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Abstract 5 

In this paper, the full spectrum correlated k-distribution (FSCK) models are developed for several liquid fuels 6 
including decane, ethanol, ethylene glycol, heptane, and toluene. The models were built using high-resolution 7 
absorption spectra, collected from the literature. To validate the novel FSCK models, they were used to solve radiative 8 
heat transfer within liquid pools assuming three temperature profiles (i.e. constant temperature, linear and nonlinear 9 
temperature profiles) and the calculated transmissivity and radiative heat source of FSCK were compared with those 10 
of using high resolution absorption spectra and the gray models implementing the Planck mean absorption coefficient. 11 
The sensitivity analysis was performed for the accuracy of the FSCK results with number of quadrature points for 12 
different fuels. Using seven quadrature points for FSCK model has been found to be sufficient for providing good 13 
accuracy of spectral radiative heat transfer within the liquid fuels with a reasonable computational cost. Moreover, we 14 
studied the effect of the reference temperature used in FSCK model and found out that for the pool fire scenario, the 15 
FSCK provides its best accuracy if an equivalent temperature representing the radiation feedback from the flame is 16 
used as the reference temperature. Comparison of computational costs of high-resolution spectral radiation 17 
calculations and FSCK method revealed a significant computational gain by use of FSCK model.  18 

Keywords: FSCK method, Spectral thermal radiation, radiation penetration in liquid fuels, reference temperature, 19 
pool fire, transmissivity. 20 

Nomenclature 21 

Abbreviation 𝑇 Temperature (K) 

FSCK Full-Spectrum Correlated K-distribution  𝑛 Refractive index 

LBL Line-by-line 𝑛̂ Normal unit vector 

QP Quadrature Points 𝑛̅ Weighted average of refractive index 

SLW 
spectral-line based weighted-sum-of-gray-

gases 
𝑛𝜆 Spectral refractive index 

WSGG weighted sum of gray gases 𝑞̇𝑟𝑎𝑑
′′′  Radiative heat source (W/m3) 

 
1 The article can be cited as: Alinejad F., Bordbar H., Hostikka S., (2020),  “Development of a full-spectrum 
correlated k-distribution method for thermal radiation transfer within liquid pools”, International Journal of 
Heat and Mass Transfer, Vol. 158, pp. 119990, https://doi.org/10.1016/j.ijheatmasstransfer.2020.119990. 
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Latin (𝑞̇𝜆
′′)+ 

Forward spectral radiative heat flux 

(W/m2/m) 

𝑎 
The ratio of any two full-spectrum k-

distributions 
(𝑞̇𝜆

′′)− 
Backward spectral radiative heat flux 

(W/m2/m) 

𝑐0 Velocity of light in vacuum (m/s) V Volume of liquid medium (m3) 

𝑓 Full-spectrum k-distribution (m) 𝑤 
Weighting parameter for Gauss-Chebyshev 

quadrature scheme 

𝑔𝑖  
Cumulative k-distribution for the ith 

quadrature point 
𝑥 Path length (m) 

ℎ Planck’s constant (m2kg/s) Greek 

𝐼 Total intensity (W/m2/sr) 𝜀𝑒𝑓𝑓 Effective emissivity 

𝐼𝑏 Blackbody total intensity (W/m2/sr) 𝜀𝑓𝑙𝑎𝑚𝑒  Flame emissivity 

𝐼𝑏𝑤 Wall blackbody total intensity (W/m2/sr) 𝜀 Wall emittance 

𝐼𝑏𝑤𝜆  
Wall blackbody spectral intensity 

(W/m2/m/sr) 
𝜅𝑝 

Planck-weighted radiation absorption 

coefficient (m-1) 

𝐼𝑏𝜆 Blackbody spectral intensity (W/m2/m/sr) 𝜅𝜆 spectral absorption coefficient (m-1) 

𝐼𝑔
+ 

Forward radiation intensity in 𝑔 space 

(W/m2/sr) 
𝜆 Wavelength (𝜇𝑚) 

𝐼𝑔
− 

Backward radiation intensity in 𝑔 space 

(W/m2/sr) 
𝜏 Transmissivity 

𝐼𝜆
+ Forward spectral intensity (W/m2/m/sr) 𝜙 State parameter 

𝐼𝜆
− Backward spectral intensity (W/m2/m/sr) Subscripts 

𝑘 Absorption coefficient (m-1) in input 

𝑘∗ Correlated k value (m-1) out output 

𝑘𝐵  Boltzmann constant (m2kg/s2/K) ref Reference 

𝑘𝑟 Imaginary part of complex refractive index 𝑤𝑏 Bottom wall 

𝑠̂ Direction unit vector 𝑤𝑢 Upper wall 

 22 

1. Introduction 23 

To calculate the radiative heat transfer in participating media, the radiative transfer equation 24 

(RTE) must be solved. In contrast to other modes of heat transfer, radiative heat transfer is 25 

dependent on the direction and wavelength of the radiation intensity, so extra treatment is needed 26 

to account for directional and spectral dependency [1, 2]. Therefore, for a precise prediction of 27 
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radiative heat transfer inside participating media, the RTE must be solved for each fine enough 28 

spectral interval using a constant absorption coefficient (i.e. line-by-line calculation) [3]. Spectral 29 

absorption coefficient shows a complex change with wavelength that needs to be included in the 30 

RTE solution. For doing this, diagram of spectral absorption coefficient must be divided into very 31 

fine spectral intervals especially for molecular gases. Literature review of the gas spectral radiation 32 

heat transfer modeling suggests that a 𝑑𝜂 < 0.02 to be used for the line-by-line (LBL) calculation 33 

in gaseous media. Doing such a calculation coupled with other transport equations is 34 

computationally very demanding. Therefore, LBL is applied only for the setting benchmarks, 35 

developing of the radiation models, and validating of one-dimensional problem [3, 4, 5]. In liquid 36 

media, the changes of the spectral absorption coefficient are smoother than those of gases, 37 

therefore a wider spectral interval can be used for the integration. In this paper, we use the term of 38 

high-resolution method for using the finest available spectral absorption data of liquid fuels for 39 

solving spectral RTE. This method is analogous to the LBL calculations used in the literature of 40 

gas spectral radiation heat transfer modeling. 41 

Several simplified models have been proposed to account for the non-gray radiative heat 42 

transfer for gas phase. The most common models are the banded approaches [6, 7], weighted sum 43 

of gray gases model (WSGG) [8, 9], the spectral-line based weighted sum of gray gases [10, 11], 44 

and the full spectrum k-distribution (FSK) method [12, 13]. While banded models provide a gray 45 

absorption coefficient for limited spectral intervals, i.e. gray bands, and therefore can provide 46 

spectral information of radiative heat transfer in different bands, the global models such as WSGG, 47 

SLW and FSK methods aim at providing accurate total values of thermal radiation. In the FSK 48 

method, wavelengths of the absorption spectrum for the homogenous medium are reordered and a 49 

monotonic increasing function of the reordered wavelength is obtained which allows each 50 

absorption coefficient to be considered only once in the RTE calculations [14]. To support 51 

inhomogeneous media, the FSK method is extended and different modified versions such as full-52 

spectrum correlated-k distribution method (FSCK) have been developed. This method assumes 53 

that the spectral absorption coefficient of a participating medium at a local thermal state can be 54 

correlated with the absorption spectrum of a reference state [15]. The accuracy of this method 55 

therefore depends on the validity of this assumption; however, it allows modeling of various 56 

combustion domains without having the detailed values of the absorption coefficient at different 57 

thermal states [16, 17]. Furthermore, using look-up tables [18, 13, 19] to obtain the FSCK model 58 
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parameters made the method computationally efficient for different thermal radiation problems 59 

