior is presented in Fig. 5,
where also the comparison of the FSDT-ESL with
respect to full 3D-FE model is presented. The main
idea is to show the influence of the von Karman term,

Eq. (20), into the out-of-plane shear Qy,. Three load
levels are selected from the curves to show the
different stages of the structure undergoing non-linear
deformations. Point A corresponds to linear regime,
point B corresponds to the intermediate stage of
transition from linear to non-linear post-buckling
regime, and point C is the point of local buckling of
the face plates where the assumption of linear
microstructure becomes violated. Comparison of the
predicted shear force Q,,-distribution from mid-span
of the panel, at x = L/2, is presented in Fig. 6 for load
points A and C. Figure 7 present the corresponding
normal stresses with shear-induced stresses included
and excluded.

From Fig. 5 itis clear that the non-linear response is
predicted very accurately with the FSDT-ESL in
comparison to the 3D-model of the actual geometry
(3D-FEA). Both load-end-shortening and load—deflec-
tion curves overlap until local buckling occurs at the
unit cells at point C. It is also clear that this point is
well beyond the panel level buckling, around point B.
After this point B, the out-of-plane shear, Q.y,
increases rapidly due to the von Karman non-linearity,
see Eq. (20). Figure 6 shows that the spatial distribu-
tion of out-of-plane shear is accurately predicted with
the FSDT-ESL. Even at the point of local buckling, the
FSDT-ESL and 3D-FEA results overlap each other in

Fig. 4 Description of the constrains implementation of 3D-FEA. Reproduced from Ref. [39]
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Fig. 5 Comparison of FSDT-ESL (dashed line) and 3D-FEA (solid line) in load-end-shortening, load—deflection and load-shear

responses. Shear force-load marked with crosses

average sense. Figure 7 shows that the membrane
stresses of the face plates, predicted by both FSDT-
ESL and 3D-FE methods, overlap at the load point A.
In post-buckling, due to global bending, they start to
differ significantly from each other. It is also seen that
the membrane stress in the faces is significantly lower
than the total stress at the surface of the face plates
which is magnified by the secondary bending. It is seen
that the stresses from 3D-FEA are within the maxi-
mum stress envelope curves defined by Eq. (41). This
highlights the importance of taking the finite size,
Imicro/lmacro» Of the microstructure into account when
computing the stress response. The stress jumps at the
location of webs close to plate edges indicate signif-
icant bending in the webs and welds due to shear-
induced warping of the unit cells.

4 Discussion

The investigation presented above indicates that when
sandwich structures, with visible periodic core, are
homogenized, special attention must be paid on the
stress assessment, even in the case of buckling
assessment where loading is of membrane type. In
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linear regime this loading is carried out mostly by pure
membrane actions of face and web plates as Fig. 7 at
point A indicates. As the post-buckling takes place, the
membrane actions start to interact with the out-of-
plane deformation, due to the von Karméan non-
linearity. As the core is visibly discrete, /icro//macro-
= 1/30, and the unit cells warp in shear, the magnitude
of shear-induced secondary normal stresses at the
faces and webs becomes significant. When these are
added to the membrane stresses, the total stress can be
significantly higher than the membrane stress only.
This effect becomes larger when the role of out-of-
plane shear y,, or Qy, increases and when the unit cell
size increases. So, this phenomenon can be considered
as type of size effect. Usually in homogenization
theories we assume that these are infinitely far apart,
i.e. Inicro/lmacro = 0. When departing from this
assumption, very soon we end up dealing with another
type of size effect, the assumptions of non-classical
continuum mechanics.

This issue is seen through following example. Post-
buckling analysis requires two stage analysis with
initial analysis to define the initial deformation shape
which is then followed by geometrically non-linear
analysis. In present formulation, the bifurcation
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Fig. 6 Comparison of
FSDT-ESL and 3D-FEA in
terms of shear force Q,, at
x = L/2 for Top: load-Level
A, and Bottom: Load level C
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buckling load for simply supported rectangular plate is
given as [40]:
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XX

y-coordinate [m]

where m and n are used to denote the number of half-
waves in directions x and y respectively. In present
case, the loading is assumed to be uniaxial, thus the
load ratio factor k = 0, orthotropy ratio for shear, D,/
Dgo-ratio, is very high (e.g. 100-1000). Thus, the
buckling load minimum is obtained when m = n = 1.
Problems with this equation occur when the load is
turned to be along y-axis or biaxial compression is
considered. In this case, the high orthotropy in shear
causes a situation where minimum does not converge
for m = n = 1, but decreases as function of n, while
m = 1. In this case the buckling load in finite element
solution becomes mesh size dependent; the smaller is
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Fig. 7 Comparison of 0

