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Structural Properties of Nonanticipatory Epsilon Entropy of
Multivariate Gaussian Sources

Charalambos D. Charalambous, Themistoklis Charalambous, Christos Kourtellaris,
and Jan H. van Schuppen

Abstract— The complete characterization of the Gorbunov
and Pinsker [1], [2] nonanticipatory epsilon entropy of multi-
variate Gauss-Markov sources with square-error fidelity is de-
rived, which remained an open problem since 1974. Specifically,
it is shown that the optimal matrices of the stochastic realization
of the optimal test channel or reproduction distribution, admit
spectral representations with respect to the same unitary ma-
trices, and that the optimal reproduction process is generated,
subject to pre-processing and post-processing by memoryless
parallel additive Gaussian noise channels. The derivations and
analyses are new and bring out several properties of such op-
timization problems over the space of conditional distributions
and their realizations.

I. INTRODUCTION

Motivated by a wide range of applications in which
information is required to be transferred in real time or
with low latency, Gorbunov and Pinsker [1], [2] introduced
the nonanticipatory epsilon entropy and message generation
rates of sources with respect to a fidelity criterion. This is
a variant of the rate distortion function (RDF) and its rate
of lossy compression [3]–[5], i.e., the optimal performance
theoretically attainable (OPTA) by noncausal codes, with
an additional causality constraint imposed on the optimal
reproduction distribution (i.e., the test channel distribution.

Despite the broad range of applications of nonanticipatory
epsilon entropy, often called nonanticipative rate distortion
function (NRDF), in causal and zero-delay codes, and control
over limited rate channels (e.g., [6]–[13]), with focus on
Gauss-Markov sources, its characterization for multivariate
Gaussian sources is currently not known. In particular, the
only complete characterizations of nonanticipatory epsilon
entropy known today, are for scalar Gaussian Markov sources
with pointwise square-error fidelity due to Gorbunov and
Pinsker [2, Example 2], and the scalar Gaussian Markov
source with total square-error fidelity presented in [10]. For
multivariate Gauss-Markov sources with pointwise square-
error fidelity a partial characterization of nonanticipatory
epsilon entropy is given by Gorbunov and Pinsker in [2,
Theorem 5]. Specifically, the properties of the matrices that
define the realization, and induce the optimal test channel
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distribution are not identified in [2, Theorem 5], and re-
mained to this date unknown. In view of the difficulties
to characterize and compute the nonanticipatory epsilon
entropy for multivariate Gauss-Markov sources subject to a
point-wise fidelity, numerical algorithms are developed based
on semidefinite programming [9]. However, the technical
question whether the numerical algorithm produces a valid
realization of the optimal test channel distribution is not
apparent. Another attempt reported recently in [11] for the
multivariate Gauss-Markov process with average fidelity, led
to characterization of the nonanticipatory epsilon entropy,
i.e., the NRDF, through Kuhn-Tucker conditions, via the
solution of a certain difference algebraic Riccati equation.
However, due to the lack of knowledge of fundamental struc-
tural properties of the realization that induces the optimal test
channel distribution, a suboptimal water-filling solution is
proposed, that corresponds to an upper bound on the NRDF.

This paper provides for the first time, the complete
characterization of the problem posed and partly solved
by Gorbunov and Pinsker [2], for Gauss-Markov sources
subject to a point-wise square error fidelity. What is shown
in this paper is the structural property that states: the ma-
trices that define the realization of the reproduction process
that induces the optimal test channel distribution admit a
spectral representations with respect to the same unitary
matrices. It then follows the optimal reproduction process
is realized, subject to a pre-processing and post-processing,
by memoryless parallel additive Gaussian noise channels.
This property further implies the rate loss of causal and
zero delay codes with respect to noncausal codes derived in
[7] can be computed explicitly, and the optimal realization
can be transformed into an encoder-decoder pair based on
subtractive dither with uniform scalar quantization (SDUSQ)
and lattice codes, in complete analogy to the RDF of scalar
Gaussian random variables [14]–[16].

II. NOTATION AND PRELIMINARIES

Notation. R , (−∞,∞), Z 4= {. . . ,−1, 0, 1, . . .}, Z0 ,
{0, 1, 2, . . .}, N , {1, 2, . . .}, Nn , {1, . . . , n}, n ∈ N.
For any matrix A ∈ Rp×m, (p,m) ∈ N × N, we denote
its transpose by AT, and for m = p, we denote its trace by
tr(A), and the matrix with diagonal entries Aii, i = 1, . . . , p
and zero elsewhere by diag{A}. Sp×p+ denotes the set of
symmetric positive semidefinite matrices A ∈ Rp×p, and
Sp×p++ its subset of positive definite matrices. The statement
A � A′ (resp. A � A′) means that A − A′ is symmetric
positive semidefinite (resp. positive definite). For x ∈ R, we



define {x}+ 4= max{1, x}.
Definition 1 (Multivariate Gauss-Markov Source). A mul-
tivariate Gauss-Markov process is an Rp-valued random
process Xt : Ω→ Rp, t = 0, . . . , n defined by the recursion

Xt = At−1Xt−1 +Bt−1Wt, X0 = x0, t = 1, . . . , n (1)

where (i) At ∈ Rp×p, Bt ∈ Rp×q are non-random matrices;
(ii) {Wt : t = 1, . . . , n} is an Rq-valued independent
Gaussian process, N(0,KWt), KWt � 0, independent of
X0; (iii) X0 ∈ Rp is Gaussian N(0,KX0),KX0 � 0.

We evaluate the reproduction Y n , {Y0, Y1, . . . , Yn},
Yt : Ω → Yt , Rp, of Xn , {X0, X1, . . . , Xn}, with
respect to the mean-square error of the total square-error
fidelity, d0,n(·, ·), defined by 1

n+1E
{
d0,n(Xn, Y n)

}
≤ D,

d0,n(Xn, Y n) ,
∑n
t=0 ||Xt − Yt||2Rp , D ∈ [0,∞). We

also consider the special case of pointwise mean square-
error, E

{
dt(Xt, Yt)

}
≤ Dt, Dt ∈ [0,∞), dt(Xt, Yt) ,

||Xt − Yt||2Rp , t = 0, . . . , n.
The next well-known proposition of conditionally Gaus-

sian RVs is extensively used in our derivations.

Proposition 1. Consider a pair of RVsX = (X1, . . . , Xk)T :
Ω → Rk and Y = (Y1, . . . , Yl)

T : Ω → Rl, defined on
some probability distribution

(
Ω,F ,P

)
. Let G ⊆ F be

a sub−σ−algebra. Assume the conditional distribution of
(X,Y ) conditioned on G, i.e., P(dx, dy|G) is P−a.s. (almost
surely) Gaussian, with conditional means

µX|G , E
{
X
∣∣∣G
}
, µY |G , E

{
Y
∣∣∣G
}

(2)

and conditional covariances QX,X|G , cov
(
X,X

∣∣∣G
)

,

QX,Y |G , cov
(
X,Y

∣∣∣G
)

, QY,Y |G , cov
(
Y, Y

∣∣∣G
)

.

Then, the vectors of conditional expectations µX|Y,G ,
E
{
X
∣∣Y,G

}
and matrices of conditional covariances

QX,X|Y,G , cov
(
X,X

∣∣Y,G
)

are given, P−a.s., by1:

µX|Y,G = µX|G +QX,Y |GQ
−1
Y,Y |G

(
Y − µY |G

)
, (3)

QX,X|Y,G , QX,X|G −QX,Y |GQ−1
Y,Y |GQ

T
X,Y |G . (4)

If G is the trivial information, i.e., G = {Ω, ∅}, then G is
removed from the above expressions, and (3), (4) degenerate
to the well-known conditional mean.

From Proposition 1 then follows Theorem 1 (below),
which we apply to identify a realization of the test channel.

Theorem 1 (Equivalent statements). Consider the statement
of Proposition 1. Any two of the following three conditions
imply the third:

Condition 1: QX,Y |GQ
−1
Y,Y |G = I. (5)

Condition 2: µX|G = µY |G . (6)
Condition 3: µX|Y,G = Y − a.s.. (7)

1If the inverse Q−1
X,Y |G does not exists then it is replaced by the pseudo

inverse Q†
X,Y |G .

In subsequent sections, we make use of the
following definitions of conditional means and
error covariances: X̂t|t , Eµ

{
Xt

∣∣∣Y t
}

, X̂t|t−1 ,

Eµ
{
Xt

∣∣Y t−1
}

, Σt , Eµ

{(
Xt − X̂t|t

)(
Xt − X̂t|t

)T}
,

Σ−t , Eµ

{(
Xt − X̂t|t−1

)(
Xt − X̂t|t−1

)T}
, with

initial conditions X̂0|−1
4
= Eµ

{
X0

}
= 0 and

Σ−0
4
= Eµ

{(
X0 − X̂0|−1

)(
X0 − X̂0|−1

)T}
.

III. THE NONANTICIPATIVE RDF OF MULTIVARIATE
GAUSS-MARKOV SOURCES SUBJECT TO MSE FIDELITY

A. Characterization of Rna0,n(D) of Multivariate Gauss-
Markov Sources with Total MSE Distortion

Theorem 2 (Rna0,n(D) of Gauss-Markov processes with total
MSE distortion [11]). Consider the Gauss-Markov process
Xn , {X0, . . . , Xn} of Definition 1 and a total MSE dis-
tortion function d0,n(xn, yn)

4
=
∑n
t=0 ||Xt − Yt||2. Assume

Rna0,n(D) ∈ [0,∞) for D ∈ [0, Dmax) ⊆ [0,∞). Then, the
following hold.
(a) The distribution of the joint process (Xn, Y n) that
achieves the minimum of the nonanticipative RDF Rna0,n(D)
is jointly Gaussian distribution and it is induced by the
process Xn (of Definition 1) and the reproduction process

Yt =

{
H0X0 + V0, t = 0,

HtXt +
(
I −Ht

)
At−1X̂t−1|t−1 + Vt, otherwise,

where Ht, t = 0, . . . , n are nonrandom, Vt ∼
N(0,KVt),KVt = KT

Vt
� 0, t = 0, . . . , n, is independent

and Gaussian, Vt, t = 0, . . . , n, is independent of Wt, t =
1, . . . , n, and X0, and

Σt =Σ−t − Σ−t H
T
t

[
HtΣ

−
t H

T
t +KVt

]−1 (
Σ−t H

T
t

)T
, (8)

for t = 0, . . . , n and Σ−0 = KX0
, and

Σ−t =At−1Σt−1A
T
t−1 +Bt−1KWtB

T
t−1, (9)

for t = 1, . . . , n. Moreover, X̂t|t satisfies the Kalman-filter
recursion

X̂t|t = At−1X̂t−1|t−1 + Σ−t H
T
t

(
HtΣ

−
t H

T
t +KVt

)−1

(10)

.
(
Yt −HtAt−1X̂t−1|t−1 −

(
I −Ht

)
At−1X̂t−1|t−1

)
,

≡ ft(X̂t−1|t−1, Yt), t = 1, . . . , n, X̂0|0 = given.