[18]. These look-up tables have been reported in the literature for the most important gas species 60 

found in combustion systems.  61 

The next step in the development of global models is to extend them to support the radiation 62 

transfer within multiphase flows. Although the spectral thermal radiation of the particulate phase 63 

(e.g. solid particles and droplets) has been shown to be important in combustion applications [13, 64 

20, 21], solving RTE for particles is mostly done by gray medium assumption [22, 23]. In one of 65 

the first attempts to use the global models in solving the thermal radiation within the multiphase 66 

flows, Wang et. al. [13] applied the FSK method for both gas-soot mixture and particles to 67 

calculate the accurate radiation contribution of soot particles and improve the look-up table data 68 

for FSCK parameters of gas-particle mixtures. They showed that the use of the coupled FSK-FSK 69 

method for gas-soot-particle mixtures in 1D slab benchmarks significantly improves the results 70 

compared to those of obtained through the coupled FSK-Gray method. Their developed FSK-FSK 71 

method is based on an assumption that the absorption coefficient of the gas-soot mixture at a 72 

reference thermodynamic state 𝜙0 can be correlated with the absorption coefficients of both gas-73 

soot mixture and particles at their local thermodynamic state 𝜙𝑖. However, this assumption might 74 

be violated in practical conditions especially in gas-liquid systems where the droplets or fuel pools 75 

are at a very different temperature compared to the the gas-soot temperature. 76 

An application in which the radiation transport within a condensed phase has a substantial effect 77 

is liquid pool fires. The experimental investigations of Hamins and coworkers [24] showed that 78 

thermal radiation comprises about 80 and 96 percent of the heat feedback for a 0.3 m heptane and 79 

toluene pool fires, respectively. The liquid fuel evaporation rate plays a significant role on the 80 

evolution of fires, ignition time and their heat release rate [25]. Evaporation rate is governed by 81 

the radiative heat feedback from the flame and the convective and conductive heat flows within 82 

the gases above the liquid surface as well as in the liquid phase itself [26]. Therefore, without 83 

accurate modeling of these heat transfer mechanisms in the liquid domain, accurate prediction of 84 

the evaporation rate is not feasible. Besides the experimental investigations for the radiative heat 85 

flux from flame zone and its penetration through liquid fuels [27, 28], most of the numerical studies 86 

in this field have used gray models, in which a mean absorption coefficient is used to solve the 87 

RTE [29]. For gray modeling, either Planck-mean absorption coefficient or an effective absorption 88 
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coefficient calculated by measured data of transmissivity at a depth of the liquid and assuming an 89 

effective length were used in the previous research [21, 29]. The results of the present paper will 90 

show that error in prediction of radiative heat source with the former one is quite remarkable, even 91 

close to 100% in some cases. The latter method, i.e. using an effective mean absorption coefficient 92 

has also been found inaccurate [30] as it filters most of the spectral absorption features of liquids 93 

occurring in the very first layers. Moreover, it needs a guess for mean path length which is a kind 94 

of black art. In one of the only spectrally resolved numerical works in this field [30], the 95 

transmittance through liquid heptane was calculated by using the k-distribution method. In that 96 

research, it was assumed that the temperature gradient within liquid fuel does not have a significant 97 

effect on transmission, therefore the k-distribution method for a medium with a constant 98 

temperature was applied. It was concluded that using of k-distribution method (k-D) improves the 99 

accuracy of calculations compared to using an equivalent gray absorption coefficient. Furthermore, 100 

the great privilege of k-D method for the computational cost compared to high-resolution 101 

integration method was reported. In that work, by ignoring the change of temperature within the 102 

liquid pool, the emission of liquid was neglected and a simplified RTE was solved. It is a valid 103 

simplification in many cases where the temperature of radiation source, e.g. fire flame, is high. 104 

However, for the situations with low values of radiation intensity reaching the fuel surface in the 105 

pools, such as having low view factors, the emission of liquids would be more important and 106 

therefore cannot be ignored. This formed the motivation for the present research, along with the 107 

need to extend the modelling to other fuels than heptane and provide the tabulated data for their 108 

FSCK model parameters.  109 

To complete the previous work [30], in this paper, we develop a full spectrum correlated k-110 

distribution (FSCK) models for spectral radiative heat transfer in five heavy hydrocarbon liquid 111 

fuels.  To validate the presented model, it is used to solve the radiation penetration within the liquid 112 

pools with various temperature distributions. Three different temperature profiles are considered 113 

for the liquid including a homogenous constant room temperature and two inhomogeneous 114 

temperature profiles. The accuracy of the FSCK models are verified by comparing its predictions 115 

with those of using high-resolution spectral absorption coefficient in solving the spectral RTE. 116 

Hence, this paper advances our previous research [30] and extends it to more general conditions 117 

with considering the effect of liquid emission and solving the complete RTE.  118 
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2. Theory 119 

As the main scope of the present research is to develop and validate the FSCK models for 120 

liquid fuels, the radiation flux reaching from the flame to the pool is simplified to be perpendicular 121 

to the liquid interface. By this, the radiation penetration within the liquid is solved with a simple 122 

two flux method. Nevertheless, the developed FSCK model is readily usable by other more 123 

complex RTE solvers such as discrete ordinate (DO) or P-1 approximation methods. For the sake 124 

of completeness, the theory of two flux RTE solver is briefly presented in the following section. It 125 

is followed by a short description of the FSCK method. 126 

2.1. Solution method for spectral radiative transfer equation in a liquid pool                 127 

To solve thermal radiation in a pool fire scenario, the spectral RTE for absorbing, emitting and 128 

non-scattering liquid can be solved by two-flux method [31]. The directionally integrated intensity 129 

over a hemisphere along the incoming radiation (𝐼𝜆
+) can be solved with the following equation:  130 

1

2

𝑑𝐼𝜆
+

𝑑𝑠
= 𝜅𝜆(𝐼𝑏𝜆(𝑇) − 𝐼𝜆

+) (1) 

where 𝜅𝜆 and 𝐼𝑏𝜆 represent the spectral absorption coefficient and the spectral blackbody intensity 131 

at medium temperature of T, respectively. Assuming that the radiation reaching the liquid surface 132 

can be simplified to radiation of a gray wall, the boundary condition for the equation (1) is given 133 

as: 134 

𝐼𝜆,𝑤
+ = 𝜀𝑤𝑢𝐼𝑏𝑤𝜆 + (1 − 𝜀𝑤𝑢)𝐼𝜆,𝑤

−  (2) 

where, 𝜀𝑤𝑢 and  𝐼𝑏𝑤𝜆 show the emissivity and blackbody spectral intensity of the upper wall, 135 

respectively.  136 

Equations (1) and (2) consider detailed spectral distribution for radiation transport within 137 

the medium. Integrating the spectral intensity over the entire spectrum, gives the total intensity is 138 

the results of this so-called high-resolution integration method will be used as a reference solution 139 

to estimate the accuracy of other simplified models considered to account for spectral absorption 140 

of medium. Transmissivity is then calculated by 141 
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𝜏 =
𝐼𝑜𝑢𝑡

