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Abstract 
The design of rehabilitation exercises applied to sprained ankles requires extreme caution, 

regarding the trajectories and the speed of the movements that will affect the patient. This paper 

presents a technique that allows a 3-PRS parallel robot to control such exercises, consisting of 

dorsi/plantar flexion and inversion/eversion ankle movements. The work includes a position 

control scheme for the parallel robot in order to follow a reference trajectory for each limb with 

the possibility of stopping the exercise in mid-execution without control loss. This stop may be 

motivated by the forces that the robot applies to the patient, acting like an alarm mechanism. The 

procedure introduced here is based on Dynamic Movement Primitives (DMPs). 
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1. Introduction 

Parallel robots are made up of closed kinematic chains that connect a fixed platform with a 

mobile one, which usually includes the end effector. Comparing to a Serial Robot, a Parallel Robot 

(PR) has better precision and dynamic performance, providing many applications such as 

rehabilitation, manufacturing, etc. (Patel & George, 2012). In this paper, we focus on medical 

rehabilitation applications, which are intended to aid injured patients. Many applications of robotics 

for rehabilitation can be found in (Xie, 2016), and lower limb rehabilitation devices are discussed in 

(Díaz et al., 2011). This subfield includes gait trainers (Hesse & Uhlenbrock, 2000; Reinkensmeyer 

et al., 2006) and ankle rehabilitation (Dai et al., 2004; Liu et al., 2006; Sui et al., 2009). 

In the context of sprained ankle rehabilitation, the aim of the robot is to imitate and adjust the 

exercises done by the patient. Control strategies for this kind of applications can be found in (Saglia 

et al., 2013; Tsoi et al., 2009). Many problems related to singular configurations can be found during 

the design of a PR (Gosselin & Angeles, 1990), so techniques like robot limb reconfiguration are 

arising in order to widen the range of movements required to run the exercise (Yoon et al., 2006). 

In this paper, a 3 DoF PR is proposed to carry out the desired movements for the ankle; the first 

degree of freedom allows dorsiflexion/plantarflexion movements, the second permits 

inversion/eversion (Brockett & Chapman, 2016), and the third is translational and allows the physical 

ascent and descent of the limb according to the height of the patient. 

In addition to the suitable kinematic and dynamic model of the robot, which is described in the 

Section 2, a position control system based on Dynamic Movement Primitives (DMPs) is provided 

(Ijspeert et al., 2013; Schaal, 2006). This approach converts the time variable into a manipulable 

variable called phase, and its application cover several intelligent robotics applications, such us 

humanoids robots (Ijspeert et al., 2002) and biped locomotion (Nakanishi et al., 2004). 

DMPs encode the time-dependent reference trajectories to a phase-dependent and nonlinear 

system which is the actually followed. The phase variable can be manipulated to slow down and 

adapt the exercise or simply stop it, providing more flexibility, and so there is no need to accurately 

design a trajectory for every situation. Conversely, having a finite set of trajectories and adapting 

them according to some parameters tuned offline or online is viable, thus generating a training and 

https://creativecommons.org/licenses/by-nc-nd/4.0/
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learning environment (Nemec & Ude, 2012). This can be customized to each patient with the help of 

medical personnel. The DMP system is an approximation that can be optimized using locally 

weighted regression (Atkeson et al., 1997) or Gaussian Process Regression (Fanger et al., 2016). 

Specifically, DMPs are used in this paper with two purposes: 1) to encode the predefined 

references in the cartesian space by the medical personnel, and 2) to stop the execution of an 

unfinished exercise keeping the control of the robot in the final position, and being able to resume 

the exercise from the last point if needed. This application emulates an alarm mechanism. 

The paper is structured as follows: Section 2 presents the kinematic and dynamic model of the 

robot, Section 3 describes the DMP system regarding the trajectory generation and phase stopping, 

Section 4 includes the control scheme with the proposed approach, Section 5 presents an application 

of the system on a lower-limb rehabilitation exercise, and Section 6 expounds the conclusions. 

