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ABSTRACT

Kruskal [J. Math. Phys. 3, 806 (1962)] showed that each nearly periodic dynamical system admits a formal U(1) symmetry, generated by
the so-called roto-rate. We prove that such systems also admit nearly invariant manifolds of each order, near which rapid oscillations are
suppressed. We study the nonlinear normal stability of these slow manifolds for nearly periodic Hamiltonian systems on barely symplectic
manifolds—manifolds equipped with closed, non-degenerate 2-forms that may be degenerate to leading order. In particular, we establish a
sufficient condition for long-term normal stability based on second derivatives of the well-known adiabatic invariant. We use these results to
investigate the problem of embedding guiding center dynamics of a magnetized charged particle as a slow manifold in a nearly periodic system.
We prove that one previous embedding and two new embeddings enjoy long-term normal stability and thereby strengthen the theoretical
justification for these models.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0054323

I. INTRODUCTION

Dynamical systems with multiple timescales often exhibit special slow trajectories that lie along almost invariant sets known as slow
manifolds.'~ Because slow manifolds generally fail to be true invariant objects, analysis of their dynamical significance requires special care.
The most well-understood case is normal hyperbolicity: the slow manifold attracts or repels nearby trajectories. As shown by Fenichel,’
given a normally hyperbolic slow manifold, nearby there must be a true normally hyperbolic invariant manifold. Less well-understood are
the normally elliptic slow manifolds: slow manifolds around which nearby trajectories oscillate. These objects may fail to approximate true
invariant manifolds,” but they frequently form the basis for model reduction in dynamical systems with weak dissipation. For instance, the
equations governing quasigeostrophic flow describe motion on an elliptic slow manifold inside of the rotating shallow water model;* ® normal
oscillations correspond to fast gravity waves. Other examples include the incompressible Euler equations,” which arise as a slow manifold
inside of the compressible Euler equations, and ideal magnetohydrodynamics, which may be understood as a slow manifold for a pair of
charged ideal fluids."’

Reduction to an elliptic slow manifold is fraught with theoretical challenges. Principal among these is the question of normal stability: Do
trajectories that begin near an elliptic slow manifold exhibit secular normal drifts? While ellipticity implies marginal linear stability on short
timescales, normal instability may still arise at later times due to resonance phenomena. Thus, a dynamical model obtained by reduction to
an elliptic slow manifold may spontaneously break down. Even worse, such breakdown may be undetectable from within the reduced model
itself.

An important example of an elliptic slow manifold for which normal stability remains an open problem was constructed recently by Xiao
and Qin,'" who proposed a novel method for symplectic integration of the so-called guiding center equations for charged particles in a strong
magnetic field. As shown by Littlejohn in Refs. 12-15, the guiding center equations comprise a Hamiltonian system with a non-canonical
symplectic structure. Moreover, the natural Lagrangian for guiding centers is degenerate; its velocity Hessian is singular. This makes the
formulation of symplectic integrators for guiding center dynamics extremely challenging because standard symplectic integration theory is
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intended for either canonical symplectic structures or non-degenerate Lagrangians. However, Xiao and Qin suggested a method for circum-
venting this difficulty: embed the guiding center system as an elliptic slow manifold in a larger system that does admit a regular Lagrangian.
Applying conventional symplectic integration methods to this larger system then leads to a higher-dimension structure-preserving scheme
with a slow manifold that formally recovers the guiding center dynamics of interest. (Their scheme is therefore a slow manifold integrator,
as described in Ref. 3.) This idea provides an elegant solution to symplectic integration of guiding center dynamics, provided the integrator’s
slow manifold is normally stable. On the other hand, if a normal instability does exist, then the scheme will fail after the instability onset time.
At present, normal stability remains an open question.

MacKay suggested in Ref. 2 that a useful method for establishing elliptic normal stability, in general, is identifying an adiabatic invariant
whose set of critical points gives the slow manifold. Such an adiabatic invariant appears, for example, in the slow manifold analysis'® of
singularly perturbed Hamiltonian systems that lose a degree of freedom in the singular limit. Then, the sign-definiteness of the normal
Hessian should imply normal stability by a Lyapunov-type argument. We say that the slow manifold satisfies a free-action principle. However,
it is unclear, in general, how to identify such an adiabatic invariant or even if such an adiabatic invariant exists.

