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Abstract— The paper deals with the minimization of output
iA
filter cost in inverter-fed AC drives. The LC filter design is
Control
constrained by the total harmonic distortions of the stator
udc
Lf
voltage and inverter output current, the voltage drop in the
us is
filter inductor, and the system resonance frequency. The last
constraint is important from the control point of view, because
IM
the vector control requires that the sampling frequency is sufficiently higher than the resonance frequency. The design takes Lc
uA
into account the frequency dependence of the filter resistance Rc
Cf
Diode bridge
Inverter
and inductance due to the eddy currents in the laminated iron- Cc
core inductor. The design method is further enhanced by takingicm
into account the inverter power stage cost as a function of the Fig. 1. Variable-speed drive system equipped with inverter output filter.
switching frequency. The design minimizes the total cost of
the inverter and filter, and determines the optimal switching
frequency. Simulations and experiments show that the filter frequency has been set one decade below the switching
designed according to the proposed design procedure fulfils frequency in [9]. However, to minimize the filter cost,
the design constraints, and the speed-sensorless control works the resonance frequency should be closer to the switching
well with the cost-optimized filter.

I. I NTRODUCTION
Pulse-width modulated variable-speed drives have become
common in many industrial and household applications.
Besides many advantages such as energy savings and good
controllability, frequency converters have also brought along
some unwanted effects. The output voltage of the inverter
consists of sharp-edged voltage pulses, which may cause
excessive voltage stresses in the stator winding insulations
of the motor. They may also give rise to leakage currents
through the parasitic capacitances of the stator winding
and produce bearing currents. Lower-order harmonics cause
acoustic noise and power losses in the motor.
A means to overcome these problems is using a sinusoidal
inverter output filter (or a sine-wave filter) [1]. As additional
advantages, the filter may bring along cost savings in other
components of the drive system: (i) the inverter can be rated
smaller because a part of the magnetizing current is fed by
the filter capacitors [2]; (ii) unshielded cables can be used if
the common-mode voltage is filtered [3]; (iii) the grid side
EMI filter can be avoided [4]. Conventionally, the drives
equipped with a sinusoidal output filter are based on constant
volts-per-hertz control. However, the control performance
can be improved by using sensorless vector control [5], [6].
If vector control is used, the sampling frequency should be
sufficiently higher than the resonance frequency of the filter,
which sets a constraint for the filter design.
The design of a sinusoidal filter is usually based on the
resonance frequency of the filter [2], [7]–[9]. The resonance

frequency. In [10], [11], the relative cost of the inductor and
capacitor (based on an estimate that the capacitor cost is half
of the inductor cost for the same power rating [12]) is taken
into account in the filter design.
Laminated iron-core inductors are usually used in sinusoidal output filters. Due to the eddy currents in the
laminations, the resistance and the inductance of the filter
inductor depend significantly on the frequency. Hence, a
frequency-dependent inductor model should be applied in
the filter design, especially if the switching frequency is
high.
In this paper, a cost-effective design of a sinusoidal output
filter for vector-controlled drive is developed. The filter
cost is based on present-day component prices. The design
is constrained by the total harmonic distortion (THD) of
the stator voltage, the THD of the inverter output current,
and the voltage drop in the filter inductor. Furthermore,
the maximum resonance frequency is constrained by the
sampling frequency in the case of vector-controlled drives.
The cost of the filter is minimized so that given filtering
requirements are fulfilled. In addition, the optimal switching
frequency is determined in order to minimize the total cost
of the filter and the power stage of the inverter. The design
is verified by simulations and experiments.
II. F ILTER AND M OTOR M ODELS