FSDT-ESL (points, crosses) F

and 3D-FEA (solid line) at -10 A

x = L/2. Top: x-normal Point A

stresses due to membrane
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Center at load-level C and
Bottom: at load-level C with
envelopes of the shear
induced secondary normal
stress
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Fig. 8 Strength of welds by stress resultants. Observed
geometrical and material gradients in the welds. Failure mode
for stress resultants N, with microrotation at HAZ and M, in the

the mesh size, the smaller is the buckling load. This is
another type of size effect which results from classical
continuum mechanics assumptions. The decrease is
unphysical and can be corrected by incorporation non-
classical continuum mechanics assumptions into our
FSDT-ESL model. As shown by Romanoff and Varsta
[21], Jelovica and Romanoff [42] by thick-face plates
sandwich theory and by Karttunen et al. [36] by
micropolar theory, the shear deformations of sandwich
panels can have only finite wave-lengths, that is, finite
n-values. When using thick-faces effect or micropolar
solution, physically correct behavior is obtained. This
is a result of the fact that we can split the out-of-plane
shear strain to symmetric and antisymmetric parts
[36]. Therefore, the present investigation should be
extended in future to compression in transverse
direction and investigations based on non-classical
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and strength. See for details Refs. [43, 44]

continuum formulations. This calls for micropolar
plate elements, and recently such study has been
reported by Nampally et al. [43].

In order to assess the strength of real welded
structures following issue must be handled. The stress
values seen in point C of the case study are very close
to the material yield point. Typically, the steel used for
these panels has a yield point at 355 MPa for the faces
and 235 MPa or 355 MPa for the web plates. Thus, as
Fig. 7, shows it is crucial to recover the microstruc-
tural stress if first fiber yield is to be assessed. The
assessment of laser-stake welds is a bit more chal-
lenging. Jutila [44] carried out experiments with
Digital Image correlation system of pull-out strength
of laser-stake welds. Strength values up to 1000 MPa
for tension for steel faces and webs of 355 MPa and
235 MPa, respectively are reported. The difference is
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also seen in the hardness of the welds, see Fig. 8. Due
to rapid changes in the hardness, the weld deforms
only moderately in softer faces and webs and micro-
rotation is seen between these two, in the heat affected
zone. This is indicating that non-classical continuum
mechanics are needed in the weld modelling. How-
ever, there is another effect that requires careful
investigation. This is the contact between the faces and
webs at the laser-stake welds when being bended. Due
to the contact, the stresses are redistributed and
significant variations are seen in the moment carrying
capacity of the welds due to small variations in weld
geometrical properties. Measured strength values are
M_.,= 1400Nm/m (see Ref. [45] for details), which
corresponds Qy, = 21.5kN/m in shear. Thus, the
strength of welds would not be reached yet in present
context for individual stress components. Proper
modelling of these phenomenon in 3D FEA is
therefore a significant challenge which we cannot
solve in the present context. Also, an experimental
study is needed to gain more understanding of
prevailing failure modes in real structures.

In the present case it is indicated that the
microstructure can buckle during the deformation,
which is known to reduce the stiffness globally. As the
local and global deformations interact, there is a need
for coupled models where the geometrical non-
linearity in one length-scale can be mapped correctly
to the another one. Such example in context of
classical continuum mechanics has been presented in
Reinaldo Goncalves et al. [46] with one way coupling
and in for example Geers et al. [21] and Rabzcuk et al.
[30] for two-way coupling. However, this work should
be extended to the non-classical continuum mechanics
due to the reasons mentioned above.

5 Conclusions

The paper presented, a phenomena related to post-
buckling of web-core sandwich plates. Equivalent
Single Layer (ESL) formulation with First order Shear
Deformation Theory (FSDT) was used to identify the
problem parameters in closed form. During the axial
load increase, these plates have multiple load-carrying
mechanisms that change due to von Karman non-
linearity. During the membrane-dominated loading
stages, the effect of finite size of the periodic
microstructure is barely present, while at higher loads

@ Springer

when bending is activated, the finite size of the unit
cells activates secondary shear-induced bending
moments. Due to this effect, the normal stress levels
become significantly higher than the homogenized
plate theory would predict. A method to capture the
envelope of the maximum values of these stresses is
presented and validated with 3D-Finite Element -
models of the actual geometry. It is also discussed that
classical continuum mechanics has its limits when
failure of welded web-core sandwich structures is
concerned. The welds experience micro-rotation close
to failure point. Due to this also the antisymmetric out-
of-plane shear strain activates at the plate level which
calls for non-classical continuum mechanics. These
extensions are left for future work.