In this article, we will identify an important class of elliptic slow manifolds for which the free-action principle always applies. In particular,
we will show that each nearly periodic system with an appropriate Hamiltonian structure admits elliptic slow manifolds of arbitrary order
and that these slow manifolds coincide with critical sets for adiabatic invariants. Moreover, we will prove rigorously that sign-definiteness of
the normal Hessian implies long-term normal stability. After establishing this theoretical result, we will apply it in the study of guiding center
dynamics of individual charged particles in a strong magnetic field.

Using our general theory, we will show that Xiao and Qin’s slow manifold embedding of guiding center dynamics enjoys normal stability
in continuous time. This result leaves normal stability in discrete time an open question but motivates further study in that direction. We will
also construct a pair of alternative finite-dimensional slow manifold embeddings of guiding center dynamics. One is a covariant relativistic
generalization of the Xiao—-Qin embedding. The other is a special case of a more general embedding that applies to any symplectic Hamiltonian
system. Like Xiao and Qin’s case, the larger systems into which we embed come equipped with a regular Lagrangian structure. We use our
general theory to prove long-term normal stability for these new embeddings and thereby identify promising future extensions of Xiao and
Qin’s idea.

In order to ensure that our abstract theory is general enough to handle the guiding center system, we were forced to consider Hamiltonian
systems on symplectic manifolds whose symplectic forms may be very nearly degenerate. We formalize this near-degeneracy by supposing
that the symplectic form Q. is a smooth function of the parameter e that quantifies the timescale separation in a nearly periodic system
and that Qy may be degenerate. We call manifolds equipped with symplectic forms of this type barely symplectic. By working at this level of
generality, our abstract results exhibit an interesting competition between stabilizing and destabilizing influences on the slow manifolds that
we construct. In particular, stronger degeneracy of Q. as € — 0 appears to destabilize the slow manifolds, while vanishing of early terms in the
adiabatic invariant series (see Ref. 17 for explicit formulas for the first few terms) has a stabilizing effect. From this perspective, the guiding
center embeddings we study are remarkable because the stabilizing and destabilizing influences balance, leading to normal stability results
that would be expected for e-independent symplectic manifolds.

A. Notational conventions

In this article, smooth shall always mean C™. We reserve the symbol M for a smooth manifold equipped with a smooth auxiliary
Riemannian metric g. We say fc: M| — Ms, €€ R, is a smooth e-dependent mapping between manifolds M, M, when the mapping
M xR = M, : (m,e) — fe(m) is smooth. Similarly, T is a smooth e-dependent tensor field on M when (a) Te(m) is an element of
the tensor algebra 7,,(M) at m for each m € M and € € R and (b) T. is a smooth e-dependent mapping between the manifolds M and
T(M) = UmemTm(M).

The symbol X. will always denote a smooth e-dependent vector field on M. If T, is a smooth e-dependent section of either
TM ® TM or T*M ® T* M, then T is the corresponding smooth e-dependent bundle map T"M — TM : a > 14Teor TM — T*M : X v ix T,
respectively. Note that if Q is a symplectic form on M with the associated Poisson bivector 7, then Q™" = - 7.

Il. KRUSKAL'S THEORY OF NEARLY PERIODIC SYSTEMS

In 1962, Kruskal presented an asymptotic theory'® of averaging for dynamical systems whose trajectories are all periodic to leading order.
Nowadays, Kruskal’s method is termed one-phase averaging,'” which suggests a contrast with the multi-phase averaging methods underlying,
e.g., Kolmogorov-Arnol’d-Moser (KAM) theory. Since this theory provides the framework for the results in this article, we review its main
ingredients here.

Definition 1. A nearly periodic system on a manifold M is a smooth e-dependent vector field X. on M such that Xo = woRo, where

o wo: M — Ris strictly positive,
e Ry is the infinitesimal generator for a circle action ®y : M — M, 8 € U(1), and
o Lpwo=0.

The vector field Ry is called the limiting roto-rate, and the set So = {s € M | Ro(s) = 0} is called the limiting slow manifold.
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Remark 2. In addition to requiring wy is sign-definite, Kruskal assumed that Ry is nowhere vanishing. However, this assumption is not
essential for one-phase averaging to work. In fact, the limiting slow manifold Sy will play a crucial role in the rest of this article. Note that, by
Lemma 16, So ¢ M is indeed a submanifold.

