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Abstract

The strength of laser-welded web-core sandwich plates is often limited by buckling. In design of complex thin-walled
structures the combination of possible structural and material combinations is basically infinite. The feasibility of these
combinations can be assessed by using analytical, numerical and experimental methods. At the early design stages such
as concept design stage, the role of analytical methods is significant due to their capability for parametric description and
extremely low computational efforts once the solutions have been established for prevailing differential equations. Over the
recent years significant advances have been made on analytical strength prediction of web-core sandwich panels. Therefore,
aim of the present paper is to show impact of this development to the design space of web-core sandwich panels in buckling.
The paper reviews first, briefly the differential equations of a 2-D micropolar plate theory for web-core sandwich panels and
the Navier buckling solution for biaxial compression recently derived by Karttunen et al. (Int J Solids Struct 170(1):82-94,
2019) by exploiting energy methods. By comparing the micropolar and widely-used classical first-order shear deformation
plate theory (FSDT) solutions, it is shown that the different equivalent single layer (ESL) formulations and plate aspect ratios
have a significant impact on the practical outcomes of the feasible design space and this way motivating further developments
for micropolar formulations from practical structural engineering viewpoint.

Keywords Plate theory - Micropolar continuum mechanics - Buckling strength - Structural design

1 Introduction

Currently, ultra-lightweight designs are obtained in materi-
als engineering by applying the ideas of structural engineers
to ever smaller scales (e.g. [11]). We see microstructures
in lattice materials, with length scales barely visible to the
human eye, that follow the same principles as found in the
centuries old engineering length scales of buildings, bridges,
aeroplanes and ships. Thus, the distinction between materi-
als and structural engineering has become fuzzy. Tradition-
ally the larger length scale structures have been designed by
using frame, finite element and finite strip methods where
the actual discrete topology is modeled explicitly. This is a
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computationally expensive approach when we add structural
hierarchy to our designs so that we need to extend detailed
modeling over several length scales. Therefore, computa-
tionally efficient multiscale structural design methods are
needed. Non-classical continuum mechanics theories can
provide a solid theoretical platform for such computational
multiscale modeling.

Non-classical continuum mechanics theories have
evolved considerably over the recent years (for extensive
reviews see for example [2, 8, 9, 29, 40]). These theories
employ material models that have intrinsic length scales
in them, whereas classical continuum mechanics does not
account for the effect of the microstructure within the mate-
rial. Roughly put, non-classical theories consider multiple
length scales in detail simultaneously and, thus, are ideal for
multiscale modeling. There are numerous formulations for
non-classical continuum mechanics theories based on differ-
ent engineering needs. Of these formulations, the micropolar
theory has been shown to produce reliable results for sand-
wich structures that have structural hierarchy (e.g. [6, 20,
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28, 29, 33]). However, the applications of these theories to
structural design are still lacking. In order to understand the
true value of these developments, practical case studies are
of fundamental importance. Here a case of ship structural
design is selected as representative case to demonstrate the
meaning of these developments in practice.

The design of large engineering structures such as ships
is often carried in several steps [13, 14], see Fig. la and
it is always a compromise between different design disci-
plines [1, 10]. Structural design is one of the most critical
design stages as it secures the safety of the vessel and also
defines to large extent the lightweight of the ship affecting
this way the payload of the vessel. The loading is due to ship
operations in random environment, i.e. waves and ice. The
ship responds to these loads by bending at length-scales of
hull girder, cargo holds and individual beams, plates and
shells, see Fig. 1b. The resulting deformations and stresses
are superimposed and compared with relevant strength cri-
teria. In the concept design stage, the main dimensions of
the ships are defined along with the initial structural scant-
lings as well as the functionalities in connection to other
design disciplines (e.g. machinery systems, ship resistance
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and seakeeping). The main aim of this stage from struc-
tural design viewpoint is to secure that the design space is
feasible. Often closed form expressions, provided by ship
classification societies, are used for quick check of strength
of beams, plates and shells, see Fig. 1c, while the assess-
ment of structural stresses requires finite element analysis.
In the classification society rules adopted at this stage, the
Euler-buckling of a simply supported beam or plate forms
the basic assumption made. After the concept design stage
is completed, the design is more or less feasible or very
close to feasibility, which allows moving to the next stages
of design. In basic design stage, the structural analysis for
response and strength is carried out with 3D-FEA. At this
stage more realistic boundary conditions can be used as well
as the initial imperfections that affect the buckling strength.
These imperfections are dependent on manufacturing pro-
cess. Naturally, at this stage the accuracy of design space
exploration increases, but as time is limited, the explora-
tion can be focused only in specific regions of the design
space. As the design moves to the next stage it is possible
to check the influence of structural details such as brackets
and openings to the strength and also perform validating

