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We study the energy-level evolution and ground-state cooling of mechanical resonators under a synthetic
phononic gauge field. The tunable gauge phase is mediated by the phase difference between the PT - and anti-
PT -symmetric mechanical couplings in a multimode optomechanical system. The transmission spectrum then
exhibits an asymmetric Fano line shape or a double optomechanically induced transparency by modulating the
gauge phase. Moreover, the eigenvalues will collapse and become degenerate, although the mechanical coupling
is continuously increased. Such counterintuitive energy-level attraction, instead of anticrossing, is attributed
to destructive interferences between PT - and anti-PT -symmetric couplings. We find that the energy-level
attraction, as well as the accompanying exceptional points (EPs), can be clearly observed in the cavity output
power spectrum where the mechanical eigenvalues correspond to distinct peaks. For mechanical cooling, the
average phonon occupation number is minimized at the EPs. Especially, phonon transport becomes nonreciprocal
and even ideally unidirectional at the EPs. Finally, we propose a heating-resistant ground-state cooling based
on the nonreciprocal phonon transport, which is mediated by the gauge field. Towards the quantum regime
of macroscopic mechanical resonators, most optomechanical systems are ultimately limited by their intrinsic
cavity or mechanical heating. Our work shows that the thermal energy transfer can be blocked by tuning the
gauge phase, which suggests a promising route to bypass the heating limitations.

DOI: 10.1103/PhysRevA.104.013502

I. INTRODUCTION

Non-Hermitian systems with parity-time (PT ) symme-
try have attracted considerable attention since the pioneering
work of Bender and Boettcher in 1998 [1]. The PT -
symmetric Hamiltonian H , which satisfies the commutation
relation [H, P̂T̂ ] = 0 with the PT operator P̂T̂ , can ex-
hibit entirely real spectra under a specific parameter range.
Moreover, an abrupt phase transition between the unbro-
ken and broken symmetry occurs at the exceptional point
(EP), where the eigenvalues and the corresponding eigen-
vectors coalesce. Experimental demonstrations of the PT
symmetry and EP have revealed many intriguing phenom-
ena such as unidirectional transmission [2,3], single-mode
lasing [4,5], and enhanced sensitivity [6,7]. More comprehen-
sive development related to PT symmetry can be found in
Refs. [8–13].

On the other hand, the anti-PT -symmetric Hamiltonian
of growing interest satisfies {H, P̂T̂ } = 0 and can possess
purely imaginary eigenvalues. Recently, anti-PT symme-
try has been widely observed in atomic systems [14,15],
electrical circuits [16], diffusive thermal materials [17], a
magnon-cavity-magnon coupled system [18], coupled waveg-
uide systems [19,20], and a single microcavity with nonlinear
Brillouin scattering [21]. Such systems can also display
some noteworthy effects, including constant refraction [22],
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nonreciprocity and enhanced sensing [23], and information
flow [24]. Compared with PT -symmetric systems, anti-PT -
symmetric systems do not require any gain medium that
may introduce extra instability and experimental complexity
[25].

Optomechanical systems, which consist of an electromag-
netic cavity coupled with a mechanical resonator via radiation
pressure [26–28], have witnessed significant developments,
such as ground-state cooling of the mechanical resonator
[29–34], optomechanically induced transparency [35,36], and
nonclassical states of motion [37,38]. More recently, mul-
timode optomechanical systems comprising two or more
mechanical resonators have been under intensive investiga-
tion [39–51]. The displacement of one mechanical resonator
changes the cavity resonance and hence the intracavity photon
number, which will, in turn, modify the radiation pressure on
the other mechanical resonator [52–61]. For example, the me-
chanical resonators can be coupled through stimulated Raman
adiabatic passage (STIRAP) [62–64]. These systems provide
a platform to study synchronization [41,42] and entangle-
ment [43,44] of the mechanical resonators, topological energy
transfer [48], nonreciprocal phonon transport [50,51], and
so on.

Furthermore, if the mechanical resonators are coupled di-
rectly through Coulomb interaction [65–67], a piezoelectric
transducer [68], or a superconducting charge qubit [69], the
multimode optomechanical system with loop interaction can
exhibit exciting features such as nonreciprocal ground-state
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cooling [59] and an enhanced second-order sideband [69].
Mechanical PT symmetry has also been demonstrated in
two coupled optomechanical systems with the cavities being
driven by blue- and red-detuned laser fields, respectively [70].
In these works, it is notable that the direct couplings between
mechanical modes are coherent and PT symmetric. Energy
localization and ground-state cooling at room temperature
induced by broken PT symmetry have been proposed and
discussed in detail in Refs. [71,72].

On the other hand, how anti-PT symmetry affects the
mechanical cooling is intriguing but less discussed. In this
paper, we study cooling of mechanical resonators in a multi-
mode optomechanical system, which consists of two directly
coupled mechanical resonators interacting with a common
cavity field. Cooling of degenerate mechanical modes with a
cavity-mediated mechanical dark-mode effect was discussed
in Ref. [59]. We will focus on the nondegenerate case and
study the optimal cooling under the conditions where the dark
mode does not appear. When the cavity is red sideband driven
at the average frequency of the two mechanical resonators,
we derive the effective Hamiltonian for the mechanical modes
by adiabatically eliminating the cavity field and find that me-
chanical anti-PT symmetry can be realized. Especially, when
taking both the PT - and anti-PT -symmetric mechanical cou-
plings into the consideration, a phononic gauge field with a
tunable phase is synthesized. The EPs at which both the real
and imaginary parts of the eigenvalues coalesce periodically
appear at the phase-match points. The positions of the EPs can
be shifted by modifying the relative strength between PT -
and anti-PT -symmetric couplings, which in turn affects the
phonon flow and the final phonon occupation numbers. Ex-
ploring how the phononic gauge field affects the energy-level
evolution and the mechanical cooling are the main points of
this article.