Fig. 1 shows the variable-speed drive system equipped
with an inverter output filter. Space-vector notation is used
for three-phase quantities. The inverter output voltage uA is
filtered by an LC filter, and the induction motor (IM) is fed
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ua,mn /ua,01

by the filtered voltage us . The inverter output current and
the stator current are denoted by iA and is , respectively.
The state-space representation of the system, consisting
of the LC filter and the induction motor, can be written as

ua,mn /ua,01

dx
(1)
= A x + BuA
dt

T
where x = iA us is ψ R
is the state vector. The
matrix transpose is denoted by the superscript T and the
replacements
rotor flux linkage is ψ R . The system matrices PSfrag
in stationary
coordinates are
 RLf
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0
0
m
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τσ
Ls τ r
0
0
RR
− τ1r + jωm
h
iT
B = L1f 0 0 0
(3)

where Lf is the inductance and RLf the series resistance of
the filter inductor, Cf is the capacitance of the filter, and ωm
is the electrical angular speed of the rotor. Corresponding
to the inverse-Γ model of the induction motor [13], Rs
and RR are the stator and rotor resistances, respectively,
L0s is the stator transient inductance, and LM the magnetizing inductance. The two time constants are defined as
τσ0 = L0s /(Rs + RR ) and τr = LM /RR .
At higher frequencies, the variation of the filter inductance
with the frequency should be modeled. Because of the
skin and proximity effects, the leakage inductance of an
inductor decreases and the winding resistance increases with
frequency. These changes depend on the wire and winding
dimensions, and they can be reduced by proper winding
design. As the frequency increases above several kilohertz,
the eddy currents induced in the laminated iron core start
to decrease the main inductance of an inductor. In the
following, analytical expressions are used for modeling the
behavior of the iron core [14]. For simplicity, the effects
of magnetic saturation are ignored, and so are the skin and
proximity effects in the windings. The series resistance and
inductance of the inductor are given by
δ sinh wδ − sin wδ
w cosh wδ + cos wδ
+ sin wδ
+ cos wδ

RLf = RLf,dc + ωLf,dc
Lf = Lf,dc

δ sinh wδ
w cosh wδ

(4)
(5)

respectively, where RLf,dc and Lf,dc are the dc resistance
and
p dc inductance of the filter inductor, respectively, δ =
2ρ/(µω) is the skin depth of the iron sheet , ρ is the
electrical resistivity of the iron sheet, µ is the magnetic
permeability, ω is the angular frequency, and w is the
thickness of a single sheet.
III. H ARMONIC A NALYSIS OF I NVERTER O UTPUT
VOLTAGE
The inverter output voltage reference having the angular
frequency ωs is modulated with a carrier signal having
the angular frequency ωc . The spectrum of the resulting
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Fig. 2. Theoretical spectra of inverter switching voltage when ωc =
2π · 5000 rad/s, ωs = 2π · 50 rad/s, and Md = 1 for (a) SPWM and (b)
SVPWM. The zero-sequence components are shown as grey bars.

switching voltage ua (t) can be determined analytically by
means of a double Fourier series expansion [15]:
∞
∞
X
X
ua (t) =
ua,mn ej(mωc +nωs )t
(6)
m=−∞ n=−∞

The coefficients are given by the double integral:
Z Tc Z Ts
1
ua,mn =
ua (t)e−j(mωc +nωs )t dt dt
Tc Ts 0
0

(7)

where Tc = 2π/ωc ja Ts = 2π/ωs .
Different modulation methods produce different harmonic
spectra for the inverter output voltage. When the classical
sinusoidal PWM (SPWM) is used, the Fourier coefficients
of the switching voltage ua are [16]:




udc
Md πm
(m + n)π
ua,mn =
Jn
sin
(8)
mπ
2
2

where udc is the dc-link voltage, Md = 2|uA |/udc is the
modulation depth, and Jn is an nth-order Bessel function.
Fig. 2(a) shows the theoretical spectrum of an example
switching voltage generated by the SPWM.
The spectrum of the PWM voltage generated by symmetrical suboscillation or the corresponding space vector PWM
(SVPWM) is more complicate to calculate analytically. The
solution is presented in [17]. Fig. 2(b) shows the theoretical
spectrum of an example switching voltage generated by the
SVPWM.
In a three-phase system, zero-sequence components disappear from phase to phase and space vector voltages. The
space vector of the inverter output voltage can be expressed
as a double Fourier series expansion:
∞
∞
X
X
uA (t) =
uA,mn ej(mωc +nωs )t
(9)
m=−∞ n=−∞
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Fig. 3. Amplitude-frequency response from uA to us when frequencydependent inductor model is used (thick line) and when inductor parameters
are constant: Lf = Lf,dc and RLf = RLf,dc (thin line).

