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We introduce the concept of pairwise tomography networks to characterize quantum properties in many-body
systems and demonstrate an efficient protocol to measure them experimentally. Pairwise tomography networks
are generators of multiplex networks where each layer represents the graph of a relevant quantifier, such as,
e.g., concurrence, quantum discord, purity, quantum mutual information, or classical correlations. We propose
a measurement scheme to perform two-qubit tomography of all pairs showing exponential improvement in the
number of qubits N with respect to previously existing methods. We illustrate the usefulness of our approach
by means of several examples revealing its potential impact to quantum computation, communication, and
simulation. We perform a proof-of-principle experiment demonstrating pairwise tomography networks of W
states on IBM Q devices.
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I. INTRODUCTION

The identification, characterization, and measurement of
quantum properties in complex many-body systems is one
of the greatest challenges of modern quantum physics. We
are currently approaching a paradigm shift: On one hand, the
quantum technology revolution is gaining speed as larger and
more sophisticated quantum computers [1], simulators [2],
and communication networks [3] are being developed and
commercialized. On the other hand, we are acquiring increas-
ing evidence of the presence and role of quantumness in real
complex systems, such as biological [4] and condensed-matter
systems [5].

We are now more than ever in need of novel multidisci-
plinary approaches, drawing on recent advances in complex
network science, to tackle the formidable task of describing
emergent and collective behavior of quantum systems of
increasing size and complexity [6]. The potential benefits of
such a merging of disciplines would be remarkable. It would
give us powerful tools to investigate questions, such as, Does
quantumness play a functional role in biological systems?
How can we optimize navigation and data transmission in the
future quantum communication networks? How can we best
engineer the quantum internet? How can we simulate complex
new materials? How can we use quantum computers to design
new chemical reactions and for drug discovery?

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

The results presented in this article lay the foundations of a
interdisciplinary framework combining concepts of complex
network science, quantum information, quantum measure-
ment theory, and condensed-matter physics. We introduce
a powerful tool able to capture, describe, and visualize, at
once, a class of quantum and classical properties in N-qubit
systems, and we present an efficient measurement scheme to
experimentally observe such properties. We focus on pairwise
quantities, that is, those that can be computed from the two-
qubit reduced density matrices (RDMs) obtained by tracing
out the remaining N − 2 qubits.

Our main result is twofold. We first demonstrate in
full generality how to perform pairwise tomography for all
N (N − 1)/2 pairs of qubits with only O(log n) measurement
settings. This constitutes an exponential improvement with
respect to the expected scaling, which is polynomial in N .
Second, we introduce the concept of quantum tomography
multiplexes, i.e., multilayer networks where the nodes are the
qubits and, in every layer, the weighted links represent some
(classical or quantum) pairwise quantity that can be directly
obtained from the tomographic data. This results in a single
mathematical object containing information about pairwise
entanglement, mutual information, classical correlations, von
Neumann entropy, quantum discord, or any other two-body
quantifier which might be useful to characterize both many-
body states and real quantum devices.

We illustrate the potential and usefulness of quantum
tomography networks by considering several applications.
Whereas not containing the complete amount of information
of the full N-qubit state, pairwise tomography networks allow
us to investigate properties of many-body states and explore
correlation in quantum critical systems [7,8], in particular,
in the context of quantum simulation [9]. Moreover, it has
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potential applications in quantum process tomography [10],
in quantum chemistry [11], and in quantum computation
(e.g., in SAT problems [12] as well as in quantum machine
learning [13]). Furthermore, as quantum technologies scale
up, the investigation of complex states involving hundreds
of qubits will be unfeasible unless a statistical perspective is
taken, very much in the spirit of how the field of classical
complex networks describes large complex structures.

The article is structured as follows. In Sec. II, we present
the measurement scheme to reconstruct the pairwise tomog-
raphy network and the corresponding multiplexes, and we
prove that it scales logarithmically with N . In Sec. III, we
apply our method to reconstruct and characterize: (i) the
network of pairwise entanglement resulting from the ex-
perimental implementation of W states on several IBM Q
processors, (ii) system-environment states in an open quantum
systems scenario, and (iii) the ground states of XX spin
chains in a transverse magnetic field. Finally, in Sec. IV,
we summarize our results and present conclusions and future
perspectives.

II. MEASUREMENT SCHEME FOR EFFICIENT
PAIRWISE TOMOGRAPHY

The tomographic reconstruction of the quantum state of
two qubits i and j requires the measurement of the nine
correlators of the form 〈σ (i)

a ⊗ σ
( j)
b 〉, where σa and σb rep-

resent Pauli matrices with a and b taking values x, y, and
z. Therefore, characterizing all pairwise density matrices in
a system of N qubits involves measuring 9N (N − 1)/2 ob-
servables. However, if all qubits can be locally measured
in any desired basis in every experimental realization, it is
possible to arrange the measurements in such a way that
a much smaller number of measurement settings is needed.
For instance, a simple parallelization scheme in which one
measures all nonoverlapping pairs of qubits at once reduces
the number of measurement settings by a factor of �N/2�,
thus, bringing the number of required measurement setups to
O(N ).