HULL GIRDER BENDING

Fig. 1 a Classical design ship design spiral by Evans [10], b division of structural analysis to different structural length-scales and ¢ Euler-buck-

ling equations for plates as present in ship structural design rules [7]
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experiments. At this detail design stage, the exploration of
the design space is limited even more. Due to this split of
design process and cumulative nature of it, it is important
that in the conceptual design stage right decisions are made
with correct analytical models based on realistic assump-
tions. Otherwise, we may neglect regions of the feasible
design space due to modeling errors.

The comparison of response and strength can be treated
by use of partial safety factors or by different levels of reli-
ability methods where the load and capacity and their sta-
tistical distributions are compared. The limit state function
forms a key element in this assessment. The structural limit
states in thin-walled structures can be based on serviceabil-
ity, fatigue strength, ultimate strength and accidental con-
ditions. For thin-walled structures, the ultimate limit state
is of great importance and the ultimate strength analysis
is often initiated by buckling. In structural core sandwich
panels buckling assessment is often split to local and global
buckling. Local buckling refers to buckling of the faces
and/or webs locally with wave length equal to the distance
between the hard points of the core. Global buckling refers
to buckling of the entire panel. While the local buckling is
often assessed by the isotropic plate theory such as shown in
Fig. 1c, global buckling requires due to orthotropy of entire
structural assembly orthotopic plate theory formulations of
“smeared” homogenous structure, fine mesh FE simulations
of the actual structure or experiments.

Web-core sandwich panels have been applied for numer-
ous engineering applications, such as bridges, ships and
industrial machinery (see e.g. [39]). The connection between
webs and faces can be made by adhesive bonding, brazing
or laser-welding. In heavily loaded steel sandwich panels,
laser-welding forms strong connection and is due to this
the main manufacturing method of the panels. The local
buckling of the faces and webs of the laser-welded web-core
sandwich panels has been investigated for example by ana-
lytically, FEA and experiments for example by Kolsters and
Wennhage [21] and Kolsters and Zenkert [22—24]. The main
influence of laser-welding in this context is the rotational
support it provides for local buckling. In global buckling,
occurring at the panel level, the global buckling formula-
tions based on orthotropic plate theory are often based on
equivalent single layer (ESL) modeling principle where
plate quantities are formulated through single layer. In this
context, the early works to be mentioned are those of First
order shear deformation theory (FSDT) as formulated by
Holmberg [12] for web-core panels Libove and Batdorf [25],
Libove and Hubka [26] for corrugated core panels. Since
that time several formulations have been presented for ana-
lytical solutions, finite element solutions and their numerical
and experimental validations, see Lok et al. [27], Nordstrand
[30, 31], in laser-welded web-core panels by Jelovica et al.
[16, 18, 19] Jelovica and Romanoff [17] and further to cases

where local buckling interacts with global buckling, see for
example Patel et al. [32] and interacting local and global
buckling by Reinaldo Goncalves et al. [35]. All these investi-
gations show that at the conceptual level of structural design,
linear bifurcation (eigenvalue) buckling forms the first esti-
mate for the limit state function. These investigations also
show that the strength predictions between different methods
are in good agreement when the loading is in the direction
of webs. When loading is turned to the weaker direction,
problems occur as presented by Jelovica and Romanoff [15]
and Karttunen et al. [20] in global, but not in local buckling.