Acknowledgements Open access funding provided by Aalto
University. The initial research presented in this paper was
funded the Finland Distinguished Professor (FidiPro) to J.N.
Reddy through a project titled ‘‘Non-linear response of large,
complex thin-walled structures’’ and supported by Tekes, Napa,
SSAB, Deltamarin, Koneteknologiakeskus Turku and Meyer
Turku Shipyard. The paper was finalized in the Academy of
Finland project (#310828) called “Ultra Lightweight and
Fracture ~ Resistant ~ Thin-Walled  Structures  through
Optimization of Strain Paths”. This support is gratefully
acknowledged. Thanks to IT Centre for Science for providing
the computational capabilities.

Open Access This article is licensed under a Creative Com-
mons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any med-
ium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in
the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your
intended use is not permitted by statutory regulation or exceeds
the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit
http://creativecommons.org/licenses/by/4.0/.

References

1. Libove C, Hubka RE (1951) “Elastic constants for corru-
gated-core sandwich plates”, NACA TN 2289. Langley
Aeronautical Laboratory, Langley Field

2. Clark JD (1987) Predicting the properties of adhesively
bonded corrugated core sandwich panels. In: 2nd interna-
tional conference adhesion 87, York University, UK, pp
WI1-W6


http://creativecommons.org/licenses/by/4.0/

Meccanica

10.

11.

12.

13.

15.

16.

17.

18.

19.

. Norris C (1987) Spot welded corrugated-core steel sand-

wich panels subjected to lateral loading, Ph.D. thesis,
University of Manchester

. Tan PKH (1989) Behaviour of sandwich steel panels under

lateral loading, Ph.D thesis, University of Manchester

. Wiernicki CJ, Liem F, Woods GD, Furio AJ (1991) Struc-

tural analysis methods for lightweight metallic corrugated
core sandwich panels subjected to blast loads. Naval Eng J
5(May):192-203

. Marsico TA, Denney P, Furio A (1993) Laser-welding of

lightweight structural steel panels. In: Proceedings of laser
materials processing conference, ICALEO, pp 444-451

. Knox EM, Cowling MJ, Winkle IE (1998) Adhesively

bonded steel corrugated core sandwich construction for
marine applications. Marine Struct 11(4-5):185-204.
https://doi.org/10.1016/S0951-8339(98)40651-8

. Ji HS, Song W, Ma ZJ (2010) Design, test and field appli-

cation of a GFRP corrugated core sandwich bridge. Eng
Struct 32(9):2814-2824. https://doi.org/10.1016/j.
engstruct.2010.05.001

. Poirier JD, Vel SS, Caccese V (2013) Multi-objective

optimization of laser-welded steel sandwich panels for static
loads using a genetic algorithm. Eng Struct 49(1):508-524.
https://doi.org/10.1016/j.engstruct.2012.10.033

Valdevit L, Wei Z, Mercer C, Zok FW, Evans AG (2006)
Structural performance of near-optimal sandwich panels
with corrugated cores. IntJ Solids Struct 43(16):4888—4905.
https://doi.org/10.1016/].ijsolstr.2005.06.073

Fung TC, Tan KH, Lok TS (1993) Analysis of C-Core
sandwich plate decking. In: Proceedings of the third inter-
national offshore and polar engineering conference, Singa-
pore, pp 244-249

Fung TC, Tan KH, Lok TS (1996) Shear Stiffness DQy for
C-Core sandwich panels. Struct Eng 122(8):958-965

Fung TC, Tan KH, Lok TS (1994) Elastic constants for
Z-core sandwich panels. Struct Eng 120(10):3046-3055

. Fung TC, Tan KH (1998) Shear stiffness for Z-Core sand-

wich panels. Struct Eng 124(7):809-816

Coté F, Deshpande VS, Fleck NA, Evans AG (2006) The
compressive and shear responses of corrugated and dia-
mond lattice materials. Solids Struct 43(20):6220-6242.
https://doi.org/10.1016/].ijsolstr.2005.07.045

Wadley HNG, Bgrvik T, Olovsson L, Wetzel JJ, Dhar-
masena KP, Hopperstad OS, Deshpande VS, Hutchinson
JW (2013) Deformation and fracture of impulsively loaded
sandwich panels. J Mech Phys Solids 61(2):674-699.
https://doi.org/10.1016/j.jmps.2012.07.007

Jelovica J, Romanoff J, Remes H (2014) Influence of gen-
eral corrosion on buckling strength of laser-welded web-
core sandwich plates. J Constr Steel Res 101(1):342-350.
https://doi.org/10.1016/j.jcsr.2014.05.025