In this section, we introduce a measurement scheme that
allows us to obtain all these observables using only O(log n)
copies of the state. First, note that all the correlators 〈σ (i)

x ⊗
σ

( j)
x 〉 ∀ i, j can be obtained via a single measurement setting

in which all qubits are projected onto the x basis and similarly
for the y and z bases. The correlators in which the two qubits
are measured in different bases require more careful thinking.

Our measurement scheme relies on the assignment of three
different labels a, b, and c, to each qubit. These three labels
are then taken to represent measurement bases for each qubit
in such a way that any two different letters represent two
different directions x, y, or z. By letting these three letters run
over all the six possible orderings of measurement bases, it is
guaranteed that all the nontrivial correlators for any two qubits
with different letters will be covered. However, no nontrivial
correlators are measured for those pairs with equal letters.
Hence, in this scheme, we aim at finding the minimal set of
qubit labelings such that all pairs of qubits are covered.

Let us assume, without loss of generality, that each qubit
is indexed by a different integer between 0 and N − 1. These
integers can be represented in base three using only �log3 N	

digits, each of which can only take three different values.
Our strategy is, therefore, simple: We use �log3 N	 labelings,
indexed by l = 1, . . . , �log3 N	 such that in labeling l each
qubit i is assigned the letter a, b, or c, depending on the value
of its lth digit in the base-three representation of its index.
Since any two different qubits have distinct indices, their base-
three representation must have, at least, one different digit, so
there will be, at least, one labeling in which their nontrivial
correlators will be measured. Furthermore, it is clear that
it is not possible to find a smaller number of labelings in
which any two qubits are covered, at least, once; indeed, this
would imply that one could assign a different string of length
M � �log3 N	 − 1, each of them containing only letters a, b,
and c, to each qubit. However, there are only 3M � 3�log3 N	−1

such strings, whereas N > 3�log3 N	−1.
Overall, the required number of different measurement

settings is

6�log3 N	 + 3, (1)

that is, six settings per labeling plus the three trivial ones. This
means that, for example, for around N = 50 qubits, the size of
the state-of-the-art noisy intermediate-scale quantum devices
available today, we need less than 30 measurement settings
as opposed to more than 400 settings needed with the naive
parallel approach.

Recently, similar algorithms for reducing the number of
measurements required for k-wise tomography have been
proposed [14–16]. However, it should be stressed that, al-
though our scheme is less general in that we only consider
pairwise (as opposed to k-wise) tomography to construct the
multiplex representations, it has a better scaling due to the
fact that we label the qubits using three letters instead of
two. As a consequence, we only require 6�log3 N	 + 3, in-
stead of 6�log2 N	 + 3, measurement settings. In the example
discussed in Ref. [15] with N = 1024 qubits, our algorithm
requires 30% less measurements.

Operationally, our algorithm involves the following steps:
(1) Perform the three trivial measurements in which all

qubits are measured along x, y, and z.
(2) Determine the number of different labelings needed:

L = �log3 N	. For l = 1, . . . , L, perform the following sub-
steps:

(a) Divide the qubits into groups of subsequent 3l−1 qubits
and cyclically assign each group the letters a, b, c, a, b, . . . .
The last group may have less than 3l−1 qubits.

(b) Assign to a, b, and c all six permutations of
x, y, and z,

1 2 3 4 5 6
a ←− x x y y z z
b ←− y z x z x y
c ←− z y z x y x

and perform a measurement where each qubit is projected
onto the direction indicated by the assigned letter.

Figure 1 shows the L = 3 different groupings of the qubits
for the case N = 10. For each l , subsequent groups of 3l−1

qubits are cyclically given the letters a, b, and c. The connec-
tions between qubits indicate that nontrivial correlations are
measured among those qubits.
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FIG. 1. Illustration of steps 2(a) in the measurement scheme for N = 10 qubits. Here, L = �log3 10	 = 3. Each figure depicts the letter
assignment to each qubit (represented by three different colors: a in red, b in green, and c in gray) for l = 1–3 (from left to right). The
connections represent the pairs of qubits for which the relevant observables are measured. Note that the letters a, b, and c are assigned
according to the result of �i/3l−1� mod 3, where i is the qubit index (with i = 0 being the topmost qubit and the indices increasing in
clockwise order).

