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Analytical Models of Reflection and Scattering by
Finite-Size Anomalously Reflecting Metasurfaces
Ana Dı́az-Rubio, Svetlana Tcvetkova, and Sergei Tretyakov
Dept. of Electronics and Nanoengineering, Aalto University, Espoo, Finland, email address: ana.diazrubio@aalto.fi

Abstract—The use of tunable metasurfaces for engineering and
optimizing propagation environment is actively considered by
the telecommunications community. These metasurfaces serve as
anomalous reflectors that redirect incident waves into the desired
direction. Known models of anomalous reflectors assume that
each metasurface element (meta-atom) acts as an independent
relay, reflecting the incident waves with a desired phase shift,
realizing the phased-array functionality. This assumption, however, is not valid for vast majority of anomalously reflecting
metasurfaces. Moreover, the known theories of metasurface
reflectors is limited to infinite planar reflectors. In this talk,
we will present an approximate analytical model of far-field
scattering from anomalously reflecting metasurfaces of a finite
size and discuss the features of reflected fields that cannot be
found using the known models.

are not useful if the metasurface is illuminated from many
directions (the multi-path scenario).
In this presentation we will discuss our recent results on
development of analytical models of reflection and scattering
from finite-size anomalous reflectors. The developed model is
applicable to both phase-gradient reflectors (reflectarrays) [2]
and nonlocal or power-flow-conformal anomalous reflectors
[3].
II. T HEORY AND RESULTS
We consider reflection and scattering from an anomalously
reflecting metasurface illuminated by a plane wave at an
arbitrary angle, see Fig. 1.

Index Terms—anomalous reflector, reconfigurable intelligent
surface (RIS), far-field scattering

I. I NTRODUCTION
Current research of anomalously reflecting metasurfaces and
their applications (e.g., [1], [2]) is focused on the study and
characterization of anomalous reflectors under very specific
conditions, usually for a single plane-wave illumination from
a specific direction. Moreover, only reflection from anomalous
reflectors of an infinite extent are well understood [3].
The most common approach to design metasurfaces for
manipulating the direction of reflected waves is to make the
reflection phase nonuniform along the metasurface. As it is
known from the phased-array antenna theory, in the particular
case of anomalous reflection (a plane wave is reflected breaking the reflection law, i.e., the reflection angle is not equal to
the incidence angle), the reflection phase should linearly vary
compensating the phase mismatch between the incident and
reflected waves.
Known approaches to calculation of reflection from finitesized anomalous reflectors are based on the local reflection
coefficient model, that is, on the assumption that at each
point of the metasurface the reflected field equals the incident
field with the desired phase shift: More advanced models
also include correction of the field amplitude based on the
power conservation, e.g., [4], [5]. The control of the reflection
phase is assumed to be achieved by engineering the local
surface impedance of the reflector, using the locally periodic
approximation. These models do not account for parasitic
reflections due to impedance mismatch [3]. Another limitation
is that the known models can be used only for a single planewave illumination at the design incidence angle, and they

Fig. 1. Geometry of the problem. A finite-size metasurface of rectangular
shape (size 2a × 2b) is placed at the xz-plane. The surface is illuminated by
a TE-polarized plane wave, and the incidence plane is the xy-plane.

Because the metasurface is a periodical structure, it can scatter into several diffraction lobes, whose directions are defined
by the reflection angles θrn , n = 0, ±1, . . . . These angles
depend on the incident angle θi , the metasurface structure
period D, and the wavenumber k in the following way:
n2π
(1)
kD
Next, we introduce a macroscopic reflection coefficient as a
combination of the individual reflection coefficients for each
individual reflected mode as
X
R(θi , x) =
rn (θi )e−jk(sin θrn −sin θi )x e−jk(cos θrn +cos θi )y
sin θrn = sin θi +

n

(2)
where rn (θi ) = |rn (θi )| exp [jφn (θi )] is the individual reflection coefficient for each propagating diffracted mode. For

phase-gradient metasurfaces the individual reflection coefficients are found using the mode-matching approach for solving
reflection problems for periodically modulated impedance
boundaries [6]. For nonlocal metasurfaces they need to be
found numerically (for the illumination at the design angle,
these metasurfaces
realize theoretically perfect response with
p
cos θi / cos θr , and all the other individual-mode
r0 =
reflection coefficients are zero).
Now we can write the reflected field as the sum over the
propagating harmonics,
X
0
0
Erz = E0
rn (θi )e−jk(sin θrn x +cos θrn y )
(3)
n

and calculate the corresponding magnetic field of these plane
waves. Next, we introduce the effective equivalent Huygens
electric and magnetic surface currents
je = ŷ × (Hi + Hr ),

jm = −ŷ × (Ei + Er )