where the Fourier coefficients uA,mn are obtained from the
coefficients of the switching voltage as
i
2h
uA,mn =
1 + ej(1−n)2π/3 + ej(1−n)4π/3 ua,mn (10)
3

The derivation of (10) is given in the Appendix.
IV. F ILTERING C HARACTERISTICS

Based on (1)–(3), the transfer function from the inverter
output voltage to the stator voltage is
G(s) =


us (s)
= 0
uA (s)

1


0 (sI − A)−1 B

0

(11)

where I is a 4×4 identity matrix. Similarly, the transfer
function from the inverter output voltage to the inverter
output current can be expressed as
Y (s) =


iA (s)
= 1
uA (s)

0


0 (sI − A)−1 B

0

(12)

Fig. 3 shows the frequency response (11) at the nominal
angular speed of an example motor. The motor parameters
are given in Table I. The filter parameters used in this
example are Lf,dc = 3.8 mH, Cf = 4.0 µF, and RLf,dc =
0.3 Ω. The parameters of the iron core are ρ = 7 · 10−7 Ωm,
µ = 300µ0 , and w = 0.5 mm. The resonance frequency of
the system depends on the filter parameters and also on the
stator transient inductance according to
fres =

2π

q

1

Cf

Lf L0s
Lf +L0s

(13)

The filter resistance damps the LC resonance. If the inverter
output voltage does not include harmonics near the resonance frequency, the internal resistance of the filter inductor
is usually sufficient, and no separate damping resistor is
needed.
A. Total Harmonic Distortion of Stator Voltage
The Fourier coefficients of the stator voltage vector us are

us,mn = Gmn uA,mn

(14)

Motor Parameters
Stator resistance Rs
Rotor resistance RR
Stator transient inductance L0s
Magnetizing inductance LM
Total moment of inertia J
Rated speed nN
Rated current (rms) IN
Rated torque TN
Inverter Parameters
DC-link voltage udc
Switching frequency fc
Sampling frequency fsa

3.67 Ω
1.65 Ω
0.021 H
0.264 H
0.0155 kgm2
1430 r/min
5.0 A
14.6 Nm
540 V
5 kHz
10 kHz

where Gmn = G(s)|s=j(mωc +nωs ) . Using these Fourier
coefficients related to space vectors, the root-mean square
(rms) phase-to-neutral stator voltage becomes
v
u
∞
∞
X
u1 X
Us = t
|u
|2
(15)
2 m=−∞ n=−∞ s,mn

All carrier and sideband harmonics are taken into account
even if they are not a multiple of ωs . The filtering performance can be evaluated by means of the total harmonic
distortion (THD) of the stator voltage:
p
2
Us2 − Us1
THDus =
(16)
Us1
√
where Us1 = |us,01 |/ 2 is the rms fundamental component
of us .

B. Voltage Drop
The voltage drop over the filter inductor at the fundamental frequency should be small. The relative voltage drop can
be calculated as
UA1 − Us1
k∆u =
(17)
UA1
√
where UA1 = |uA,01 |/ 2 is the rms fundamental component
of uA . The voltage drop depends not only on the filter
inductance, but also on the filter capacitance.

C. Total Harmonic Distortion of Inverter Current
The rms inverter output current is
v
u
∞
∞
X
u1 X
IA = t
|2
|i
2 m=−∞ n=−∞ A,mn

(18)

where iA,mn = Y mn uA,mn and Y mn = Y (s)|s=j(mωc +nωs ) .
When an LC filter is used, the inverter output current
harmonics increase because the filter capacitor provides
a low-impedance route for high-frequency currents. These
currents are limited mainly by the filter inductor. The THD
of the inverter output current can be calculated as
p
2 − I2
IA
A1
THDiA =
(19)
IA1
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where IA1 = |iA,01 |/ 2 is the rms fundamental component
of iA .