These investigations by Jelovica and Romanoff [15] and
Karttunen et al. [20] showed that in web-core and corrugated
core sandwich panels modeled by 2-D equivalent single-
layer (ESL) plates based on classical continuum mechan-
ics, certain type of size-dependency on buckling strength is
observed. Figure 2 shows that for an ESL-FSDT plate based
on classical continuum mechanics, the number of buckling
half-waves increases indefinitely when the minimum buck-
ling load is searched for and the model does not converge to
a physically correct minimum. The model used for valida-
tion is based on 3D-FE-model of the actual geometry. The
physical reason for this is high orthotropy ratio in out-of-
plane shear [38] in classical ESL-FSDT formulation that
causes to the Navier-based analytical solution decreasing
buckling load for increasing number of buckling waves in
weaker direction. If the same problem is solved with FEA
for minimum buckling load, the answer becomes mesh size
dependent and finer mesh produces lower buckling load.
In essence the error is introduced partly by the model and
partly by the numerical solution. An analogous situation can
be found, for example, in plasticity where localization of
damage is known to result in mesh size dependent solutions
unless non-local formulations are used (e.g. [3—5]). When
using a stabilizing mesh on top of classical ESL-FSDT
mesh [36], Jelovica and Romanoff [15], or a micropolar
ESL-FSDT plate model [20], such size-dependency does
not exist. The technological reason for this orthotropy ratio
is caused by laser-welding that lowers the rotation stiffness
of the laser-stake welds and due to this reduces the classical
out-of-plane shear stiffness opposite to the direction of the
web plates [37]. When antisymmetric shear is considered, as
in micropolar theories, we get rid of this phenomenon [36].
Early on, this was done with the stabilizing mesh [36], but
the recent works of Karttunen et al. [20] and Nampally et al.
[28] forms solid and validated theoretical framework for this
type of structural engineering aspect.

In this light, the current paper presents the effect of ESL-
FSDT plate theories based on classical and micropolar
continuum mechanics on the (eigenvalue) buckling design
space of web-core sandwich panels. The paper first reviews
briefly the differential equations of a 2-D micropolar ESL-
FSDT plate theory for a web-core sandwich panel and the
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Fig.2 a Introduction of a stabilizing mesh on an ESL-FSDT plate
based on classical elasticity. b Simply-supported web-core sandwich
panel under compressive loads. ¢ Buckling load for uniaxial compres-

analytical Navier solution as presented by Karttunen et al.
[20]. In order to show the impact of the size effects on the
design of thin-walled structures, representative case studies
of structures used in practice are performed for different load
and plate aspect ratios. This is motivated by the fact that the
buckling assessment of large structures is often based on
structural analysis performed by the aid of the finite element
method and on comparing the results to design rules, which
at the conceptual design stage are based on closed-form
expressions forming the design space, see Fig. 3. The results
of the buckling assessment can be shown in the type of sche-

matic plot shown in Fig. 3, where the symbols represent the

stress resultant state from finite element analysis and the
lines represent the limit values given by analytical solutions.
With this idea in mind it becomes clear that the feasibility
of structure is dependent on the utilized plate formulation.
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sion and d bi-axial compression, where Nxx/Nyy=1/4 (Figures are
modified from Jelovica and Romanoff [15] and Karttunen et al. [20])

Therefore, we investigate here only the impact of the plate
formulations to the extent and shape of the design space.

2 Review of the micropolar and classical
ESL-FSDT plate theories

2.1 Micropolar ESL-FSDT plate model and analytical
buckling solution by Karttunen et al. [20]

The micropolar plate model used here as reference is pre-
sented by Karttunen et al. [20] in detail. The model is
derived based on energy methods and the resulting dif-
ferential equations are solved there analytically by using
Navier-method (series solution). The model is validated with
3D-FEA and shown to be accurate in bending and buckling
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Fig.3 Schematic comparison
of the finite element stress
resultants values against the
design rule values. The symbols
represent the stress resultants
from FEA of the actual struc-
ture (model on the left) and the
lines the limit values given by
different plate theories and their
analytical solutions

problems. The displacements for this micropolar plate can
be written as [20]

U,(x,y,2) = u,(x,y) + 2, (x, ), (1)
Uy(x, y,2) = uy(x,y) + 2, (x, y) @
U(x,y,2) = u,x,y) 3)
Y. (x,.2) = ¢o(x,y) 4
¥y (x.,2) = @y(x,y) ®)
¥, (x,y,2) =0 (6)

where the classical mid-surface displacements u and normal
rotations ¢ are complemented by non-classical microrota-
tions ¢ and an assumption of incompressibility is made (u,
is independent of z-coordinate).