(b) The nonanticipative RDF is given by

Rna0,n(D) = inf
QH,KV

[0,n]
(D)

1

2

n∑

i=0

log

{ |Σ−t |
|Σt|

}+

(11)

= inf
QH,KV

[0,n]
(D)

1

2

n∑

i=0

log

{ |HtΣ
−
t H

T
t +KVt

|
|KVt |

}+

, (12)



where the average distortion constraint is

QH,KV

[0,n] (D) ,
{
Ht ∈ Rp×p, KVt ∈ Sp×p+ , t = 0, . . . , n :

EQµ

{ n∑

t=0

||Xt − Yt||2Rp

}
= (13)

n∑

t=0

tr
(

(I −Ht) Σ−t (I −Ht)
T
+KVt

)
≤ (n+ 1)D

}
.

Theorem 3 (below) is obtained by invoking Hadamard’s
inequality to identify a fundamental structural property of the
realization coefficients {Ht,KVt

,Σt,Σ
−
t } of Theorem 2.

Theorem 3 (Structural properties of realization of Theo-
rem 2). Consider the characterization of nonanticipative
RDF given in Theorem 2. Then, the following hold.
(a) For any element of QH,KV

[0,n] (D), i.e, (Σ−t ,Σt, Ht,KVt
),

then

1

2

n∑

t=0

log
|Σ−t |
|Σt|

= −1

2

n∑

t=0

log

∣∣∣∣I − Λt

[
Λt + UTt KVt

Ut

]−1
∣∣∣∣

≥ −1

2

n∑

t=0

log

p∏

i=1

(
1− λt,i

[
λt,i +

(
UTt KVt

Ut

)
ii

]−1)
,

(14)

where Λt is the diagonal matrix of the spectral representation
of HtΣ

−
t H

T
t � 0, that is, HtΣ

−
t H

T
t = UtΛtU

T
t , Λt =

diag{λt,1, . . . , λt,p}, UtU T
t = I , U T

tUt = I , λt,1 ≥ λt,2 ≥
. . . ≥ λt,p, t = 0, . . . , n.
(b) The inequality in (14) holds with equality if and only if
the spectral representation of KVt � 0 is expressed w.r.t. the
same unitary matrix of HtΣ

−
t H

T
t � 0, for t = 0, . . . , n, i.e.,

KVt
= UtDKVt

U T
t , DKVt

= diag{σt,1, . . . , σt,p},
σt,1 ≥ σt,2 ≥ . . . ≥ σt,p, t = 0, . . . , n. (15)

Theorem 4 (below) states the following: If there exists
matrix-valued parameters (Ht,KVt

) ∈ Rp×p × Sp×p+ , t =

0, . . . , n, in the set QH,KV

[0,n] (D), such that X̂t|t = Yt −
a.s., t = 0, . . . , n, then the reproduction distribution satisfies
PYt|Y t−1,Xt

= PYt|Yt−1,Xt
, and hence the joint process

(Xn, Y n) that achieves Rna0,n(D) is Markov.

Theorem 4 (Rna0,n(D) of Gauss-Markov processes with total
MSE distortion). Consider the statement of Theorem 2.(a).
Then, if there exists (Ht,KVt) ∈ Rp×p×Sp×p+ , t = 0, . . . , n,
such that X̂t|t = Yt − a.s., t = 0, . . . , n then the joint
distribution of (Xn, Y n) is Markov, and it is induced by
the representation

Xt =At−1Xt−1 +Bt−1Wt, X0 = x, t = 1, . . . , n,

Yt =HtXt +
(
I −Ht

)
At−1Yt−1 + Vt, t = 1, . . . , n,

Y0 =H0X0 + V0.

and PYt|Y t−1,Xt = Q1(dyt|xt, yt−1).

Theorem 5 (below) establishes existence of the matrices
(Ht,KVt

) ∈ Rp×p × Sp×p+ , t = 0, . . . , n, such that X̂t|t =
Yt−a.s., t = 0, . . . , n holds, by constructing these matrices.

Theorem 5 (Preliminary characterization of Rna0,n(D) of
Gauss-Markov processes with total MSE distortion). The
following hold.
(a) Conditions (C1) and (C2) stated below are sufficient for
the equalities X̂t|t = Yt − a.s, t = 0, . . . , n to hold.

cov
(
Xt, Yt|Y t−1

){
cov

(
Yt, Yt|Y t−1

)}−1

= I, (C1)

EQ
1

µ

{
Xt

∣∣∣Y t−1
}

= EQ
1

µ

{
Yt

∣∣∣Y t−1
}
, t = 0, . . . , n. (C2)

Moreover, the representation of the reproduction process Y n,
with (Ht,KVt), t = 0, . . . , n, defined below, satisfies X̂t|t =
Yt − a.s., t = 0, . . . , n.

Yt =HtXt + (I −Ht)At−1Yt−1 + Vt, t = 1, . . . , n, (16)
Y0 =H0X0 + V0, (17)

where (Ht,KVt
), t = 0, . . . , n, are given by

Ht , I − Σt(Σ
−
t )−1 ∈ Rp×p, (18a)

KVt , ΣtH
T
t = Σt − Σt(Σ

−
t )−1Σt � 0, (18b)

for t = 0, . . . , n, and where

Σ−t
4
=At−1Σt−1A

T
t−1 +Bt−1KWt

BT
t−1, (19)

for t = 1, . . . , n and Σ−0 = KX0 .
(c) The characterization of the nonanticipative RDF is equiv-
alent to the following optimization problem:

Rna0,n(D) = inf
◦
Q

1

[0,n](D)

{1

2
log
{ |ΣX0 |
|Σ0|

}+

(20)

+
1

2

n∑

t=1

log
{ |At−1Σt−1A

T
t−1 +Bt−1KWt

BT
t−1|

|Σt|
}+}

.

where the constraint set
◦
Q

1

[0,n] (D) is characterized by

◦
Q

1

[0,n] (D)
4
=
{

Σt ∈ Sp×p+ , t = 0, . . . , n :

Σt � At−1Σt−1A
T
t−1 +Bt−1KWtB

T
t−1,

Σ0 � KX0
, t = 1, . . . , n,

1

n+ 1

n∑

t=0

tr(Σt) ≤ D
}
. (21)

Corollary 1 (Equivalent characterization of Rna0,n(D) of
Gauss-Markov processes with MSE distortion). Consider
the Gauss-Markov processes with total MSE distortion of
Theorem 5. Define Zt

4
= Xt − Yt, X̃t

4
= Xt − At−1Yt−1,

Ỹt
4
= Yt − At−1Yt−1, X̃0 = X0, Ỹ0 = Y0, for t = 1, . . . , n,

where EQ
1

µ

{
Xt

∣∣∣Y t−1
}

= EQ
1

µ

{
Yt

∣∣∣Y t−1
}

= At−1Yt−1.
(a) The representation of Theorem 5.(a) is equivalently
expressed as

Xt =Yt + Zt, t = 1, . . . , n, X0 = x0, (22)

Zt =
(
I −Ht

)
At−1Zt−1 +

(
I −Ht

)
Bt−1Wt − Vt, (23)

where Z0 = z0 = x0 − y0. Also,

Yt =HtAt−1Zt−1 +At−1Yt−1 +HtBt−1Wt + Vt, (24)
Y0 =H0X0 + V0, (25)



where Wt is independent of Zt−1 for t = 0, . . . , n and (18a)-
(18b) hold.
(b) Processes (X̃n, Ỹ n, Zn) satisfy the following recursions.

X̃t =At−1Zt−1 +Bt−1Wt, X̃0 = x̃0, t = 1, . . . , n, (26)

Ỹt =HtAt−1Zt−1 +HtBt−1Wt + Vt, t = 1, . . . , n, (27)

=HtX̃t + Vt, (28)

Ỹ0 =H0X̃0 + V0, (29)

where Zt satisfies (23), Wt is independent of Zt−1, and
(Ht,KVt), t = 0, . . . , n, are given by (18). Further, the pay-
off and average MSE of the characterization of nonanticipa-
tive RDF are equivalently expressed as

I(X0;Y0) +

n∑

t=1

I(Xt;Yt|Yt−1) = I(X̃0; Ỹ0) +

n∑

t=1

I(X̃t; Ỹt)

=
1

2
log
{ |KX0 |
|Σ0|

}+

(30)

+
1

2

n∑

t=1

log
{ |At−1Σt−1A

T
t−1 +Bt−1KWtB

T
t−1|

|Σt|
}+

,

and

EQ
1

µ

{
n∑

t=0

||Xt − Yt||2
}

= EQ
1

µ

{
n∑

t=0

||Zt||2
}

= EQ
1

µ

{
n∑

t=0

||X̃t − Ỹt||2
}

=

n∑

t=0

tr
(

Σt

)
, (31)

where At−1Σt−1A
T
t−1 + Bt−1KWtB

T
t−1 � Σt, t =

1, . . . , n,KX0 � Σ0.