(4)

and calculate the corresponding scattered field as (e.g., [7])
Z
1
[∇∇ + k 2 ] je (r0 )G0 (r, r0 )dS 0
Er (r) =
jωε
S
Z
−∇ ×
jm (r0 )G0 (r, r0 )dx0 dz 0
(5)
S

where

0

1 e−jk|r−r |
G0 (r, r ) =
4π |r − r0 |
0

(6)

is the scalar Green function, and the integration is over the
metasurface plane.
In the far-field approximation, this integral simplifies to
Z
0
jk e−jk|r|
Er (r) ≈
ejkr̂·r r̂×[Z0 r̂×je (r0 )+jm (r0 )]dx0 dz 0
4π |r|
S
(7)
where Z0 is the wave impedance of the surrounding space and
r̂ is the unit vector along r, pointing from the center of the
metasurface plate to the observation point. This approximation
is valid under the following assumptions: |r|  λ, |r|  L,
and L2 /|r|  λ. Here, L = max(2a, 2b) is the largest size of
the metasurface plate.
The integration is trivial because for plane-wave illumination the integrand is an exponential function. For the considered polarization and for the observation point in the incidence
plane, the result reads
jk e−jk|r|
E0 S [(cos θ − cos θi )sinc(kaef )
4π |r|
#
X
+
rn (θi )(cos θ + cos θrn )sinc(kaefn )

Erz =

Fig. 2. Scattering directivity pattern for a phase-gradient anomalous reflector
designed to reflect normally incident plane waves into the 70◦ degree
direction, for different directions of the incident plane wave. The size of
the metasurface is 10λ × 10λ. The scattering amplitude is normalized to the
maximum value for the PEC plate of
Pthe same size. That is, Fsc (θ) = Fr (θ)+
1
Fsh (θ), where Fr (θ) = 2 cos
n rn (θi )(cos θrn + cos θ)sinc(kaefn )
θi
1
and Fsh (θ) = 2 cos
(cos
θ
−
cos
θ
)sinc(kaef ).
i
θ
i

normally incident waves to the 70◦ direction. For the design
incident angle (for the normal incidence) we see that the main
lobe of the scattered field is indeed tilted by 70◦ , and there is
some modest scattering into other, undesired propagating harmonics. However, when the illumination direction is different,
the response changes dramatically: most of the incident power
is reflected back toward the illumination source.
In the presentation, we plan to show also comparison
with full-wave simulations and measured results, and discuss
the differences between the far-zone scattering from phasegradient metasurfaces and from nonlocal and power-flowconformal surfaces.
III. C ONCLUSION

(8)

n

where aef = (sin θ − sin θi )a, and aefn = (sin θ − sin θrn )a
represents the effective size of the metasurface for each
diffracted mode, and S = 4ab is the total surface of the
metasurface.
As an example, in Fig. 2 we show the scattering pattern for
a phase-gradient anomalous reflector that is designed to reflect

In summary, we have presented an analytical model of reflection and scattering from finite-size anomalously reflecting
metasurfaces. The developed method is based on a synthetic
use of the physical optics and the theory of diffraction by gratings. In contrast to earlier works (e.g., [4], [5]), we take into
account the presence of multiple propagating harmonics of the
reflected field and do not assume locally specular reflection, as
in the conventional physical-optics models of scattering from

impedance bodies with slowly varying surface impedance.
The results show that the response of anomalous reflectors
dramatically depends on the illumination direction. We hope
that the presented analytical approach will be useful in creation
of models of wave propagation in complex environments that
include intelligent reconfigurable metasurfaces (RIS).
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