Once all the measurements in the scheme have been per-
formed, we possess all the correlators required for the tomo-
graphic reconstruction of the RDM for each pair of qubits.
The latter can be performed using any of the known methods,
such as simple linear inversion, maximum-likelihood [17–20],
or Bayesian methods [21]. We can, thus, form the so-called
pairwise tomography network in which every pair of qubits
is assigned its corresponding RDM reconstructed from the
tomographic data. This network can then be unfolded into a
quantum tomography multiplex [22–26], a multilayer network
involving the qubits as nodes in which, in every layer, edges
represent a different pairwise quantity.

In this paper, we focus on six such quantities, namely, mu-
tual information, classical correlations, quantum discord [27],
entanglement (measured via concurrence [28]), von Neumann
entropy, and purity; to assign an edge between two qubits i and
j in any of those layers, we simply compute the correspond-
ing quantity from their RDM. For the classical correlations
and quantum discord, nonsymmetric quantities that depend
on the choice of the measured qubit, we show the values
obtained by performing the measurement on the qubit with the
smallest index.

One should bear in mind that, in general, it is possible
to obtain nonzero values in correlation-related quantities as
a consequence of mere fluctuations due to the finite amount
of experimental data. However, in order to unveil the complex
topological structure of the correlations of a given state, we
filter out those links whose numerical values can be regarded
as statistically irrelevant. To assess which connections are
statistically significant, we apply a simple criterion: We first
reconstruct the quantum tomography multiplex of a fully
separable pure state and, from it, we compute the mean and
standard deviation of the weights in each layer for which
these quantities should be null, e.g., concurrence, mutual
information, etc. With these values, we can then consider
the links whose value is larger than the mean plus five
standard deviations in any other experiment as statistically
significant.

III. QUANTUM TOMOGRAPHY NETWORKS:
APPLICATIONS

In this section, we present applications of the pairwise
tomography networks in the fields of quantum technologies
and condensed-matter physics. All the networks included
in what follows have been obtained through a QISKIT [29]
implementation of our measurement scheme [30] either in
simulated experiments using QISKIT’S QASM simulator or
in real experiments on the freely available IBM Q devices
ibmq_burlington, ibmq_essex, ibmq_london, ibmq_ourense,
and ibmq_vigo. The tomographic reconstruction of the two-
qubit density operator is performed using QISKIT’S tool,
which employs a maximum-likelihood method proposed in
Ref. [20].

A. W states in IBM Q devices

Here, we consider, as an initial example of our mea-
surement scheme, the W state, which belongs to a class
of paradigmatic entangled states that have been extensively
studied in the literature: the Dicke states. Dicke states have
gained widespread attention due to their usefulness in quan-
tum metrology [31], quantum game theory [32], quantum
networks [33], and, interestingly, they have been proven use-
ful for combinatorial optimization problems with hard con-
straints [34,35]. They have been experimentally implemented
in a variety of physical platforms from trapped ions [36] to
cold atoms [37–39], from superconducting qubits [40,41] to
photons [33,42]. Remarkably, Dicke states of over 200 qubits
have been recently created in a solid-state platform [43].

An N-qubit W state is defined as

|W 〉 = 1√
N

(|0 · · · 01〉 + |0 · · · 10〉 + · · · + |1 · · · 00〉). (2)

The entanglement of this highly symmetric state is very ro-
bust against particle loss; indeed, the state remains entangled
even if any N − 2 parties lose the information about their
particle [44,45]. This makes it particularly useful for quantum
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FIG. 2. Circuit for the generation of a five-qubit W state [46]
used in the experiments reported in Fig. 3, optimized for the connec-
tivity layout of the IBM Q devices used in the experiments, shown
in Fig. 3(f). The Ry gates are rotations around the y axis by the angle
written below (in radians).

communication purposes as well as for robust quantum mem-
ories. In an N-qubit state, each pair of qubits possesses the
same amount of entanglement with concurrence equal to 2/N .
Their corresponding entanglement network is, therefore, a
fully connected graph. Moreover, W states have the advantage
of being efficiently implementable on gate-based quantum
computers [46]. In particular, in Ref. [46], the authors pro-
posed an algorithm allowing to construct such states in very

short times by parallelizing the required gates, and they tested
it on an IBM Q processor (which is no longer available). In
this paper, we use their technique to prepare W states on five
five-qubit IBM Q devices as a proof-of-principle experiment
for our pairwise tomography scheme.