Kruskal’s theory applies to both Hamiltonian and non-Hamiltonian systems. In the Hamiltonian setting, it leads to stronger conclusions.
A general class of Hamiltonian systems for which the theory works nicely may be defined as follows:

Definition 3. Let (M,Qc) be a manifold equipped with a smooth e-dependent presymplectic form Q.. Assume that there is a smooth
e-dependent 1-form 9 such that Qe = —d9e. A nearly periodic Hamiltonian system on (M, Q) is a nearly periodic system Xc on M such that
1x, Qe = dH. for some smooth e-dependent function He : M — R.

Kruskal showed that all nearly periodic systems admit an approximate U(1)-symmetry that is determined to leading order by the unper-
turbed periodic dynamics. He named the generator of this approximate symmetry the roto-rate. In the Hamiltonian setting, he showed that
both the dynamics and the Hamiltonian structure are U(1)-invariant.

Definition 4. A roto-rate for a nearly periodic system X on a manifold M is a formal power series Re = Ro + €Ry + €*Ry + - - - with vector
field coefficients such that

o Ry is equal to the limiting roto-rate,
o exp(27nLg ) =1,and
° [XE,RE] =0,

where the second and third conditions are understood in the sense of formal power series.

Proposition 5 (Ref. 18). Every nearly periodic system admits a unique roto-rate Re. The roto-rate for a nearly periodic Hamiltonian system
on an exact presymplectic manifold (M, Q) satisfies Lr Qe = 0 in the sense of formal power series.

Corollary 6. The roto-rate Rc for a nearly periodic Hamiltonian system X on an exact presymplectic manifold (M, Q¢ ) with Hamiltonian
H. satisfies Lr_ He = 0.
Proof. Since [Re,Xe] = Lr Xe = 0and Lg Q. = 0, we may apply the Lie derivative Lg_ to Hamilton’s equation 1x, Q = dH, to obtain
[,Rf (dHe) = ﬁRS(lXEQG) = lﬂREXzQG + IXS(ERé Qe) =0.
Thus, L He is a constant function. However, by averaging over the U(1)-action, we conclude that the constant must be zero. ]

To prove Proposition 5, Kruskal used a pair of technical results, each of which is interesting in its own right. The first establishes
the existence of a non-unique normalizing transformation that asymptotically deforms the U(1) action generated by R. into the simpler
U(1)-action generated by Ro. The second is a subtle bootstrapping argument that upgrades leading-order U(1)-invariance to all-orders
U(1)-invariance for integral invariants. We state these results here for future reference.

Definition 7. Let Ge = €Gy + € G, + - - - be an O(e) formal power series whose coefficients are vector fields on a manifold M. The Lie series
with generator G is the formal power series exp(Lg, ) whose coefficients are differential operators on the tensor algebra over M.

Definition 8. A normalizing transformation for a nearly periodic system X with roto-rate R. is a Lie series exp(Lg,) with generator Ge
such that Re = exp(Lg, )Ro.

Proposition 9 (Ref. 18). Each nearly periodic system admits a normalizing transformation.

Proposition 10. Let ae be a smooth e-dependent differential form on a manifold M. Suppose a. is an absolute integral invariant for a C*
nearly periodic system X on M. If Lr a0 = 0; then, Lr ae = 0, where R, is the roto-rate for X.

According to Noether’s celebrated theorem, a Hamiltonian system that admits a continuous family of symmetries also admits a cor-
responding conserved quantity. Therefore, one might expect that a Hamiltonian system that admits an approximate symmetry must also
have an approximate conservation law. Kruskal showed that this is indeed the case for nearly periodic Hamiltonian systems, as the following
generalization of his argument shows:

Proposition 11. Let X be a nearly periodic Hamiltonian system on the exact presymplectic manifold (M, Q). Let R be the associated
roto-rate. There is a formal power series 9c = 9 + €91 + - - - with coefficients in Q' (M) such that Q. = —d9. and Lz 9. = 0. Moreover, the
formal power series pe = 1r, e is a constant of motion for X, to all orders in perturbation theory. In other words,

£X“ug =0

in the sense of formal power series.
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Proof. To construct the U(1)-invariant primitive 9, we select an arbitrary primitive 9 for Q and set

— 1 2
5= fo exp(6Lz, )9edb.