This paper is organized as follows. In Sec. II, we describe
the multimode optomechanical system and then reveal anti-
PT -symmetric mechanical couplings mediated by a common
cavity field. A phononic gauge field is subsequently con-
structed, and the periodic EPs are also presented in this
section. In Sec. III, we demonstrate how to observe coun-
terintuitive energy-level attraction around the EPs through
the transmission and output spectra of the cavity. Then, the
gauge-phase-controlled nonreciprocal phonon transport and
heating-resistant cooling of the mechanical resonators are pre-
sented in Sec. IV. Finally, the conclusion of this paper is given
in Sec. VI.

II. PHONONIC GAUGE FIELD AND
EXCEPTIONAL POINTS

As shown in Fig. 1(a), the system consists of two mechan-
ical resonators optomechanically coupled to a common cavity
field. In addition, the two mechanical resonators are cou-
pled with each other via phase-dependent phonon-exchange
interaction which has been realized through the STIRAP of
an auxiliary cavity mode [62–64]. The equivalent model is
presented in Fig. 1(b), and the Hamiltonian of the system is
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FIG. 1. (a) The multimode optomechanical system includes the
cavity mode a and two mechanical modes b1,2. Green and blue
membranes represent mechanical modes b1 and b2, respectively.
(b) Equivalent schematic diagram of the optomechanical mechanical
system consisting of one cavity mode, a, and two mechanical modes,
b1 and b2. The optical mode and the mechanical modes are coupled
via radiation pressure, and the two mechanical modes are coupled
directly with a phase-dependent coupling strength. (c) The driving
scheme in the frequency domain. ωc is the frequency of the cavity
mode, ω1 and ω2 are the frequencies of the two mechanical modes,
and ωd is the frequency of the driving field, which is red detuned
with respect to the cavity field by the average frequency of the two
mechanical modes.

then given by

H = h̄ωca†a +
∑

k=1,2

h̄ωkb†
kbk +

∑
k=1,2

h̄gka†a(b†
k + bk )

+ h̄λ(eiθb†
1b2 + e−iθ b1b†

2) + ih̄
√

κeεd (a†e−iωd t − aeiωd t ),

(1)

where a† (a) are the creation (annihilation) operators of
the cavity field with resonance frequency ωc and b†

k (bk )
are the creation (annihilation) operators of the mechanical
resonators with resonance frequencies ωk (k = 1, 2). gk is
the single-photon optomechanical strength between the kth
mechanical resonator and the cavity field. λ represents the
coupling strength between the two mechanical resonators with
the phase θ .

The last term in Eq. (1) describes the coupling between the
driving field at frequency ωd and the cavity field, where κe is
the decay rate of the cavity due to external coupling and εd is
the amplitude of the driving field. In the rotating frame at the
driving frequency ωd , the Hamiltonian becomes

H = h̄�ca†a +
∑

k=1,2

h̄ωkb†
kbk +

∑
k=1,2

h̄gka†a(b†
k + bk )

+ h̄λ(eiθb†
1b2 + e−iθ b1b†

2) + ih̄
√

κeεd (a† − a), (2)

where �c = ωc − ωd is the detuning between the cavity and
the driving field.

013502-2



ENERGY-LEVEL ATTRACTION AND HEATING-RESISTANT … PHYSICAL REVIEW A 104, 013502 (2021)

The dynamics of the system is determined by the following
quantum Langevin equations:

ȧ = −
(κ

2
+ i�c

)
a − ig1(b†

1 + b1)a − ig2(b†
2 + b2)a + √

κeεL

+√
κeain,e + √

κiain,i, (3)

ḃ1 = −
(γ1

2
+ iω1

)
b1 − iλeiθb2 − ig1a†a + √

γ1b1,in, (4)

ḃ2 = −
(γ2

2
+ iω2

)
b2 − iλe−iθ b1 − ig2a†a + √

γ2b2,in, (5)

where the total decay rate of the cavity κ = κi + κe includes
the intrinsic decay rate κi and the external decay rate κe be-
cause of the coupling to the feed line and γk is the damping
rate of the kth mechanical resonator. ain and bk,in represent the
input quantum noise of the cavity and mechanical modes with
zero mean values.

The steady-state solutions to Eqs. (3)–(5) can be obtained
by setting the time derivatives to be zero, which are given by

α =
√

κeεL
κ
2 + i�

,

β1 = − ig1(γ2/2 + iω2) + λeiθ g2

(γ1/2 + iω1)(γ2/2 + iω2) + λ2
|α|2,

β2 = − ig2(γ1/2 + iω1) + λe−iθ g1

(γ1/2 + iω1)(γ2/2 + iω2) + λ2
|α|2, (6)

where � = �c + g1(β∗
1 + β1) + g2(β∗

2 + β2) is the effective
cavity-driving field detuning including the radiation pressure
effects. Equations (3)–(5) can be linearized by writing each
operator as the sum of its steady-state solution and a small
fluctuation, i.e., a = α + δa, b1 = β1 + δb1, and b2 = β2 +
δb2. Subsequently, we have

δȧ = −
(κ

2
+ i�

)
− iG1(δb†

1 + δb1) − iG2(δb†
2 + δb2)

+√
κeain,e + √

κiain,i, (7)

δḃ1 = −
(γ1

2
+ iω1

)
δb1 − iλeiθ δb2 − i(G∗

1δa + G1δa†)

+√
γ1b1,in, (8)

δḃ2 = −
(γ2

2
+ iω2

)
δb2 − iλe−iθ δb1 − i(G∗

2δa + G2δa†)

+√
γ2b2,in, (9)

where G1 = g1α and G2 = g2α are the effective optomechan-
ical coupling strengths.