Remark 1 (On Corollary 1). The translated realization in
(28) corresponds to the memoryless realization of Fig. 1
(left), while the pay-off and average distortions (30) and (31),
remain invariant with respect to the translation.
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<latexit sha1_base64="/j/wpinoikElJautbkjCyC9XomY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aL0VvHisaD+gDWWz3bZLN5uwOxFK6E/w4kERr/4ib/4bkzSIWh8MPN6bYWaeF0ph0LY/rcLK6tr6RnGztLW9s7tX3j9omyDSjLdYIAPd9ajhUijeQoGSd0PNqe9J3vGm16nfeeDaiEDd4yzkrk/HSowEo5hId90BDsoVu2pnIMvEyUkFcjQH5Y/+MGCRzxUySY3pOXaIbkw1Cib5vNSPDA8pm9Ix7yVUUZ8bN85OnZOTRBmSUaCTUkgy9edETH1jZr6XdPoUJ+avl4r/eb0IR3U3FiqMkCu2WDSKJMGApH+TodCcoZwlhDItklsJm1BNGSbplLIQrlJcfL+8TNpnVee8WrutVRr1PI4iHMExnIIDl9CAG2hCCxiM4RGe4cWS1pP1ar0tWgtWPnMIv2C9fwFWlI3x</latexit>

+
<latexit sha1_base64="F6PzX5RJdaTqfbTHq3FRAJfebY8=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiReut4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9eb3qR+9wGkYqG407MI3ICMBfMZJdpIrbNhuWJX7Qx4mTg5qaAczWH5YzAKaRyA0JQTpfqOHWk3IVIzymFeGsQKIkKnZAx9QwUJQLlJdugcnxhlhP1QmhIaZ+rPiYQESs0Cz3QGRE/UXy8V//P6sfbrbsJEFGsQdLHIjznWIU6/xiMmgWo+M4RQycytmE6IJFSbbEpZCNcpLr9fXiad86pzUa21apVGPY+jiI7QMTpFDrpCDXSLmqiNKAL0iJ7Ri3VvPVmv1tuitWDlM4foF6z3L4edjN0=</latexit>

�<latexit sha1_base64="XQ2T9GVLzi+opmM5DguVjIlZ0gY=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBiyXRovVW8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuEmDqPXBwOO9GWbmeRFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGkkKbhjyUPY8o4ExAWzPNoRdJIIHHoetNb1K/+wBSsVDc6VkEbkDGgvmMEm2k1tmwXLGrdga8TJycVFCO5rD8MRiFNA5AaMqJUn3HjrSbEKkZ5TAvDWIFEaFTMoa+oYIEoNwkO3SOT4wywn4oTQmNM/XnREICpWaBZzoDoifqr5eK/3n9WPt1N2EiijUIuljkxxzrEKdf4xGTQDWfGUKoZOZWTCdEEqpNNqUshOsUl98vL5POedW5qNZatUqjnsdRREfoGJ0iB12hBrpFTdRGFAF6RM/oxbq3nqxX623RWrDymUP0C9b7F4qljN8=</latexit>

X̃t<latexit sha1_base64="UT21Xsn7MsXaWhUyD9oIUh6Jeqc=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE8lUSL1lvBi8cK9gPSUDabTbt0sxt2J0IJ/RlePCji1V/jzX/jJg2i1gcDj/dmmJkXJJxpcJxPa2V1bX1js7JV3d7Z3duvHRz2tEwVoV0iuVSDAGvKmaBdYMDpIFEUxwGn/WB6k/v9B6o0k+IeZgn1YzwWLGIEg5G8ITAe0mwwH8GoVncaTgF7mbglqaMSnVHtYxhKksZUAOFYa891EvAzrIARTufVYappgskUj6lnqMAx1X5WnDy3T40S2pFUpgTYhfpzIsOx1rM4MJ0xhon+6+Xif56XQtTyMyaSFKggi0VRym2Qdv6/HTJFCfCZIZgoZm61yQQrTMCkVC1CuM5x+f3yMumdN9yLRvOuWW+3yjgq6BidoDPkoivURreog7qIIIke0TN6scB6sl6tt0XrilXOHKFfsN6/ALp1kac=</latexit>

X
<latexit sha1_base64="RJkRrFM49Mqflt5Ir2P9q5MJHe4=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFclUSL1l3BjcsK9gFtKJPppB06jzAzEUroL7hxoYhbf8idf2OSBlHrgQuHc+7l3nuCiDNjXffTWVldW9/YLG2Vt3d29/YrB4cdo2JNaJsornQvwIZyJmnbMstpL9IUi4DTbjC9yfzuA9WGKXlvZxH1BR5LFjKCbSYNTCyGlapbc3OgZeIVpAoFWsPKx2CkSCyotIRjY/qeG1k/wdoywum8PIgNjTCZ4jHtp1RiQY2f5LfO0WmqjFCodFrSolz9OZFgYcxMBGmnwHZi/nqZ+J/Xj23Y8BMmo9hSSRaLwpgjq1D2OBoxTYnls5Rgoll6KyITrDGxaTzlPITrDJffLy+TznnNu6jV7+rVZqOIowTHcAJn4MEVNOEWWtAGAhN4hGd4cYTz5Lw6b4vWFaeYOYJfcN6/AEgDjoE=</latexit>

At�1Yt�1
<latexit sha1_base64="rzlnXCxPhtK1oSCTOgHdNoQvN6k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxjKjReuu4sZlBfuQdiyZNG1DM5khyShl6H+4caGIW//FnX9jZjqIWg9c7uGce8nN8ULOlLbtTyu3sLi0vJJfLaytb2xuFbd3miqIJKENEvBAtj2sKGeCNjTTnLZDSbHvcdryxpeJ37qnUrFA3OhJSF0fDwUbMIK1ke4uerE+cqa3s9YrluyynQLNEycjJchQ7xU/uv2ARD4VmnCsVMexQ+3GWGpGOJ0WupGiISZjPKQdQwX2qXLj9OopOjBKHw0CaUpolKo/N2LsKzXxPTPpYz1Sf71E/M/rRHpQdWMmwkhTQWYPDSKOdICSCFCfSUo0nxiCiWTmVkRGWGKiTVCFNITzBKffX54nzeOyc1KuXFdKtWoWRx72YB8OwYEzqMEV1KEBBCQ8wjO8WA/Wk/Vqvc1Gc1a2swu/YL1/Aby2kiA=</latexit>

+
<latexit sha1_base64="F6PzX5RJdaTqfbTHq3FRAJfebY8=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiReut4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9eb3qR+9wGkYqG407MI3ICMBfMZJdpIrbNhuWJX7Qx4mTg5qaAczWH5YzAKaRyA0JQTpfqOHWk3IVIzymFeGsQKIkKnZAx9QwUJQLlJdugcnxhlhP1QmhIaZ+rPiYQESs0Cz3QGRE/UXy8V//P6sfbrbsJEFGsQdLHIjznWIU6/xiMmgWo+M4RQycytmE6IJFSbbEpZCNcpLr9fXiad86pzUa21apVGPY+jiI7QMTpFDrpCDXSLmqiNKAL0iJ7Ri3VvPVmv1tuitWDlM4foF6z3L4edjN0=</latexit>

Ỹt<latexit sha1_base64="hF9BlMIYdbzx4ggO5plI8a4Uj3A=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0m1aL0VvHisYD8kDWWz2bRLN5uwOxFK6M/w4kERr/4ab/4bN2kQtT4YeLw3w8w8LxZcg21/WqWV1bX1jfJmZWt7Z3evun/Q01GiKOvSSERq4BHNBJesCxwEG8SKkdATrO9NrzO//8CU5pG8g1nM3JCMJQ84JWAkZwhc+Cy9n49gVK3ZdTsHXiaNgtRQgc6o+jH0I5qETAIVRGunYcfgpkQBp4LNK8NEs5jQKRkzx1BJQqbdND95jk+M4uMgUqYk4Fz9OZGSUOtZ6JnOkMBE//Uy8T/PSSBouSmXcQJM0sWiIBEYIpz9j32uGAUxM4RQxc2tmE6IIhRMSpU8hKsMF98vL5PeWb1xXm/eNmvtVhFHGR2hY3SKGugStdEN6qAuoihCj+gZvVhgPVmv1tuitWQVM4foF6z3L7v8kag=</latexit>

Yt
<latexit sha1_base64="eKwzlC6qCdHz7jhE5S+A0sreU8s=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0m0aL0VvHisYNpKG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btIgan0w8Hhvhpl5fiy4Btv+tEorq2vrG+XNytb2zu5edf+go6NEUebSSESq5xPNBJfMBQ6C9WLFSOgL1vWn15nffWBK80jewSxmXkjGkgecEjCSm97PhzCs1uy6nQMvE6cgNVSgPax+DEYRTUImgQqidd+xY/BSooBTweaVQaJZTOiUjFnfUElCpr00P3aOT4wywkGkTEnAufpzIiWh1rPQN50hgYn+62Xif14/gaDppVzGCTBJF4uCRGCIcPY5HnHFKIiZIYQqbm7FdEIUoWDyqeQhXGW4+H55mXTO6s55vXHbqLWaRRxldISO0Sly0CVqoRvURi6iiKNH9IxeLGk9Wa/W26K1ZBUzh+gXrPcvHSmO/g==</latexit>

+
<latexit sha1_base64="F6PzX5RJdaTqfbTHq3FRAJfebY8=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiReut4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9eb3qR+9wGkYqG407MI3ICMBfMZJdpIrbNhuWJX7Qx4mTg5qaAczWH5YzAKaRyA0JQTpfqOHWk3IVIzymFeGsQKIkKnZAx9QwUJQLlJdugcnxhlhP1QmhIaZ+rPiYQESs0Cz3QGRE/UXy8V//P6sfbrbsJEFGsQdLHIjznWIU6/xiMmgWo+M4RQycytmE6IJFSbbEpZCNcpLr9fXiad86pzUa21apVGPY+jiI7QMTpFDrpCDXSLmqiNKAL0iJ7Ri3VvPVmv1tuitWDlM4foF6z3L4edjN0=</latexit>

X
<latexit sha1_base64="RJkRrFM49Mqflt5Ir2P9q5MJHe4=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFclUSL1l3BjcsK9gFtKJPppB06jzAzEUroL7hxoYhbf8idf2OSBlHrgQuHc+7l3nuCiDNjXffTWVldW9/YLG2Vt3d29/YrB4cdo2JNaJsornQvwIZyJmnbMstpL9IUi4DTbjC9yfzuA9WGKXlvZxH1BR5LFjKCbSYNTCyGlapbc3OgZeIVpAoFWsPKx2CkSCyotIRjY/qeG1k/wdoywum8PIgNjTCZ4jHtp1RiQY2f5LfO0WmqjFCodFrSolz9OZFgYcxMBGmnwHZi/nqZ+J/Xj23Y8BMmo9hSSRaLwpgjq1D2OBoxTYnls5Rgoll6KyITrDGxaTzlPITrDJffLy+TznnNu6jV7+rVZqOIowTHcAJn4MEVNOEWWtAGAhN4hGd4cYTz5Lw6b4vWFaeYOYJfcN6/AEgDjoE=</latexit>

+
<latexit sha1_base64="jdxdPmfJtERvSKDbaa7Gb+Tek08=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARBCBMNLreAF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YMxlEjQ8KHu9VUVXPjQRX2rY/raXlldW19cJGcXNre2e3tLffVmEsGbZYKELZdalCwQNsaa4FdiOJ1HcFdtzJTep3HlAqHgZ3ehqh49NRwD3OqDZS83RQKtsVOwNZJNWclCFHY1D66A9DFvsYaCaoUr2qHWknoVJzJnBW7McKI8omdIQ9QwPqo3KS7NAZOTbKkHihNBVokqk/JxLqKzX1XdPpUz1Wf71U/M/rxdq7chIeRLHGgM0XebEgOiTp12TIJTItpoZQJrm5lbAxlZRpk00xC+E6xcX3y4ukfVapnldqzVq5XsvjKMAhHMEJVOES6nALDWgBA4RHeIYX6956sl6tt3nrkpXPHMAvWO9fhmmM2Q==</latexit>

