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ABSTRACT

The magnetic activity of late-type stars is correlated with their rotation rates. Up to a certain limit,

stars with smaller Rossby numbers, defined as the rotation period divided by the convective turnover

time, have higher activity. A more detailed look at this rotation–activity relation reveals that, rather

than being a simple power law relation, the activity scaling has a shallower slope for the low-Rossby

stars than for the high-Rossby ones. We find that, for the chromospheric Ca II H&K activity, this

scaling relation is well modelled by a broken two-piece power law. Furthermore, the knee-point of

the relation coincides with the axisymmetry to non-axisymmetry transition seen in both the spot

activity and surface magnetic field configuration of active stars. We interpret this knee-point as a

dynamo transition between dominating axi- and non-axisymmetric dynamo regimes with a different

dependence on rotation and discuss this hypothesis in the light of current numerical dynamo models.

Keywords: Late-type stars (909), Stellar activity (1580), Stellar magnetic fields (1610), Stellar rotation

(1629)

1. INTRODUCTION

The magnetic activity of late-type stars is known to be

correlated with their rotation rate, faster rotation lead-

ing to increased levels of non-thermal emission in the

upper stellar atmospheres from the chromosphere to the

corona (e.g., Noyes et al. 1984; Vilhu 1984). This scal-

ing is understood to be a consequence of dynamo action

in the turbulent outer convective envelopes of the stars,

where the efficiency of the magnetic field generation is

governed by the rotation and the non-uniformities re-

lated to it (see, e.g., Charbonneau 2010), thus leading

to different levels of magnetic heating.

The rotation-governed scaling holds for both the ob-

served activity (Noyes et al. 1984; Gilliland 1985; Basri

1987) and magnetic fields (Saar 2001; Aurière et al. 2015;

Folsom et al. 2018; Kochukhov et al. 2020) for stars with

sufficiently low Rossby numbers, Ro = Prot/τc, where

Prot is the rotation period and τc the convective turnover

time in the stellar convection zone. For faster rotation,

both the activity (Vilhu 1984; Pizzolato et al. 2003;

Douglas et al. 2014; Astudillo-Defru et al. 2017; New-

ton et al. 2017; Wright et al. 2018) and magnetic fields

(Reiners et al. 2009; Vidotto et al. 2014; Shulyak et al.

2019) become decoupled from rotation.1 We will call

here the high and low Rossby regimes of the rotation–

activity relation as the “rotation-dependent” (RD) and

“rotation-independent” (RI) regimes of activity or mag-

netic field scaling, respectively.

Remarkably, both main sequence and evolved stars,

at least in the RD regime, show indications of shar-

ing a similar dynamo process. They follow the same

rotation scaling of both activity (Basri 1987; Lehtinen

et al. 2020) and magnetic fields (Aurière et al. 2015;

Kochukhov et al. 2020) and high activity stars are found

both among the main sequence and evolved stars (see

Schröder et al. 2018, as well as Figure 1 for the high-

est chromospheric Ca II H&K fluxes, logR′HK > −4.4).

1 In observational literature, this is commonly referred to as the
“saturation regime” of magnetic activity. In dynamo theory, how-
ever, this term is used to refer to the stage of stellar dynamos,
where magnetic field, after an initial exponential growth, levels
off (saturates) due to the interplay of various nonlinearities. All
observed active stars in the main sequence, even those with slow
rotation, are in this nonlinear saturation regime.
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Figure 1. Hertzsprung–Russell diagram of the stellar sam-
ple in Lehtinen et al. (2020). Chromospheric activity of the
stars is indicated by colour: red for logR′HK > −4.4, orange
for −4.8 < logR′HK < −4.4, yellow for −5.2 < logR′HK <
−4.8 and grey for logR′HK < −5.2. Evolutionary tracks and
isocontours of the convective turnover time τc are shown for
solar metallicity.

Several slowly rotating giants also have distinct activity

cycles (Olspert et al. 2018), providing clear evidence of

the existence of cyclic dynamos in them.