In this work, we mainly consider the case in which the
cavity is driven nearly on the red sideband of the mechanical
resonators, i.e., � ≈ ωm = (ω1 + ω2)/2. The pump scheme
is shown in Fig. 1(c). Equations (7)–(9) can be moved into
another interaction picture by introducing the slowly moving
operators with tildes, i.e., δa = δãe−i�t , δb1 = δb̃1e−iωmt , and
δb2 = δb̃2e−iωmt . In the limit of ωm � (G1,2, κ ), the rotating
wave approximation can be invoked, and we can obtain the
following equations:

ȧ = −κ

2
a − iG1b1e−i�mt − iG2b2e−i�mt + √

κeain,e

+√
κiain,i, (10)

ḃ1 = −
(γ1

2
+ i�

)
b1 − iλeiθb2 − iG∗

1aei�mt + √
γ1b1,in,

(11)

ḃ2 = −
(γ2

2
− i�

)
b2 − iλe−iθ b1 − iG∗

2aei�mt + √
γ2b2,in,

(12)

where �m = ωm − �, � = (ω1 − ω2)/2, and we have re-
placed the symbol δõ (o = a, b1, b2) with o for simplicity. If
�m = 0, the linearized Hamiltonian of the system is given by

HL = h̄�b†
1b1 − h̄�b†

2b2 + h̄λ(eiθb†
1b2 + e−iθ b1b†

2)

+ h̄(G1a†b1 + G∗
1ab†

1) + h̄(G2a†b2 + G∗
2ab†

2). (13)

Without loss of generality, we assume that the optomechanical
coupling strengths G1 and G2 are positive real numbers. The
phase θ can be viewed as a gauge phase in the loop formed by
the cavity and mechanical modes (see details in Appendix A).

When the condition κ � (G1,2, γ1,2) is satisfied, the cavity
field in Eqs. (10)–(12) can be adiabatically eliminated (see
Appendix B), and we obtain the effective Hamiltonian for the
two mechanical resonators

Heff/h̄ =
(

� − i
(

γ

2 + 

)

λeiθ − i


λe−iθ − i
 −� − i
(

γ

2 + 

)
)

, (14)

where we have assumed that �m = 0, γ1 = γ2 = γ , and 
 =
2G2/κ . Hereafter, G1 and G2 are set to be equal, i.e., G1 =
G2 = G. The eigenvalues of the Hamiltonian (14) are given
by

ω± = −i
(γ

2
+ 


)
±

√
�2 + λ2 − 
2 − 2i
λ cos θ, (15)

where the real parts of ω± correspond to the resonance fre-
quency of the mechanical eigenmodes and the imaginary parts
represent their damping rates. If λ = 0, it is easy to check
that non-Hermitian Hamiltonian (14) is anti-PT symmetric
with an exceptional point at 
 = �, which results from the
dissipative coupling induced by the cavity.

In the presence of the direct coupling between the two
mechanical resonators, the exceptional point is shifted to 
 =√

�2 + λ2 when θ = (2n + 1)π/2, with n being an integer.
It is notable that the anti-PT -symmetric coupling is a purely
imaginary number with a fixed phase π/2, compared to the
general PT -symmetric coupling with a tunable phase θ here.
Thus, the phase-match condition is satisfied when θ = (2n +
1)(π/2), with n ∈ Z. To demonstrate how the gauge field and
phase affect the energy-level evaluation in this optomechani-
cal system, we choose the experimentally realizable parame-
ters from a recent work using microwave-frequency optome-
chanics [47]: ω1/2π = 9.285 MHz, ω2/2π = 9.289 MHz,
γ1/2π = 100 Hz, γ2/2π = 90 Hz, κe/2π = 410 kHz, and
κi/2π = 268 kHz. In Fig. 2, we plot the real and imaginary
parts of the eigenvalues as functions of the (i) optomechanical
coupling strength G and (ii) phase θ .

If two mechanical modes are not coupled directly (λ = 0),
the solid lines in Figs. 2(a) and 2(b) show that the system can
exhibit the anti-PT symmetry by modulating the coupling
strength G. At lower values of G, the splitting between the
two real parts of the eigenvalues is approximately equal to the
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FIG. 2. (a) Real part Re[ω±] and (b) imaginary part −Im[ω±]
of the eigenvalues as functions of the optomechanical coupling
strength G with θ = π/2 for different values of λ. (c) Re[ω±] and
(d) −Im[ω±] versus the phase θ with λ = 2 × 10−4ωm for differ-
ent values of G. The other parameters are ω1/2π = 9.285 MHz,
ω2/2π = 9.289 MHz, γ1/2π = 100 Hz, γ2/2π = 90 Hz, κe/2π =
410 kHz, κi/2π = 268 kHz, ωm = (ω1 + ω2)/2, and � = ωm.

resonance frequency difference between the two mechanical
modes, and the imaginary parts (damping rates) are nearly the
same. With increasing the optomechanical coupling strength
G, these two mechanical modes are coupled more strongly
via their common interaction with the cavity field. However,
the splitting between the two real parts Re(ω±) gets smaller;
that is, the energy levels exhibit attraction. More specially,
there exist EPs where both the real and imaginary parts of
the eigenvalues coalesce. At higher values of G, the eigenval-
ues become purely imaginary, and the system resides in the
unbroken anti-PT -symmetric regime.

Such counterintuitive level attraction attributed to bro-
ken anti-PT symmetry differs from normal mode splitting
observed with broken PT symmetry. As also shown in
Fig. 2(a), if the two mechanical modes are coupled directly,
the eigenvalues will be modified. When the coupling strength
λ between the two mechanical modes is increased from 0 to
4 × 10−4ωm with fixed phase θ = π/2, the splitting between
the two real parts Re(ω±) becomes larger, and the EP (red dot)
is shifted to a higher value of G.