Valdevit L, Hutchinson JW, Evans AG (2004) Structurally
optimized sandwich panels with prismatic cores. Int J Solids
Struct  41(18-19):5024-5105.  https://doi.org/10.1016/].
ijsolstr.2004.04.027

Briscoe CR, Mantell SC, Okazaki T, Davidson JH (2012)
Local shear buckling and bearing strength in web core
sandwich panels: model and experimental validation. Eng
Struct 35(1):114-119. https://doi.org/10.1016/j.engstruct.
2011.10.020

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Romanoff J, Varsta P, Remes H (2007) Laser-welded web-
core sandwich plates under patch-loading. Marine Struct
20(1):25-48.  https://doi.org/10.1016/j.marstruc.2007.04.
001

Romanoff J, Varsta P (2007) Bending response of web-core
sandwich plates. Compos Struct 81(2):292-302. https://doi.
org/10.1016/j.compstruct.2006.08.021

Romanoff J (2014) Optimization of web-core steel sand-
wich decks at concept design stage using envelope surface
for stress assessment. Eng Struct 66(1):1-9. https://doi.org/
10.1016/j.engstruct.2014.01.042

Buannic N, Cartraud P, Quesnel T (2003) Homogenization
of corrugated core sandwich panels. Compos Struct
59(3):299-312. https://doi.org/10.1016/S0263-
8223(02)00246-5

Cartraud P, Messager T (2006) Computational homoge-
nization of periodic beam-like structures. Int J Solids Struct
43(3-4):686-696.  https://doi.org/10.1016/j.ijsolstr.2005.
03.063

Noor AK, Burton WS, Bert CW (1996) Computational
models for sandwich panels and shells. Appl Mech Rev
49(3):155-198

Geers MGD, Coenen EWC, Kouznetsova VG (2007) Multi-
scale computational homogenization of structured thin
sheets. Modell Simul Mater Sci Eng 15:393-404. https://
doi.org/10.1088/0965-0393/15/4/S06

Geers MGD, Kouznetsova VG, Brekelmans WAM (2010)
Multi-scale computational homogenization: Trends and
challenges. J Comput Appl Math 234(7):2175-2182. https://
doi.org/10.1016/j.cam.2009.08.077

Coenen EWC, Kouznetsova VG, Geers MGD (2010)
Computational homogenization for heterogeneous thin
sheets. Int J Numer Methods Eng 83(8-9):1180-1205.
https://doi.org/10.1002/nme.2833

Gruttmann F, Wagner W (2013) A coupled two-scale shell
model with applications to layered structures. Int J Numer
Methods Eng 94(13):1233-1254. https://doi.org/10.1002/
nme.4496

Rabczuk T, Kim JY, Samaniego E, Belytschko T (2004)
Homogenization of sandwich structures. Int J Numer
Methods Eng 61(7):1009-1027. https://doi.org/10.1002/
nme.1100

Hassani B, Hinton E (1996) A review of homogenization
and topology optimization I- homogenization theory for
media with periodic structure. Comput Struct 69:707-717
Hill R (1963) Elastic properties of reinforced solids: some
theoretical principles. ] Mech Phys Solids 11:357-372
Mang HA, Eberhardsteiner J, Hellmich C, Hofsetter K,
Jdager A, Lackner R, Meinhard K, Mullner HW, Pichler B,
Pichler C, Reihsner R, Strurzenbecher R, Zeiml M (2009)
Computational mechanics of materials and structures. Eng
Struct 31(6):1288-1297. https://doi.org/10.1016/j.
engstruct.2009.01.005

Holmberg A (1950) Shear-weak beams on elastic founda-
tion, vol 10, pp 69-85. IABSE Publications

Caillerie D (1984) Thin-elastic and periodic plates. Math
Methods Appl Sci 6:159-191

Karttunen AT, Reddy JN, Romanoff J (2019) Two-scale
micropolar plate model for web-core sandwich panels. Int J
Solids ~ Struct  170(1):82-94.  https://doi.org/10.1016/].
ijsolstr.2019.04.026