V. C OST-E FFECTIVE F ILTER D ESIGN
A. Cost Function
Fig. 4 shows example component prices for LC filters.
The inductor and capacitor prices, denoted by HL and HC ,
respectively, can be approximated by linear functions. The
trend line drawn in Fig. 4(a) is reasonable only for inductors
having the same current rating. Capacitor prices shown in
Fig. 4(b) are for a constant rated voltage. The cost function
consists of the inductor and capacitor prices according to


Hfilter = hL Lf,dc + HL0 + 3 hC Cf + HC0
(20)
where hL , HL0 , hC , and HC0 are price parameters that
define the trend lines in Fig. 4.
B. Filter Design
The filter design problem can be formulated as a constrained optimization problem
Hfilter

such that
THDus ≤ THDus,max

THDiA ≤ THDiA,max
k∆u ≤ k∆u,max
fres ≤ fres,max

THDiA
k∆u

10

(21)

(22)
(23)
(24)
(25)

where THDus,max is the maximum allowed THD of the
stator voltage, THDiA,max is the maximum allowed THD
of the inverter current, and k∆u,max is the maximum allowed
relative voltage drop in the filter inductor. The last constraint
(25) is important from the control point of view. The vector

74

72

8

84

82

76

70

6

B

4

A
62

2

Fig. 4.
Filter component prices: (a) Three-phase inductor (5 A), (b)
Capacitor (450 V). Price parameters are hL = 1.47 e/mH, HL0 = 33.3 e,
hC = 0.48 e/µF, and HC0 = 6.3 e.
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12

fres

(b)

Lf,dc ,Cf
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TABLE II
F ILTER D ESIGN C ONSTRAINTS
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Fig. 5. Optimal filter design. Point A is the optimal design if fsa = 2fc .
Point B is the optimal design if fsa = fc .

control of the drive system with an LC filter requires that
the sampling frequency fsa is sufficiently higher than the
resonance frequency fres of the system. According to various
simulations with an example drive, the sampling frequency
should be at least four times the resonance frequency.
Especially THDiA and k∆u vary with the operating point
significantly. Therefore, the filter design constraints should
be determined according to the desired operating point. The
nominal operating point of the drive is typically chosen for
the filter design.
The motor and inverter parameters given in Table I are
used in the following design example. The constraints for
the example design are given in Table II. The modulation
method is the SVPWM. A nominal
operating point of the
√
drive is defined by Md = 2/ 3, ωs = 2π · 50.0 rad/s,
and ωm = 2π · 47.7 rad/s. The dc resistance of the filter
inductor is assumed to be RLf,dc = 0.3 Ω. The optimization
task (21)–(25) is solved using the fmincon function of the
M ATLAB Optimization Toolbox.
Fig. 5 shows a contour plot of the cost function and
the constraint curves. The feasible region lies above each
constraint curve. The optimal filter design is obtained at
point A (Lf,dc = 3.4 mH, Cf = 3.5 µF), where the cost
is Hfilter = 62.2 e.
In the previous design, the sampling frequency was twice
the switching frequency. If the sampling frequency equals
the switching frequency as is the case in some drives, the
feasible region shrinks according to the dashed line in Fig. 5.
The resonance frequency of the system must be lower than
that in the previous design in order to fulfil the constraint
(25). In this case, the optimal filter design is obtained at
point B (Lf,dc = 4.0 mH, Cf = 4.8 µF), where the cost is
Hfilter = 65.1 e.

(solid line). The minimum total cost is obtained at fc =
13 kHz. The corresponding filter parameters are Lf,dc =
1.6 mH and Cf = 1.4 µF, and the filter cost is Hfilter =
56.6 e.

Hfilter , Htot (e)
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Fig. 6. Cost as function of switching frequency. Dashed line is the filter
component cost Hfilter . Solid line is the total cost of the filter components
and inverter oversizing.

C. Effect of Switching Frequency
The filter design in the previous subsection is optimal only
for a fixed switching frequency. By solving the optimization
problem (21)–(25) for different switching frequencies (assuming fsa = 2fc ), the effect of the switching frequency
can be investigated. Fig. 6 shows the filter component cost
(dashed line) as a function of the switching frequency.
The increase of the inverter switching frequency results in
decreased inductance and capacitance of the filter. Consequently, smaller and cheaper components can be used.
A higher switching frequency, however, causes higher
switching losses in the inverter. The switching losses may
require oversizing of the inverter. The cost of the oversized
inverter can be taken into account in the filter design in a
fashion similar to [18] for a grid-side LCL filter. The aim is
to minimize the total cost of the filter and the power stage
of the inverter. The results give the optimal filter parameters
and the optimal switching frequency.
The inverter switching losses with sinusoidal currents can
be approximated as [19]
Psw =