2. Kinematic and dynamic model of the 3 DoF Parellel Robot  

The rehabilitation exercises are performed in a 3 DoF PR (see Figure 1a). It was developed at 

Universitat Politècnica de València (Vallés et al., 2012), and consists of three kinematic chains (legs) 

which enable two angular rotations (roll and pitch) and a linear motion (heave). Each limb has a ball 

screw actuator as a prismatic joint (P) and an intermediate coupling bar to connect to the mobile 

platform. The bar is connected to the actuator with a revolute joint (R), and to the mobile platform 

with a spherical joint (S). The limbs are arranged in equilateral triangular configuration (Figure 1b). 

  

Figure 1. (a) The 3-PRS Parallel Robot; (b) Kinematic diagram, joints and generalized coordinates. 

https://creativecommons.org/licenses/by-nc-nd/4.0/
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The active (i.e., actuated) generalized coordinates 𝑞𝑞1, 𝑞𝑞6 and 𝑞𝑞8 correspond to the prismatic 

joints; 𝑞𝑞2, 𝑞𝑞7 and 𝑞𝑞9 are the passive generalized coordinates associated with the revolute joints (R), 

and the coordinates 𝑞𝑞3, 𝑞𝑞4 and 𝑞𝑞5 represent the spherical joint (S). The inverse kinematic model to 

get the actuated coordinates is obtained by applying Denavit-Hartenberg parameters based on Paul’s 

notation (Paul, 1981) and geometric constraints. The forward kinematic model uses the Newton-

Raphson method to get q2, q7 and q9, for a given position and orientation of the mobile platform: 

�
𝑞𝑞2
𝑞𝑞7
𝑞𝑞9
�
𝑖𝑖+1

= �
𝑞𝑞2
𝑞𝑞7
𝑞𝑞9
�
𝑖𝑖

− 𝐽𝐽𝑖𝑖−1 �
𝑓𝑓1(𝑞𝑞2,𝑞𝑞7)
𝑓𝑓2(𝑞𝑞2,𝑞𝑞9)
𝑓𝑓3(𝑞𝑞7,𝑞𝑞9)

�

𝑖𝑖

 (1) 

In the equation (1), 𝐽𝐽𝑖𝑖 is the Jacobian Matrix of 𝑓𝑓𝑖𝑖 with respect to the variables [𝑞𝑞2 𝑞𝑞7 𝑞𝑞9], 

and 𝑓𝑓𝑖𝑖 considers the geometrical constraints among the variables (Vallés et al., 2012). 

Regarding the PR dynamics, when independent generalized coordinates are used to model the 

PR, the equation of motion can be expressed as follows, 

𝑀𝑀(𝑞⃗𝑞)𝑞⃗̈𝑞 + 𝐶𝐶�𝑞⃗𝑞, 𝑞⃗̇𝑞�𝑞⃗̇𝑞  + 𝐺⃗𝐺(𝑞⃗𝑞) = 𝜏𝜏 (2) 

where 𝑀𝑀 is the system mass matrix, 𝐶𝐶 is the matrix which includes the centrifugal and Coriolis 

terms, 𝐺⃗𝐺 is a vector that contains the gravitational terms and 𝜏𝜏 is the vector of generalized forces. An 

exhaustive dynamic model identification of the robot can be found in (Díaz-Rodríguez et al., 2010). 

3. Dynamic Movement Primitives  

This Section describes the two utilities covered by the DMP system, as mentioned earlier: firstly, 

the reference trajectory generation in the phase-domain from the time-domain, which is provided by 

the physiotherapist, and secondly, the possibility of stopping the exercise in mid-execution. 