+
<latexit sha1_base64="jdxdPmfJtERvSKDbaa7Gb+Tek08=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARBCBMNLreAF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YMxlEjQ8KHu9VUVXPjQRX2rY/raXlldW19cJGcXNre2e3tLffVmEsGbZYKELZdalCwQNsaa4FdiOJ1HcFdtzJTep3HlAqHgZ3ehqh49NRwD3OqDZS83RQKtsVOwNZJNWclCFHY1D66A9DFvsYaCaoUr2qHWknoVJzJnBW7McKI8omdIQ9QwPqo3KS7NAZOTbKkHihNBVokqk/JxLqKzX1XdPpUz1Wf71U/M/rxdq7chIeRLHGgM0XebEgOiTp12TIJTItpoZQJrm5lbAxlZRpk00xC+E6xcX3y4ukfVapnldqzVq5XsvjKMAhHMEJVOES6nALDWgBA4RHeIYX6956sl6tt3nrkpXPHMAvWO9fhmmM2Q==</latexit>

z�1
<latexit sha1_base64="gbamVtRvJDtfCG53CGjqbTE4488=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgxpJo8bEruHFZwT6gjWUynbRjJ5kwMxFq6D+4caGIW//HnX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LSViSWiTCC5kx8OKchbSpmaa004kKQ48Ttve+DL12/dUKibCGz2JqBvgYch8RrA2UuvhNjlypv1yxa7aGdA8cXJSgRyNfvmjNxAkDmioCcdKdR070m6CpWaE02mpFysaYTLGQ9o1NMQBVW6SXTtFB0YZIF9IU6FGmfpzIsGBUpPAM50B1iP110vF/7xurP1zN2FhFGsaktkiP+ZIC5S+jgZMUqL5xBBMJDO3IjLCEhNtAiplIVykOP1+eZ60jqvOSbV2XavUa3kcRdiDfTgEB86gDlfQgCYQuINHeIYXS1hP1qv1NmstWPnMLvyC9f4FUY+PDg==</latexit>

At�1
<latexit sha1_base64="06WX3PJUn+D5X4GBRKhwOH/hEtg=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBG8WBItWm8VLx4r2A9oQ9lst+3SzSbsToQS+iO8eFDEq7/Hm//GTRpErQ8GHu/NMDPPjwTX6Dif1tLyyuraemGjuLm1vbNb2ttv6TBWlDVpKELV8YlmgkvWRI6CdSLFSOAL1vYnN6nffmBK81De4zRiXkBGkg85JWik9nU/wVN31i+VnYqTwV4kbk7KkKPRL330BiGNAyaRCqJ113Ui9BKikFPBZsVerFlE6ISMWNdQSQKmvSQ7d2YfG2VgD0NlSqKdqT8nEhJoPQ180xkQHOu/Xir+53VjHNa8hMsoRibpfNEwFjaGdvq7PeCKURRTQwhV3Nxq0zFRhKJJqJiFcJXi4vvlRdI6q7jnlepdtVyv5XEU4BCO4ARcuIQ63EIDmkBhAo/wDC9WZD1Zr9bbvHXJymcO4Bes9y/T/49Y</latexit>

Ht

<latexit sha1_base64="1UpgxzyGiO3BC3RaIKzW/2F4FDs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoHgqeOmxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt9NAY4KBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddK+qnq1au2+Vqnf5nEU4QzO4RI8uIY6NKAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMn+o2y</latexit>

Vt

<latexit sha1_base64="TmOoL8PNI/sYu1u48qpN/57OGQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUPFU8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5Hbud564NiJWjzhNuB/RkRKhYBSt9NAe4KBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddK+qnq1au2+Vmnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QM9To3A</latexit>

Xt
<latexit sha1_base64="/j/wpinoikElJautbkjCyC9XomY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aL0VvHisaD+gDWWz3bZLN5uwOxFK6E/w4kERr/4ib/4bkzSIWh8MPN6bYWaeF0ph0LY/rcLK6tr6RnGztLW9s7tX3j9omyDSjLdYIAPd9ajhUijeQoGSd0PNqe9J3vGm16nfeeDaiEDd4yzkrk/HSowEo5hId90BDsoVu2pnIMvEyUkFcjQH5Y/+MGCRzxUySY3pOXaIbkw1Cib5vNSPDA8pm9Ix7yVUUZ8bN85OnZOTRBmSUaCTUkgy9edETH1jZr6XdPoUJ+avl4r/eb0IR3U3FiqMkCu2WDSKJMGApH+TodCcoZwlhDItklsJm1BNGSbplLIQrlJcfL+8TNpnVee8WrutVRr1PI4iHMExnIIDl9CAG2hCCxiM4RGe4cWS1pP1ar0tWgtWPnMIv2C9fwFWlI3x</latexit>

X
<latexit sha1_base64="RJkRrFM49Mqflt5Ir2P9q5MJHe4=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFclUSL1l3BjcsK9gFtKJPppB06jzAzEUroL7hxoYhbf8idf2OSBlHrgQuHc+7l3nuCiDNjXffTWVldW9/YLG2Vt3d29/YrB4cdo2JNaJsornQvwIZyJmnbMstpL9IUi4DTbjC9yfzuA9WGKXlvZxH1BR5LFjKCbSYNTCyGlapbc3OgZeIVpAoFWsPKx2CkSCyotIRjY/qeG1k/wdoywum8PIgNjTCZ4jHtp1RiQY2f5LfO0WmqjFCodFrSolz9OZFgYcxMBGmnwHZi/nqZ+J/Xj23Y8BMmo9hSSRaLwpgjq1D2OBoxTYnls5Rgoll6KyITrDGxaTzlPITrDJffLy+TznnNu6jV7+rVZqOIowTHcAJn4MEVNOEWWtAGAhN4hGd4cYTz5Lw6b4vWFaeYOYJfcN6/AEgDjoE=</latexit>

+
<latexit sha1_base64="F6PzX5RJdaTqfbTHq3FRAJfebY8=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiReut4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9eb3qR+9wGkYqG407MI3ICMBfMZJdpIrbNhuWJX7Qx4mTg5qaAczWH5YzAKaRyA0JQTpfqOHWk3IVIzymFeGsQKIkKnZAx9QwUJQLlJdugcnxhlhP1QmhIaZ+rPiYQESs0Cz3QGRE/UXy8V//P6sfbrbsJEFGsQdLHIjznWIU6/xiMmgWo+M4RQycytmE6IJFSbbEpZCNcpLr9fXiad86pzUa21apVGPY+jiI7QMTpFDrpCDXSLmqiNKAL0iJ7Ri3VvPVmv1tuitWDlM4foF6z3L4edjN0=</latexit>

Yt
<latexit sha1_base64="eKwzlC6qCdHz7jhE5S+A0sreU8s=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0m0aL0VvHisYNpKG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btIgan0w8Hhvhpl5fiy4Btv+tEorq2vrG+XNytb2zu5edf+go6NEUebSSESq5xPNBJfMBQ6C9WLFSOgL1vWn15nffWBK80jewSxmXkjGkgecEjCSm97PhzCs1uy6nQMvE6cgNVSgPax+DEYRTUImgQqidd+xY/BSooBTweaVQaJZTOiUjFnfUElCpr00P3aOT4wywkGkTEnAufpzIiWh1rPQN50hgYn+62Xif14/gaDppVzGCTBJF4uCRGCIcPY5HnHFKIiZIYQqbm7FdEIUoWDyqeQhXGW4+H55mXTO6s55vXHbqLWaRRxldISO0Sly0CVqoRvURi6iiKNH9IxeLGk9Wa/W26K1ZBUzh+gXrPcvHSmO/g==</latexit>

+
<latexit sha1_base64="F6PzX5RJdaTqfbTHq3FRAJfebY8=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiReut4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9eb3qR+9wGkYqG407MI3ICMBfMZJdpIrbNhuWJX7Qx4mTg5qaAczWH5YzAKaRyA0JQTpfqOHWk3IVIzymFeGsQKIkKnZAx9QwUJQLlJdugcnxhlhP1QmhIaZ+rPiYQESs0Cz3QGRE/UXy8V//P6sfbrbsJEFGsQdLHIjznWIU6/xiMmgWo+M4RQycytmE6IJFSbbEpZCNcpLr9fXiad86pzUa21apVGPY+jiI7QMTpFDrpCDXSLmqiNKAL0iJ7Ri3VvPVmv1tuitWDlM4foF6z3L4edjN0=</latexit>

X
<latexit sha1_base64="RJkRrFM49Mqflt5Ir2P9q5MJHe4=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFclUSL1l3BjcsK9gFtKJPppB06jzAzEUroL7hxoYhbf8idf2OSBlHrgQuHc+7l3nuCiDNjXffTWVldW9/YLG2Vt3d29/YrB4cdo2JNaJsornQvwIZyJmnbMstpL9IUi4DTbjC9yfzuA9WGKXlvZxH1BR5LFjKCbSYNTCyGlapbc3OgZeIVpAoFWsPKx2CkSCyotIRjY/qeG1k/wdoywum8PIgNjTCZ4jHtp1RiQY2f5LfO0WmqjFCodFrSolz9OZFgYcxMBGmnwHZi/nqZ+J/Xj23Y8BMmo9hSSRaLwpgjq1D2OBoxTYnls5Rgoll6KyITrDGxaTzlPITrDJffLy+TznnNu6jV7+rVZqOIowTHcAJn4MEVNOEWWtAGAhN4hGd4cYTz5Lw6b4vWFaeYOYJfcN6/AEgDjoE=</latexit>

+
<latexit sha1_base64="jdxdPmfJtERvSKDbaa7Gb+Tek08=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARBCBMNLreAF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YMxlEjQ8KHu9VUVXPjQRX2rY/raXlldW19cJGcXNre2e3tLffVmEsGbZYKELZdalCwQNsaa4FdiOJ1HcFdtzJTep3HlAqHgZ3ehqh49NRwD3OqDZS83RQKtsVOwNZJNWclCFHY1D66A9DFvsYaCaoUr2qHWknoVJzJnBW7McKI8omdIQ9QwPqo3KS7NAZOTbKkHihNBVokqk/JxLqKzX1XdPpUz1Wf71U/M/rxdq7chIeRLHGgM0XebEgOiTp12TIJTItpoZQJrm5lbAxlZRpk00xC+E6xcX3y4ukfVapnldqzVq5XsvjKMAhHMEJVOES6nALDWgBA4RHeIYX6956sl6tt3nrkpXPHMAvWO9fhmmM2Q==</latexit>