+

𝐼𝑖𝑛
+  (3) 

where, parameters 𝐼𝑖𝑛
+  and 𝐼𝑜𝑢𝑡

+  show the total incident intensity at the boundary and the forward 142 

intensity at any depths within the liquid fuel. Radiative heat source as a function of depth is 143 

calculated as: 144 

𝑞̇𝑟𝑎𝑑,𝜆
′′′ =

𝑑(𝑞̇𝜆
′′)+

𝑑𝑥
+

𝑑(𝑞̇𝜆
′′)−

𝑑𝑥
 (4) 

where (𝑞̇𝜆
′′)+ = 𝜋𝐼𝜆

+ and (𝑞̇𝜆
′′)− = 𝜋𝐼𝜆

−. Finally, the total radiative heat source is estimated by 145 

integrating over the entire spectrum: 146 

𝑞̇𝑟𝑎𝑑
′′′ = ∫ 𝑞̇𝑟𝑎𝑑,𝜆

′′′ 𝑑𝜆
∞

0

 (5) 

2.2. Full-spectrum correlated k-distribution (FSCK) method 147 

One of the most well-known global methods to solve non-gray RTE, is the full-spectrum-148 

correlated k-distribution (FSCK) method. This method is based on reordering wavelength in order 149 

to transform the complex absorption spectra to a monotonically increasing function of a reorder 150 

wavelength. The details of this method are well documented in several references including [16, 151 

14]. Here, for the sake of completeness, it is briefly reviewed. In the global model, the integrated 152 

form of the spectral RTE is solved. For FSCK, a full spectrum k-distribution is defined as: 153 

𝑓(𝑇, 𝜙, 𝑘) =
1

𝐼𝑏
∫ 𝐼𝑏𝜆(𝑇)𝛿(𝑘 − 𝜅𝜆(𝜆, 𝜙))𝑑𝜆

∞

0

 (6) 

where 𝛿 is the Dirac delta function. The function 𝑓(𝑇, 𝜙, 𝑘) determines the weight of each 𝑘 value 154 

in the assumed 𝑘-distribution using the high-resolution spectral absorption coefficient (𝜅𝜆). To 155 

extend the method for inhomogeneous gaseous media [16] , a reference state (e.g. temperature, 156 

pressure, and concentration of gas species in gaseous media) have to be considered in equation (6), 157 

because the spectral absorption coefficient of molecular gases strongly changing with their thermal 158 

states. Here, for liquid fuels, a literature survey shows that the change of spectral absorption 159 

coefficient of heavy hydrocarbon liquid fuels with temperature is negligible.  For instance, the 160 

experimental studies of Wang et. al. [32] and Ai et. al. [33] showed a negligible change of spectral 161 

absorption coefficient with temperature for liquid fuels such as isopropanol, n-butanol, n-decane, 162 
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diesel, gasoline, and jet fuel. Hence, the change of spectral absorption of liquid fuels with 163 

temperature is assumed negligible and ignored in development of the FSCK model in the present 164 

work. 165 

Integrating of equation (1) over the entire spectrum of thermal radiation, the following 166 

equation is obtained: 167 

1

2

𝑑𝐼𝑘
+

𝑑𝑠
= 𝑘(𝑓(𝑇, 𝑘)𝐼𝑏 − 𝐼𝑘

+) (7) 

where, 𝐼𝑘
+ is defined as: 168 

𝐼𝑘
+ = ∫ 𝐼𝜆𝛿(𝑘 − 𝜅𝜆)𝑑𝜆

∞

0

 (8)  

For the boundary condition, the same integration is done for equation (2) and gives: 169 

𝐼𝑘
+ = 𝜀𝑤𝑢𝑓(𝑇𝑤, 𝑘)𝐼𝑏𝑤 + (1 − 𝜀𝑤𝑢)𝐼𝑘

− (9) 

In equation (7), 𝑓(𝑇, 𝑘) approaches infinity in the extremum points of the spectral absorption 170 

coefficient profiles. To overcome with this issue, the new spectral variable 𝑔(𝑇, 𝑘) is introduced 171 

as the cumulative integral of 𝑓(𝑇, 𝑘) as: 172 

𝑔(𝑇, 𝑘) = ∫ 𝑓(𝑇, 𝑘)𝑑𝑘
𝑘

0

 (10) 

This parameter exhibits a monotonically increasing changes with respect to 𝑘 values and therefore 173 

can be approximated by a limited number of discrete points. The cumulative 𝑘-distribution 174 

function (𝑔) varies between zero and one and in some references is called reordered wavelength 175 

[34, 35]. Integrating equation (7) over the entire 𝑘 domain gives the following equation: 176 

1

2

𝑑𝐼𝑔
+

𝑑𝑠
= 𝑘(𝑇𝑟𝑒𝑓 , 𝑔𝑟𝑒𝑓)(𝑎(𝑇, 𝑇𝑟𝑒𝑓, 𝑔𝑟𝑒𝑓)𝐼𝑏 − 𝐼𝑔

+) (11) 

where 𝑇𝑟𝑒𝑓 is known as the reference temperature which has to be selected. 177 

Note that Eq. (11) is the earliest form of RTE developed for FSCK method by Modest [14]. This 178 

form does not preserve the emission well and therefore introduces some inaccuracy for the cases 179 
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where emission is dominant such as hot combustion gases. To overcome with this drawback, Cai 180 

and Modest [36] presented a newer formulation for FSCK which well preserves the emission by 181 

using the correlated-k obtained by the absorption spectrum of the local state and using the local 182 

temperature as the Planck temperature. For liquid fuels in this study, the problem is not emission 183 

dominated and the accuracy of results mainly dependent on the absorption of the liquid. We will 184 

show later that this original form of FSCK well serves the emission of liquid fuels and therefore 185 

this original form is good enough to be used.  186 

For the boundary condition, the following equation is attained: 187 

 

𝐼𝑔
+ = 𝜀𝑤𝑢𝑎(𝑇𝑤, 𝑇𝑟𝑒𝑓 , 𝑔𝑟𝑒𝑓)𝐼𝑏𝑤 + (1 − 𝜀𝑤𝑢)𝐼𝑔

− 
 

(12) 

where 𝐼𝑔
+ is defined as: 188 

𝐼𝑔
+ = ∫ 𝐼𝜆𝛿(𝑘 − 𝜅𝜆(𝜆))𝑑𝜆

∞

0

/𝑓(𝑇𝑟𝑒𝑓, 𝑘) (13) 

 To abstract the equations (11) and (12), the parameter  𝑎(𝑇, 𝑇𝑟𝑒𝑓, 𝑔𝑟𝑒𝑓) is defined as: 189 

𝑎(𝑇, 𝑇𝑟𝑒𝑓, 𝑔𝑟𝑒𝑓) =
𝑓(𝑇, 𝑘)

𝑓(𝑇𝑟𝑒𝑓, 𝑘)
=

𝑑𝑔(𝑇, 𝑘)

𝑑𝑔𝑟𝑒𝑓(𝑇𝑟𝑒𝑓, 𝑘)
 (14) 

Several options to select the reference temperature for applying FSCK model in gaseous 190 

combustion systems have been proposed such as maximum or minimum temperature of the 191 

computational domain, volume averaged temperature, and emission weighted temperature [16]. 192 

References [16, 17] showed that using volume average of the fourth-power of temperature, 193 

𝑇𝑟𝑒𝑓
4 =

1

𝑉
∫ 𝑇4

 

𝑉

𝑑𝑉 (15) 

and Planck-mean temperature, 194 

(𝜅𝑝𝑇4)
𝑟𝑒𝑓

=
1

𝑉
∫ 𝜅𝑝𝑇4

 

𝑉

𝑑𝑉 (16) 
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are appropriate to use as the reference temperature in gaseous media. In the next sections of this 195 

paper, the effect of using different reference temperatures in solving spectral radiation with FSCK 196 

model in liquids will be investigated.  197 

After obtaining 𝐼𝑔
+, the total forward intensity is calculated as: 198 

𝐼+ = ∫ 𝐼𝑔
+

1

0

𝑑𝑔 (17) 