Already Noyes et al. (1984) and Rutten (1987) noted

that, also within the RD regime, the chromospheric

rotation–activity relation is shallower for the faster ro-

tators and has a break in its slope at mid-activity lev-

els, around logR′HK ≈ −4.5. Noyes et al. (1984) pre-

sented both an empirical polynomial and an exponential

fit for the relation and speculated on the possible physi-

cal causes for its shape. They did not, however, come to

a clear conclusion about the interpretation. Since then,

the chromospheric activity scaling has most often been

modelled by a smooth exponential in the RD regime

(Gilliland 1985; Stȩpień 1994; Kiraga & Stȩpień 2007;

Suárez Mascareño et al. 2016), while some authors have

also presented piecewise fits to account for a localised

knee in the scaling relation (Mamajek & Hillenbrand

2008; Mittag et al. 2018; Suárez Mascareño et al. 2016).

The same curved profile is also visible in the coronal X-

ray scaling (Vilhu 1984; Hempelmann et al. 1995; Ma-

majek & Hillenbrand 2008; Mittag et al. 2018), although

this has not been studied in equal detail.

So far there has not been a conclusive interpretation

of the shape of the activity scaling relation and none

of the published studies present physically motivated

justifications for their choice of fitting functions. The-

oretically, power law relations, possibly with different

exponents in different regimes, are the most naturally

expected result from the magnetohydrodynamic (MHD)

equations, wherefrom the non-dimensional numbers, like

the Rossby number discussed in this study, are derived.2

A break between two power law segments with different

slopes could relate to a transition from one dominating

dynamo regime to another one with a different rotation

dependence. No similar physical justification is available

for the other proposed shapes of the scaling relation.

In this paper we follow on our previous study (Lehti-

nen et al. 2020) of the chromospheric rotation–activity

relation of partially convective main sequence and

evolved stars with the aim of establishing a more phys-

ically motivated understanding of the observed knee.

Our stellar sample covers the RD regime of the activity

scaling up to the RD–RI transition, and is thus ideally

suited for the study.

2. STELLAR DATA

We use the same stellar data as in Lehtinen et al.

(2020), with a few added constraints. The data consist

of the time averaged Ca II H&K line core emission to

bolometric flux ratios, R′HK = F ′HK/Fbol, and rotation

periods, Prot, derived for the stars from the Mount Wil-

son Observatory S-index time series (Wilson 1978). We

derived the Rossby numbers using convective turnover

times, τc, estimated using the YaPSI stellar evolution

models (Spada et al. 2017). The derivation of these stel-

lar parameters is described in detail in Lehtinen et al.

(2020) and the convective turnover times are discussed

further in Sect. 3.1.

The subgiants have the most uncertain evolutionary

track fits and thus cause considerable scatter in the

rotation–activity relation. For this reason, we have ex-

cluded them from the current study. We have also ex-

cluded all stars with τc < 5 d, as was done in Lehtinen

et al. (2020), since these remain highly uncertain for all

stars and are dominated by systematic errors stemming

from the stellar structure models. Finally, we excluded

four stars with low activity but suspiciously short Prot

as having spurious period detections.

Our final sample consists of 54 F- to K-type main se-

quence stars and 41 giants. We have analysed these sep-

arately for the main sequence sample (MS) and the full

combined sample (Combined), which includes also the

giants. This analysis allows for investigating the effect

of the increased scatter from the giants in estimating

the shape of the activity scaling relation. We have not

analysed the giants as their own separate sample, since

their larger scatter and concentration around the mid-

activity levels, −4.8 . logR′HK . −4.4, means that on

2 Theoretical studies usually prefer the Coriolis number over the
Rossby number. These numbers are related to each other via
inverse proportionality, Co ∝ Ro−1.
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Figure 2. Relation between the convective turnover times,
τc, derived for main sequence stars from the YaPSI models
and the Noyes et al. (1984) empirical formula. The dot-
ted and dashed lines indicate linear identity and τc,YaPSI =
2.6 τc,N84 relations between the two τc scales.

their own they contain little information on the shape

of the scaling relation.