The working principle behind their algorithm is to first
prepare an initial superposition of the form α|01〉 + β|10〉
between two qubits (q1 and q3 in this case) and then involve
the rest of the qubits in the device by sequentially applying
two-qubit gates that preserve the single-excitation subspace
between connected pairs of qubits. The circuit used for the
experiments in this paper is shown in Fig. 2; note that two-
qubit gates are only applied between qubits for which a CNOT

gate can be physically implemented, in accordance with the
connectivity layout of the devices [see Fig. 3(f)]. Whereas the
circuit depicted in Fig. 2 is designed to prepare a five-qubit
W state, additional single-qubit gates must be included in
order to rotate the qubits for their measurement along the
x and y directions when applying our pairwise tomography
algorithm since measurement in the IBM Q devices only
allow measurements in the computational basis. In partic-
ular, these can be realized by an H gate, or the combina-
tion of S† and H gates, respectively. In this paper, we ran
each measurement setting 8192 times (the maximum number

0 1 2

3

4

(a) (b) (c)

(d) (e) (f)

FIG. 3. (a)–(e) Pairwise concurrence network for a five-qubit W state generated experimentally on five different IBM Q devices. The edges
represent the concurrence between the two qubits, represented as nodes, that it intersects. The weight of an edge is represented by its width
and color, which correspond to the color bar on the right. The size of each node is proportional to its strength, that is, the sum of the weights
of the links reaching it. The edge between qubits 1 and 4 in ibmq_london has been filtered out, being statistically insignificant, as explained at
the end of Sec. II. For all other missing links, the reconstructed two-qubit states have zero concurrence. (f) The T-shaped connectivity layout
of the IBM Q devices used in the experiment. The arrows represent the pairs of qubits that can be coupled with CNOT gates.
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TABLE I. Parameters of the IBM Q devices used in the experimental implementation of the W state. From left to right: average error rate
of single- (U3) and two-qubit (CNOT) gates, average error rate of the readout, average T1 and T2 of the qubits, quantum volume [47], and average
pairwise concurrence 〈C〉 measured for the W state. The error rates and decoherence times are obtained through the IBM Q API at the time the
experiments were run.

Device U3 (%) CNOT (%) Readout (%) T1 (μs) T2 (μs) Q volume 〈C〉
ibmq_vigo 0.26 1.2 2.2 76 65 16 0.17
ibmq_london 0.075 1.2 2.5 54 52 16 0.096
ibmq_essex 0.099 1.5 4.8 92 140 8 0.041
ibmq_ourense 0.12 0.96 4.7 120 72 8 0.041
ibmq_burlington 0.12 1.6 4.9 88 79 8 0.012

of shots allowed) to gather statistics for the tomographic
reconstruction.

The results are shown in Fig. 3 where we present the
networks of pairwise concurrence on the five devices. Each
node corresponds to a different qubit in the device, and the
thickness and color of each link correspond to the concurrence
between the two qubits. As reported in Table I, the IBM Q
devices have significant error rates for single- and two-qubit
gates as well as in the measurement process. This results in
missing links in the concurrence network as well as a much
lower average concurrence compared to the expected one
〈C〉 = 2/5 = 0.4. In addition, it is interesting to see that the
correlation between the average errors reported in Table I and
the resulting average concurrence 〈C〉 is not straightforward,
despite the connectivity layouts, as well as the circuit imple-
mentations of the W state, being equal for all the processors.
From an inspection of Table I, the readout error appears to
be the most impacting factor, followed by the error in CNOT

gates, whereas the single-qubit error, being around one order
of magnitude smaller, is not significantly detrimental. The
average concurrence does not seem to be correlated with the
decoherence times T1 and T2, presumably because the depth
of the circuit is relatively small.

We note a correlation between the quantum volume [47]
of each device and the efficiency in the reconstruction of
the expected pairwise tomography network since ibmq_vigo
and ibmq_london have higher quantum volume than all the
other devices. However, this simple quantifier of quantum
computer power is not sufficient to grasp the rather notable
difference in the performance of the two; the same is also true
for ibmq_burlington and ibmq_ourense). Understanding the
deviations from the theoretical prediction requires a more de-
tailed device characterization accounting for all the unwanted
sources of error in the computers, which is beyond the scope
of this paper.

B. Decoherence in open quantum systems

The pairwise tomography network can also be used to
generate multiplex representations of quantum states in which
the connections among qubits represent different quantifiers in
every layer. This can be useful, for instance, for understanding
the presence of correlations, quantum or classical, between an
open quantum system and its quantum environment, as well
as among the different parts of the latter. In order to illustrate
this, we apply our machinery to the simulation of a collisional

model in which a system qubit decoheres as a result of the
interaction with other ancillary qubits (environment) at ran-
dom times. In particular, we assume that each ancilla collides
only once and at a time exponentially distributed with rate
λ/n, where n is the number of ancillae, and that the interaction
between the system and an ancilla, driven by the Hamilto-
nian HI = η

2 σ a
x ⊗ σS

z , can be considered instantaneous, result-

ing in the unitary transformation Uθ = e−i(θ/2)σ a
x ⊗σS

z , where
θ = limt→0 tη denotes the interaction strength and t is the
duration of the collision. Furthermore, we will consider the
states of the system and an ancilla to be |+〉S and |0〉a,
respectively, before the collision.