Deriving the FSCK equations for the backward radiation intensity is done in the similar way. For 199 

solving the FSCK equations and get the radiative heat source, the Gauss-Chebyshev method has 200 

been applied as explain in [37]. 201 

2.3. Gray model 202 

One of the common approximations to account for the spectral variation of absorption 203 

coefficient of participating media in calculations of radiative heat transfer is using only one average 204 

absorption coefficient for the entire thermal radiation spectrum and solve the RTE only once with 205 

that so-called gray absorption coefficient. Due to its simplicity and low computational cost, this 206 

model has been widely used in engineering calculations especially for the particulate phase. 207 

Several ways have been proposed to calculate the gray absorption coefficient from which using 208 

the Planck mean absorption coefficient is most popular. In this method, Planck intensity is used as 209 

the weighting factor for averaging the spectral absorption coefficient over the spectrum: 210 

𝜅𝑝 =
∫ 𝐼𝑏𝜆(𝑇)𝜅(𝜆)𝑑𝜆

∞

0

∫ 𝐼𝑏𝜆(𝑇)𝑑𝜆
∞

0

 (18) 

Therefore, 𝜅𝑝 is the function of local temperature of medium.  211 

To exhibit the advantage of developed FSCK model, we included the gray modeling with the 212 

Planck mean absorption coefficients in the case studies of the present paper. The Planck mean 213 

absorption coefficient used in gray calculations is calculated either by using the local temperature 214 

of the liquids or an equivalent temperature of incident radiation at the boundary. 215 

2.4. Boundary conditions 216 
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For the sake of model development, we assume a black wall (𝜀𝑤𝑢 = 1) at certain temperature 217 

to represent the thermal condition of the upper surface of the liquid pool. With this assumption, by 218 

following Eq. (2) the boundary condition for the high-resolution spectral RTE solution is given as: 219 

𝐼𝜆
+ = 𝐼𝑏𝑤𝜆 (19) 

For the backward radiation, the boundary condition at the bottom of the liquid layer by assuming 220 

a gray wall is given as: 221 

𝐼𝜆
− = 𝜀𝑤𝑏𝐼𝑏𝑤𝜆 + (1 − 𝜀𝑤𝑏)𝐼𝜆

+ (20) 

where the parameter 𝜀𝑤𝑏 is the wall emissivity. Here, in order to make the problem similar to real 222 

pool fires and enter the effect of reflection from pan’s bottom wall, we assumed the wall emissivity 223 

to be 0.5. Nevertheless, due to the small temperature of bottom wall compared to the radiation 224 

from the flame, the bottom wall emittance has evidently a negligible effect on the results of our 225 

test cases. 226 

In the case of FSCK method, the boundary condition for the forward radiation with assuming black 227 

wall for upper surface is given as: 228 

𝐼𝑔
+ = 𝐼𝑏𝑤 (21) 

For the backward radiation, the following equation has been applied as boundary condition for the 229 

gray bottom wall: 230 

𝐼𝑔
− = 𝜀𝑤𝑢𝑎(𝑇𝑤, 𝑇𝑟𝑒𝑓 , 𝑔𝑟𝑒𝑓)𝐼𝑏𝑤 + (1 − 𝜀𝑤𝑢)𝐼𝑔

+ (22) 

For the gray method, the boundary conditions for RTE in upper and lower walls have been applied 231 

in form of equation (23) and (24) respectively: 232 

𝐼+ = 𝐼𝑏𝑤 (23) 

𝐼− = 𝜀𝑤𝑢𝐼𝑏𝑤 + (1 − 𝜀𝑤𝑢)𝐼+ (24) 

2.5. Absorption spectra of the liquid fuels 233 
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The data of spectral complex index of refraction needed for calculating the absorption 234 

coefficient of the considered liquid fuels, i.e. decane, ethanol, ethylene glycol, heptane, and toluene 235 

were extracted from different experimental papers in the literature. Summary of these references 236 

and their covered wavelength regions are shown in the Table 1. 237 

 238 

 239 

Table 1- Summary of the experimental studies used for extracting the spectral complex index of refraction or the 240 
spectral absorption coefficient of the liquid fuels. 241 

Fuel Wavelength region (𝝁𝒎) Reference 

Decane 1.66-18.78 [32] 

Ethanol 0.185-60.93 [38] 

Ethylene glycol 0.19-29 [39] 

Heptane 

0.65 – 1.3 [40] 

1.3 – 2.0 [41] 

2.0 – 14.92 [42] 

Toluene 
0.5-1.75  [43] 

1.75-23  [44] 

 242 

All the calculations for different radiation spectral models (i.e. high-resolution, FSCK, and gray 243 

model) were done for the spectral regions presented in Table 1. The spectral absorption coefficient 244 

of the liquids is calculated by using the imaginary part of the complex refractive index 𝑘𝑟 as: 245 

𝜅𝜆 =
4𝜋𝑘𝑟

𝜆
 (25) 

The calculated absorption spectra of these five liquid fuels are shown in Figure 1. 246 

 247 

 248 

 249 
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Figure 1- The calculated spectral absorption coefficient for decane, ethanol, heptane, ethylene glycol, and toluene. 250 

In contrary to gaseous media, the real part of the complex index of refraction for these 251 

liquids is larger than unity and therefore should be included in calculation of emission term in RTE 252 

using the Planck intensity. In spectroscopic measurement of spectral complex index of refraction 253 

of liquids, the wavelength is set for air and the spectral absorption data are hence reported as a 254 

function of wavelength of the electromagnetic waves in air. Therefore, in calculation of emission 255 

within the liquids, the reported wavelengths must be modified applying the real part of complex 256 

index of refraction for each fuel. 257 
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The real part of the spectral complex index of refraction, i.e. also known as the refractive 258 

index 𝑛𝜆, is also a spectral quantity. Here we investigate the significance of considering the spectral 259 

distribution for the real part of the spectral complex index of refraction for the studied liquid fuels. 260 

Among the considered liquid fuels, the 𝑛𝜆 of ethylene glycol shows the largest variation with 261 

wavelength, therefore this liquid has been selected for this investigation. Considering a constant 262 

value of 𝑛̅ for the 𝑛𝜆  over the entire spectrum, the spectral blackbody intensity is calculated by 263 

[45]: 264 

𝐼𝑏𝜆(𝑇, 𝜆) =
2𝜋ℎ𝑐0

2

𝜋𝑛̅2𝜆5 [exp (
ℎ𝑐0

𝑛̅𝜆𝑘𝐵𝑇
) − 1]

 
 (26) 

where 𝑛̅ can be estimated as: 265 

𝑛̅ =
∫ 𝑛𝜆𝑑𝜆

∞

0

∫ 𝑑𝜆
∞

0

  (27) 

Our calculations show that considering or ignoring the spectral variation for the real part of the 266 

complex index of refraction introduces only less than 2% difference in total blackbody emission 267 

power of the ethylene glycol. Hence, we simply used the mean value for real part of the refractive 268 

index (Eq. 27) as reported in Table 2. 269 

Table 2- Mean refractive index for liquid fuels 270 

Liquid fuel Mean refractive index (𝒏̅) 

Decane 1.40 

Ethanol 1.39 

Ethylene glycol 1.45 

Heptane 1.38 

Toluene 1.48 

 271 

Using the spectral data of the liquid fuels presented in this section, we obtained the parameters 272 

of FSCK model and the Planck mean absorption coefficients needed for non-gray and gray 273 

simulations of radiative heat transfer within the liquid fuels. The results provide the grounds to 274 

select a suitable number of quadrature points and the reference temperature for FSCK model to 275 
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accurately solve spectral radiation penetration within the studied liquid fuels. The details of the 276 

analysis and the tabulated parameters of FSCK model are presented in the next section.   277 