3. RESULTS

3.1. Convective turnover times

The complex relation between the convective turnover

time in the stellar outer convective envelope and the lo-

cation of the star in the Hertzsprung–Russell diagram

is illustrated in Figure 1. This shows, for solar metal-

licity, the isocontours of the turnover time τc,YaPSI, de-

rived from the YaPSI stellar evolution models (Spada

et al. 2017). There is a steep increase in the turnover

times towards the evolved giants, due to their greatly ex-

panded outer layers. Such behaviour is not captured by

the more commonly used ways of estimating τc, most

notably the empirical formula by Noyes et al. (1984),

which parameterizes τc only for the main sequence as a
function of the photometric color B−V . In general, for

post-main sequence stars, τc cannot be expressed as a

function of one single parameter.

As the empirical formula of Noyes et al. (1984) has

been widely used, we have compared in Figure 2 their

τc,N84 values with our τc,YaPSI. The τc,YaPSI values

were extracted from the stellar models at an evolution-

ary stage approximately halfway through the main se-

quence, defined as the instant when half of the central

hydrogen has been exhausted by nuclear reactions. This

choice, rather than a classical isochrone, is more repre-

sentative of a heterogeneous sample of field stars, such

as the ones included in the Mount Wilson catalog.

For a wide range of values (τc,YaPSI = 18–57 d, and

τc,N84 = 7–22 d, respectively, corresponding with late

F- to early K-type main sequence stars), the turnover

times follow approximately a linear relation, τc,YaPSI =

2.6 τc,N84. This approximation breaks down both at

low and high τc, although the exact relation remains

monotonous. For the higher mass main sequence stars,

with the shortest τc, the τc,YaPSI values quickly drop to

zero as the outer convective envelope becomes shallower

and disappears. For the low mass stars with the longest

τc, the empirical τc,N84 fails to fully capture the steep

increase, predicted by the models.

The relation between τc,YaPSI and τc,N84 can be satis-

factorily represented by a fifth-order polynomial fit,

τc,YaPSI =− 30.7 + 15.2τc,N84

− 2.16τ2c,N84 + 0.192τ3c,N84

− 0.00839τ4c,N84 + 0.000141τ5c,N84.

(1)

This relation, naturally, does not apply for the evolved

stars, as τc,N84 is not defined for them.

3.2. Two-piece power law model

We modelled the shape of the observed R′HK vs. Ro

rotation–activity relation using a two-piece power law

model. This offers the most physically motivated de-

scription of the activity scaling, as discussed in the In-

troduction, and allows locating a precise knee-point for

the scaling law, that can be compared with other results.

Our regression model is

R′HK(Ro) = f(Ro) =

C1 Roβ1 , Ro ≤ Ro0

C2 Roβ2 , Ro > Ro0,
(2)

where C2 = C1 Roβ1−β2

0 , ensuring continuity at the

knee-point, Ro = Ro0. We assumed that the observed

uncertainties of logR′HK follow a normal distribution,

leading to a log-normal likelihood function for R′HK,

p(R′HK|µ, σ2) = log-Normal(R′HK|f(Ro), σ2), (3)

where the mean, µ, is given by the regression model

f(Ro) and the scale by the scatter parameter σ. This

analysis is similar to that of Douglas et al. (2014), New-

ton et al. (2017) and Wright et al. (2018) with the excep-

tion that our model does not cover the RI regime, but

has instead separate power law exponents β{1,2} on the

opposite sides of Ro0. A description of our regression

procedure, using Markov Chain Monte Carlo with the

emcee Python package (Foreman-Mackey et al. 2013), is

given in the Appendix (Sect. A).