It has been recently shown that this simple model can lead
to the decoherence of the system even if the total state of
system and ancillae remains fully separable at all times as
a consequence of the randomness in the collision times [48].
However, to illustrate the potential of the multiplex represen-
tation, we will consider entangling interactions in the current
paper as they lead to more complex quantum states.

We further give a quantum origin to the randomness in
the collision times through the introduction of n emitters,
initially in the excited state, which relax to their ground
state emitting an ancilla that immediately collides with the
system qubit. Hence, if the initial state of the system is |ψ0〉S ,
the total state for n = 1 at time t is given by

√
e−λt |1〉e ⊗

|0〉a ⊗ |ψ0〉S + √
1 − e−λt |0〉e ⊗ Uθ (|0〉a ⊗ |ψ0〉S ); the gen-

eralization for n > 1 is straightforward.
Although this dynamical process exhibits several interest-

ing regimes as time evolves, we only focus on the long-time
one here. However, we have created a video showing the time
evolution of the multiplex, namely, how pairwise entangle-
ment, quantum and classical correlations, and entropy/purity
are dynamically established within the system-environment
framework [49]. In Fig. 4, we show the multiplex of the cor-
responding state for N = 9 (that is, with four emitter-ancilla
pairs), at time λt = 1000, and with entangling interaction
strength θ = 2π/3. The resulting multiplex network exhibits
a complex structure from which it is easy to identify the role of
every qubit, i.e., system, emitter, or ancilla, in the dynamics.
The concurrence layer reveals that the system qubit is, indeed,
entangled with all the ancillae but not with the emitters.
Interestingly, despite the lack of entanglement between the
different ancillae, these are nevertheless correlated, both at
the classical and at the quantum levels with nonzero classical
correlations and discord (and, consequently, mutual informa-
tion). Finally, the connectivity of the emitters reveals that, as
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FIG. 4. Collisional model at time λt = 1000 and with entangling interaction strength θ = 2π/3. Qubits 1, 3, 5, and 7 are the emitters 2,
4, 6, and 8, the ancillae, whereas 9 is the system qubit. The concurrence reveals pairwise entanglement between the system and the ancillae
only, whereas there are quantum discord, classical correlations, and mutual information among the ancillae as well. The emitters are in the
ground state since they are not correlated with any other qubit, whereas they form a clique in the purity layer; similarly, note that there are no
connections among emitters in the entropy layer.

expected at long times, they are in the ground state. This is
consistent with the total lack of correlations with any other
qubits and with the fact that the four emitters form a strongly
connected clique in the purity layer; also, their connections
are even deemed statistically irrelevant in the entropy layer.

C. XX spin chain

The full power of the pairwise tomography multiplex can
be appreciated for systems displaying nontrivial and non-
homogeneous pairwise correlations. A perfect example is
the spin-1/2 XX chain in a magnetic field, whose ground
state possesses nontrivial topological order. In this model,
the quasi-long-range order manifests itself in the formation
of entangled edge states with spins at the edge of the chain
sharing entanglement quite differently from bulk spins [50].

The Hamiltonian of the spin chain is given by

H = −J
N∑

i=1

[
1

2

(
σ x

i σ x
i+1 + σ

y
i σ

y
i+1

) + Bσ z
i

]
, (3)

where B is the magnetic field and J is an overall coupling
constant that we take as the unit of energy. In the following,
we consider the open-boundaries case, i.e., we set σN+1 = 0.

At finite size, the system is characterized by an instability
of the ground state determined by a sequence of energy-
level crossings as the magnetic field is varied. This gives
rise to sudden jumps in pairwise entanglement which be-
haves nonanalytically. Following Ref. [50], we indicate with

k the number of crossings and with Bk+1 < B < Bk the
corresponding regions of magnetic field, where Bk =
cos[πk/(N + 1)]’s are the critical values of B.

Pairwise entanglement jumps are very well captured by our
concurrence networks (see Fig. 5), whose topology exhibits
dramatic changes as we pass through different k zones. The
concurrence networks also clearly illustrate the difference
in the entanglement of spin pairs in the bulk of the chain
with respect to the edge. Specifically, one sees immediately
the formation of entangled edge states (see, e.g., k = 5),
indicating the onset of long-range order in the system [50].