This formal power series satisfies ERﬁe = 0 because

— 1 2n d
Lede= - fo =5 exp(0Lx,)9:d6 = .

Moreover, since Lr Q. = 0 by Ref. 18, Proposition 5, we have

— 1 2 1 2
9. = — f L8 )Qedf = — f Qudf = Q..
2 Jo exp(6Lr.) 2w Jo

whence 9. is a primitive for Q.. 7
To establish all-orders time-independence of pe = g, 9, we apply Cartan’s formula and Corollary 6 according to

Lx e = lxglegge = —1p,1x,Qe = —Lp He = 0.

We note that the adiabatic invariant constructed in this proof does not change if the primitive 9. is subject to the transformation 9. — 9. + a,
where a. is an exact e-dependent 1-form. When «. is merely closed rather than exact, the value of yc does change but only by a global constant.
See the discussion surrounding Eq. (3.12) in Ref. 17. O

Definition 12. The formal constant of motion y. provided by Proposition 11 is the adiabatic invariant associated with a nearly periodic
Hamiltonian system.

Ill. SLOW MANIFOLDS FOR NEARLY PERIODIC SYSTEMS

Let X, be a smooth e-dependent vector field on a manifold M equipped with an auxiliary Riemannian metric g. Without loss of generality,
assume X¢ = O(1). An Nth-order slow manifold Sc ¢ M for X, is an e-dependent submanifold such that the normal component of X, along
Seis O(eM*!) and the tangential component is O(€). Note, in particular, that So must be a manifold of fixed points for X. A slow manifold is
elliptic if the normal linearized dynamics for X, along Sy are purely oscillatory.

Intuitively, trajectories for X that begin near an elliptic slow manifold S should slowly drift along S, (while rapidly oscillating around
it) for some large time interval before possibly wandering away. By dropping the normal component X; of X, along S, one obtains a well-

defined vector field X! on S, that may be interpreted as a model for the slow drift dynamics. By way of this procedure, elliptic slow manifolds
give rise to formal “reduced” models in various scientific disciplines, especially in plasma physics, with its numerous multiscale models. The
purpose of this section is to prove that nearly periodic systems always admit elliptic slow manifolds of every order.

Before proceeding, we must resolve a technical issue. The “definition” of slow manifolds given above is somewhat imprecise since Sc
moves as € — 0. In order to eliminate this ambiguity, we introduce parameterizations.

Definition 13. Let X. be a smooth e-dependent vector field on a manifold M such that Xy is not identically zero. An Nth-order param-
eterized slow manifold for X¢ is a smooth e-dependent embedding S, : So — M of some fixed manifold Sy into M with the following two
properties:

(1) Foreach s € So, |X*(Se(50))| = O(e"*!) as e — 0.
(2) Foreachsy € Sy, |X£ (Se(s0))| = O(€) ase — 0.

Suppose @e : Sp — Sp is a smooth e-dependent diffeomorphism. If S, is a parameterized slow manifold, then S; = S o @, is also a param-
eterized slow manifold with the same image and of the same order. We may therefore precisely define an Nth-order slow manifold as a smooth
e-dependent submanifold S. ¢ M that is the image of some Nth-order parameterized slow manifold.

We will now suppose that X, is a nearly-periodic system, as defined in Sec. 1, and proceed to construct slow manifolds. Our overarching
strategy will be to find vector fields XE(N) that agree with X, modulo terms that are O(¢"*') and that possess genuine invariant submanifolds
S Then, we will prove that certain open subsets of S are Nth-order slow manifolds for X,. Roberts discussed essentially the same
backward analysis strategy in a more general setting in Refs. 20 and 21.

The motivation for this strategy comes from Kruskal’s result (Proposition 9) on existence of normalizing transformations for nearly
periodic systems. In a formal sense, normalizing transformations provide coordinates that expose a hidden U(1)-symmetry underlying each
nearly periodic system. The connection between this observation and invariant manifold theory is that the set of U(1)-invariant points in
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phase space must be an invariant manifold for any dynamical system with U(1)-symmetry. The hitch in this argument, and the reason we
will only find slow manifolds, rather than genuine invariant manifolds, is that Kruskal’s normalizing transformations are only defined as the
formal power series. We will be forced to truncate these series and in the process lose exact invariance. However, since we may truncate at any
order, that loss of invariance can be made arbitrarily small.