In Table 1 we list the parameter estimates of the model

fits done for the MS and Combined samples, including

derived estimates for the knee-point location as Ro0 and

logR′HK,0 = log f(Ro0). We have also calculated rough

estimates for the knee-point Rossby number in the Noyes
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Table 1. Fit coefficients of the power law model for the MS and Combined samples

logC1 β1 β2 log Ro0 σ logR′HK,0 Ro0 Ro0,N84

MS −4.745+0.051
−0.047 −0.458+0.062

−0.061 −1.222+0.146
−0.181 −0.456+0.054

−0.068 0.084+0.009
−0.008 −4.536+0.051

−0.045 0.350+0.047
−0.051 0.91

Combined −4.807+0.038
−0.036 −0.512+0.059

−0.059 −1.507+0.279
−0.293 −0.310+0.030

−0.050 0.119+0.010
−0.008 −4.647+0.039

−0.033 0.490+0.036
−0.053 1.3
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Figure 3. Two-piece power law fits to the R′HK vs. Ro rotation–activity relation of the MS (left panel) and Combined (right
panel) samples. The light grey shaded area marks the ±1σ range of the likelihood function and the error bars at the knee-point
indicate the uncertainty in its location. The orange circles and cyan diamonds denote stars that Lehtinen et al. (2016) found
to have axisymmetric or non-axisymmetric spot distributions, respectively, and the horizontal dotted lines mark the identified
transition between these regimes. Insets show the δ logR′HK residual distributions and the corresponding likelihood function
profiles. The Sun is indicated as the black circled dot.

et al. (1984) scale, Ro0,N84, to aid comparison with other

published studies. These values were calculated from

our Ro0 values in the YaPSI scale, using the approxi-

mate linear relation τc,YaPSI = 2.6 τc,N84. A more accu-

rate rescaling is not feasible, since the nonlinear relation

between the two τc scales (Eq. 1) does not directly trans-

late for the Rossby numbers, which also depend on Prot.

For the same reason we also do not attempt to derive

accurate error estimates for Ro0,N84.

The regression fits for the MS and Combined samples

are shown in Figure 3. They show general agreement

with each other, although the Combined sample has in-

creased scatter from the giants around the knee-point,

which has pushed its Ro0 towards larger values. We

find, nevertheless, that the better defined MS sample

places the knee close to the logR′HK = −4.46 limit where

Lehtinen et al. (2016) found a sharp transition between

axisymmetric and non-axisymmetric spot activity, sur-

facing as long-lived active longitudes. This suggests that

the onset of non-axisymmetry and the break in the ac-

tivity scaling slope may be related phenomena.

Further evidence supporting this claim is provided

by a comparison with See et al. (2016). They stud-

ied the magnetic topologies of a sizable sample of ac-

tive stars from Zeeman Doppler imaging inversions and

found a transition from mostly poloidal axisymmetric

fields to mostly toroidal non-axisymmetric fields, oc-

curring around their Ro = 1. Their Rossby numbers

were based on a τc scale closely related to Noyes et al.

(1984), so their transition line can be compared with

our Ro0,N84. Their axisymmetric to non-axisymmetric

transition falls thus close to the knee-point in both our

MS and Combined samples.

Insets in Figure 3 show the residuals of logR′HK

against the regression model,

δ logR′HK = logR′HK − log f(Ro). (4)

These are in both cases in good agreement with the pro-

files of the log-normal likelihood function (Eq. 3).

Finally, we tested the validity of the two-piece power

law model against the often used exponential model,

R′HK(Ro) = CeβRo, (5)

using the same likelihood function (Eq. 3). To compare

the two models, we calculated the values of their rela-

tive Bayesian information criterion (BIC, Stoica & Selen

2004),

∆BIC = BIC(power law)− BIC(exponential). (6)
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For the MS sample we found ∆BIC = −2.89, mean-

ing that the two-piece power law model minimizes the

BIC and provides a better model for the data. For

the Combined sample we find the opposite to be true,

∆BIC = 3.52, which would favour the exponential

model instead. This may be attributed to the larger

scatter of the Combined sample, which makes the knee-

point less defined. We claim here that the power law

behavior is more physical and that the preference for an

exponential model in the Combined sample results from

the higher uncertainty in determining τc for the evolved

stars (Lehtinen et al. 2020).