Let us now look at the pairwise tomography multiplex.
Comparing the concurrence and entropy layers, we observe a
somewhat expected and yet interesting phenomenon: There is
a correlation between the weight of the edge connecting two
qubits i and j in the entropy layer and their corresponding
strengths si and s j in the concurrence layer where the strength
of a node in a weighted network is defined as the sum of the
weights of the edges intersecting it. This effect is especially
visible by comparing the pairs (3,7) and (1,9). This correlation
is a consequence of the fact that the pairwise state of two
qubits that are highly entangled with other qubits is highly
mixed (a similar anticorrelation can be observed between con-
currence and the purity layers). Finally, the discord, classical
correlations, and mutual information graphs [51] are fully
connected, showing that, even if pairwise entanglement is not
present, other types of quantum and classical correlations are
small but nonvanishing.
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FIG. 5. (a) Concurrence network of the XX ground state of an N = 9 spin chain for different values of k. (b) Pairwise multiplex for the
ground state in the k = 2 zone showing the differences in the two-spin properties between bulk pairs, e.g., spins 5 and 6, and edge pairs, e.g.,
spins 1 and 2.

IV. CONCLUSIONS AND OUTLOOK

We have introduced a new powerful concept for the
characterization of quantum and classical properties in
many-body systems: the pairwise tomography networks. We
have demonstrated that they can be efficiently reconstructed
experimentally and we presented a measurement scheme
showing exponential improvement with respect to the known
scaling. Whereas containing less information than the full
density matrix, pairwise RDM allow in-depth characterization
of a quantum state with significantly less resources with
potential applications in quantum many-body physics [7,8],
quantum chemistry [11], and quantum computation
[12,13].

Applications of pairwise tomography networks to the in-
vestigation of quantum and classical properties of paradig-
matic states, such as the W states or the ground states of
strongly correlated many-body systems, have been presented.
These examples show that, through our new representation
of two-body quantities, one may gain insight on the physical
properties of complex quantum systems. Specifically, the net-
work representation allows us to identify the distribution of
pairwise quantum and classical properties within the many-
body system. For stationary qubit systems, i.e., wherever the
geometric location of the qubits is fixed, this may indicate the
spatial distribution of quantum resources, such as entangle-
ment, as exemplified by the XX spin chain model.

023393-7



GUILLERMO GARCÍA-PÉREZ et al. PHYSICAL REVIEW RESEARCH 2, 023393 (2020)

We have shown that further insight on the complex prop-
erties of many-body systems can be obtained by means of
multiplex networks where different pairwise properties are
represented in different layers. Topological correlations be-
tween the different network layers may reveal additional in-
formation about the structure of the underlying state. Another
possible interesting application of multiplex networks, which
we plan to study in the future, is the case in which the
system evolves dynamically, as in the collisional model here
described. Each layer of the multiplex network may represent,
e.g., pairwise entanglement at different times, allowing us to
study the temporal correlations in the dynamical evolution of
such quantity.

Multiplex networks are extensively studied in network
science, and there exist tools for analyzing statistically their
properties. Although the examples considered in these papers
are all meant to illustrate as proof of principle, the potential
of these concepts, we envisage several scenarios in which,
for increasing N , statistical methods from classical network

theory will be needed to characterize the system’s properties.
In this sense, our results may stimulate a much sought cross
fertilization between complex network science and quantum
many-body physics. This, in turn, may be a key ingredient for
the emergence of a new approach to answer both fundamental
and applicative questions in quantum biology, quantum chem-
istry, quantum technologies, and condensed-matter physics.
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[19] J. Řeháček, Z. Hradil, E. Knill, and A. I. Lvovsky, Di-
luted maximum-likelihood algorithm for quantum tomography,
Phys. Rev. A 75, 042108 (2007).

[20] J. A. Smolin, J. M. Gambetta, and G. Smith, Efficient Method
for Computing the Maximum-Likelihood Quantum State from
Measurements with Additive Gaussian Noise, Phys. Rev. Lett.
108, 070502 (2012).

[21] R. Blume-Kohout, Optimal, reliable estimation of quantum
states, New J. Phys. 12, 043034 (2010).

[22] M. De Domenico, A. Solé-Ribalta, E. Cozzo, M. Kivelä, Y.
Moreno, M. A. Porter, S. Gómez, and A. Arenas, Mathematical
Formulation of Multilayer Networks, Phys. Rev. X 3, 041022
(2013).

[23] M. Kivelä, A. Arenas, M. Barthelemy, J. P. Gleeson, Y. Moreno,
and M. A. Porter, Multilayer networks, J. Complex Networks 2,
203 (2014).

[24] M. De Domenico, V. Nicosia, A. Arenas, and V. Latora, Struc-
tural reducibility of multilayer networks, Nat. Commun. 6, 6864
(2015).

[25] G. Bianconi, Multilayer Networks: Structure and Function
(Oxford University Press, Oxford, 2018).