The phase dependence of the eigenvalues is plotted in
Figs. 2(c) and 2(d). The splitting between the two real (imag-
inary) parts of the eigenvalues reaches the maximum at θ =
nπ and the minimum at θ = (2n + 1)π/2(n ∈ Z), i.e., when
phase math is satisfied. By increasing the optomechanical
coupling strength G/2π from 20 to 40 kHz, the splitting
between the two real parts gets smaller, but the splitting be-
tween the two imaginary parts becomes larger. Especially,
when G/2π = 30.42 kHz, both the real and imaginary parts
coalesce at the phase-match points, e.g., n = (0, 1), corre-
sponding to θ = (0.5, 1.5)π . The EP in Figs. 2(c) and 2(d)
with θ = 0.5π corresponds to the EP with λ = 2 × 10−4ωm

in Figs. 2(a) and 2(b). We emphasize that the counterintu-
itive energy-level attraction originates from the destructive
interference between the PT - and anti-PT -symmetric cou-

pling paths from the gauge field. Furthermore, the exceptional
points periodically appear when phase match is satisfied.

Notice that energy-level attraction between the cavity and
a mechanical mode appears in a standard optomechanical
system under blue-sideband pumping. The vastly different
dissipation rates for the mechanical and electromagnetic
modes makes it hard to observe the phenomenon, but it
was experimentally verified in a microwave optomechanical
circuit [73]. However, when crossing the EP, parametric in-
stability occurs in the attraction regime. In our proposal, the
energy-level attraction is mediated by the dissipation-induced
anti-PT -symmetric coupling, and the whole system is always
stable and thus allows us to study the effects such as improved
cooling at the stable EPs.

III. OBSERVATIONS OF LEVEL ATTRACTION THROUGH
TRANSMISSION AND OUTPUT SPECTRA

Based on the optomechanical interactions, the cavity field
supports a versatile platform to observe the mechanical levels.
We now study the transmission and output spectrum of the
cavity in this section. We define the vectors μ = (a, b1, b2)T

for the system operators and μin = (ain,e, ain,i, b1,in, b2,in )T for
the input operators; then Eqs. (10)–(12) can be written in the
matrix form

μ̇ = −Mμ + Lμin, (16)

where the coefficient matrix

M =
⎛
⎝κ/2 iG iG

iG γ1/2 + i� iλeiθ

iG iλe−iθ γ2/2 − i�

⎞
⎠ (17)

and

L =
⎛
⎝

√
κe

√
κi 0 0

0 0
√

γ1 0
0 0 0

√
γ2

⎞
⎠. (18)

Introducing the Fourier transform

o(ω) =
∫ ∞

−∞
o(t )eiωt dt,

o†(ω) =
∫ ∞

−∞
o†(t )eiωt dt, (19)

the solution to Eq. (16) is then given by

μ(ω) = (M − iω)−1Lμin(ω). (20)

According to the input-output relation

μout (ω) = μin(ω) − LTμ(ω), (21)

with μout (ω) = (aout,e, aout,i, b1,out, b2,out )T being the vector
for the output operators [74], we can obtain μout (ω) =
S(ω)μin(ω), with the transmission matrix

S(ω) = I4×4 − LT(M − iω)−1L. (22)

It is easy to derive that

S11(ω) = 1 − κe(
1
2 + λ2)/d (ω), (23)

S12(ω) = −√
κeκi(
1
2 + λ2)/d (ω), (24)
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FIG. 3. (a) Transmission probability |S11|2 as a function of the
probe detuning ω/2π for different values of the phase θ . (b) is a
detail of (a) in the vicinity of ω = 0. The other parameters are the
same as those in Fig. 2 except G/2π = 30 kHz.

S13(ω) = √
κeγ1G(i
2 + λe−iθ )/d (ω), (25)

S14(ω) = √
κeγ2G(i
1 + λeiθ )/d (ω), (26)

where d (ω) = 
c
1
2 + G2(
1 + 
2) + 
cλ
2 −

2iλG2 cos θ , with 
c = κ
2 − iω, 
1 = γ1

2 + i(� − ω), and

2 = γ2

2 − i(� + ω). The input quantum noises of the cavity
and mechanical modes satisfy the correlation function

〈ain(ω)a†
in(ω′)〉 = 2πδ(ω + ω′), (27)

〈bk,in(ω)b†
k,in(ω′)〉 = 2π (nk + 1)δ(ω + ω′), (28)

〈b†
k,in(ω)bk,in(ω′)〉 = 2πnkδ(ω + ω′), (29)

where nk = 1/[exp(h̄ωk/kBTe) − 1] corresponds to the ther-
mal phonon occupation of the mechanical mode at the
environment temperature Te. Recalling the input-output rela-
tions given in Eq. (21), the output spectrum of the cavity is
given by

Sout (ω) = 1

2

∫
dω′

2π
〈aout,e(ω)a†

out,e(ω′) + a†
out,e(ω′)aout,e(ω)〉

= 1

2
|S11(ω)|2 + 1

2
|S12(ω)|2 +

(
n1 + 1

2

)
|S13(ω)|2

+
(

n2 + 1

2

)
|S14(ω)|2. (30)

In Fig. 3, the transmission probability |S11|2 is plotted versus
the probe detuning ω/2π when the phase θ varies. Figure 3(a)
shows the transmission probability |S11|2 in a wide range of
frequency, and the details of the peaks around ω = 0 can be
clearly seen from Fig. 3(b). If considering only the anti-PT -
symmetric coupling between the two mechanical modes (i.e.,
λ = 0), two symmetric transparency peaks locate at ω = ±�,
which can be referred to as double optomechanically induced
transparency and explained by the interference effect [46,47].
When the two mechanical modes are coupled directly, the
system forms a closed interaction loop, and the phase becomes

FIG. 4. Transmission probability |S11|2 as a function of the
probe detuning ω/2π with (a) θ = 0 and (b) θ = π/2 for G/2π =
(1, 10, 20, 50, 90, 130) kHz from top to bottom. The other parame-
ters are the same as those in Fig. 2 except λ = 4 × 10−4ωm.

important. If λ = 4 × 10−4ωm and θ = π/2, the two trans-
parency windows are still symmetric, but the splitting between
the two peaks is broadened. The positions of the peaks are ap-
proximately determined by ω = ±√