The non-zero linear strains for the plate are [9]

0
Exx = ux,x + Z¢x,x = gxx + Ty (7)

_ _ .0
Eyy = Uyy + 20y, = €, + 2K, (8)

— _ .0
Eq = Uyt Py = €y T 2Ky )
— _ 0
Epx = Uyt byy = €+ 2K, (10)
Ex; = Uy T Y, an

[l e Feasible Elements for sets 1&2
[] o Infeasible Elements for sets 1&2

Ny

Element

sets 1&2
S (12)
Eyg = Ugy — Vi (13)
£, =¢, +y, (14)
Xox = Vi, (15)
Xy = Wyy (16)
Xy = Wy 17
Hyx = Wy (18)
Vi =€ tE=u, + b, (19)
y; =g, te,=u,+, (20)
Ve =€y —Ex = U, — G2y, 21
yi= e =y =i, — b2y, (22)

Note that the shear strains are divided into symmetric
and antisymmetric parts, see Egs. (19)—(22). The symmetric
part has the same form as the shear strain in the conven-
tional first-order shear deformation theory. In vector form
the strains are

e={e« y)(}T, (23)
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80 = { ng 6;’))’ 62}' ng }T’ K= { Kxx Kyy KX_‘/ ny }T
s a s a T r

r=_{nr nnt . x={iteity 2o 2x}

The micropolar stress resultants are
s={NM P} (24)
N= { Ny Ny Ny Ny }T’M = { My M,y My, M, }T

T T
Q={QiQ; Q;Q;}’ P={PxxP,vy nyPyx}

and the constitutive equations read

N AO 00 e’
M _ OD 060 K| 25)
0 00 GO 14
P 00 OH X J
[ A, A, 00 [ D\, Dy, 00
Ao|AnAn 00 | [ DDy 00
00 Ay Ay | 00 Dy Dy |
00 Ay Ay [ 00 Dy Dy
[ G, G}, 00 H,, Hy, 00
G = G, Gy 00 H= H,H,, 00
00 Gy Gy | 00  Hy Hy
00 Gy Gy 00  Hy Hy

Constitutive relation (25) can be derived through two-
scale micromechanical analysis of the unit cell of a web-core
panel [20]. The constitutive equation takes the same form
also for a number of other lattice cores than the web-core
such as a pyramidal core [28]. The equilibrium equations of
the plate in terms of the stress resultants are

Ny =Ny, =0 (26)
Nyyy =Ny =0 27
0, +0,+0 +0 =-N-gq (28)
My +My, -0 +07=0 (29)
My + My, — Q; + Q; =0 (30)
me+Pyx,y+2Q;f =0 31
Pyyy+ Py =207 =0 (32)

@ Springer

where the contribution from nonlinear von Karman strains
included in the formulation after the micromechanical con-
stitutive analysis is

2
ox

0
Nty Ntz ) 55 (Nogtty 4 Nytto i) (33)

It should be highlighted here that this inconsistency in
assumed linear strains and non-linear equilibrium equations
is taken only to model the bifurcation point, i.e. Euler-buck-
ling. The equilibrium equations can also be written as

Nxx,x - ny,y =0 (34)
Nyyy =Ny =0 (35)
O+ + O, +0, =-N~—g¢ (36)
P __+P
5 wy Ty
Mxx,x + Mxy,y - Qx + (T) =0 (37)

P, +P
e y"”) =0 (38)

Myy,y + Mxy,x - Qi - < )

which reduce to the same general form as in the classical
ESL-FSDT formulation when the couple-stress moments in
the brackets and the antisymmetric shear forces are zero. The
resulting differential equations are given as