6
udc |iA |
fc (Eon,T + Eoff,T + Eoff,D )
π
uref iref

(26)

where Eon,T and Eoff,T are the turn-on and turn-off energies
of the IGBT, respectively, and Eoff,D is the turn-off energy of
the diode. The switching energies are provided in data sheets
for a certain blocking state voltage uref and a reference
current iref . According to (26), the switching losses of the
inverter are linearly proportional to the switching frequency.
The ratio of the switching losses to the switching frequency
is denoted by psw = Psw /fc . The total cost is obtained by
adding the inverter oversizing cost to the filter component
cost (20):
Htot = Hfilter + hov psw fc
(27)
where hov is an inverter oversizing cost factor.
The parameters used in (27) are psw = 3.3 W/kHz and
hov = 0.08 e/W in this example design. The total cost is
shown as a function of the switching frequency in Fig. 6

The drive system equipped with the cost-optimized filter
was investigated by computer simulations using the M ATLAB/Simulink software. The frequency dependence of the
filter inductance and resistance was not included in the
simulation model. The motor and inverter parameters given
in Table I were used with the exception of fsa = 5 kHz.
The filter parameters were Lf = 4 mH, Cf = 4.8 µF, and
RLf = 0.3 Ω corresponding to the optimal filter design
in Fig. 5 (point B). A speed-sensorless control method [5]
enhanced with a one-step-ahead current prediction in the
inverter current control was used. The bandwidths of the
controllers were 2π · 700 rad/s for the inverter current,
2π · 466 rad/s for the stator voltage, 2π · 233 rad/s for the
stator current, and 2π · 7.5 rad/s for the rotor speed.
Fig. 7 shows simulation results. The speed reference was
set to ωm,ref = 0.95 p.u. at t = 0.5 s. A rated load step
was applied at t = 1.5 s and removed at t = 2.5 s. Finally,
the drive was decelerated to standstill. According to the test
sequence the control works well with the cost-optimized
filter.
Fig. 8 shows voltage and current waveforms at a speed of
ωm,ref = 0.95 p.u. under rated load torque. The spectrum
of the stator voltage is plotted in Fig. 11(a). The LC filter
attenuates high frequencies from the inverter output voltage
effectively. The THD of the stator voltage is THDus =
2.1 %, the THD of the inverter current is THDiA = 14.3 %,
and the voltage drop is k∆u = 1.9 %. All constrains given
in Table II are fulfilled.
VII. E XPERIMENTAL R ESULTS
The experimental setup consists of a frequency converter
controlled by a dSPACE DS1103 PPC/DSP board, a 2.2-kW
four-pole induction motor, and a three-phase LC filter. The
parameters of the motor and the inverter correspond to those
given in Table I with the exception of fsa = 5 kHz and udc =
520 V. The LC filter consists of a three-legged laminated
iron-core inductor and three AC capacitors. The technical
data of the filter is given in Table III. A permanent magnet
servo motor was used as loading machine. Only the dc-link
voltage and the inverter output current were measured for
control purposes. The stator voltage, the stator current, the
rotor flux linkage, and the rotor speed were estimated by
means of an adaptive full-order observer as described in [5].
The rotor speed was measured only for monitoring purposes.
Simple current feedforward compensation for dead times and
power device voltage drops was applied
√ [20]. The inverter
output voltage was limited to 0.98udc / 3 in order to reduce
oscillations due to the minimum pulse-width limitation of
the inverter.
Fig. 9 presents the experimental results corresponding
to the simulation shown in Fig. 7. The measured control
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Fig. 7. Simulation results showing speed and load changes. The first
subplot shows the rotor speed (solid), its reference (dashed), and its estimate
(dotted). The second subplot shows the q-axis components of the stator
current (solid) and the inverter output current. The third subplot shows
the d-axis components of the stator current (solid) and the inverter output
current.
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Fig. 8. Simulation results showing voltage and current waveforms. The
first subplot shows the inverter output voltage (phase to phases) and the
stator voltage (phase to phases). The second subplot shows the inverter
output current and the stator current.
TABLE III
T ECHNICAL DATA OF THE LC F ILTER
3-phase inductor
Inductance
Rated voltage
Rated current
Capacitor
Capacitance
Rated voltage

0.4

iAq , îsq (p.u.)