�2 + λ2 at low values of
G, as shown in Fig. 2(a). However, if the phase θ is tuned to be
zero or π , the transmission spectrum exhibits an asymmetric
Fano line shape with a narrow dip and a broad transparency
window induced by interference. Under the phononic gauge
field, it is notable that symmetric transparency exists only
in the case of phase matching. The other way around, the
position of the transmission dip can be controlled by the
phase θ ; however, the analytical expression is too cumber-
some to present here. When the power of the driving field
is increased, the effective optomechanical coupling strength
will be enhanced. Figure 4 plots the transmission probability
|S11|2 as a function of the probe detuning ω/2π for a number
of G values with θ = 0 [Fig. 4(a)] and θ = π/2 [Fig. 4(b)].
At G/2π = 1 kHz, the anti-PT -symmetric coupling between
the two mechanical modes mediated by the radiation pressure
is weak, and the transmission spectrum exhibits two narrow
dips around the cavity center due to the anti-Stokes scattering
process. When the optomechanical coupling strength is en-
hanced to G/2π = 10 kHz, the two dips turn into two peaks,
which results from the destructive interference between the
anti-Stokes field and the probe field. Note that the two peaks
are asymmetric at θ = 0 but symmetric at θ = π/2 (i.e., phase
matched with n = 0).

With further increasing the coupling strength G, the
linewidth of the peaks is broadened. Under phase matching,
e.g., θ = π/2, the linewidth is given by the effective mechan-
ical damping rate γk,eff = γk + γk,opt, with γk,opt = 4G2

k/κ .
When the condition γk,eff > |ω1 − ω2| is satisfied [47] around
the EP, the individual mechanical modes have a large spectral
overlap, and the two transmission peaks gradually merge into
a single dip in the cavity center. The linewidth of the transmis-
sion dip becomes smaller with the increase of the coupling
strength G, which is also seen from the lower branch of the
curve above the EP in Fig. 2(b). At θ = 0, the transmission

013502-5



JIANG, LIU, AND SILLANPÄÄ PHYSICAL REVIEW A 104, 013502 (2021)

FIG. 5. (a) Cavity output spectrum versus the probe detuning
ω/2π for varying optomechanical coupling strength from G/2π =
2 kHz (bottom curve) to G/2π = 70 kHz (top curve). The asterisks
mark the mechanical levels. (b) The real part Re[ω±] of the eigen-
value versus the coupling strength G/2π . The other parameters are
the same as those in Fig. 4 except n1 = n2 = 100 and θ = π/2. Red
dots mark the EP under the phase match.

dip is evolved from the asymmetric Fano line shape with
zero transmission probability on the left of Fig. 4(a). Figure 4
clearly shows that mechanical level attraction occurs when the
phase-match condition is satisfied.

Furthermore, the exceptional point in this optomechanical
system is even more evident in the cavity output spectrum.

As shown in Fig. 5, at low values of the optomechanical
coupling strength G, two symmetric peaks can be observed in
the output spectrum, which corresponds to the two mechanical
eigenmodes. When the strength G/2π is increased from 2 to
30 kHz, the splitting between the two peaks becomes smaller,
but the linewidth gets larger. At G/2π = 38 kHz, i.e., the
exceptional point, the two peaks merge into a single peak
in the cavity center, which represents the level attraction be-
tween two mechanical modes. The position of the single peak
remains the same, but the linewidth decreases with further
increasing the coupling strength G. In particular, the envelope
of the peak values in Fig. 5(a) forms the curve for the real part
Re(ω±) of the eigenvalues shown in Fig. 5(b).

IV. IMPROVED COOLING AT THE EXCEPTIONAL
POINTS

Taking dissipation into consideration, the evolution of the
density matrix of the optomechanical system is governed by
the quantum master equation

ρ̇ = − i

h̄
[HL, ρ] + κD[a]ρ + γ1(n1 + 1)D[b1]ρ

+ γ1n1D[b†
1]ρ + γ2(n2 + 1)D[b2]ρ + γ2n2D[b†

2]ρ, (31)

where D[o]ρ = oρo† − 1
2 o†oρ − 1

2ρo†o is the standard Lind-
blad superoperator for the dissipations of the cavity and
mechanical modes and the Hamiltonian HL is given by
Eq. (13). According to 〈ȯ〉 = Tr{oρ̇}, we can obtain the time
evolution of the second-order moments, 〈a†a〉, n̄1 = 〈b†

1b1〉,
n̄2 = 〈b†

2b2〉, 〈a†b1〉, 〈a†b2〉, and 〈b†
1b2〉. The differential equa-

tions are given by

d

dt
〈a†a〉 = −κ〈a†a〉 − iG(〈a†b1〉 + 〈a†b2〉 − 〈a†b1〉∗ − 〈a†b2〉∗), (32)

d

dt
〈b†

1b1〉 = −γ1〈b†
1b1〉 + i(G〈a†b1〉 − G〈a†b1〉∗ − λeiθ 〈b†

1b2〉 + λe−iθ 〈b†
1b2〉∗) + γ1n1, (33)

d

dt
〈b†

2b2〉 = −γ2〈b†
2b2〉 + i(G〈a†b2〉 − G〈a†b2〉∗ + λeiθ 〈b†

1b2〉 − λe−iθ 〈b†
1b2〉∗) + γ2n2, (34)

d

dt
〈a†b1〉 =

(
−κ + γ1

2
− i�

)
〈a†b1〉 + i(G〈b†

1b1〉 + G〈b†
1b2〉∗ − G〈a†a〉 − λeiθ 〈a†b2〉), (35)

d

dt
〈a†b2〉 =

(
−κ + γ2

2
+ i�

)
〈a†b2〉 + i(G〈b†

1b2〉 + G〈b†
2b2〉 − G〈a†a〉 − λe−iθ 〈a†b1〉), (36)

d

dt
〈b†

1b2〉 =
(
−γ1 + γ2

2
+ 2i�

)
〈b†

1b2〉 + i(G〈a†b2〉 − G〈a†b1〉∗ − λe−iθ 〈b†
1b1〉 + λe−iθ 〈b†

2b2〉). (37)

In the steady state, all the derivatives in Eqs. (32)–(37) equal
to zero. Under the condition of κ > G � {λ,�, γ1,2}, with
γm = (γ1 + γ2)/2, the final average phonon numbers can be
obtained as

n̄ f
1 ≈ 2(
2 − λ2)γ1n1 + 2(
 ∓ λ)2γ2n2[

γ 2
m + 4(λ2 + �2 + 
γm)

]
(2
 + γm)

+ γ1n1

2
 + γm
, (38)

n̄ f
2 ≈ 2(
 ± λ)2γ1n1 + 2(
2 − λ2)γ2n2[

γ 2
m + 4(λ2 + �2 + 
γm)

]
(2
 + γm)

+ γ2n2

2
 + γm
, (39)

where the upper (lower) sign in ∓ and ± corresponds to θ =
π/2 (3π/2).