A dzux A dzuy A dzux dzuy 0
11< dx? > 12\ dxdy B\ dy?r T dxdy

(39)
d*u d*u d*u d*u
Ap| == | +An| == ) +Au| — +— | =0
22( dy? > 12 (dxdy) 33( dx?  dxdy
(40
d*u, do,
(G, + G12)< -+ >

dx? dx
dzuz % + 2%)

dx? dx dx

(
+ (G + Gyy) <@ + d¢y>
(

+ (G12 + 622)

dy? dy
dPu. dp, d
__>_2&> — N_g
dy*  dy dy 41

+ (G34 + G44)
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2 2
d-o, @, du
Dy — e (D12+D%3)d dy (G +Gpa) d_xz + ¢,
d*¢,
+Dyy— W +2G (¢, —w,)
dy, dyy dy,
(Hi +H34)?Z; +H22ng’ +Hy—3
+ =
2
(42)
2 2
&2 du
y X z
Dzzd—y2 + (D12+D33)M ~ (G33 + Gyy) <d_y + ¢’y>
2
y
+ D33W +2G3(p, +v,)
d Y dz X d2 X
(Hi +H34)dxl;/ +H11?V; +Hyy d:;
— 2 =

(43)

As shown by Karttunen et al. [20], Navier-type bending
and buckling solutions for simply-supported micropolar
plates can be developed. The series approximations are:

= i i W,..sinaxsinfy

ki = a*(Gyy +2G, + Gy — kNy) + 7 (G33 + 2G4 + Guy — Np)

(5D

ky = Gy —2G, + Gy+a’D, +4°Ds; (52)

ky3 = 4Gy, +p°Hyy+a* Hyg (53)

kyy = G33 = 2Gyy + Gyy+B°Dyy+a’ D, 54)

kss = 4G, +a2H,, + f H,, (55)
NXX

N, = —kNy, N,, = =Ny, k = (56)

Yy

and W, X,,... Y,.., R, and P, correspond the mid-surface
variables u_, ¢x, (,by, v, and Wy respectively. The buckling

load N, is calculated numerically in the micropolar case.

2.2 Classical ESL-FSDT plate model and analytical
buckling solution

44
e | “44) For the ESL-FSDT plate based on classical elasticity the
equilibrium equations can be written in displacement form
o as [34]
D, = X .ncosaxsinfly (45)
nz:; mz:ll A iy +A u, +A i + Py _
M dx? 2\ dxdy B\ @y ddy )
Y Vo 57
g, = Z Z Y, .sinaxcosfy (46)
n=1 m=1 A dzuy A dzux A dzu\, dzux 0
— |+ — |+ — + =
© © 2\ dy? 12 < dxdy > B\ dx2 T dxdy
v, = Z Z R, sinaxcosfy 47 (58)
o Y (.2 DO (O W
S i dx2 dx 33 d 2 dy - 1 ( )
v, = Z Z P, ,cosaxsinfy (48)
n=1 m=1 b d2¢ D d2¢y D &L, d2¢y G (dlxtZ +é ) —0
For buckling, setting the determinant of the matrix of the W " 2axdy T UB\ a2 T dxdy W ax ° 7
following system equal to zero yields the buckling load N, (60)
kiy @(Gyy = Gy) 2a(Giy = Gy) B(Gy3 = Guy) —2B(Gsy+Guy) || W
ka 2(G, = Gy) af(Dyy + Dyy) 0 Xonn
ka3 af(Hy +Hy) [ Pun =10} 49
sym kyy 2(G44 - G34) Yo
k55 Rmn
where &2 ¢ & ¢ o, P, du, .
“PT (0) 61)
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where differences to micropolar formulated is seen only
in bending related equations, Eqgs. (59)-(61) and addi-
tional stiffness properties and displacements associated
with antisymmetric shear strains. For a classical, specially
orthotropic ESL-FSDT plate under biaxial compression with
simply-supported edges, the buckling load is [34]

must be large, which indicates for fixed plate aspect ratio,
alb, that the ratio of buckling half waves m/n must be large.
Thus, in classical ESL-FSDT the number of buckling half-
waves m in the weaker x-direction is large. In micropolar
case due to the additional deformation terms and coupling
between deformations in x- and y-direction this effect does