3.3. Gaussian clustering model

To get a statistically independent look at the data, we

also applied a Gaussian mixture model with expectation

maximisation algorithm (Barber 2012) for both the MS

and Combined samples. We tested models with a num-

ber of clusters from one to five and determined the best

model by minimizing their BIC.

The clustering results are shown in Figure 4. For

both the MS and Combined samples the data are best

described by a bimodal model with two clusters in-

tersecting at the the knee-point. This hints at an

abrupt change in the scaling relation, inconsistent with a

smooth exponential model. Note that in Lehtinen et al.

(2020) we found a single Gaussian cluster for the whole

RD regime and a surrounding outlier cluster, using the

same algorithm. In the current study we have excluded

the obvious outliers from the sample, explaining the im-

proved ability of the clustering to model the shape of

the activity scaling.

Figure 4 also includes the regression fits for the two

samples. Notably, both for the MS and Combined sam-

ples, the two clusters intersect close to the knee in the

MS sample fit. The clustering seems thus unaffected by

the increased scatter in the Combined sample. We may

then conclude that the MS fit gives a more robust model

of the activity scaling, even for the full Combined sam-

ple, which provides additional evidence for relating the

knee with the axi- to non-axisymmetric transition.

4. DISCUSSION

To fully understand the different activity levels in dif-

ferent types of stars, one would need to understand both

how stellar dynamos depend on rotational properties

and how their nonlinear saturation mechanism works.

The latter is especially problematic for the following rea-

sons. In mean-field dynamo models, very often, an ad

hoc quenching formula is used, utilizing the assumption

that the growing magnetic field starts influencing the

flow field when the magnetic energy reaches equiparti-

tion with the kinetic energy of the flow (see e.g. Char-

bonneau 2010, and references therein). Such an ap-

proach does not help in understanding how the satu-

ration process occurs. There are also more physical at-

tempts to use the magnetic helicity conservation law to

derive a dynamic equation for the α effect (see e.g. Bran-

denburg & Subramanian 2005, and references therein).

In this case the saturation level becomes dependent on

various additional physical parameters, such as the mag-

netic Reynolds number, and the helicity fluxes out of the

dynamo active domain. Unfortunately, these parame-

ters are largely unknown, and in practice this approach

only increases the number of unknowns in the problem.

Hence, the only remaining route are the so called di-

rect numerical simulations where the full set of MHD

equations is solved. This retains the Lorentz force feed-

back and allows for the magnetic helicity fluxes, that

are thought to be vital in the nonlinear saturation pro-

cess. The problem with this approach is that these

models are still far removed from the realistic param-

eter regime of stars; most notably the viscosity, resis-

tivity and thermal conduction being far increased from

the real objects. There are some works that have al-

ready studied the rotation dependence of the dynamo

solutions either in axisymmetric wedges (Käpylä et al.

2013, 2017; Warnecke 2018; Warnecke & Käpylä 2019),

latitudinal wedges covering the full longitudinal extent

(Viviani et al. 2018; Viviani & Käpylä 2020), or in full

spheres (Nelson et al. 2013; Strugarek et al. 2017). In

such models the axi- to non-axisymmetric transition is

seen (e.g. Viviani et al. 2018, but requiring high enough

resolution), lending support to connecting the observed

knee with this transition. The transition point is, how-

ever, located still at too low rotation rates in comparison

to observations. Recently, Viviani & Käpylä (2020) have

shown that an improved description of the heat conduc-

tion used in the model can push the transition into a

more realistic direction.