The first terms in Eqs. (38) and (39) are the added steady-
state phonon numbers from cavity-mediated mechanical mode
couplings. The second terms are the regular cooling limit for
the standard resolved sideband cooling of a single mechanical
mode by a cavity. Under phase matching and with balanced
PT and anti-PT coupling strengths (i.e., at the EPs), the
first terms could be zero, and the added steady-state phonon
number arising from the other mechanical thermal bath and
the dark-mode limitations could be totally canceled. Thus, the
cooling limit again meets the single-mode limit.

We study the cooling of the mechanical resonators by nu-
merically solving Eqs. (32)–(37). Figure 6(a) plots the time

013502-6



ENERGY-LEVEL ATTRACTION AND HEATING-RESISTANT … PHYSICAL REVIEW A 104, 013502 (2021)

FIG. 6. (a) The time evolution of the average phonon numbers n̄1

and n̄2 when the mechanical-mechanical coupling is turned off (λ =
0, G/2π = 26 kHz, dashed lines) and on (λ = 4 × 10−4ωm, θ =
π/2, G/2π = 38 kHz, solid lines). (b) The final average phonon
numbers n̄ f

1 and n̄ f
2 as a function of the optomechanical coupling

strength G/2π when λ = 0 (dashed lines) and λ = 4 × 10−4ωm, θ =
π/2 (solid lines). The black solid dots located at the minimum
phonon number mark the EP. The other parameters are the same as
those in Fig. 4 except n1 = n2 = 40.

evolution of the average phonon numbers without and with
the PT -symmetric direct coupling between the mechanical
resonators. Without PT -symmetric couplings, i.e., λ = 0, the
final steady-state phonon occupations are almost the same
for these two mechanical modes. For example, steady-state
phonon numbers are n̄1 ≈ 1.9 and n̄2 ≈ 1.8, with G/2π =
26 kHz. Neither of these two mechanical modes reach the
ground state if they just have optomechanically mediated anti-
PT -symmetric couplings.

The final (steady-state) average phonon numbers n̄ f
1 and n̄ f

2
versus the optomechanical coupling strength G are plotted in
Fig. 6(b). At a further increase in G, the phonon numbers start
to monotonically increase instead of further cooling as ex-
pected. Recall from the EP discussions [e.g., EPs in Fig. 2(a)]
that the system undergoes a transition into the symmetry-
broken phase where the dark modes formed by the mechanical
modes decouple from the cavity mode and prevent us from
extracting energy from the dark modes through the cooling
channel of the cavity mode.

We now discuss how the phononic gauge field will affect
mechanical cooling. As shown in Fig 6, the two mechanical
resonators can be further cooled by turning on the PT -
symmetric direct coupling, i.e., by constructing a phononic
gauge field. It is shown that n̄ f

1 ≈ 0.5 and n̄ f
2 ≈ 1.3 in

the steady state at λ = 4 × 10−4ωm, θ = π/2, and G/2π =
38 kHz. We emphasize that with such a phononic gauge field
and under the phase matching (e.g., n = 1, θ = π/2), (i)
both mechanical resonators hold smaller steady-state phonon

FIG. 7. The final average phonon numbers n̄ f
1 and n̄ f

2 versus the
optomechanical coupling strength G for different thermal phonon
occupations with (a) and (b) θ = π/2 and (c) and (d) θ = 3π/2. The
curves and the symbols correspond to the numerical results based
on Eqs. (32)–(37) and the analytical results of Eqs. (38) and (39),
respectively. The other parameters are the same as those in Fig. 4
except n1 = 40 in (a) and (b) and n2 = 40 in (c) and (d).

numbers, (ii) with the increase of the value G, the final av-
erage phonon numbers decrease monotonically and reach the
minimum at the EP, and (iii) the final steady-state phonon oc-
cupations are quite different and the ground-state cooling for
mode 1 is realized. By further increasing G until it crosses the
EP, the final average phonon numbers starts to increase again.
This breakdown of the cooling is attributed to the mechanical
dark mode formed in the symmetry-broken regime.

From the above calculations, we find that (i) the optimal
cooling with minimum phonon number occurs at the EP, (ii)
the cooling is improved when the phase matching between
PT - and anti-PT -symmetric couplings is taken into consid-
eration, and (iii) the ground-state cooling is accessible for
either of the mechanical modes. When n is an even (odd)
number, mechanical mode b2 (b1) can be cooled down to its
ground state. When modes are nearly degenerate, continu-
ously increasing optomechanical coupling will introduce the
mechanical dark mode [47]. Then, the mechanical modes start
to decouple from the cavity field, and they cannot be further
cooled down. The dark mode forms at the EPs. At a nonzero
direct coupling, the EP appears at a higher value of G. Thus, a
stronger G is allowed before the formation of the dark modes.
Subsequently, the cooling limit is decreased.

Equations (38) and (39) also show that the thermal phonon
energy transfer is unidirectional. The direction is dependent
on the parity of n. In the following, we will discuss how
the unidirectional phonon transfer can be used to protect the
ground-state cooling from mechanical heating.