3.1. Trajectory adaptation using DMP 

The trajectories designed by the medical personnel for the exercises are periodic, so a rhythmic 

DMP variant suits well for this problem, which encodes the trajectories by means of the following 

nonlinear equations  (A. J. Ijspeert et al., 2013): 

https://creativecommons.org/licenses/by-nc-nd/4.0/
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𝜏𝜏𝑧̇𝑧 = 𝛼𝛼𝑧𝑧(𝛽𝛽𝑧𝑧(𝑔𝑔 − 𝑦𝑦) − 𝑧𝑧) + 𝑓𝑓(𝜙𝜙, 𝑟𝑟) (3) 

𝜏𝜏𝑦̇𝑦 = 𝑧𝑧 (4) 

𝜏𝜏𝜙̇𝜙 = 1 (5) 

The basic idea behind these equations consists of building a stable dynamical system which is 

modulated by means of nonlinear subsystems 𝑓𝑓(𝜙𝜙, 𝑟𝑟) to accomplish the desired behavior. On this 

purpose, instead of the time dimension, the system reacts based on the phase variable 𝜙𝜙, which is 

updated according to a periodic linear system (5) with 𝜙𝜙 ∈ [0, 2𝜋𝜋], 𝜙𝜙0 = 0. This is also called 

canonical system. 𝑦𝑦 is the periodic trajectory defined by the physiotherapist, 𝑔𝑔 is its mean, and 𝑧𝑧 is 

an auxiliary variable to create a second order system in state-space model. The parameters 𝛼𝛼𝑧𝑧, 𝛽𝛽𝑧𝑧, 𝜏𝜏, 

𝑟𝑟 define the dynamics of the system. By setting 𝛼𝛼𝑧𝑧 = 4𝛽𝛽𝑧𝑧 and 𝛼𝛼𝑧𝑧,𝛽𝛽𝑧𝑧 > 0 the stability is ensured, 𝜏𝜏 

is the time constant which must be set to the period divided by 2𝜋𝜋, and 𝑟𝑟 is set to 1. 

The functions 𝑓𝑓(𝜙𝜙, 𝑟𝑟) are linear combinations of 𝑁𝑁 Von Mises basis functions. They drive the 

system according to the phase 𝜙𝜙 and can be learned to follow the desired trajectory: 

𝑓𝑓(𝜙𝜙, 𝑟𝑟) =
∑ 𝑤𝑤𝑖𝑖𝑁𝑁
𝑖𝑖=1 𝜓𝜓𝑖𝑖(𝜙𝜙)
∑ 𝜓𝜓𝑖𝑖(𝜙𝜙)𝑁𝑁
𝑖𝑖=1

𝑟𝑟 (6) 

𝜓𝜓𝑖𝑖(𝜙𝜙) = exp (ℎ𝑖𝑖(cos(𝜙𝜙 − 𝑐𝑐𝑖𝑖) − 1)) (7) 

In these equations, 𝜓𝜓𝑖𝑖(𝜙𝜙) are the basis functions whose values are modulated by 𝑤𝑤𝑖𝑖. The centers 

of the basis functions 𝑐𝑐𝑖𝑖 must be chosen properly to make good approximations, and ℎ𝑖𝑖 is related to 

the width of the shape. The values of 𝑤𝑤𝑖𝑖 are estimated from the trajectories using regression (Atkeson 

et al., 1997; Fanger et al., 2016). An important decision is to establish a common canonical system 

for the three degrees of freedom (so they are synchronized by the same phase). However, each limb 

is encoded as a separate DMP to generate its own reference trajectory. The larger the value of 𝑁𝑁, the 

greater will be the precision of the resulting DMP.  

Figures 2 shows the fitting of the basis functions and the original trajectories based on this 

parameter 𝑁𝑁, and Figure 3 shows the error in terms of their difference. 

https://creativecommons.org/licenses/by-nc-nd/4.0/
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Figure 2. Original and generated reference trajectories in function of N. 

 
Figure 3. Error between both trajectories in function of N. 

 
3.2. DMP Phase Stopping 

The specialist can stop momentarily the robot’s movement. This is useful if the physiotherapist 

detects an anomaly during the exercise (for example, because the patient is not performing it 

correctly), or the patient experiences pain, fatigue, nervousness, etc. Figure 4 shows the evolution of 

the phase. The blue line corresponds to the natural evolution if no obstacle is found. In red, the phase 

https://creativecommons.org/licenses/by-nc-nd/4.0/
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is stopped twice: in 𝑡𝑡 ∈ [6. .10] s and 𝑡𝑡 ∈ [43. .50] s. This phase stopping will be reflected in the robot 

trajectory tracking described in Section 4. 