@ Springer


https://doi.org/10.1016/S0951-8339(98)40651-8
https://doi.org/10.1016/j.engstruct.2010.05.001
https://doi.org/10.1016/j.engstruct.2010.05.001
https://doi.org/10.1016/j.engstruct.2012.10.033
https://doi.org/10.1016/j.ijsolstr.2005.06.073
https://doi.org/10.1016/j.ijsolstr.2005.07.045
https://doi.org/10.1016/j.jmps.2012.07.007
https://doi.org/10.1016/j.jcsr.2014.05.025
https://doi.org/10.1016/j.ijsolstr.2004.04.027
https://doi.org/10.1016/j.ijsolstr.2004.04.027
https://doi.org/10.1016/j.engstruct.2011.10.020
https://doi.org/10.1016/j.engstruct.2011.10.020
https://doi.org/10.1016/j.marstruc.2007.04.001
https://doi.org/10.1016/j.marstruc.2007.04.001
https://doi.org/10.1016/j.compstruct.2006.08.021
https://doi.org/10.1016/j.compstruct.2006.08.021
https://doi.org/10.1016/j.engstruct.2014.01.042
https://doi.org/10.1016/j.engstruct.2014.01.042
https://doi.org/10.1016/S0263-8223(02)00246-5
https://doi.org/10.1016/S0263-8223(02)00246-5
https://doi.org/10.1016/j.ijsolstr.2005.03.063
https://doi.org/10.1016/j.ijsolstr.2005.03.063
https://doi.org/10.1088/0965-0393/15/4/S06
https://doi.org/10.1088/0965-0393/15/4/S06
https://doi.org/10.1016/j.cam.2009.08.077
https://doi.org/10.1016/j.cam.2009.08.077
https://doi.org/10.1002/nme.2833
https://doi.org/10.1002/nme.4496
https://doi.org/10.1002/nme.4496
https://doi.org/10.1002/nme.1100
https://doi.org/10.1002/nme.1100
https://doi.org/10.1016/j.engstruct.2009.01.005
https://doi.org/10.1016/j.engstruct.2009.01.005
https://doi.org/10.1016/j.ijsolstr.2019.04.026
https://doi.org/10.1016/j.ijsolstr.2019.04.026

Meccanica

37.

38.

39.

40.

41.

42.

Ehlers S, Tabri K, Romanoff J, Varsta P (2012) Numerical
and experimental investigation on the collision resistance of
the X-core structure. Ships Offshore Struct 7(1):21-29.
https://doi.org/10.1080/17445302.2010.532603

Korgesaar M, Romanoff J, Remes H, Palokangas P (2018)
Experimental and numerical penetration response of laser-
welded stiffened panels. Int J Impact Eng 114(1):78-92
Romanoff J, Jelovica J, Reinaldo GB, Remes H (2018)
Stress analysis of post-buckled sandwich panels. In: Pro-
ceedings of the 37th international conference on Ocean,
Offshore and Arctic Engineering, OMAE 2018, Madrid,
Spain: Paper OMAE2018-78510

Reddy JN (2003) Mechanics of laminated composite plates
and shells—theory and analysis, 2nd edn. CRC Press, New
York, pp 377-378

Jelovica J, Romanoff J (2013) Load-carrying behaviour of
web-core sandwich plates in compression. Thin-Walled
Struct 73(1):264-272. https://doi.org/10.1016/j.tws.2013.
08.012

Jelovica J, Romanoff J (2018) Buckling of sandwich panels
with transversely flexible core: correction of the equivalent
single-layer model using thick-faces effect. J Sandwich
Struct Mater. https://doi.org/10.1177/1099636218789604

@ Springer

43.

44,

45.

46.

Nampayalli P, Karttunen AT, Reddy JN (2000) Nonlinear
finite element analysis of lattice core sandwich plates. In:
International journal of non-linear mechanics, Accepted
manuscript

Jutila M (2009) Failure mechanism of a laser stake welded
t-joint, M.Sc. thesis, Helsinki University of Technology,
Department of Applied Mechanics

Romanoff J, Remes H, Socha G, Jutila M (2006) Stiffness
and strength testing of laser stake welds in steel sandwich
panels. Helsinki University of Technology, Ship Labora-
tory, Report M291. ISBN951-22-8143-0, ISSN 1456-3045
Reinaldo Goncalves B, Jelovica J, Romanoff J (2016) A
homogenization method for geometric nonlinear analysis of
sandwich structures with initial imperfections. Int J Solids
Struct  87(1):194-205.  https://doi.org/10.1016/j.ijsolstr.
2016.02.009

Publisher’s Note Springer Nature remains neutral with

regard to jurisdictional claims in published maps

and

institutional affiliations.


https://doi.org/10.1080/17445302.2010.532603
https://doi.org/10.1016/j.tws.2013.08.012
https://doi.org/10.1016/j.tws.2013.08.012
https://doi.org/10.1177/1099636218789604
https://doi.org/10.1016/j.ijsolstr.2016.02.009
https://doi.org/10.1016/j.ijsolstr.2016.02.009