Theorem 14. Let X, be a nearly periodic system on a manifold M. The associated limiting slow manifold, So, is a zeroth-order slow manifold
for Xe. Moreover, for each N > 0 and each codimension-0 compact submanifold Co c M, with or without boundary, there exists an Nth-order

parameterized slow manifold SgN) : 2o = M for X, where 2o = So nint Cy.

Remark 15. It is worth highlighting two limiting cases of the theorem. (1) If the set of equilibrium points for Ry is empty, then the theorem is
vacuously true; the slow manifolds are merely empty sets. (2) If M is compact, we may take Co = M and conclude that X. admits a slow manifold
diffeomorphic to Sy at each order N. For non-compact M, the slow manifolds provided by the theorem may fail to be diffeomorphic to So.

To prove Theorem 14, we will use a pair of supporting lemmas.

Lemma 16 (see, e.g., Ref. 22). The set of fixed points Z ¢ M of a U(1)-action on a manifold M is an embedded submanifold.

Proof. Let®y: M — M, 0 € U(1),be the U(1)-action, and let R be the corresponding infinitesimal generator. Assume that M is equipped
with a metric tensor g that satisfies Lrg = 0. Note that if g is an arbitrary metric on M, then (g) = i 02"d>g gd0 is a Riemannian metric that
satisfies Lr(g) = 0. Therefore, our assumption introduces no loss of generality.

Suppose m € Z, and let expy, : TuM — M be the Riemannian exponential map at m. Since g is U(1)-invariant, the geodesic flow on
TM commutes with T®,. It follows that the exponential map at m intertwines the U(1)-actions ®g on M and Ly = @y on TpM, ie.,
expm © Lg = @y o expy, for each 6 € U(1). In light of this equivariance property and the inverse function theorem, we may therefore choose
U(1)-invariant open subsets U,, ¢ M and Uy c T\, M, containing m € M and 0 € T, M, respectively, such that ¢, = expy | Up: Uy > Up isa
diffeomorphism. Since this diffeomorphism is equivariant, the preimage Zo of Z,, = Z n U,, under ¢,, must be equal to the fixed point set for
the U(1) action Ly on Uy. Since Ly is linear, Zo must be a linear subspace of T,,M. By restricting (p,_nl to Zy, we therefore obtain a coordinate
chart on Z near m. Since m € Z is arbitrary, this shows that Z is an embedded submanifold. O

Lemma 17. If Y. is a smooth e-dependent vector field on M that commutes with the infinitesimal generator R of a U(1)-action, then the
set of fixed points Z for R is an invariant submanifold for Y. for each e.

Proof. Suppose m € Z. We will show that the component of Y, normal to Z vanishes, i.e., Yz (m) = 0. Let w : M — R be a smooth U(1)-
invariant bump function equal to 1 near m and 0 outside of a compact set containing m. Let F; = exp(twY.) denote the flow map for wY, and
let @y = exp(OR) denote the U(1)-action generated by R. Since [R,wY.] = 0, we have F; o ®g = Oy o F; for each t ¢ R, € U(1). Since m is an
equilibrium for R, we therefore have F;(m) = ®y(F;(m)) for each ¢, 0. In other words, F;(m) is a an equilibrium for R for each t. By Lemma 17,
we then see that the parameterized curve y(t) = F;(m) defines a smooth mapping from R into the submanifold Z. The curve’s velocity at t = 0
is therefore tangent to Z at y(0) = Fo(m) = m. However, dy(0)/dt = w(m)Y.(m) = Yc(m), whence it follows that Y.(m)"* = 0. ]

Proof of Theorem 14. First, we prove that Sy is a zeroth-order slow manifold for X.. By Lemma 16, we know Sy is a submanifold. The
mapping S8y > M : 59 > 5o therefore defines a smooth embedding of Sy into M. We claim that Sy is a parameterized zeroth-order slow
manifold. To see this, note Ry (850) (s0)) = 0 for each so € Sp, which implies

Xe(SE (50)) = @0(SE (50))Ro(SE (50)) + O(e) = O(e),

as claimed. It follows that Sy = 850) (o) is a zeroth-order slow manifold.