+
<latexit sha1_base64="jdxdPmfJtERvSKDbaa7Gb+Tek08=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARBCBMNLreAF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YMxlEjQ8KHu9VUVXPjQRX2rY/raXlldW19cJGcXNre2e3tLffVmEsGbZYKELZdalCwQNsaa4FdiOJ1HcFdtzJTep3HlAqHgZ3ehqh49NRwD3OqDZS83RQKtsVOwNZJNWclCFHY1D66A9DFvsYaCaoUr2qHWknoVJzJnBW7McKI8omdIQ9QwPqo3KS7NAZOTbKkHihNBVokqk/JxLqKzX1XdPpUz1Wf71U/M/rxdq7chIeRLHGgM0XebEgOiTp12TIJTItpoZQJrm5lbAxlZRpk00xC+E6xcX3y4ukfVapnldqzVq5XsvjKMAhHMEJVOES6nALDWgBA4RHeIYX6956sl6tt3nrkpXPHMAvWO9fhmmM2Q==</latexit>

z�1
<latexit sha1_base64="gbamVtRvJDtfCG53CGjqbTE4488=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgxpJo8bEruHFZwT6gjWUynbRjJ5kwMxFq6D+4caGIW//HnX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LSViSWiTCC5kx8OKchbSpmaa004kKQ48Ttve+DL12/dUKibCGz2JqBvgYch8RrA2UuvhNjlypv1yxa7aGdA8cXJSgRyNfvmjNxAkDmioCcdKdR070m6CpWaE02mpFysaYTLGQ9o1NMQBVW6SXTtFB0YZIF9IU6FGmfpzIsGBUpPAM50B1iP110vF/7xurP1zN2FhFGsaktkiP+ZIC5S+jgZMUqL5xBBMJDO3IjLCEhNtAiplIVykOP1+eZ60jqvOSbV2XavUa3kcRdiDfTgEB86gDlfQgCYQuINHeIYXS1hP1qv1NmstWPnMLvyC9f4FUY+PDg==</latexit>

Ht

<latexit sha1_base64="1UpgxzyGiO3BC3RaIKzW/2F4FDs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoHgqeOmxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt9NAY4KBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddK+qnq1au2+Vqnf5nEU4QzO4RI8uIY6NKAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMn+o2y</latexit>

Vt

<latexit sha1_base64="TmOoL8PNI/sYu1u48qpN/57OGQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUPFU8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5Hbud564NiJWjzhNuB/RkRKhYBSt9NAe4KBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddK+qnq1au2+Vmnc5HEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QM9To3A</latexit>

(I � Ht)At�1

<latexit sha1_base64="fh9+V/cY+8/RZBpXldrK28Q4Qco=">AAAB9XicbVBNS8NAEN34WetX1aOXxSLUQ0siBcVTxUu9VbAf0Maw2W7apZtN2J0oJfR/ePGgiFf/izf/jds2B219MPB4b4aZeX4suAbb/rZWVtfWNzZzW/ntnd29/cLBYUtHiaKsSSMRqY5PNBNcsiZwEKwTK0ZCX7C2P7qZ+u1HpjSP5D2MY+aGZCB5wCkBIz2Ubst1D86uvRTKzsQrFO2KPQNeJk5GiihDwyt89foRTUImgQqiddexY3BTooBTwSb5XqJZTOiIDFjXUElCpt10dvUEnxqlj4NImZKAZ+rviZSEWo9D33SGBIZ60ZuK/3ndBIJLN+UyToBJOl8UJAJDhKcR4D5XjIIYG0Ko4uZWTIdEEQomqLwJwVl8eZm0zitOtVK9qxZrV1kcOXSMTlAJOegC1VAdNVATUaTQM3pFb9aT9WK9Wx/z1hUrmzlCf2B9/gCtjJFR</latexit>

(I � Ht)At�1Yt�1

<latexit sha1_base64="sBf65AUjOfSMOJ9MKqxTa6ufvWg=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEumiZkYLiquKm7irYh7TDkEkzbWjmQXJHKEPBX3HjQhG3foc7/8a0nYW2Hrjcwzn3kpvjxYIrsKxvI7eyura+kd8sbG3v7O6Z+wctFSWSsiaNRCQ7HlFM8JA1gYNgnVgyEniCtb3RzdRvPzKpeBTewzhmTkAGIfc5JaAl1zwq3ZbrLpxduymU7cnDvLlm0apYM+BlYmekiDI0XPOr149oErAQqCBKdW0rBiclEjgVbFLoJYrFhI7IgHU1DUnAlJPOzp/gU630sR9JXSHgmfp7IyWBUuPA05MBgaFa9Kbif143Af/SSXkYJ8BCOn/ITwSGCE+zwH0uGQUx1oRQyfWtmA6JJBR0YgUdgr345WXSOq/Y1Ur1rlqsXWVx5NExOkElZKMLVEN11EBNRFGKntErejOejBfj3fiYj+aMbOcQ/YHx+QMcUZRK</latexit>

Fig. 1: Equivalent Realizations-Block diagrams of two realizations
for multivariate Gaussian sources with feedback (top) and without
feedback (bottom). The realization with feedback is coming from
(26)-(28), while the one without feedback from (16).

The next lemma is preliminary to a subsequent main
theorem, on the structural properties of the realization

matrices Σ−t ,Σt, Ht,KVt
, t = 0, . . . , n, of Theorem 5. It

identifies sufficient conditions such that the lower bound of
Theorem 3 holds (i.e., Hadamard’s inequality holds with
equality), which then implies Ht = HT

t , hence Ht ∈
Sp×p+ , i.e., it is symmetric and nonnegative definite, and that
Σ−t ,Σt, Ht,KVt

have spectral decomposition w.r.t. the same
unitary matrix UtU T

t = I , for t = 0, . . . , n.

Lemma 1 (Preliminary structural properties of realization of
Theorem 5). Consider the optimal reproduction distribution,
and its realization given in Theorem 5. Suppose Σ−t ∈ Sp×p+

defined by (19) and Σt ∈ Sp×p+ commute, that is,

Σ−t Σt = ΣtΣ
−
t , t = 0, . . . , n, (32)

where Σ−t
4
= At−1Σt−1A

T
t−1 + Bt−1KWt

BT
t−1, t =

1, . . . , n,Σ−0 = KX0
. Then, Ht , I − Σt(Σ

−
t )−1 =

HT
t ∈ Sp×p+ , KVt = ΣtH

T
t = ΣtHt = KT

Vt
∈ Sp×p+ ,

t = 0, . . . , n, that is, Ht is also a symmetric positive semi-
definite matrix, and moreover {Σt,Σ−t , Ht,KVt

} have the
same spectral decomposition w.r.t. the same unitary matrix
UtU

T
t = I, U T

tUt = I , for t = 0, . . . , n. Moreover, (32) is a
sufficient condition for (15) to hold, and for the inequality
in (14) to hold with equality.

With the aid of Lemma 1, we identify sufficient conditions
for Hadamard’s inequality of Theorem 3 to hold with equal-
ity, and to establish the fundamental structural properties
of the optimal realization coefficients {Ht,KVt

,Σt,Σ
−
t }, as

stated in the next theorem. Thus, we complete characteriza-
tion of the nonanticipative RDF Rna0,n(D).

Theorem 6 (Complete characterization of R0,n(D)). Con-
sider the Gauss-Markov process Xn , {X0, . . . , Xn} of
Definition 1.(b), and a total square-error distortion function
d0,n(xn, yn)

4
=
∑n
t=0 ||Xt − Yt||2. Assume Rna0,n(D) ∈

[0,∞) for D ∈ [0, Dmax) ⊆ [0,∞). Then, the following
hold.
(a) The RDF Rna0,n(D) is completely characterized by

Rna0,n(D) = inf
∆0,...,∆n:

∑n
t=0 tr

(
∆t

)
≤D

1

2

n∑

t=0

log
|Λt|
|∆t|

, (33)

where

Σ−t = At−1Σt−1A
T
t−1 +Bt−1KWt

BT
t−1

= UtΛtU
T
t , Λt = diag {λt,1, . . . , λt,p} (34)

Σt = Ut∆tU
T
t , ∆t = diag {δt,1, . . . , δt,p}. (35)

(b) Let (Ht,KVt
,∆∗t ), t = 0, . . . , n denote the optimal

values of Rna0,n(D) of part (a). Then, the realization Y n =
Y ∗,n given below achieves Rna0,n(D).

Y ∗t =H∗tXt + (I −H∗t )At−1Y
∗
t−1 + V ∗t , t = 1, . . . , n,

Y ∗0 =H∗0X0 + V ∗0 ,

where (H∗t ,KV ∗
t

), t = 0, . . . , n are given by

H∗t ,I − Σ∗t (Σ
∗,−
t )−1 = H∗,T, (36)

KV ∗
t
,Σ∗tH

∗,
t

T � 0, t = 0, . . . , n, (37)

Σ∗,−t ,At−1Σ∗t−1A
T
t−1 +Bt−1KWt

BT
t−1, (38)



for t = 1, . . . , n, Σ∗,−0 = KX0
and where the following the

property holds: {Σ∗t ,Σ∗,−t , H∗t ,KV ∗
t
} have the same spectral

decomposition w.r.t. the same unitary matrix U∗t U
∗,
t

T
=

I, U∗,t
T
U∗t = I .

(c) The optimal Y ∗,n that achieves R0,n(D) is realized by
parallel channels. For the case for which there is feedback,
the realization is shown in Fig. 2.

X
<latexit sha1_base64="RJkRrFM49Mqflt5Ir2P9q5MJHe4=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFclUSL1l3BjcsK9gFtKJPppB06jzAzEUroL7hxoYhbf8idf2OSBlHrgQuHc+7l3nuCiDNjXffTWVldW9/YLG2Vt3d29/YrB4cdo2JNaJsornQvwIZyJmnbMstpL9IUi4DTbjC9yfzuA9WGKXlvZxH1BR5LFjKCbSYNTCyGlapbc3OgZeIVpAoFWsPKx2CkSCyotIRjY/qeG1k/wdoywum8PIgNjTCZ4jHtp1RiQY2f5LfO0WmqjFCodFrSolz9OZFgYcxMBGmnwHZi/nqZ+J/Xj23Y8BMmo9hSSRaLwpgjq1D2OBoxTYnls5Rgoll6KyITrDGxaTzlPITrDJffLy+TznnNu6jV7+rVZqOIowTHcAJn4MEVNOEWWtAGAhN4hGd4cYTz5Lw6b4vWFaeYOYJfcN6/AEgDjoE=</latexit>

At�1Yt�1
<latexit sha1_base64="rzlnXCxPhtK1oSCTOgHdNoQvN6k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxjKjReuu4sZlBfuQdiyZNG1DM5khyShl6H+4caGIW//FnX9jZjqIWg9c7uGce8nN8ULOlLbtTyu3sLi0vJJfLaytb2xuFbd3miqIJKENEvBAtj2sKGeCNjTTnLZDSbHvcdryxpeJ37qnUrFA3OhJSF0fDwUbMIK1ke4uerE+cqa3s9YrluyynQLNEycjJchQ7xU/uv2ARD4VmnCsVMexQ+3GWGpGOJ0WupGiISZjPKQdQwX2qXLj9OopOjBKHw0CaUpolKo/N2LsKzXxPTPpYz1Sf71E/M/rRHpQdWMmwkhTQWYPDSKOdICSCFCfSUo0nxiCiWTmVkRGWGKiTVCFNITzBKffX54nzeOyc1KuXFdKtWoWRx72YB8OwYEzqMEV1KEBBCQ8wjO8WA/Wk/Vqvc1Gc1a2swu/YL1/Aby2kiA=</latexit>