3.   Validation test cases 278 

The geometry of the validation case is a layer of fuel with thickness of 8 mm bounded from its 279 

upper side with a black wall. The bottom side is assumed to be a gray wall at 300 K with emittance 280 

of 0.5. To make the considered problem closer to a real fire scenario, the temperature of the upper 281 

black wall is assumed to be 1450 K which is experimentally found to be a good approximation to 282 

represent real flame intensity of reaching the fuel surface of a large pool fire of these fuels [41]. 283 

The side walls are assumed to be far enough so that the radiation can be assumed one dimensional. 284 

 285 

Figure 2 – Considered geometry in this paper 286 

As a common practice to validate the spectral radiation models, they are applied to 1D 287 

radiative transfer problem where the temperature profile is known and the radiation transfer is 288 

decoupled from the other conservation equations [6, 8, 13].  We followed the same validation 289 

strategy and assumed three different temperature profiles for the 1D liquid fuel layer:1) constant 290 

temperature of 300 K, 2) linear profile between 300 K at the bottom and boiling temperature at the 291 

surface, and 3) non-linear profile where the maximum temperature is just below the surface, which 292 

has been experimentally observed in pool fires [46, 47]. The fuel-specific parameters of the 293 

temperature profiles are presented in Table 3. 294 

 295 

 296 

 297 
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Table 3- the linear and nonlinear temperature profiles for liquid fuels in test cases 2 and 3. 298 

Linear temperature profile:         𝑇(𝑥) = 𝑎𝑥 + 𝑏 

Nonlinear temperature profile:   𝑇(𝑥) = 𝑐. exp (−
𝑑.(𝑥−𝑥0)

𝑠
) − 𝑒. exp (−

𝑓.(𝑥−𝑥0)

𝑠
) 

Fuel 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑥0 𝑠 

Decane -18406.25 447.25 527.3 0.3538 92.41 1.269 0.00275 0.003594 

Ethanol -6440 351.52 348.3 0.104 0.7594 4.343 0.002938 0.003526 

Ethylene 

glycol 
-21343.75 470.75 865.3 0.5233 403.9 0.9174 0.002938 0.003526 

Heptane -8947.5 371.58 373.3 0.1519 6.496 2.5 0.002938 0.003526 

Toluene -10468.75 383.75 449.3 0.2466 69.75 1.055 0.002938 0.003526 

 299 

The considered linear and nonlinear temperature profiles are shown in Figure 3. 300 

 301 

 302 
Figure 3- The considered temperature profiles for different liquid fuels; solid: Nonlinear profile and dash: Linear 303 

profile. 304 

 305 
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Table 4- Different applied simulation cases for liquid fuels. 306 

Case No. Medium temperature profile 

Boundary properties 

𝑇𝑠𝑜𝑢𝑟𝑐𝑒  (𝐾) 𝜀𝑒𝑓𝑓 

1 Constant 1450 1.0 

2 Linear 1450 1.0 

3 Nonlinear 1450 1.0  

4 Constant 1450 0.04, 0.03, 0.01* 

5 Linear 1450 0.04, 0.03, 0.01* 

6 Nonlinear 1450 0.04, 0.03, 0.01* 

      * The effective emissivity of 0.04 and 0.03 has been applied for ethylene glycol and decane, respectively. For the 307 
rest of fuels, 0.01 is the value of effective emissivity. 308 

Different combinations of the temperature profile, and effective emissivity are considered for 309 

six simulation cases, listed in Table 4. It is worth mentioning that the effective emissivity is 310 

considered to introduce different levels of incoming radiation to the liquid layer. It supports the 311 

sensitivity analysis to study the effect of emission of liquid as will be discussed in next sections. 312 

For the pool fire, the effective emissivity may represent the effect of emissivity of the flame, view 313 

factor of the pool in respect to the source of the radiation, and the deposition of soot on the liquid 314 

interface. Hence, the boundary condition for the FSCK models and gray calculations are given by 315 

Eq. (21) and (23), respectively in which 𝐼𝑏𝑤 is given as  𝜀𝑒𝑓𝑓𝐼𝑏(𝑇𝑠𝑜𝑢𝑟𝑐𝑒) or 𝜀𝑒𝑓𝑓𝜎𝑇4 . For the 316 

benchmark solution using the high resolution spectral data, the boundary condition is given by Eq. 317 

(2) in which 𝜀𝑤𝑢 = 1 and  𝐼𝑏𝑤𝜆 = 𝜀𝑒𝑓𝑓𝐼𝑏,𝜆(𝑇𝑠𝑜𝑢𝑟𝑐𝑒).  318 

The boiling temperatures of heptane, ethanol, and toluene are 371.57, 351.53, and 383.75 319 

K, respectively. Compared to decane and ethylene glycol with the boiling temperatures of 447.25 320 

and 470.76 K respectively, these fuels have lower emission. In order to keep the incident intensity 321 

at the upper boundary and intensity by the liquid emission in the same order of magnitude, a lower 322 

value for the effective emissivity has been used for cases 4 to 6 as given in Table 4. 323 

4. Results and discussion 324 

All the presented results in this paper were calculated using 40 cells for 1D liquid domain. In 325 

order to check the mesh independency of the results, a simulation of radiation transfer inside the 326 

liquid heptane with using of 80, 60, and 40 grids have been conducted by using nonlinear 327 
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temperature profile for medium (case 3). Comparison of results shows that results by applying 40 328 

grids are mesh independent as have been shown in Figure 4. For transmissivity and heat source 329 

results difference between 40 and 80 grids are near to 1 and 3 percent respectively. 330 

  

Figure 4 – Calculated transmissivity (left plot) and radiative heat source (right plot) using 80, 60, and 40 331 
computational grids for liquid heptane. 332 

While the results of all introduced cases in Table 4 confirmed the privilege of FSCK model 333 

compared to its counterpart of gray model, for the sake of brevity, among the first three cases, only 334 

the figures of the third case with non-linear temperature profile are presented. To validate the 335 

obtained FSCK model of different fuels and to address its accuracy, the results of FSCK model 336 

and gray model are compared to those of high-resolution integration method. All FSCK 337 

simulations have been done with up to 32 quadrature points (QP), therefore results have been 338 

presented for the maximum number of quadrature points (i.e. 32) and 7 QP as an optimal choice. 339 

The selection of 7 QP will be discussed later in this section.  340 

In liquid fuels, a substantial part of the incident radiation is absorbed within a very thin 341 

layer near the surface. Therefore, it is important for an appropriate radiative model to provide 342 

accurate results in this region. To check this for the developed models of the present research, a 343 

subplot of changes of radiative source term in this high absorbing region is included in the figures.  344 

Figure 5 shows the results of high-resolution, FSCK, and gray models for heptane. For 345 

FSCK model, using 32 QP exhibits an excellent agreement with the predictions of high-resolution 346 

solution for both transmissivity and radiative heat source, although for the 7 QP results show 347 

slightly lower accuracy. With increasing equivalent temperature of the incident intensity to the 348 

liquid pool’s interface, the peak region of the source intensity on the upper boundary shifts toward 349 

left in wavelengths where the spectral absorption coefficient shows large fluctuations for heptane 350 
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and therefore more quadrature points are needed to accurately model the effect of all the 𝑘 values. 351 

However, for the lower temperature of the upper wall, high accurate predictions can be anticipated 352 

by FSCK model even with quadrature points less than 7.  353 

  

Figure 5 – Results of radiation transfer modelling within liquid heptane using different methods for transmissivity 354 
(left) and radiative heat source (right). 355 