 

Figure 4. Phase normal evolution (blue) and voluntarily stopped (red). 
 

4. Parallel Robot Task Space Controller  

Robot control can be addressed by using two types of strategies: joint space control and task 

space control. The first one assumes direct action upon the motors of each joint. In this case, position, 

velocity and acceleration references are usually provided as time-dependent variables and the 

objective of the controller is to follow asymptotically the desired trajectory regardless of possible 

disturbances or non-modelled dynamics. 

On the other hand, in task space control the desired position, velocity and acceleration are 

provided with respect to the end effector. In this work, a PD with gravity compensation in task space 

has been developed. The control action 𝜏𝜏𝑐𝑐 is given by the expression: 

𝜏𝜏𝑐𝑐 = 𝐽𝐽𝑇𝑇(𝑞𝑞) ∙ 𝐾𝐾𝑝𝑝 ∙ (𝑥𝑥𝑑𝑑 − 𝑥𝑥) − 𝐽𝐽𝑇𝑇(𝑞𝑞) ∙ 𝐾𝐾𝑑𝑑 ∙ 𝐽𝐽(𝑞𝑞) ∙ 𝑞̇𝑞 + 𝐺𝐺(𝑞𝑞) (8) 

https://creativecommons.org/licenses/by-nc-nd/4.0/
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where 𝐾𝐾𝑝𝑝 and 𝐾𝐾𝑑𝑑 are symmetric positive definite matrices, 𝐽𝐽 is the Jacobian matrix of the robot 

manipulator, 𝑥𝑥 and 𝑥𝑥𝑑𝑑 are the actual and reference end effector positions, and 𝑞𝑞 is the vector of joint 

coordinates. 

If 𝐽𝐽 is full-rank for all joint configurations 𝑞𝑞, then 

𝑥𝑥 = 𝑥𝑥𝑑𝑑 

𝑥̇𝑥𝑑𝑑 = 0 
(9) 

is a globally asymptotically stable equilibrium point for the closed-loop system (2) and (8). 

Figure 5 shows the control scheme implemented in this paper. The reference generation for the 

mobile platform of the robot is generated using the DMP technique presented in Section 3. The DMP 

block has an input (Phase stopping) which allows to freeze the phase 𝜙𝜙. While it is in low level, the 

signal evolves normally outputting the estimated reference 𝑥𝑥𝑑𝑑 as the canonical system evolves, and 

when it turns high, the canonical system stops and the DMP keeps emitting the last value of 𝑥𝑥𝑑𝑑 until 

the Phase stopping turns back low, after which the systems resumes the operation. The value of 𝑥𝑥𝑑𝑑 

contains the heave and orientation references since a task space controller is employed thereafter. 

 

Figure 5. Control scheme based on task space controller and DMP. 

https://creativecommons.org/licenses/by-nc-nd/4.0/
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Figure 6 shows the reference and actual position of the mobile platform’s pitch angle, and 

Figure 7 plots the error, which demonstrates the precision of the controller. The values of the DMP 

parameters are 𝛼𝛼𝑧𝑧 = 48 and 𝛽𝛽𝑧𝑧 = 12. The task space controller has proportional gains 200000 for 

heave and 150000 for pitch and roll, and the derivative term is 1000. 

 
 

Figure 6. Reference and actual pitch angle position using DMP-based task space controller. 

 
 

Figure 7. Measured pitch angle error using DMP-based task space controller. 
 

https://creativecommons.org/licenses/by-nc-nd/4.0/
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5. Lower limb Rehabilitation Exercises 

Figure 8 shows four of the possible movements of the ankle: plantar/dorsiflexion, inversion and 

eversion. The most common injuries are ankle sprains, representing 38% of locomotor system 

injuries. Sudden movements in the eversion direction cause these sprains by stretching and tearing 

the ligaments (Safran et al., 1999).  

 
 

Figure 8. Ankle movements: plantar/dorsiflexion, and inversion/eversion. 
 