Xt
<latexit sha1_base64="/j/wpinoikElJautbkjCyC9XomY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aL0VvHisaD+gDWWz3bZLN5uwOxFK6E/w4kERr/4ib/4bkzSIWh8MPN6bYWaeF0ph0LY/rcLK6tr6RnGztLW9s7tX3j9omyDSjLdYIAPd9ajhUijeQoGSd0PNqe9J3vGm16nfeeDaiEDd4yzkrk/HSowEo5hId90BDsoVu2pnIMvEyUkFcjQH5Y/+MGCRzxUySY3pOXaIbkw1Cib5vNSPDA8pm9Ix7yVUUZ8bN85OnZOTRBmSUaCTUkgy9edETH1jZr6XdPoUJ+avl4r/eb0IR3U3FiqMkCu2WDSKJMGApH+TodCcoZwlhDItklsJm1BNGSbplLIQrlJcfL+8TNpnVee8WrutVRr1PI4iHMExnIIDl9CAG2hCCxiM4RGe4cWS1pP1ar0tWgtWPnMIv2C9fwFWlI3x</latexit>

+
<latexit sha1_base64="F6PzX5RJdaTqfbTHq3FRAJfebY8=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiReut4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9eb3qR+9wGkYqG407MI3ICMBfMZJdpIrbNhuWJX7Qx4mTg5qaAczWH5YzAKaRyA0JQTpfqOHWk3IVIzymFeGsQKIkKnZAx9QwUJQLlJdugcnxhlhP1QmhIaZ+rPiYQESs0Cz3QGRE/UXy8V//P6sfbrbsJEFGsQdLHIjznWIU6/xiMmgWo+M4RQycytmE6IJFSbbEpZCNcpLr9fXiad86pzUa21apVGPY+jiI7QMTpFDrpCDXSLmqiNKAL0iJ7Ri3VvPVmv1tuitWDlM4foF6z3L4edjN0=</latexit>

�<latexit sha1_base64="XQ2T9GVLzi+opmM5DguVjIlZ0gY=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBiyXRovVW8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuEmDqPXBwOO9GWbmeRFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGkkKbhjyUPY8o4ExAWzPNoRdJIIHHoetNb1K/+wBSsVDc6VkEbkDGgvmMEm2k1tmwXLGrdga8TJycVFCO5rD8MRiFNA5AaMqJUn3HjrSbEKkZ5TAvDWIFEaFTMoa+oYIEoNwkO3SOT4wywn4oTQmNM/XnREICpWaBZzoDoifqr5eK/3n9WPt1N2EiijUIuljkxxzrEKdf4xGTQDWfGUKoZOZWTCdEEqpNNqUshOsUl98vL5POedW5qNZatUqjnsdRREfoGJ0iB12hBrpFTdRGFAF6RM/oxbq3nqxX623RWrDymUP0C9b7F4qljN8=</latexit>

X̃t<latexit sha1_base64="UT21Xsn7MsXaWhUyD9oIUh6Jeqc=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE8lUSL1lvBi8cK9gPSUDabTbt0sxt2J0IJ/RlePCji1V/jzX/jJg2i1gcDj/dmmJkXJJxpcJxPa2V1bX1js7JV3d7Z3duvHRz2tEwVoV0iuVSDAGvKmaBdYMDpIFEUxwGn/WB6k/v9B6o0k+IeZgn1YzwWLGIEg5G8ITAe0mwwH8GoVncaTgF7mbglqaMSnVHtYxhKksZUAOFYa891EvAzrIARTufVYappgskUj6lnqMAx1X5WnDy3T40S2pFUpgTYhfpzIsOx1rM4MJ0xhon+6+Xif56XQtTyMyaSFKggi0VRym2Qdv6/HTJFCfCZIZgoZm61yQQrTMCkVC1CuM5x+f3yMumdN9yLRvOuWW+3yjgq6BidoDPkoivURreog7qIIIke0TN6scB6sl6tt0XrilXOHKFfsN6/ALp1kac=</latexit>

X
<latexit sha1_base64="RJkRrFM49Mqflt5Ir2P9q5MJHe4=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFclUSL1l3BjcsK9gFtKJPppB06jzAzEUroL7hxoYhbf8idf2OSBlHrgQuHc+7l3nuCiDNjXffTWVldW9/YLG2Vt3d29/YrB4cdo2JNaJsornQvwIZyJmnbMstpL9IUi4DTbjC9yfzuA9WGKXlvZxH1BR5LFjKCbSYNTCyGlapbc3OgZeIVpAoFWsPKx2CkSCyotIRjY/qeG1k/wdoywum8PIgNjTCZ4jHtp1RiQY2f5LfO0WmqjFCodFrSolz9OZFgYcxMBGmnwHZi/nqZ+J/Xj23Y8BMmo9hSSRaLwpgjq1D2OBoxTYnls5Rgoll6KyITrDGxaTzlPITrDJffLy+TznnNu6jV7+rVZqOIowTHcAJn4MEVNOEWWtAGAhN4hGd4cYTz5Lw6b4vWFaeYOYJfcN6/AEgDjoE=</latexit>

At�1Yt�1
<latexit sha1_base64="rzlnXCxPhtK1oSCTOgHdNoQvN6k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxjKjReuu4sZlBfuQdiyZNG1DM5khyShl6H+4caGIW//FnX9jZjqIWg9c7uGce8nN8ULOlLbtTyu3sLi0vJJfLaytb2xuFbd3miqIJKENEvBAtj2sKGeCNjTTnLZDSbHvcdryxpeJ37qnUrFA3OhJSF0fDwUbMIK1ke4uerE+cqa3s9YrluyynQLNEycjJchQ7xU/uv2ARD4VmnCsVMexQ+3GWGpGOJ0WupGiISZjPKQdQwX2qXLj9OopOjBKHw0CaUpolKo/N2LsKzXxPTPpYz1Sf71E/M/rRHpQdWMmwkhTQWYPDSKOdICSCFCfSUo0nxiCiWTmVkRGWGKiTVCFNITzBKffX54nzeOyc1KuXFdKtWoWRx72YB8OwYEzqMEV1KEBBCQ8wjO8WA/Wk/Vqvc1Gc1a2swu/YL1/Aby2kiA=</latexit>

+
<latexit sha1_base64="F6PzX5RJdaTqfbTHq3FRAJfebY8=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiReut4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9eb3qR+9wGkYqG407MI3ICMBfMZJdpIrbNhuWJX7Qx4mTg5qaAczWH5YzAKaRyA0JQTpfqOHWk3IVIzymFeGsQKIkKnZAx9QwUJQLlJdugcnxhlhP1QmhIaZ+rPiYQESs0Cz3QGRE/UXy8V//P6sfbrbsJEFGsQdLHIjznWIU6/xiMmgWo+M4RQycytmE6IJFSbbEpZCNcpLr9fXiad86pzUa21apVGPY+jiI7QMTpFDrpCDXSLmqiNKAL0iJ7Ri3VvPVmv1tuitWDlM4foF6z3L4edjN0=</latexit>

Ỹt<latexit sha1_base64="hF9BlMIYdbzx4ggO5plI8a4Uj3A=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0m1aL0VvHisYD8kDWWz2bRLN5uwOxFK6M/w4kERr/4ab/4bN2kQtT4YeLw3w8w8LxZcg21/WqWV1bX1jfJmZWt7Z3evun/Q01GiKOvSSERq4BHNBJesCxwEG8SKkdATrO9NrzO//8CU5pG8g1nM3JCMJQ84JWAkZwhc+Cy9n49gVK3ZdTsHXiaNgtRQgc6o+jH0I5qETAIVRGunYcfgpkQBp4LNK8NEs5jQKRkzx1BJQqbdND95jk+M4uMgUqYk4Fz9OZGSUOtZ6JnOkMBE//Uy8T/PSSBouSmXcQJM0sWiIBEYIpz9j32uGAUxM4RQxc2tmE6IIhRMSpU8hKsMF98vL5PeWb1xXm/eNmvtVhFHGR2hY3SKGugStdEN6qAuoihCj+gZvVhgPVmv1tuitWQVM4foF6z3L7v8kag=</latexit>

Yt
<latexit sha1_base64="eKwzlC6qCdHz7jhE5S+A0sreU8s=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0m0aL0VvHisYNpKG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btIgan0w8Hhvhpl5fiy4Btv+tEorq2vrG+XNytb2zu5edf+go6NEUebSSESq5xPNBJfMBQ6C9WLFSOgL1vWn15nffWBK80jewSxmXkjGkgecEjCSm97PhzCs1uy6nQMvE6cgNVSgPax+DEYRTUImgQqidd+xY/BSooBTweaVQaJZTOiUjFnfUElCpr00P3aOT4wywkGkTEnAufpzIiWh1rPQN50hgYn+62Xif14/gaDppVzGCTBJF4uCRGCIcPY5HnHFKIiZIYQqbm7FdEIUoWDyqeQhXGW4+H55mXTO6s55vXHbqLWaRRxldISO0Sly0CVqoRvURi6iiKNH9IxeLGk9Wa/W26K1ZBUzh+gXrPcvHSmO/g==</latexit>

+
<latexit sha1_base64="F6PzX5RJdaTqfbTHq3FRAJfebY8=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiReut4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwsrq2vlHcLG1t7+zulfcPOiqMJYU2DXkoex5RwJmAtmaaQy+SQAKPQ9eb3qR+9wGkYqG407MI3ICMBfMZJdpIrbNhuWJX7Qx4mTg5qaAczWH5YzAKaRyA0JQTpfqOHWk3IVIzymFeGsQKIkKnZAx9QwUJQLlJdugcnxhlhP1QmhIaZ+rPiYQESs0Cz3QGRE/UXy8V//P6sfbrbsJEFGsQdLHIjznWIU6/xiMmgWo+M4RQycytmE6IJFSbbEpZCNcpLr9fXiad86pzUa21apVGPY+jiI7QMTpFDrpCDXSLmqiNKAL0iJ7Ri3VvPVmv1tuitWDlM4foF6z3L4edjN0=</latexit>