V. HEATING-RESISTANT GROUND-STATE COOLING

Finally, we discuss how the gauge phase affects the thermal
phonon transport and the mechanical cooling performance.
Figures 7(a) and 7(b) plot the final average phonon numbers
n̄ f

1 and n̄ f
2 as a function of the coupling strength G with
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θ = π/2 (i.e., n = 0) and n1 = 40 for different values of n2. It
is shown that both the final average phonon numbers n̄ f

1 and n̄ f
2

increase with the thermal phonon occupation n2. However, the
minimum value of n̄ f

1 stays constant at the exceptional point
when the thermal phonon occupation n2 increases, which
demonstrates the robustness of the cooling limit in the first
mechanical resonator against thermal noise of the second me-
chanical resonator at the EP. It can also be seen from Eq. (38)
that n̄ f

1 is independent of n2 when θ = π/2 and 
 = λ, which
is consistent with the numerical results. If the phase is tuned
to be θ = 3π/2 (i.e., n = 1), Fig. 7(d) shows that the second
mechanical resonator can be cooled to the ground state at the
EP, which is also robust against the thermal noise of the first
mechanical resonator.

This phenomenon is closely related to the nonreciprocal
phonon transfer which becomes ideally unidirectional at the
EPs. Recalling Eqs. (38) and (39), we reveal that the thermal
noise transport from mechanical mode 2 (1) to 1 (2) is blocked
when n is an even (odd) number. We can thus conclude that
thermal energy transfer can be controlled by tuning the gauge
phase, which suggests a promising route to bypass unequal
mechanical occupations due to, e.g., technical heating in the
experiment. Note that for the resolved sideband regime (κ <

ω1,2) under consideration, Stokes scattering due to the finite
cavity linewidth limits the final average phonon number to
n̄ba = (κ/4ωm)2 ≈ 3 × 10−4 [75,76], which can be neglected
here.

VI. CONCLUSION

In summary, we have investigated energy-level evolution
and cooling of mechanical resonators under a phase-tunable
phononic gauge field. By adiabatically eliminating the cavity
mode, we have shown that the effective coupling between two
mechanical modes can be purely imaginary, which satisfies
anti-PT symmetry. By considering another PT -symmetric
direct coupling, a phononic gauge field with tunable phase
was constructed. The transmission spectrum then exhibited
an asymmetric Fano line shape or double optomechanically
induced transparency depending on the gauge phase. We
then showed how a counterintuitive energy-level attraction
accompanied by periodical EPs can be observed under phase
matching. In addition to the transmission spectrum, we pro-
posed that such energy-level attraction and the corresponding
EPs are very evident in the cavity output power spectrum
where the mechanical eigenvalues correspond to peaks.

The gauge field and its phase also greatly affect the phonon
transport. Especially for mechanical cooling, the average
phonon occupation number reaches the minimum at these
EPs, and the mechanical resonator cools very close to the
ground state. Moreover, destructive interference takes place
within the gauge field, and then the phonon transport be-
comes nonreciprocal and even ideally unidirectional at the
EPs under phase matching. The thermal blockade direction
is switchable and controlled by the gauge phase. Finally, we
proposed a heating-resistant ground-state cooling based on the
nonreciprocal phonon transport. It can allow for mitigating
intrinsic cavity or mechanical heating originating from ma-
terial defects, photothermal conversion, or phase noise, which

otherwise impose limitations on optomechanical experiments
in the quantum regime of macroscopic mechanical resonators.

Moreover, the proposed gauge phase in this work provides
a reconfigurable parameter for observing the Riemann sheet
[10–13]. Our work may motivate more explorations towards
heating-resistant cooling, utilizing, e.g., the topological pro-
tection arising from encircling the EPs [77,78].
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APPENDIX A: GAUGE PHASE

In Sec. II, we assumed that the optomechanical coupling
strengths G1 and G2 are positive real numbers and θ represents
a gauge phase. Here, we explain this assumption by redefin-
ing operators b1 and b2. In general, the coupling strengths
G1 = g1α = |G1|eiθ1 and G2 = g2α = |G2|eiθ2 , with θ1 = θ2.
We redefine the operators as

b1 → b1e−iθ1 , b2 → b2e−iθ2 ; (A1)

then the linearized Hamiltonian (13) becomes

HL = h̄�b†
1b1 − h̄�b†

2b2

+ h̄λ[ei(θ+θ1−θ2 )b†
1b2 + e−i(θ+θ1−θ2 )b1b†

2]

+ h̄(|G1|a†b1 + |G1|ab†
1) + h̄(|G2|a†b2 + ab†

2). (A2)

Therefore, by redefining the operators, the phase θ = θ +
θ1 − θ2 can be treated as a gauge phase in the loop formed
by modes a, b1, b2, and the coupling strengths G1,2 → |G1,2|
become positive real numbers.

APPENDIX B: ADIABATIC ELIMINATION

In order to obtain the effective Hamiltonian of the me-
chanical resonators, we neglect the noise terms for simplicity.
According to Eq. (10), we can obtain the formal solution of a
as

a(t ) = −iG1

∫ t

0
dt ′b1(t ′)e−i�mt ′

e− κ
2 (t−t ′ )

− iG2

∫ t

0
dt ′b2(t ′)e−i�mt ′

e− κ
2 (t−t ′ ). (B1)

If the decay rate of the cavity is large enough and satis-
fies κ � γ1, γ2, then changes in modes 1 and 2 are small
within the integration range. Therefore, we can set b1(t ′) ≈
b1(t ), b2(t ′) ≈ b2(t ) and then take them out of the integral in
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Eq. (B1) to obtain

a(t ) = −iG1b1(t )
∫ t

0
dt ′e−i�mt ′

e− κ
2 (t−t ′ )

− iG2b2(t )
∫ t

0
dt ′e−i�mt ′

e− κ
2 (t−t ′ )

= −iG1b1(t )
e−i�mt

κ
2 − i�m

− iG2b2(t )
e−i�mt

κ
2 − i�m

. (B2)

Substituting Eq. (B2) into Eqs. (11) and (12), we can adia-
batically eliminate the cavity mode a to obtain the following
equations of motion for mechanical modes b1 and b2:

ḃ1 = −
(

γ1

2
+ i� + |G1|2

κ
2 − i�m

)
b1 −

(
G∗

1G2
κ
2 − i�m

+ iλeiθ

)
b2,

(B3)

ḃ2 = −
(

γ2

2
− i� + |G2|2

κ
2 − i�m

)
b2 −

(
G1G∗

2
κ
2 − i�m

+ iλe−iθ

)
b1.