0.6

0

Muuntosähkö Trafox 3INP5 50145
3 x 4.0 mH
400 V
5.0 A
3 x EPCOS B25832-F4505-K001 MKV
5.0 µF ±10 %
640 V

performance corresponds well to the simulation results. The
oscillations in the inverter output current are caused by
inverter nonidealities and measurement inaccuracies.
Fig. 10 shows voltage and current waveforms at a speed of
ωm,ref = 0.95 p.u. under rated load torque. The spectrum of
the stator voltage is plotted in Fig. 11(b). Inverter nonidealities and measurement inaccuracies cause harmonics between
the fundamental frequency and the switching frequency. The
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Fig. 9. Experimental results showing a sequence with speed and load
changes. The explanations of the curves are as in Fig. 7. Estimated values
are shown for the stator current.
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iAd , îsd (p.u.)

0.4

iA,a , is,a (p.u.)

ωm (p.u.)

1.2

2
1
0
-1
-2

0

5

10

0

5

10

15

20

25

15

20

25

2
1
0
-1
-2

t (ms)

Fig. 10. Experimental results showing voltage and current waveforms.
The explanations of the curves are as in Fig. 8.

filter amplifies the harmonics around the system resonance
frequency of 1.2 kHz. The amplitudes of the switching
frequency harmonics are of the same order of magnitude
as those in the simulation. The THD of the stator voltage
is THDus = 3.6 %, the THD of the inverter current is
THDiA = 18.1 %, and the voltage drop is k∆u = 1.3 %.
The THD of the stator voltage is higher than that obtained
in the simulation. This difference is explained by inverter
nonidealities and measurement inaccuracies, which were not
taken into account in the simulation nor in the filter design.
However, all constrains given in Table II are fulfilled.
VIII. C ONCLUSION
A cost-effective design of inverter output filters requires
knowledge of filter component prices, motor and inverter
parameters, and filtering requirements. If the drive is vector
controlled, the sampling frequency should be at least four
times the resonance frequency of the system. This requirement can be a limiting factor especially if the sampling
frequency is low. Otherwise, the limiting factor can be the

Substituting (28)–(30) in (31) results in
∞
∞
X
X
uA (t) =

20
us,ab (V)

0
0.2
0.40
0.2
0.6
0.4
0.8
0.61
0.8
1

10

m=−∞ n=−∞

0
101
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f (Hz)
(a)

104

105

us,ab (V)

uA,mn

(32)

where uA,mn are the Fourier coefficients of the space vector
voltage.
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Fig. 11. (a) Simulation and (b) experimental results showing spectrum
of stator voltage (phase to phase). The amplitude of the fundamental
component is beyond the scale of the figure.

THD of the stator voltage or the THD of the inverter output
current. The voltage drop can be the dominant constraint if
the fundamental frequency is high. The inverter power stage
cost can be taken into account in the filter design in order
to find the optimal switching frequency. The increase of the
switching frequency reduces the filter price, but the inverter
cost is increased due to higher switching losses. Simulation
and experimental results show that the filter designed according to the proposed design procedure fulfils the design
constraints, and the speed-sensorless vector control works
well with the cost-optimized filter.
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A PPENDIX
F OURIER C OEFFICIENTS OF S PACE V ECTOR VOLTAGE
The Fourier series of the switching voltages in each three
phases are
ua (t) =

ub (t) =

uc (t) =

∞
X

∞
X

m=−∞ n=−∞
∞
∞
X
X

m=−∞ n=−∞
∞
∞
X
X

ua,mn ej(mωc +nωs )t

(28)

ua,mn ej[(mωc +nωs )t−2πn/3]

(29)

ua,mn ej[(mωc +nωs )t−4πn/3]

(30)

m=−∞ n=−∞

The space vector of the inverter output is
uA =


2
ua + ub ej2π/3 + uc ej4π/3
3

(31)
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