Next, we prove the existence of higher-order slow manifolds. Fix an integer N > 0 and a codimension-0 compact submanifold Cy ¢ M,
with or without boundary. By Proposition 9, there exists a normalizing transformation exp(L¢, ) for X, with generator G.. We would like
to construct a diffeomorphism W, : M — M that agrees with the formal diffeomorphism exp(Ge) to Nth-order at least on int Cy. The sim-
plest strategy for this construction would be to set W, = exp(¥r.,€°Gy), but, when M is non-compact, integral curves of the vector field
GéN) = Zleek Gy may not exist for all time, and so the exponential exp(GgN) ) may not exist either. To overcome this difficulty, we introduce
the vector field gﬁN) = ngN), where w : M — R is a smooth function defined as follows: If 9Cy = @ so that Cy is a union of connected compo-
nents of M, w = 1 on Cy and w = 0 otherwise. If 9Cy # @, then we use the tubular neighborhood theorem to construct an increasing sequence
of compact, codimension-0 submanifolds with boundaries Cy ¢ Cj ¢ Cy’ such that Cy c int Cg and C;, c int Cy and define w so that it satisfies
w = 1in Cj and w = 0 outside of Cy'. Thus, w and, therefore gEN), have compact support. Since smooth vector fields with compact support
have well-defined flow maps, we thereby obtain a smooth diffeomorphism ¥, = exp(ggN) ). This diffeomorphism agrees with exp(Ge) to
Nth-order on int C6 in the following sense. If T, is any smooth e-dependent tensor field on M, then
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in the sense of formal power series. Here, we have used that w = 1 on an open neighborhood of any m ¢ int Cj to replace the Lie derivatives
ﬁggm with EGgN) .

Using the diffeomorphism ¥., we now construct a vector field XE(N) such that (a) XS(N) =X+ O(eN“) in int Cy and (b) Xe(N) admits
an exact parameterized invariant manifold G§N) :So — M. Let X, = exp(—Lg,)Xe = Xo+eX; + Xy + -+, and set XﬁN’ = Zz,y:le'kfk. Since
exp(—Lg, )Re = Ry, where R, is the roto-rate for X, and [Re, X¢] = 0 to all orders, each of the X, and therefore XM commutes with Rq.

By Lemma 17, it follows that the set of equilibrium points for Ry, i.e., So, is an invariant manifold for XﬁN). We claim that the vector field

XE(N) =y K(.N) satisfies properties (a) and (b) above. For (a), we use Eq. (1) to obtain

¥m € int Cy, XSN)(m) = (exp(ﬁcs)XgN))(m) +0("h)
= (exp(Le,)Xe)(m) + O(™)
= (exp(La,) exp(~La,)Xe) (m) + O(€")
= Xe(m) + O(e"™),

in the sense of formal power series. For (b), we restrict the inverse of W to Sy to obtain the embedding GgN) =V, ! | So : So = M; since S is

an invariant manifold for YﬁN), 6£N) (So) is an invariant manifold for XgN).

To complete the proof, we first use (XE(N) )* = 0along &™ and &V (So nint Cy) c Cj for sufficiently small € to obtain

Wso € So nint Co, [X2 (S8 (0))] = [(XE) (88 (s0))] + O
=0+0(e"). )

Then, we note that XS(N) = Xo + O(€) = woRo + O(€) since ¥, is near-identity, which implies, in particular,
Vso € Sonint Co, [(XIN(&D (50))] = O(e). 3)

Equations (2) and (3) say that SEN) = 6§N) | So nint Cp is an Nth-order parameterized slow manifold. m]

IV. NORMAL STABILITY IN NEARLY PERIODIC HAMILTONIAN SYSTEMS

Given an invariant manifold, or more generally an almost invariant manifold like those provided by Theorem 14, it is important to
understand the stability of nearby trajectories. In other words, if a trajectory begins near such an object in phase space, then how long will
it remain nearby? The answer to this question sets limits on model reduction strategies based on projecting to the (almost) invariant object.
When all nearby trajectories remain nearby on some time interval Z, projecting should provide a reasonable reduced model for dynamics near
the manifold for times in Z. We say that the manifold is normally stable on Z. However, after a trajectory’s transverse displacement becomes
large, the projected dynamics may have very little to do with the true dynamics. The purpose of this section is to establish a useful tool for
establishing normal stability of slow manifolds in nearly periodic systems that admit a particular kind of Hamiltonian structure.