(62)

B i ad B Gy
N. = 1 C33+C1<st +G|1> _ o2 €33 + Gy 1+0’2 G
0= 2 2 . . -\ 2 . .
a’+kp 1 ( c ) oy ) 1+ k& cl ¢, Gy c3)
+ |+ >=+= + 1+ 2 —+2242
G1,G3;3 Gy Gy a? Gy \ Gy ¢ Gy €

D Dy \ f2 Dypt
y=Dpat(1+2 22422 )= 220
= ! < <Dll D )e*  Dja* (63)
C1 = CC3 — (C4)2 (64)
2 2 2 Dy 4’
¢, =Dyja"+Dy3p”=Dpa”| 1+ Do (65)
1
2 2 2 D,,p’
¢3 =D330° + Dy, " = Dyza”| 1+ Dod? (66)
33
D
€y = (D12+D33)aﬂ=D33<1+D—12>aﬂ (67)
33

and

2

2 Dy
S (ca) = Dud? H_Dzzﬁ2 _%(14_033) B
=03 = Dy« 3 D.7 b\
c) c, Dyza 1 <1+Lﬁ>a
Dy a?
(68)

¢ (cy)’ 2 Dy;8° D3 (H—%)Z s
; =Cy — o =D11a <1 + D”az) - 1?“<1+M>§
D332

The comparison of the Eqs. (41)—(43) and (59)—(61)
for the micropolar and classical ESL-FSDT respectively
reveals interesting facts about the web-core panels. As the
stiffeners are in one direction only, the shear stiffness in
classical ESL-FSDT parallel to stiffener direction is one
order of magnitude larger than normal to this direction, i.e.
G|, << Gj3;. Due to this, in Egs. (59)—(61) the deformation
terms (d’u,/dx*> + d¢,/dx) increase. As a result, the bifur-
cation solution in Eq. (57) is strongly affected by the large
shear stiffness ratio G33/G,, >> 1. Due to this, the o*/p*-ratio

@ Springer

not occur, see Eqgs. (41)-(43).

3 Case studies
3.1 General

The structures to be studied are taken from Karttunen et al.
[20], where the validation of the micropolar model was done
by 3-D FEA, the 2-D micropolar buckling results are gener-
ally in good agreement with 3-D FEA results. The web-core
plate is made from steel with Young’s modulus E=206 GPa
and Poisson ratio v=0.3. The web-plates have a thickness
of t,=2 mm and spacing /=120 mm. The distance between
the mid-surfaces of the face plates is #=44 mm. The face
plate thickness is varied between 7= 2 mm and 10 mm. The
stiffness parameters, derived by micromechanical analysis in
Karttunen et al. [20], and their ratios are shown in Table 1
for micropolar and classical ESL-FSDT plates, respectively.
A simply-supported rectangular plate with aspect ratios
alb=1 (a=b=171), alb=3 (a=51l) and a/b=5 (a=85I)
and their inverse values a/b=1/3 (b=17l) and a/b=1/5
(b=85I) are considered. The aim is to identify the feasibil-
ity of the classical solution in terms of orthotropy of the
panels. Therefore, we focus here only on the comparison of
the results produced by current models.

As Table 1 shows, the panels are highly orthotropic in
shear in the classical continuum solution as the stiffness
ratios range between G3/G; =126 and 170. When micropo-
lar solution is considered, the corresponding numbers are
from G53/G;=2.683 to 29.95. This indicates directly that
the number of buckling half-waves is order of magnitude
larger in classical solution than in the micropolar solution
as for fixed plate aspect ratio, see also Sect. 2.2. When other
stiffness ratios used in classical solution are considered the
stiffness ratios are much more moderate and very close to
those found in the micropolar case.