UT
t

<latexit sha1_base64="adYblvKciZ/jzKR7aaT4VY3y35g=">AAAB7HicbVBNS8NAEN34WetX1aOXxSJ4KokWrbeCF48VmrbQxrLZbtqlm03YnQgl9Dd48aCIV3+QN/+NmzSIWh8MPN6bYWaeHwuuwbY/rZXVtfWNzdJWeXtnd2+/cnDY0VGiKHNpJCLV84lmgkvmAgfBerFiJPQF6/rTm8zvPjCleSTbMIuZF5Kx5AGnBIzkukO4bw8rVbtm58DLxClIFRVoDSsfg1FEk5BJoIJo3XfsGLyUKOBUsHl5kGgWEzolY9Y3VJKQaS/Nj53jU6OMcBApUxJwrv6cSEmo9Sz0TWdIYKL/epn4n9dPIGh4KZdxAkzSxaIgERginH2OR1wxCmJmCKGKm1sxnRBFKJh8ynkI1xkuv19eJp3zmnNRq9/Vq81GEUcJHaMTdIYcdIWa6Ba1kIso4ugRPaMXS1pP1qv1tmhdsYqZI/QL1vsXrFmOtA==</latexit>

h11
<latexit sha1_base64="LeRoBpmN0kQMI+0hxzSgoKlhgOs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVUvVW8OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4bs+0ian0w8Hhvhpl5QcyZNq776RRWVtfWN4qbpa3tnd298v5BW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeYXGd+54EqzaS4M9OY+hEeCRYygo2V2uNB6nmzQbniVt050DLxclKBHM1B+aM/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnaETqwxRKJUtYdBc/TmR4kjraRTYzgibsf7rZeJ/Xi8x4aWfMhEnhgqyWBQmHBmJstfRkClKDJ9agoli9lZExlhhYmxApXkIVxnq3y8vk/ZZ1Tuv1m5rlUY9j6MIR3AMp+DBBTTgBprQAgL38AjP8OJI58l5dd4WrQUnnzmEX3DevwA+J48D</latexit>

. . .

h22
<latexit sha1_base64="mrsO6B7AbKDzMRPiECz8ws2pQqs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nWUvVW8OKxgq2FdinZNNvGZpMlyQpl6X/w4kERr/4fb/4bs9tF1Ppg4PHeDDPz/IgzbVz30ymsrK6tbxQ3S1vbO7t75f2DrpaxIrRDJJeq52NNORO0Y5jhtBcpikOf0zt/epX6dw9UaSbFrZlF1AvxWLCAEWys1J0Mk3p9PixX3KqbAS2TWk4qkKM9LH8MRpLEIRWGcKx1v+ZGxkuwMoxwOi8NYk0jTKZ4TPuWChxS7SXZtXN0YpURCqSyJQzK1J8TCQ61noW+7Qyxmei/Xir+5/VjE1x4CRNRbKggi0VBzJGRKH0djZiixPCZJZgoZm9FZIIVJsYGVMpCuEzR/H55mXTr1dpZtXHTqLSaeRxFOIJjOIUanEMLrqENHSBwD4/wDC+OdJ6cV+dt0Vpw8plD+AXn/QtBMo8F</latexit>

hpp
<latexit sha1_base64="XmtOwyuVGOy7T+4VGyhC1j0gNpU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVUvVW8OKxgv2AdinZNNvGZrMhyQpl6X/w4kERr/4fb/4bs+0ian0w8Hhvhpl5geRMG9f9dAorq2vrG8XN0tb2zu5eef+greNEEdoiMY9VN8CaciZoyzDDaVcqiqOA004wuc78zgNVmsXizkwl9SM8EixkBBsrtceDVMrZoFxxq+4caJl4OalAjuag/NEfxiSJqDCEY617niuNn2JlGOF0VuonmkpMJnhEe5YKHFHtp/NrZ+jEKkMUxsqWMGiu/pxIcaT1NApsZ4TNWP/1MvE/r5eY8NJPmZCJoYIsFoUJRyZG2etoyBQlhk8twUQxeysiY6wwMTag0jyEqwz175eXSfus6p1Xa7e1SqOex1GEIziGU/DgAhpwA01oAYF7eIRneHFi58l5dd4WrQUnnzmEX3DevwD93I+B</latexit>

X
<latexit sha1_base64="RJkRrFM49Mqflt5Ir2P9q5MJHe4=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFclUSL1l3BjcsK9gFtKJPppB06jzAzEUroL7hxoYhbf8idf2OSBlHrgQuHc+7l3nuCiDNjXffTWVldW9/YLG2Vt3d29/YrB4cdo2JNaJsornQvwIZyJmnbMstpL9IUi4DTbjC9yfzuA9WGKXlvZxH1BR5LFjKCbSYNTCyGlapbc3OgZeIVpAoFWsPKx2CkSCyotIRjY/qeG1k/wdoywum8PIgNjTCZ4jHtp1RiQY2f5LfO0WmqjFCodFrSolz9OZFgYcxMBGmnwHZi/nqZ+J/Xj23Y8BMmo9hSSRaLwpgjq1D2OBoxTYnls5Rgoll6KyITrDGxaTzlPITrDJffLy+TznnNu6jV7+rVZqOIowTHcAJn4MEVNOEWWtAGAhN4hGd4cYTz5Lw6b4vWFaeYOYJfcN6/AEgDjoE=</latexit>

X
<latexit sha1_base64="RJkRrFM49Mqflt5Ir2P9q5MJHe4=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFclUSL1l3BjcsK9gFtKJPppB06jzAzEUroL7hxoYhbf8idf2OSBlHrgQuHc+7l3nuCiDNjXffTWVldW9/YLG2Vt3d29/YrB4cdo2JNaJsornQvwIZyJmnbMstpL9IUi4DTbjC9yfzuA9WGKXlvZxH1BR5LFjKCbSYNTCyGlapbc3OgZeIVpAoFWsPKx2CkSCyotIRjY/qeG1k/wdoywum8PIgNjTCZ4jHtp1RiQY2f5LfO0WmqjFCodFrSolz9OZFgYcxMBGmnwHZi/nqZ+J/Xj23Y8BMmo9hSSRaLwpgjq1D2OBoxTYnls5Rgoll6KyITrDGxaTzlPITrDJffLy+TznnNu6jV7+rVZqOIowTHcAJn4MEVNOEWWtAGAhN4hGd4cYTz5Lw6b4vWFaeYOYJfcN6/AEgDjoE=</latexit>

X
<latexit sha1_base64="RJkRrFM49Mqflt5Ir2P9q5MJHe4=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFclUSL1l3BjcsK9gFtKJPppB06jzAzEUroL7hxoYhbf8idf2OSBlHrgQuHc+7l3nuCiDNjXffTWVldW9/YLG2Vt3d29/YrB4cdo2JNaJsornQvwIZyJmnbMstpL9IUi4DTbjC9yfzuA9WGKXlvZxH1BR5LFjKCbSYNTCyGlapbc3OgZeIVpAoFWsPKx2CkSCyotIRjY/qeG1k/wdoywum8PIgNjTCZ4jHtp1RiQY2f5LfO0WmqjFCodFrSolz9OZFgYcxMBGmnwHZi/nqZ+J/Xj23Y8BMmo9hSSRaLwpgjq1D2OBoxTYnls5Rgoll6KyITrDGxaTzlPITrDJffLy+TznnNu6jV7+rVZqOIowTHcAJn4MEVNOEWWtAGAhN4hGd4cYTz5Lw6b4vWFaeYOYJfcN6/AEgDjoE=</latexit>

+
<latexit sha1_base64="jdxdPmfJtERvSKDbaa7Gb+Tek08=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARBCBMNLreAF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YMxlEjQ8KHu9VUVXPjQRX2rY/raXlldW19cJGcXNre2e3tLffVmEsGbZYKELZdalCwQNsaa4FdiOJ1HcFdtzJTep3HlAqHgZ3ehqh49NRwD3OqDZS83RQKtsVOwNZJNWclCFHY1D66A9DFvsYaCaoUr2qHWknoVJzJnBW7McKI8omdIQ9QwPqo3KS7NAZOTbKkHihNBVokqk/JxLqKzX1XdPpUz1Wf71U/M/rxdq7chIeRLHGgM0XebEgOiTp12TIJTItpoZQJrm5lbAxlZRpk00xC+E6xcX3y4ukfVapnldqzVq5XsvjKMAhHMEJVOES6nALDWgBA4RHeIYX6956sl6tt3nrkpXPHMAvWO9fhmmM2Q==</latexit>

+
<latexit sha1_base64="jdxdPmfJtERvSKDbaa7Gb+Tek08=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARBCBMNLreAF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YMxlEjQ8KHu9VUVXPjQRX2rY/raXlldW19cJGcXNre2e3tLffVmEsGbZYKELZdalCwQNsaa4FdiOJ1HcFdtzJTep3HlAqHgZ3ehqh49NRwD3OqDZS83RQKtsVOwNZJNWclCFHY1D66A9DFvsYaCaoUr2qHWknoVJzJnBW7McKI8omdIQ9QwPqo3KS7NAZOTbKkHihNBVokqk/JxLqKzX1XdPpUz1Wf71U/M/rxdq7chIeRLHGgM0XebEgOiTp12TIJTItpoZQJrm5lbAxlZRpk00xC+E6xcX3y4ukfVapnldqzVq5XsvjKMAhHMEJVOES6nALDWgBA4RHeIYX6956sl6tt3nrkpXPHMAvWO9fhmmM2Q==</latexit>

+
<latexit sha1_base64="jdxdPmfJtERvSKDbaa7Gb+Tek08=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARBCBMNLreAF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YMxlEjQ8KHu9VUVXPjQRX2rY/raXlldW19cJGcXNre2e3tLffVmEsGbZYKELZdalCwQNsaa4FdiOJ1HcFdtzJTep3HlAqHgZ3ehqh49NRwD3OqDZS83RQKtsVOwNZJNWclCFHY1D66A9DFvsYaCaoUr2qHWknoVJzJnBW7McKI8omdIQ9QwPqo3KS7NAZOTbKkHihNBVokqk/JxLqKzX1XdPpUz1Wf71U/M/rxdq7chIeRLHGgM0XebEgOiTp12TIJTItpoZQJrm5lbAxlZRpk00xC+E6xcX3y4ukfVapnldqzVq5XsvjKMAhHMEJVOES6nALDWgBA4RHeIYX6956sl6tt3nrkpXPHMAvWO9fhmmM2Q==</latexit>

+
<latexit sha1_base64="jdxdPmfJtERvSKDbaa7Gb+Tek08=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARBCBMNLreAF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YMxlEjQ8KHu9VUVXPjQRX2rY/raXlldW19cJGcXNre2e3tLffVmEsGbZYKELZdalCwQNsaa4FdiOJ1HcFdtzJTep3HlAqHgZ3ehqh49NRwD3OqDZS83RQKtsVOwNZJNWclCFHY1D66A9DFvsYaCaoUr2qHWknoVJzJnBW7McKI8omdIQ9QwPqo3KS7NAZOTbKkHihNBVokqk/JxLqKzX1XdPpUz1Wf71U/M/rxdq7chIeRLHGgM0XebEgOiTp12TIJTItpoZQJrm5lbAxlZRpk00xC+E6xcX3y4ukfVapnldqzVq5XsvjKMAhHMEJVOES6nALDWgBA4RHeIYX6956sl6tt3nrkpXPHMAvWO9fhmmM2Q==</latexit>