Similar results have been presented for toluene in Figure 6. In this case, the comparison of 356 

transmissivity and heat source for FSCK method with results of high-resolution method shows 357 

very good agreement for 32 and 7 QP. For toluene, as shown in Figure 13, increasing the number 358 

of quadrature points to 7 reduces the relative error to 3 %, a very good accuracy in prediction of 359 

radiative heat source.  360 

  

Figure 6 - Results of radiation transfer modelling within liquid toluene using different methods for transmissivity 361 
(left) and radiative heat source (right). 362 

The results of transmissivity and heat source for ethanol have been shown in Figure 7. Due 363 

to high spectral absorption coefficient of ethanol, about 80 % of incident radiation has been 364 
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absorbed in thickness less than 1 mm from the liquid surface and only 10 % of the radiation 365 

penetrates beyond 3 mm. 366 

  

Figure 7 - Results of radiation transfer modelling within liquid ethanol using different methods for transmissivity 367 
(left) and radiative heat source (right). 368 

 For decane, the calculated transmissivity and heat source are shown in Figure 8. In this 369 

case, the average relative errors for FSCK method with 32 QP are near to 2 and 1 percent for 370 

transmissivity and heat source, respectively. Similar to toluene, using 7 QP shows very good 371 

agreement with results of high-resolution method as reported in Table 5. 372 

  

Figure 8 – Results of radiation transfer modelling within liquid decane using different methods for transmissivity 373 
(left) and radiative heat source (right). 374 

Finally, simulation results of transmissivity and heat source for ethylene glycol have been 375 

presented in Figure 9 . The relative errors of the calculated transmissivity and radiative heat source 376 

for ethylene glycol for FSCK model with 32 and 7 QP is relatively higher than the previous cases. 377 

As shown in Figure 13, increasing the number of quadrature points even up to 10, does not improve 378 

the accuracy reasonably.  379 
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Figure 9 - Results of radiation transfer modelling within liquid ethylene glycol using different methods for 380 
transmissivity (left) and radiative heat source (right). 381 

The poor accuracy in ethylene glycol can be attributed from two possible scenarios as (1) 382 

not preserving the emission in FSCK and (2) inaccuracy of predicting absorption. To show the 383 

accuracy of estimated emission term, the boundary condition has been set to zero to remove the 384 

effect of the absorption of the incident intensity. Figure 10 shows the incident intensity at different 385 

depths within a layer of ethylene glycol with different temperature profiles. It is seen that there is 386 

a good agreement between results of high-resolution spectral calculation of emission and those of 387 

the FSCK method with an average relative error less than 1%. Hence, the proposed FSCK model 388 

well preserves the emission of the medium. 389 

 390 

Figure 10- Comparison of calculated liquid emission for high-resolution and FSCK methods.  391 

To investigate the second possible reason of poor accuracy in ethylene glycol, the profiles 392 

of spectral intensity in a 1 mm layer of the ethylene glycol have been presented in Figure 11. To 393 

calculate the k-distribution, the blackbody intensity at 1450 K has been used as the reference state. 394 

Due to strong absorption of the ethylene glycol, a significant share of the intensity of the boundary 395 

is absorbed within a 1 mm thickness of the liquid. Therefore, as shown in Figure 11, the shape of 396 
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intensity curve varies even by passing into very thin layer of liquid and misses the nature of the 397 

blackbody intensity curve used as the reference state. It violates the main assumption of correlating 398 

absorption in FSCK method, therefore, relatively large errors are observed for absorption term in 399 

RTE. The same is also valid in ethanol within which the intensity curve undergoes the mentioned 400 

change as shown in Figure 11. 401 

  

Figure 11- The calculated spectral intensity at different depths for case 1: up-left) ethylene glycol up-right) ethanol. 402 

To further investigate this scenario, the profiles of spectral intensity for decane, toluene, 403 

and heptane, for which the overall accuracy of the present FSCK method is better than ethylene 404 

glycol and ethanol, have been shown in Figure 12. As seen in this figure, for decane, toluene and 405 

heptane the shape of intensity curves is less deviated from the blackbody intensity curve used as 406 

the reference state in the FSCK method. This observation is in line with the more accurate 407 

transmissivity and source term of these two liquids compared to ethylene glycol and ethanol in 408 

Table 5. 409 

 410 

 411 

 412 
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Figure 12- The calculated spectral intensity at different depths for: left) decane right) toluene and bottom) heptane. 413 

 414 

Although increasing the number of quadrature points in FSCK model leads to an excellent 415 

agreement with results of high-resolution method, it dismisses the main advantage of using the 416 

FSCK method which is its low computational time. Therefore, we looked for the optimal number 417 

of quadrature points which provides good accuracy for considered liquid fuels. Performing 418 

simulation for different number of quadrature points showed that with having 7 QP in FSCK 419 

model, a reasonable accuracy in radiation heat transfer simulation is achieved. As seen in Figure 420 

13, increasing the number of quadrature points for higher than 7 does not show sensible 421 

improvement to the results while increases the time of computation.  422 

 423 

 424 

 425 
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Table 5 – Average relative error of transmissivity and radiative heat source for different radiation methods with 426 
cases with various liquid fuels.  427 

Fuel Solution method 

Average relative error (%) for 

transmissivity 

Average relative error (%) for 

radiative heat source 

Case 1 Case 2 Case 3 Case 1 Case 2 Case 3 

Decane 

FSCK with 32 QP 1.47 2.02 2.06 0.44 1.01 1.38 

FSCK with 7 QP 3.93 3.29 2.91 5.35 4.82 4.21 

Gray 93.52 90.62 89.04 95.08 94.64 94.65 

Gray (TBC)*  93.98 91.19 89.62 96.45 96.22 96.15 

Ethanol 

FSCK with 32 QP 3.09 3.08 3.07 1.00 1.00 1.01 

FSCK with 7 QP 46.60 46.30 46.16 14.04 14.03 14.04 

Gray 94.66 93.95 93.59 96.59 96.62 96.61 

Gray (TBC)* 94.65 93.91 93.55 96.52 96.48 96.46 

Ethylene 

Glycol 

FSCK with 32 QP 14.89 12.30 10.94 5.69 5.56 5.42 

FSCK with 7 QP 38.50 31.62 27.88 31.50 30.74 29.56 

Gray 77.22 64.35 57.47 94.68 93.21 91.76 

Gray (TBC)* 77.15 64.30 57.42 94.39 93.00 91.55 

Heptane 

FSCK with 32 QP 2.51 2.50 2.49 1.09 1.07 1.05 

FSCK with 7 QP 19.75 19.66 19.60 9.46 9.42 9.39 

Gray 94.60 94.50 94.32 93.18 93.81 93.83 

Gray (TBC)* 95.62 95.25 95.05 96.07 95.98 95.94 

Toluene 

FSCK with 32 QP 0.22 0.21 0.21 0.46 0.47 0.46 

FSCK with 7 QP 5.62 5.57 5.54 2.96 2.97 2.96 

Gray 96.31 95.75 95.45 98.99 98.44 98.43 

Gray (TBC)* 94.71 94.22 93.93 94.28 94.27 94.36 

* Gray calculations based on using Planck mean absorption coefficient of an equivalent temperature of the boundary incident 

radiation (i.e. 1450 K). 