(B4)

Equations (B3) and (B4) can be written in matrix form as

i
d

dt

(
b1

b2

)

=
⎛
⎝� − i

(
γ

2 + |G1|2
κ/2−i�m

)
λeiθ − i G∗

1G2

κ/2−i�m

λe−iθ − i G1G∗
2

κ/2−i�m
−� − i

(
γ2

2 + |G2|2
κ/2−i�m

)
⎞
⎠(

b1

b2

)
.

(B5)

Therefore, the effective Hamiltonian for the two mechanical
resonators is given by

Heff/h̄ =
(

� − i
(

γ1

2 + |G1|2
κ/2−i�m

)
λeiθ − i G∗

1G2

κ/2−i�m

λe−iθ − i G1G∗
2

κ/2−i�m
−� − i

(
γ2

2 + |G2|2
κ/2−i�m

)
)

.

(B6)

If the damping rates of the two mechanical resonators are
equal (γ1 = γ2 = γ ), the effective optomechanical coupling
strengths are the same and real (G1 = G2 = G), and the cavity
is driven close to the red sideband (�m = 0), the effective
Hamiltonian (B6) is reduced to

Heff/h̄ =
(

� − i
(

γ

2 + 

)

λeiθ − i


λe−iθ − i
 −� − i
(

γ

2 + 

)
)

, (B7)

where 
 = 2G2/κ. Equivalently, the Hamiltonian (B7) can be
written as

Heff/h̄ =
[
� − i

(γ

2
+ 


)]
b†

1b1 −
[
� + i

(γ

2
+ 


)]
b†

2b2

+ (λe−iθ − i
)b†
1b2 + (λeiθ − i
)b1b†

2. (B8)

We note that the coupling between the two mechanical
resonators can be classified into two categories. The term
HI1 = λe−iθ b†

1b2 + λeiθb1b†
2 represents the PT -symmetric

coupling since (PT )HI1(PT )−1 = HI1 under the parity P
(i.e., b1 ↔ b2) and time-reversal T (i.e., i ↔ −i) opera-
tions. The term HI2 = −i
b†

1b2 − i
b1b†
2 corresponds to the

anti-PT -symmetric coupling since (PT )HI2(PT )−1 = −HI2

under the parity P and time-reversal T operations.
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[72] H. Jing, Ş. K. Özdemir, H. Lü, and F. Nori, High-order excep-
tional points in optomechanics, Sci. Rep. 7, 3386 (2017).

[73] N. R. Bernier, L. D. Toth, A. K. Feofanov, and T. J. Kippenberg,
Level attraction in a microwave optomechanical circuit, Phys.
Rev. A 98, 023841 (2018).

[74] A. A. Clerk, M. H. Devoret, S. M. Girvin, F. Marquardt, and
R. J. Schoelkopf, Introduction to quantum noise, measurement,
and amplification, Rev. Mod. Phys. 82, 1155 (2010).

[75] I. Wilson-Rae, N. Nooshi, W. Zwerger, and T. J. Kippenberg,
Theory of Ground State Cooling of a Mechanical Oscillator Us-
ing Dynamical Backaction, Phys. Rev. Lett. 99, 093901 (2007).

[76] F. Marquardt, J. P. Chen, A. A. Clerk, and S. M. Girvin,
Quantum Theory of Cavity-Assisted Sideband Cooling of Me-
chanical Motion, Phys. Rev. Lett. 99, 093902 (2007).

[77] Q. Zhong, M. Khajavikhan, D. N. Christodoulides, and R.
El-Ganainy, Winding around non-Hermitian singularities, Nat.
Commun. 9, 4808 (2018).

[78] J. Doppler, A. A. Mailybaev, J. Böhm, U. Kuhl, A. Girschikm,
F. Libisch, T. J. Milburn, P. Rabl, N. Moiseyev, and S. Rotter,
Dynamically encircling an exceptional point for asymmetric
mode switching, Nature (London) 537, 76 (2016).

013502-11

https://doi.org/10.1103/PhysRevA.92.013851
https://doi.org/10.1038/nphys3515
https://doi.org/10.1088/1367-2630/aad85f
https://doi.org/10.1021/acs.nanolett.8b03240
https://doi.org/10.1103/PhysRevA.99.023851
https://doi.org/10.1038/s41467-020-18426-4
https://doi.org/10.1103/PhysRevA.102.011502
https://doi.org/10.1103/PhysRevA.101.023804
https://doi.org/10.1103/PhysRevLett.124.053604
https://doi.org/10.1038/s41467-017-00968-9
https://doi.org/10.1103/PhysRevLett.126.113601
https://doi.org/10.1103/PhysRevA.96.023860
https://doi.org/10.1038/nature09721
https://doi.org/10.1103/PhysRevA.90.043825
https://doi.org/10.1103/PhysRevA.100.023807
https://doi.org/10.1038/nphys2665
https://doi.org/10.1103/PhysRevA.102.023707
https://doi.org/10.1103/PhysRevA.92.013852
https://doi.org/10.1103/PhysRevA.96.023812
https://doi.org/10.1038/s41598-017-03546-7
https://doi.org/10.1103/PhysRevA.98.023841
https://doi.org/10.1103/RevModPhys.82.1155
https://doi.org/10.1103/PhysRevLett.99.093901
https://doi.org/10.1103/PhysRevLett.99.093902
https://doi.org/10.1038/s41467-018-07105-0
https://doi.org/10.1038/nature18605