The increase of the magnetic energy in the models

as a function of rotation is also not correctly captured,

unless the magnetic energy is normalized with the ki-

netic energy (see e.g. Viviani et al. 2018; Warnecke 2018;

Warnecke & Käpylä 2019). In this case the normalized

energy is seen increasing roughly proportional to the

Coriolis number, in rough agreement with the observa-

tions. However, no such knee-point, as observationally

confirmed, can be seen in these simulations. On the

contrary, the increase of the magnetic to kinetic energy

ratio occurs smoothly over the axi-to non-axisymmetric

dynamo mode transition. These discrepancies could in-

dicate that the models do not yet take correctly into ac-

count the rotational dependence of the critical Rayleigh
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Figure 4. Optimal Gaussian clustering for the MS (left panel) and Combined (right panel) samples. The clusters are denoted
by the blue and red ellipses and their inferred members with corresponding colors. The regression fits of the MS (dashed line)
and Combined samples (dotted line) are shown on top of the clusters.

number for the onset of convection: the more rapid

the rotation, the harder convection becomes to excite.

Unless the thermal conduction is decreased correspond-

ingly when rotation rate is increased, which is usually

not done in the modelling attempts, the energy in the

convective motions might become underestimated in the

rapidly rotating cases.

5. CONCLUSIONS

Our results provide strong evidence of the rotation–

activity relation not being smooth in the rotation-

dependent regime but rather having a localized break at

mid-activity levels. For the main sequence stars, a two-

piece power law model, with distinctly different slopes

on either sides of this knee-point, clearly describes the

activity data better than an often-used, smooth, expo-

nential model. According to our model fit comparison,

including giant stars in the sample would make the ex-

ponential model the preferred one. Our Gaussian clus-

tering analysis, however, finds the knee-point regardless

of whether the giant stars are considered or not. Since

power law relations are also physically expected to arise

from the MHD equations, unlike exponential ones, we

conclude the two-piece power law model to be a more

accurate description of the activity scaling relation.

We argue that the break in the activity scaling can be

interpreted as a transition between two dynamo regimes,

dominating at different rotation rates. A good can-

didate for identifying with this transition is the shift

from axi- to non-axisymmetric magnetic configurations,

as this transition has been observed to occur at nearly

the same activity levels and Rossby numbers for both

spot activity (Lehtinen et al. 2016) and surface magnetic

fields (See et al. 2016) as we find here for the knee-point.
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Figure 5. The posterior distributions of the two-piece power law model parameters for the MS sample (left panel) and the
Combined sample (right panel). The median estimates of each parameter are marked with the orange dashed lines.

APPENDIX

A. THE MCMC REGRESSION

We performed the regression of the two-piece power law model, defined by Eqs. 2 and 3, by treating logC1, β1, β2,

log Ro0, and σ as the independent free model parameters and sampling their joint posterior distribution. We used

the emcee Python package (Foreman-Mackey et al. 2013), which implements an affine invariant Markov Chain Monte

Carlo (MCMC) ensemble sampler (Goodman & Weare 2010). As the priors, we used weakly informative Gaussian

priors p(β) = N (β|−1, 12) and p(log Ro0) = N (log Ro0|−0.5, 0.252) for β{1,2} and log Ro0, a non-informative Jeffreys

prior p(σ2) = 1/σ2 for σ and a uniform prior for logC1. The β{1,2} and log Ro0 priors were chosen to specify a negative

slope for the fit and a rough knee-point location based on visual inspection of the data. In addition, we discarded stars

with Ro > 1 from the fit, since this range is dominated by scattered outliers (see further discussion in Lehtinen et al.

2020).

We set up the MCMC sampler to run with 100 chains of 2000 iterations and removed the first half of each chain

to ensure good convergence. The parameter estimates and their error bars, reported in Table 1, were calculated as

the median values and the 16th and 84th percentiles of the sampled Markov chains. The full posterior distributions

for the MS and Combined samples are shown in Figure 5, including histograms of the marginal distributions of each

model parameter.

For the smooth exponential model (Eq. 5) the parameter estimates are logC = −4.177+0.027
−0.027, β = −1.065+0.062

−0.061 and

σ = 0.091+0.010
−0.008 for the MS sample and logC = −4.214+0.028

−0.029, β = −0.968+0.067
−0.065 and σ = 0.121+0.009

−0.008 for the Combined

sample.