+
<latexit sha1_base64="jdxdPmfJtERvSKDbaa7Gb+Tek08=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARBCBMNLreAF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YMxlEjQ8KHu9VUVXPjQRX2rY/raXlldW19cJGcXNre2e3tLffVmEsGbZYKELZdalCwQNsaa4FdiOJ1HcFdtzJTep3HlAqHgZ3ehqh49NRwD3OqDZS83RQKtsVOwNZJNWclCFHY1D66A9DFvsYaCaoUr2qHWknoVJzJnBW7McKI8omdIQ9QwPqo3KS7NAZOTbKkHihNBVokqk/JxLqKzX1XdPpUz1Wf71U/M/rxdq7chIeRLHGgM0XebEgOiTp12TIJTItpoZQJrm5lbAxlZRpk00xC+E6xcX3y4ukfVapnldqzVq5XsvjKMAhHMEJVOES6nALDWgBA4RHeIYX6956sl6tt3nrkpXPHMAvWO9fhmmM2Q==</latexit>

+
<latexit sha1_base64="jdxdPmfJtERvSKDbaa7Gb+Tek08=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARBCBMNLreAF48JmAWSIfR0apI2PQvdPUIY8gVePCji1U/y5t/YMxlEjQ8KHu9VUVXPjQRX2rY/raXlldW19cJGcXNre2e3tLffVmEsGbZYKELZdalCwQNsaa4FdiOJ1HcFdtzJTep3HlAqHgZ3ehqh49NRwD3OqDZS83RQKtsVOwNZJNWclCFHY1D66A9DFvsYaCaoUr2qHWknoVJzJnBW7McKI8omdIQ9QwPqo3KS7NAZOTbKkHihNBVokqk/JxLqKzX1XdPpUz1Wf71U/M/rxdq7chIeRLHGgM0XebEgOiTp12TIJTItpoZQJrm5lbAxlZRpk00xC+E6xcX3y4ukfVapnldqzVq5XsvjKMAhHMEJVOES6nALDWgBA4RHeIYX6956sl6tt3nrkpXPHMAvWO9fhmmM2Q==</latexit>

z�1
<latexit sha1_base64="gbamVtRvJDtfCG53CGjqbTE4488=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgxpJo8bEruHFZwT6gjWUynbRjJ5kwMxFq6D+4caGIW//HnX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LSViSWiTCC5kx8OKchbSpmaa004kKQ48Ttve+DL12/dUKibCGz2JqBvgYch8RrA2UuvhNjlypv1yxa7aGdA8cXJSgRyNfvmjNxAkDmioCcdKdR070m6CpWaE02mpFysaYTLGQ9o1NMQBVW6SXTtFB0YZIF9IU6FGmfpzIsGBUpPAM50B1iP110vF/7xurP1zN2FhFGsaktkiP+ZIC5S+jgZMUqL5xBBMJDO3IjLCEhNtAiplIVykOP1+eZ60jqvOSbV2XavUa3kcRdiDfTgEB86gDlfQgCYQuINHeIYXS1hP1qv1NmstWPnMLvyC9f4FUY+PDg==</latexit>

At�1
<latexit sha1_base64="06WX3PJUn+D5X4GBRKhwOH/hEtg=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBG8WBItWm8VLx4r2A9oQ9lst+3SzSbsToQS+iO8eFDEq7/Hm//GTRpErQ8GHu/NMDPPjwTX6Dif1tLyyuraemGjuLm1vbNb2ttv6TBWlDVpKELV8YlmgkvWRI6CdSLFSOAL1vYnN6nffmBK81De4zRiXkBGkg85JWik9nU/wVN31i+VnYqTwV4kbk7KkKPRL330BiGNAyaRCqJ113Ui9BKikFPBZsVerFlE6ISMWNdQSQKmvSQ7d2YfG2VgD0NlSqKdqT8nEhJoPQ180xkQHOu/Xir+53VjHNa8hMsoRibpfNEwFjaGdvq7PeCKURRTQwhV3Nxq0zFRhKJJqJiFcJXi4vvlRdI6q7jnlepdtVyv5XEU4BCO4ARcuIQ63EIDmkBhAo/wDC9WZD1Zr9bbvHXJymcO4Bes9y/T/49Y</latexit>

Ut
<latexit sha1_base64="lqiQgI3uX75o7uu6EapNiw+qXxU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aL0VvHisaNpCG8pmu2mXbjZhdyOU0J/gxYMiXv1F3vw3btIgan0w8Hhvhpl5fsyZ0rb9aZVWVtfWN8qbla3tnd296v5BR0WJJNQlEY9kz8eKciaoq5nmtBdLikOf064/vc787gOVikXiXs9i6oV4LFjACNZGunOHelit2XU7B1omTkFqUKA9rH4MRhFJQio04VipvmPH2kux1IxwOq8MEkVjTKZ4TPuGChxS5aX5qXN0YpQRCiJpSmiUqz8nUhwqNQt90xliPVF/vUz8z+snOmh6KRNxoqkgi0VBwpGOUPY3GjFJieYzQzCRzNyKyARLTLRJp5KHcJXh4vvlZdI5qzvn9cZto9ZqFnGU4QiO4RQcuIQW3EAbXCAwhkd4hheLW0/Wq/W2aC1Zxcwh/IL1/gVSAo3u</latexit>

v1

<latexit sha1_base64="tcoudNJBgm37fd64jrfaNuFAkV0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0nf65crbtVdgKwTLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjks1IvNTyhbEyHvGupohE3frY4dUYurDIgYaxtKSQL9fdERiNjplFgOyOKI7PqzcX/vG6KYc3PhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqnddrT1cV+o3eRxFOINzuAQPbqEO99CAJjAYwjO8wpsjnRfn3flYthacfOYU/sD5/AEIlo2d</latexit>

v2

<latexit sha1_base64="39eueRloBnBb7L+kXZeIZng0Nx4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY4kXjxilEcCGzI7DDBhdnYz00tCNnyCFw8a49Uv8ubfOMAeFKykk0pVd7q7glgKg6777eS2tnd29/L7hYPDo+OT4ulZy0SJZrzJIhnpTkANl0LxJgqUvBNrTsNA8nYwuVv47SnXRkTqCWcx90M6UmIoGEUrPU77lX6x5JbdJcgm8TJSggyNfvGrN4hYEnKFTFJjup4bo59SjYJJPi/0EsNjyiZ0xLuWKhpy46fLU+fkyioDMoy0LYVkqf6eSGlozCwMbGdIcWzWvYX4n9dNcFjzU6HiBLliq0XDRBKMyOJvMhCaM5QzSyjTwt5K2JhqytCmU7AheOsvb5JWpexVy7WHaql+k8WRhwu4hGvw4BbqcA8NaAKDETzDK7w50nlx3p2PVWvOyWbO4Q+czx8KGo2e</latexit>

vp
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Fig. 2: Feedback realization of the optimal reproduction process by
parallel channels for multivariate Gaussian sources.

B. Characterization of R0,n(D0, . . . , Dn) of Multivariate
Gauss-Markov Sources with Pointwise MSE Distortion

From Theorem 6 it also follows the complete characteriza-
tion of Rna0,n(D0, D1, . . . , Dn) as given in the next corollary.

Corollary 2 (Complete characterization of Rna0,n({Dt}nt=0)).
Consider the Gauss-Markov process Xn , {X0, . . . , Xn}
of Definition 1 and a pointwise square-error distortion
function dt(xt, yt)

4
= ||Xt − Yt||2, t = 0, . . . , n. Assume

Rna0,n(D0, . . . , Dn) ∈ [0,∞) for Dt ∈ [0, Dt,max) ⊆
[0,∞), t = 0, . . . , n. Then, the RDF Rna0,n({Dt}nt=0) is given
by the solution of the optimization problem

Rna0,n({Dt}nt=0) = inf
{∆t}nt=0: tr

(
∆t

)
≤Dt,t=0,...,n

1

2

n∑

t=0

log
|Λt|
|∆t|

,

where (Λt,∆t) are the diagonal elements defined by (34)
and (35). The optimal realization of Y ∗,n of the RDF
Rna0,n(D0, . . . , Dn) is (36)-(38).

Remark 2 (Upper bound solution of Rna0,n(D0, . . . , Dn)
of Gauss-Markov sources using water-filling). Consider
the complete characterization of Rna0,n(D0, D1, . . . , Dn) of
Corollary 2, of the Gauss-Markov processes with pointwise
distortion function. Then, a simple upper bound is deter-
mined as follows.

R0(D0) =
1

2
log

{ |KX0 |
|Σ∗0|

}+

=
1

2

p∑

j=1

log

{
λ∗0,j
θ0

}+

, (39)

Rt(Dt) =
1

2
log

{
|Σ−,∗t |
|Σ∗t |

}+

=
1

2

p∑

j=1

log

{
λ∗t,j
θt

}+

, (40)

for t = 1, . . . , n, where the constants θt > 0, t = 0, . . . , n
are uniquely determined by

p∑

j=1

min
{
λ∗0,j , θ0

}
= D0, (41)

p∑

j=1

min
{
λ∗t,j , θt

}
= Dt, t = 1, . . . , n. (42)

IV. NUMERICAL EXAMPLE

We provide a numerical example in which we compute
an upper bound of the nonanticipative RDF of a multivariate
Gaussian process, based on sequential water-filling over the
spatial dimensions of a multi-variate Gauss-Markov source,
as given in Remark 2. Specifically, we choose p = 3, i.e., a
3-dimensional source Xt and a time-horizon n = 3. Matrices
At, Bt, KWt , and KX0 are randomly chosen. The solution
is shown in Fig. 3.

Fig. 3: Water-filling subject to pointwise distortion in time-domain
for n = 3 time units.

In Figure 4, we plot the nonanticipative RDF of our
proposed upper bound and of the solution given by [9] via
Semidefinite programming (SDP) (which does not include a
realization of the test channel distribution).
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Fig. 4: Nonanticipative RDF for different values of pointwise
distortion for the upper bound proposed and for the optimal solution
given via SDP [9].

V. CONCLUSIONS

Structural properties of the optimal matrices that define
two realizations of reproduction processes that induce the
optimal test channel distribution are derived. Additionally,
an upper bound on Rna0,n(D0, . . . , Dn) for Gauss-Markov
sources using space-time water-filling is proposed. It is
shown via simulations that the upper bound is tight.
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