In many cases rehabilitation is not performed, so sprains are not treated. This fact leads to a 

likely chronic injury between 80% and 90% of times and causes ligament instability in absence of 

rehabilitation, which keeps increasing over time as new injuries occur. In order to avoid this, proper 

rehabilitation exercises are indispensable. 

There are different exercises that can be performed to treat or strengthen injured ankles, and the 

parallel robot presented in Section 2 is intended to help in this context. The exercises can be either 

passive or active. Passive exercises are those in which the patient does not make any voluntary 

movement and so the robot dictates the full trajectory based on its program (Abu-Dakka et al., 2015), 

while active exercises imply certain voluntary movements performed by the patient, thus increasing 

the interaction between human and robot. 

Figure 9 shows the rehabilitation robot. As mentioned in Section 2, it has three kinematic limbs 

that control the mobile platform (roll/pitch orientations and heave translation). The human lower 

limb is tied to an orthopedic boot that is attached to the mobile platform by means of an ATI Delta 

https://creativecommons.org/licenses/by-nc-nd/4.0/
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SI-330-30 force/torque sensor. Thanks to this, the specialist can set the required movements to make 

in order to reproduce a trajectory or rehabilitation exercise. 

 
 

Figure 9. Rehabilitation robot and exercise preparation. 
 

Once these movements are stored in the control unit of the robot, they are encoded using the 

procedure shown in Section 3.1. The DMP trajectory adaptation is used as reference (𝑥𝑥𝑑𝑑) for the task 

space controller. 

The rehabilitation robot incorporates different safety devices. Firstly, the forces and torques 

applied to the ankle are monitored during the exercise. Moreover, an emergency stop button allows 

to stop the robot motion and remove the power if an emergency occurs. Finally, there is an additional 

button that stops the phase variable when necessary, until new command is sent to continue the 

exercise. 

Figure 10 shows the results of a plantar/dorsiflexion passive ankle rehabilitation exercise. The 

robot is programmed to follow a specific position reference defined by a specialist, which consists 

of a sinusoidal-based signal for the roll angle. The blue signal is the original reference (without any 

phase stopping), and the black one is the response of the robot for that situation. Conversely, the cyan 

and red signals represent, respectively, the same variables when performing a phase stopping in 𝑡𝑡 ∈

[6. .10] s and 𝑡𝑡 ∈ [43. .50] s. In such intervals, the reference does not change. Both experiments 

perform a very accurate tracking. 

https://creativecommons.org/licenses/by-nc-nd/4.0/
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Figure 10. Rehabilitation exercise with and without phase stopping. 

 
6. Conclusions 

In this paper, a learning algorithm based on Dynamic Movement Primitives has been proposed 

for trajectory adaptation of a Parallel Robot in ankle rehabilitation tasks. This algorithm adjusts the 

exercises by making the system subject to a manipulable phase variable that intervenes in the 

reference signal generation, which is integrated in the control scheme. 

The position control has been designed in task space, which allows to handle cartesian 

coordinates directly by means of the Jacobian matrix. This is possible due to the direct and inverse 

kinematic models that had been solved in previous work. 

Therefore, the adaptation mechanism lies in the fact that the robot can be provided with external 

feedback by altering the normal course of the DMP phase variable. This feedback is received by 

using a device, such as a button, which causes the phase variable to stop. When it occurs, the robot 

keeps controlling the position, although the reference does not move forward. This is a convenient 

way to prevent undesired movements from happening on the patient. 

https://creativecommons.org/licenses/by-nc-nd/4.0/
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Under this premise, passive exercises have been performed for one of the degrees of freedom. 

The experiment shows that the reference generation was successful, and the algorithm could 

accurately follow this reference while being able to stop the exercise. 

 In future developments, improvements to this algorithm can be designed for more complex 

ankle rehabilitation exercises (for example, by using more degrees of freedom) and an automatic 

adaptation of the phase signal can be performed, increasing the flexibility of the system. Furthermore, 

the applied forces can be sent to the controller thanks to the force sensor, improving the control 

performance. Finally, as the patient performs the same exercise several times, such exercise can be 

intelligently modified in order to adapt to the hopefully improved condition of their ankle. 
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