 428 
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 429 

Figure 13- Relative error of calculated radiative heat source for different number of quadrature points 430 

In Figure 13, the relative error is defined as: 431 

𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑒𝑟𝑟𝑜𝑟(%) =
|(𝑞̇𝑟𝑎𝑑

′′′ )𝐿𝐵𝐿 − (𝑞̇𝑟𝑎𝑑
′′′ )𝐹𝑆𝐶𝐾|

(𝑞̇𝑟𝑎𝑑
′′′ )𝐿𝐵𝐿

× 100 (28) 

Detail values of mean relative errors in simulation of transmissivity and heat source within the five 432 

liquid fuels for different methods are summarized in Table 5. According to the presented results, 433 

considering the equivalent temperature of the incident intensity does not have a substantial effect 434 

on the accuracy of the gray calculations. 435 

To exhibit the computational gain brought by the present FSCK model, the computational 436 

time of the FSCK calculation is compared with that of the high-resolution integration method. 437 

Both calculations are done on a same computer (Intel core i7 6500U processor) utilizing MATLAB 438 

codes with a fairly similar programing logic. The numerical tests, showed that the computational 439 

time of solving RTE by two options depends to the number of spectral divisions in high resolution 440 

calculations and number of quadrature points used in FSCK model. The computational time for 441 

the presented results was 0.3281 and 0.0522 s for high-resolution spectral calculations with 600 442 

wavelength bands and FSCK with 7 QP respectively. About 40% of reported computational time 443 

for FSCK method is due to the loading of look up tables and 25% of CPU time is consumed by 444 

doing two interpolations and only 10% of computational time is devoted to solving RTE in FSCK 445 

method exhibiting a remarkable computational gain of the present approach as loading of the look 446 

up tables and obtaining the FSCK model data for a selected number of QP need to be done only 447 

once. Hence, the actual computational gain in real applications will depend on the details of the 448 

program implementation and coupling with other conservation equations. 449 
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In all the presented simulations till now, the high value of incident intensity in the upper 450 

boundary made the effect of emission of the liquid negligible. Even with omitting emission term 451 

from the RTE, small changes are seen in the results in which in in-line with observations in [30, 452 

21]. Hence, when the incoming radiation to the boundary is strong and the liquid is relatively at 453 

low temperature, assuming negligible emission is valid. However, for the situations in which the 454 

boundary incident intensity is not that strong, for instance when there is radiation blockage due to 455 

large amount of soot within combustion products or high deposition of soot on liquid surface, the 456 

role of liquid emission becomes significant. In some cases, the intensity due to emission of the 457 

liquid and incident intensity can be assumed to be in the same order of magnitude. To include this 458 

kind of conditions in our investigation, a series of test cases have been performed using different 459 

radiation intensity at the upper boundary. In these cases, i.e. case 4 to case 6, the radiation intensity 460 

at the upper boundary is assumed to be represented by an equivalent Planck intensity of 1450 K 461 

with the boundary properties given in Table 4. 462 

The calculated results for different methods for these cases are shown in the following figures. 463 

Due to the high discrepancy of the results for gray method for these cases and for the sake of clarity 464 

of the diagrams, the results of FSCK and high-resolution method only are included in these figures. 465 

 466 

Figure 14 – The transmissivity of liquid ethylene glycol calculated by different methods for three different cases. 467 

According to the calculated transmissivity shown in Figure 14, the FSCK model with 32 468 

QP provides very accurate results with very low errors in comparison to high-resolution results. 469 

For the case 4 (i.e. homogenous medium) it is clear that by using a large enough quadrature points 470 

the results of FSCK is the same as results of high-resolution method as commonly expected from 471 

FSCK model. Detailed report of relative errors for different cases has been given in Table 6. 472 
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The calculated transmissivity of liquid heptane for three cases are shown in Figure 15. For 473 

heptane, the relative error for FSCK method with 32 QP is near to 1 percent. For radiative heat 474 

sources, the presented results in Table 6 for mean relative errors show that using 7 QP in FSCK 475 

method is sufficient to have a good accuracy. 476 

 477 

Figure 15 - The transmissivity of liquid heptane calculated by different methods for three different cases. 478 

For toluene, obtained transmissivities for cases 4 to 6 has been presented in Figure 16. 479 

Results for different cases show the good accuracy especially for FSCK with 7 QP. The relative 480 

error in transmissivities for toluene is less than 1 percent with using of 32 QP in FSCK method. In 481 

case of FSCK method with 7 QP, results show a very good agreement with high-resolution 482 

calculations. Relative errors for transmissivity and radiative source terms for these three cases have 483 

been reported in Table 6. 484 

 485 

Figure 16 - The transmissivity of liquid toluene calculated by different methods for three different cases. 486 

 Calculated transmissivity for decane for the cases 4 to 6 has been presented in Figure 17. 487 

According to results, for homogenous media, FSCK results with 32 and 7 QP show excellent 488 
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agreement with those of high resolution method. For case 5 and 6, error increases similar to the 489 

results of other liquid fuels. 490 

 491 
Figure 17 – The transmissivity of liquid decane calculated by different methods for three different cases. 492 

Finally, the calculated transmissivities for ethanol for different cases are shown in Figure 493 

18. Similar to the previous results, an excellent agreement is seen between the results of high-494 

resolution method and the FSCK method with 32 QP. This shows that for ethanol in order to have 495 

very high accuracy, it is necessary to choose higher number of quadrature points compared to 496 

toluene and decane. 497 

 498 

Figure 18 - The transmissivity of liquid ethanol calculated by different methods for three different cases. 499 

 500 

Relative errors of the estimated transmissivities and radiative heat sources of different fuels for 501 

three cases are summarized in Table 6. Presented results in this section showed that for the cases 502 

in which the emission of liquid plays an important role, using FSCK method bring more advantage 503 

to the calculations. 504 

 505 
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Table 6– Average relative error of calculated transmissivity and radiative heat source using different radiation 506 
methods for considered liquid fuels with three different cases. 507 

Fuel 
Solution 

method 

Average relative error (%) for 

transmissivity 

Average relative error (%) for radiative 

heat source 

Case 4 Case 5 Case 6 Case 4 Case 5 Case 6 

Decane 

FSCK with 32 QP 0.91 2.40 3.17 0.58 7.56 14.57 

FSCK with 7 QP 1.24 6.80 8.14 3.47 9.32 21.03 

Gray 53.19 34.96 30.28 91.42 87.57 91.67 

Gray (TBC)* 54.72 35.57 30.92 93.79 90.37 93.87 

Ethanol 

FSCK with 32 QP 1.09 0.99 0.96 0.84 1.16 1.79 

FSCK with 7 QP 14.55 12.91 12.32 13.31 13.27 13.80 

Gray 30.30 23.84 21.86 94.59 94.13 94.38 

Gray (TBC)* 30.29 23.82 21.84 94.43 93.87 94.10 

Ethylene 

glycol 

FSCK with 32 QP 1.28 0.82 0.80 5.15 3.76 5.23 

FSCK with 7 QP 8.47 5.18 4.45 29.26 21.48 17.00 

Gray 25.93 11.45 9.14 92.89 75.04 78.78 

Gray (TBC)* 25.87 11.41 9.09 92.21 74.39 78.34 

Heptane 

FSCK with 32 QP 1.58 1.23 1.08 1.01 1.88 3.88 

FSCK with 7 QP 10.53 7.57 6.38 8.60 8.45 8.18 

Gray 61.15 49.09 44.67 87.21 86.86 90.98 

Gray (TBC)* 61.94 49.73 45.31 92.59 91.60 94.86 

Toluene 

FSCK with 32 QP 0.10 0.27 0.37 0.50 2.27 3.75 

FSCK with 7 QP 2.13 0.87 0.41 3.40 5.39 8.12 

Gray 56.43 43.48 38.74 97.74 114.60 115.58 

Gray (TBC)* 55.27 42.35 37.58 88.48 101.05 107.02 

* Gray calculations based on using Planck mean absorption coefficient of an equivalent temperature of the boundary incident radiation (i.e. 