[26] E. Cozzo, G. F. de Arruda, F. A. Rodrigues, and Y. Moreno,
Multiplex Networks: Basic Formalism and Structural Properties
(Springer, Berlin, 2018).

[27] H. Ollivier and W. H. Zurek, Quantum Discord: A Measure of
the Quantumness of Correlations, Phys. Rev. Lett. 88, 017901
(2001).

[28] W. K. Wootters, Entanglement of Formation of an Arbitrary
State of Two Qubits, Phys. Rev. Lett. 80, 2245 (1998).

023393-8

https://doi.org/10.1103/RevModPhys.86.153
https://doi.org/10.1098/rspa.2018.0674
https://doi.org/10.1016/j.physrep.2016.06.008
https://doi.org/10.1038/s42005-019-0152-6
https://doi.org/10.1038/416608a
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/PhysRevX.8.021012
https://doi.org/10.1038/s41467-020-14873-1
https://doi.org/10.1103/RevModPhys.92.015003
https://doi.org/10.1137/S0097539704445226
https://doi.org/10.1103/PhysRevLett.118.216401
http://arxiv.org/abs/arXiv:1904.03218
https://doi.org/10.1103/PhysRevLett.124.100401
http://arxiv.org/abs/arXiv:1908.05628
https://doi.org/10.1103/PhysRevA.55.R1561
https://doi.org/10.1103/PhysRevA.61.010304
https://doi.org/10.1103/PhysRevA.75.042108
https://doi.org/10.1103/PhysRevLett.108.070502
https://doi.org/10.1088/1367-2630/12/4/043034
https://doi.org/10.1103/PhysRevX.3.041022
https://doi.org/10.1093/comnet/cnu016
https://doi.org/10.1038/ncomms7864
https://doi.org/10.1103/PhysRevLett.88.017901
https://doi.org/10.1103/PhysRevLett.80.2245


PAIRWISE TOMOGRAPHY NETWORKS FOR MANY-BODY … PHYSICAL REVIEW RESEARCH 2, 023393 (2020)

[29] G. Aleksandrowicz, T. Alexander, P. Barkoutsos, L. Bello, Y.
Ben-Haim, D. Bucher, and C. Zoufal, Qiskit: An open-source
framework for quantum computing, https://github.com/Qiskit/
qiskit (2019).

[30] G. García-Pérez, M. A. C. Rossi, B. Sokolov, E.-M. Borrelli,
and S. Maniscalco, GITHUB repository: pairwise-tomography,
https://github.com/if-quantum/pairwise-tomography (2019).

[31] G. Tóth, Multipartite entanglement and high-precision metrol-
ogy, Phys. Rev. A 85, 022322 (2012).

[32] S. K. Özdemir, J. Shimamura, and N. Imoto, A necessary
and sufficient condition to play games in quantum mechanical
settings, New J. Phys. 9, 43 (2007).

[33] R. Prevedel, G. Cronenberg, M. S. Tame, M. Paternostro, P.
Walther, M. S. Kim, and A. Zeilinger, Experimental Realization
of Dicke States of up to Six Qubits for Multiparty Quantum
Networking, Phys. Rev. Lett. 103, 020503 (2009).

[34] Ed. Farhi, J. Goldstone, and S. Gutmann, A quantum approxi-
mate optimization algorithm, arXiv:1411.4028.

[35] S. Hadfield, Z. Wang, B. O’Gorman, E. Rieffel, D. Venturelli,
and R. Biswas, From the quantum approximate optimization
algorithm to a quantum alternating operator ansatz, Algorithms
12, 34 (2019).

[36] H. Häffner, W. Hänsel, C. F. Roos, J. Benhelm, D. Chek-al
kar, M. Chwalla, T. Körber, U. D. Rapol, M. Riebe, P. O.
Schmidt, C. Becher, O. Gühne, W. Dür, and R. Blatt, Scalable
multiparticle entanglement of trapped ions, Nature (London)
438, 643 (2005).

[37] B. Lücke, M. Scherer, J. Kruse, L. Pezzé, F. Deuretzbacher, P.
Hyllus, O. Topic, J. Peise, W. Ertmer, J. Arlt, L. Santos, A.
Smerzi, and C. Klempt, Twin matter waves for interferometry
beyond the classical limit, Science 334, 773 (2011).

[38] F. Haas, J. Volz, R. Gehr, J. Reichel, and J. Estève, Entangled
states of more than 40 atoms in an optical fiber cavity, Science
344, 180 (2014).

[39] X.-Y. Luo, Y.-Q. Zou, L.-N. Wu, Q. Liu, M.-F. Han, M. K.
Tey, and L. You, Deterministic entanglement generation from
driving through quantum phase transitions, Science 355, 620
(2017).