Annals of Solid and Structural Mechanics

Table 1 Micropolar FSDT-ESL stiffness parameters and stiffness ratios

Stiffness Micropolar Classical
2 mm 4 mm 6 mm 8§ mm 10 mm 2 mm 4 mm 6 mm 8 mm 10 mm

Membrane [MN/m]

Ay, 905.495 1810.99 2716.48 3621.98 4527.47 905.495 1810.99 2716.48 3621.98 452747

A, 271.648 543.297 814.945 1086.59 1358.24 271.648 543.297 814.945 1086.59 1358.24

Ay, 997.277 1907.18 2814.44 3720.98 4627.24 997.007 1907.02 2814.27 3720.74 4627.24

Ay 316.923 633.846 950.769 1267.69 1584.62 316.923 633.846 950.769 1267.69 1584.62
Global bending and twisting [MN/m]

Dy, 0.43826 0.87652 1.31478 1.75304 2.1913 0.43826 0.87652 1.31478 1.75304 2.1913

D, 0.13148 0.26296 0.39443 0.52591 0.65739 0.13148 0.26296 0.39443 0.52591 0.65739

D,, 0.4602 0.90585 1.3535 1.80011 2.24448 0.45844 0.90014 1.34456 1.79037 2.23576

Ds; 0.15339 0.30678 0.46017 0.61356 0.76695 0.15339 0.30678 0.46017 0.61356 0.76695
Shear [MN/m]

Gy, 1.16557 4.26884 9.82709 18.1926 29.56 0.18414 0.30338 0.32673 0.33315 0.33556

G, 0.93837 3.92462 9.46343 17.825 29.1924 - - - - -

G,, 0.91865 3.89135 9.429 17.7917 29.1609 - - - - -

Gs; 349111 45.7777 55.5037 66.3705 79.3196 31.4205 38.2281 41.8695 44.056 45.4626

Gy 1.32756 5.01625 11.1895 20.0058 31.6599 - - - - -

Gy, 0.98325 4.17269 9.96295 18.5242 30.0194 - - - - -
Local bending and twisting [Nm]

H,, 190.167 1416.73 4647.49 10763.7 20571.6 - - - - -

H,, 23.8172 211.894 712.203 1656.92 3155.87 - - - - -

H,, 181.96 1407.22 4638.13 10754.7 20563.1 - - - - -

Hs; 301.832 2414.65 8149.45 19317.2 37728.9 - - - - -

Hs, 90.5495 —724.396 —2444.84 —5795.16 —11318.7 - - - - -

Hy, 1317.4 7712 20232.4 38648.9 63268.3 - - - - -
Stiffness ratios

G3/Gyy 29.952 10.724 5.648 3.648 2.683 170.634 126.007 128.147 132.241 135.483

Ds;/Dy, 0.350 0.350 0.350 0.350 0.350 0.350 0.350 0.350 0.350 0.350

D\,/D,, 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300

D,,/D,, 1.050 1.033 1.029 1.027 1.024 1.046 1.027 1.023 1.021 1.020
D,,/Dy3 3.000 2.953 2.941 2.934 2.927 2.989 2.934 2.922 2918 2915
D\,/Dy3 0.857 0.857 0.857 0.857 0.857 0.857 0.857 0.857 0.857 0.857

3.2 Failure maps and the design space for different
load ratios

The failure maps for different plate aspect ratios a/b=1,
a/b=3 (and a/b=1/3) and a/b=>5 (and a/b=1/5) are given
in Figs. 4, 5 and 6 respectively. Face plate thickness is varied
here between #;=2 mm and 4 mm as these values are typi-
cally used in practical solutions. These maps are created by
ranging the buckling half-wave values from m=1, 2,..., 25
and n=1, 2,..., 25 in the Navier solution and by finding the
combination that minimizes the buckling load. The lines in
the maps indicate the combination of N, and N,, where the

buckling happens. Kinks in the lines indicate a mode shift,
i.e. changes in the number of half-waves that minimize the
buckling load.