1450 K). 
 508 

As explained in the theory section, choosing reference temperature has influence on 509 

accuracy of the FSCK model. All of the explanations about the reference temperature in the 510 
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literature was for the gas phase where temperature of medium is generally higher than in condensed 511 

phase. For liquid, the situation is different from gas phase because its temperature varies between 512 

room temperature and boiling temperature of the liquid and the maximum temperature, i.e. 513 

boundary temperature, is coming from out of the computational domain. To investigate the effect 514 

of reference temperature on the accuracy of the FSCK model, FSCK model is applied to the 515 

heptane pool using three different reference temperatures. Using linear temperature profile for the 516 

medium, i.e. case 2, the volume average and Planck-mean reference temperature are obtained as 517 

351.99 and 337.15 K, respectively. The third choice for reference temperature is the temperature 518 

of the upper boundary which represent the radiation feedback to the pool. It is assumed to be 1450 519 

K as suggested in [41]. Results of these three choices are shown in Figure 19. 520 

  

Figure 19 – Comparison of the transmissivity (left plot) and radiative heat source (right plot) for different reference 521 
temperatures. 522 

Figure 19 shows that using volume average and Planck-mean temperature as the reference 523 

temperature in FSCK calculations leads to poor accuracy while using the upper wall temperature 524 

provides very good agreement with the high-resolution reference solution. One can conclude that 525 

the equivalent temperature representing the radiation reaching the interface of the liquid phase 526 

should be used as the reference temperature in FSCK calculations within the liquid phase. With 527 

the selection of upper wall temperature as reference temperature, the absorption coefficient in the 528 

FSCK equation is calculated using the spectral information corresponded to the incident intensity 529 

at boundary that is the most important in absorption within the liquid domain. In simulations of 530 

radiation transfer for combustion applications, the incident intensity that reaches from the flame 531 

region to the liquid surface must be treated accurately within the domain. Therefore, in contrary to 532 

the gas phase FSCK calculations, using upper wall temperature or equivalent temperature for the 533 
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incident intensity at the interface of the liquid layer should be used as the reference temperature to 534 

guarantee a good accuracy. 535 

This importance of incident intensity at the liquid interface is not due to the larger value of 536 

the reaching integrated radiation flux to the fuel surface in comparison to the emission of liquid, 537 

but it is because of the spectral profile of the incoming radiation. To exemplify this claim, the next 538 

simulation has been done with 1 percent of incident intensity at the upper wall. With doing this 539 

modification, the emission of the liquid fuel will be in the same order of magnitude with incident 540 

intensity at the boundary. In this case also, the results shown in Figure 20 exhibit better accuracy 541 

for the case of choosing the upper wall temperature as the reference state.  542 

  
Figure 20 - Comparison of the transmissivity (left plot) and radiative heat source (right plot) for different reference 543 

temperatures with lower incident radiation at the boundary 544 

As a conclusion to results in Figure 19 and Figure 20, in simulation of radiation transfer 545 

within liquids, selecting an equivalent temperature of the incident intensity reaching the liquid 546 

interface is recommended to ensure high accuracy of FSCK method. The same simulations have 547 

been done using temperature of 700 K for upper wall. In this case, the spectral profile of the 548 

incoming radiation and specially its peak region has a better similarity to the Planck distribution 549 

at liquid temperature, so their k-distribution is better correlated with each other. Therefore, the 550 

selection of reference temperature does not cause that much difference. 551 

It is worth mentioning that the present article aims at development of FSCK model and its 552 

parameters in the form of look up tables for liquid fuels. However, in many practical conditions 553 

especially in gas-droplet flows where gas radiation is mainly dominant and the droplets only 554 

occupy a small fraction of the space, the spectral radiation should be solved in an integral manner 555 

for the gas and liquid phase. It is not easy to develop such a model as shown in the recent work of 556 
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Wang and coworkers [13] who introduced the FSK-FSK method to solve spectral radiation for gas 557 

and solid flow. In their work, difference between the particles temperature and gas medium was 558 

the main barrier to obtain an accurate k-distribution for both phases. However, in the present 559 

research our main application was liquid pool fires where the gas and liquid phases are clearly 560 

separated and therefore can be solved as two separate systems leading to two separate RTE solvers 561 

connected through an appropriate boundary condition at the liquid interface. We are currently work 562 

on development of integrated version of FSCK for both liquid and gas which will be presented in 563 

our next papers.  564 

4.1. Generating look up tables for liquid fuels 565 

Choosing temperature of upper wall as reference temperature makes the size of the data for 566 

the FSCK model smaller. The most effective way to facilitate using FSCK method is to generate 567 

look-up table for a range of possible thermal conditions. For the five fuels studied in the paper, a 568 

specified number of temperature steps is considered to cover the range of possible local 569 

temperatures of the liquid (𝑇) from the room temperature 300 K to the boiling temperature of each 570 

fuel with step of 10 K that facilitates the implementation of the model to account for small 571 

temperature change within the fuels. To generalize the look-up table data for different applications, 572 

the range of source temperature, 𝑇𝑟𝑒𝑓, (i.e. the reference temperature as well) has been chosen from 573 

300 K to 2000 K by step of 50 K. The look up table includes the data of 𝑎(𝑇, 𝑇𝑟𝑒𝑓 , 𝑔𝑟𝑒𝑓) and 574 

𝑘(𝑇𝑟𝑒𝑓 , 𝑔𝑟𝑒𝑓) as explained in section 2.2. Data of the look-up tables has been presented for 32 QP. 575 

The FSCK model parameters for lower number of QP can be attained by interpolation through the 576 

provided data of 32 QP.  577 

5. Conclusions 578 

In this research, the FSCK models were developed for the simulation of radiation transfer 579 

within five different hydrocarbon liquid fuels. The developed models were validated for several 580 

different thermal conditions in liquid pool fires. The benchmark solutions were first obtained by 581 

solving the spectral RTE using the high resolution spectral data taken from literature, and then 582 

used to assess the accuracy of the developed FSCK models, exploring the effects of model 583 

parameters such as the number of quadrature points (QP) and the reference temperature (𝑇𝑟𝑒𝑓) .  584 
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Simulation results showed that for many fuels, 7 QP can be an optimal option for the FSCK 585 

calculations to provide a good accuracy with a reasonable computational cost. Strong absorption 586 

within the liquid makes the shape of spectral intensity to deviate from the shape of intensity at 587 

boundary. This deviation decreases the accuracy of calculated k-distribution with applying 588 

boundary temperature as reference state especially for ethylene glycol that has the highest error in 589 

results.  590 

However, in general the proposed FSCK method provided much more accurate results for the 591 

transmissivity and heat source than the gray method. Moreover, compared to the high resolution 592 

calculations, the present FSCK model is much faster with fairly small loss of accuracy.    593 

The role of the reference temperature was studied using three different options, i.e. volume 594 

averaged temperature, Planck-mean temperature, and the equivalent temperature of incident 595 

intensity. The results showed that for the liquid fuels, using an equivalent temperature of incident 596 

intensity at the interface of the liquid layer led to the highest accuracy and is the best option when 597 

applying the FSCK method for liquid heat transfer calculations.  598 

To facilitate the implementations of the developed model, we provide a comprehensive look up 599 

table of the FSCK model parameters with a large number of quadrature points. The provided look 600 

up table covers a wide range of thermal conditions which may occur in different application 601 

including fire scenarios. For future development, simulations with FSCK method can be done with 602 

more realistic flame heat feedback instead of using simplified condition of black wall. 603 
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