[40] R. Barends, J. Kelly, A. Megrant, A. Veitia, D. Sank, E. Jeffrey,
T. C. White, J. Mutus, A. G. Fowler, B. Campbell, Y. Chen,
Z. Chen, B. Chiaro, A. Dunsworth, C. Neill, P. O’Malley, P.
Roushan, A. Vainsencher, J. Wenner, A. N. Korotkov, A. N.
Cleland, and John M. Martinis, Superconducting quantum

circuits at the surface code threshold for fault tolerance,
Nature (London) 508, 500 (2014).

[41] C. Song, K. Xu, W. Liu, C.-p. Yang, S.-B. Zheng, H. Deng, Q.
Xie, K. Huang, Q. Guo, L. Zhang et al., 10-Qubit Entanglement
and Parallel Logic Operations with a Superconducting Circuit,
Phys. Rev. Lett. 119, 180511 (2017).

[42] W. Wieczorek, R. Krischek, N. Kiesel, P. Michelberger, G.
Tóth, and H. Weinfurter, Experimental Entanglement of a Six-
Photon Symmetric Dicke State, Phys. Rev. Lett. 103, 020504
(2009).

[43] P. Zarkeshian, C. Deshmukh, N. Sinclair, S. K. Goyal, G. H.
Aguilar, P. Lefebvre, M. Grimau Puigibert, V. B. Verma,
F. Marsili, M. D. Shaw, S. W. Nam, K. Heshami, D.
Oblak, W. Tittel, and C. Simon, Entanglement between more
than two hundred macroscopic atomic ensembles in a solid,
Nat. Commun. 8, 906 (2017).

[44] W. Dür, G. Vidal, and J. I. Cirac, Three qubits can be entangled
in two inequivalent ways, Phys. Rev. A 62, 062314 (2000).

[45] W. Dür, Multipartite entanglement that is robust against dis-
posal of particles, Phys. Rev. A 63, 020303(R) (2001).

[46] D. Cruz, R. Fournier, F. Gremion, A. Jeannerot, K. Komagata,
T. Tosic, J. Thiesbrummel, C. L. Chan, N. Macris, M.-A.
Dupertuis, and C Javerzac-Galy, Efficient quantum algorithms
for GHZ and W states, and implementation on the IBM quantum
computer, Adv. Quantum Technol. 2, 1900015 (2019).

[47] A. W. Cross, L. S. Bishop, S. Sheldon, P. D. Nation, and J. M.
Gambetta, Validating quantum computers using randomized
model circuits, Phys. Rev. A 100, 032328 (2019).

[48] G. García-Pérez, D. A. Chisholm, M. A. C. Rossi, G. M. Palma,
and S. Maniscalco, Decoherence without entanglement and
quantum darwinism, Phys. Rev. Res. 2, 012061 (2020).

[49] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevResearch.2.023393 for how pairwise entan-
glement, quantum and classical correlations, and entropy/purity
are dynamically established within the system-environment
framework.

[50] W. Son, L. Amico, F. Plastina, and V. Vedral, Quantum in-
stability and edge entanglement in the quasi-long-range order,
Phys. Rev. A 79, 022302 (2009).

[51] M. A. Valdez, D. Jaschke, D. L. Vargas, and L. D. Carr, Quan-
tifying Complexity in Quantum Phase Transitions via Mutual
Information Complex Networks, Phys. Rev. Lett. 119, 225301
(2017).

023393-9

https://github.com/Qiskit/qiskit
https://github.com/if-quantum/pairwise-tomography
https://doi.org/10.1103/PhysRevA.85.022322
https://doi.org/10.1088/1367-2630/9/2/043
https://doi.org/10.1103/PhysRevLett.103.020503
http://arxiv.org/abs/arXiv:1411.4028
https://doi.org/10.3390/a12020034
https://doi.org/10.1038/nature04279
https://doi.org/10.1126/science.1208798
https://doi.org/10.1126/science.1248905
https://doi.org/10.1126/science.aag1106
https://doi.org/10.1038/nature13171
https://doi.org/10.1103/PhysRevLett.119.180511
https://doi.org/10.1103/PhysRevLett.103.020504
https://doi.org/10.1038/s41467-017-00897-7
https://doi.org/10.1103/PhysRevA.62.062314
https://doi.org/10.1103/PhysRevA.63.020303
https://doi.org/10.1002/qute.201900015
https://doi.org/10.1103/PhysRevA.100.032328
https://doi.org/10.1103/PhysRevResearch.2.012061
http://link.aps.org/supplemental/10.1103/PhysRevResearch.2.023393
https://doi.org/10.1103/PhysRevA.79.022302
https://doi.org/10.1103/PhysRevLett.119.225301