As Figs. 5, 6 and 7 indicate, the classical and micropolar
solutions produce nearly the same results when loading is
in the direction of the stiffeners, i.e. Nyy is the main load
direction. This is due the fact that in this direction the resist-
ance of the plate against buckling is mostly due to bending
deformations as the shear stiffness in this direction is very
high, resulting in low shear deformations, i.e. D,,/G;;1*
ratio is low. As the loading N, increases, the difference
between the two models increases and the micropolar solu-
tion results in higher buckling loads than the solutions based
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Fig.4 Stress resultants and split of shear resultants Q.. and Q_, into symmetric and antisymmetric parts for the micropolar plate

on the classical ESL-FSDT,this difference is highlighted
by the grey areas in Figs. 4, 5 and 6. This effect is larg-
est at plate aspect ratio a/b=1, indicating that when plate
deformation wavelengths are equal, the error becomes larg-
est. This can be seen also through the stiffness ratios,the
G;5/Gy-ratio can be compensated in Eq. (57) only by the
wavelength ratio f*/a® and more specifically the by ratio
n*/m?. When the plate aspect ratio a/b is increased ratio to
alb=3 or a/b=5 or decreased to a/b=1/3 or a/b=1/5, the
difference between the two models reduces. At high aspect
ratios this can be explained by the fact that the plate bends

@ Springer

close to a cylindrical shape. At low aspect ratios this reduced
difference is due to the fact that the transverse direction has
little effect on the number of buckling half-waves in the lon-
gitudinal direction, but does effect the deformation in the
transverse direction.

Figure 8 summarizes the difference of micropolar and
classical ESL-FSDT for different plate aspect ratios and plate
thicknesses in terms of size of the design space. The measure
here is equivalent load length, N,, = /A, that produces
the area enclosed by the failure maps, in Figs. 5, 6 and 7,the
area has been integrated by trapezoidal rule. It is clear from
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Fig. 8 that the largest impact of micropolar formulation is
for plate aspect ratio of a/b=1. For low aspect ratios the
influence is not as significant and for high aspect ratios. This
effect increases when the plate thickness increases.

4 Conclusions

The strength of web-core sandwich panels is often limited
by buckling and at early design stages such as conceptual
design the bifurcation buckling forms the basis for buck-
ling strength assessment. This paper reviewed briefly the
differential equations of a 2-D micropolar plate theory and
the Navier solution for biaxial compression with the aim to
identify the reasons observed by Jelovica and Romanoff [15]
and Karttunen et al. [20] for the differences between classi-
cal and micropolar ESL-FSDT plate models and 3-D FEA.
It was shown for web-core panels that while most of the stiff-
ness parameters related to in-plane stretching and bending
are of the same order of magnitude in the stiffener direction
and in the weak direction opposite to stiffeners, there are
few orders of magnitude differences in shear stiffness when
classical solution is concerned. Due to this difference, in
buckling a large number of buckling half-waves in the direc-
tion opposite to stiffeners is needed in comparison to direc-
tion along the stiffeners to compensate the shear stiffness
difference. When the micropolar formulation is used, such
compensation is not needed. This is due to the fact that even
the shear stiffness ratios are close to each other. The outcome
of these findings is that there is significant error in classical
buckling loads for plate aspect ratios close to unity when the
loading direction is opposite to the stiffener direction. When
loading is along stiffener direction, the differences between
classical and micropolar ESL-FSDT are much smaller. The
same can be concluded for plate aspect ratios much smaller
or larger than unity.

The present study was limited to simply-supported rec-
tangular plates undergoing biaxial compression. In real
structures in-plane shear is also often present. In addition,
it is possible that the loading is a combination of compres-
sion and tension. Moreover, plates may be exposed to initial
deformations. Recently Nampally et al. [28] derived a geo-
metrically nonlinear plate finite element for bending prob-
lems based on the micropolar plate theory presented here.
With suitable extensions, the plate element will enable fur-
ther study of web-core plate buckling problems. Finally, as
shown by Reinaldo Goncalves et al. [35] by classical ESL-
FSDT and 3-D FEA, in case of geometrical non-linearity it
is possible that the microstructure buckles locally instead of
global buckling which was discussed in this paper. This calls
for two-scale geometrical non-linear solution. Developing
a micropolar plate model suitable for both local and global
buckling is left for future work.
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