A nearly periodic system X, can exhibit a Hamiltonian structure in various ways. In certain cases, X, may be the Hamiltonian with respect
to an e-independent symplectic form Q on M, meaning there is a smooth ¢-dependent function He : M — R such that 1x, Q = dH.. Examples
include 2-degree-of-freedom canonical Hamiltonian systems with Hamiltonians of the form H(q1, 1,42, p2) = 3(q1 + p1) + €U(q1,p1, G2, p2)s
where U is any smooth function. More generally, X. may be Hamiltonian with respect to a smooth e-dependent symplectic form Q. whose
singular limit Q) is merely pre-symplectic. In other words, Qy is closed but may be degenerate as a 2-form. We call such e-dependent 2-forms
barely symplectic forms. The Lorentz force equations describing the motion of a charged particle in a strong magnetic field exhibit a barely
symplectic structure. Since the Hamiltonian structure for a single charged particle frequently appears in the infinite-dimensional Hamiltonian
structures underlying non-dissipative models of plasma dynamics,”*® barely symplectic Hamiltonian structures play an important role in
plasma physics.
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Motivated by the above remarks, we will focus our attention on the normal stability of slow manifolds arising in nearly periodic Hamil-
tonian system on barely symplectic manifolds (defined below). Since our methods involve perturbation theory, we will focus, in particular, on
barely symplectic forms that exhibit at worst a regular singularity as € — 0. The class of barely symplectic forms with regular singularities at
€ = 0 appears to be broad enough to cover many significant applications, including those discussed in Sec. V.

A. Barely symplectic manifolds

Regular barely symplectic manifolds provide the differential-geometric setting for our results on slow manifold normal stability. The
purpose of this subsection is to precisely define and outline the basic properties of these manifolds. The notion of the barely symplectic man-
ifold should be contrasted with the related notion of the folded symplectic manifold introduced in Ref. 27. Rather than exhibiting singularities
as a parameter tends to a limiting value, folded symplectic forms degenerate on hypersurfaces in phase space.

Definition 18. A barely symplectic form on a manifold M is a smooth e-dependent 2-form Qe such that

o dQ. =0 foreach e € Rand
o Q. is symplectic whenever € # 0.

The barely symplectic form Qe is exact if Qe = —d9e for some smooth e-dependent 1-form e. A(n) (exact) barely symplectic manifold is a
pair (M, Qc), where M is a manifold and Q. is a(n) (exact) barely symplectic form on M. A Hamiltonian system on a barely symplectic manifold
is a smooth e-dependent vector field X, such that ix, Q. = dH, for some smooth e-dependent function He, referred to as the system’s Hamiltonian.

Since a barely symplectic form is non-degenerate for non-zero ¢, each barely symplectic form induces a e-dependent Poisson structure
with a possible singularity at € = 0. We may therefore classify barely symplectic forms according to the severity of that singularity.

Definition 19. Let Q. be a barely symplectic form, and let J . be the e-dependent Poisson bivector defined for € + 0 by inverting Q.. We say
Q. is regular if there is some non-negative integer d such that J. = € %j, where jc is a smooth e-dependent bivector. The smallest d such that
Te = e_djg is called the degeneracy index of Qe. When no such d exists, Qe is irregular.

Example 1. Let (M1,Q1), (M2,Q;) be a pair of symplectic manifolds, and let f1(€), f2(€) be a pair of smooth functions, each with at
most an isolated zero at € = 0. If we equip the product manifold M = M; x M, with the e-dependent 2-form Q. = f1(€)n]{ Q1 + f2(€)m5 Qa,
where 713 : M — M. denotes projection onto the kth factor, we obtain a barely symplectic manifold (M, Q.).

When f1(€) = €" and f2(€) = €" with n > m > 0, Q. is a regular barely symplectic form. Since the Poisson bivector associated with Q. is
givenby Je =€ "J1 + € T2 = € "(J1 + € " J2), the degeneracy index of Q¢ is d = n. To obtain an irregular barely symplectic form, we may
set f1(€) = exp(~1/€®), f2(€) = 1. Then, Je = exp(1/€*)T1 + T2 = exp(1/€*)(J1 + exp(~1/€*)J>). Although Je = je/ f1(€) with j smooth,
1/f1(€) tends to oo as € — 0 so quickly that the singularity cannot be tamed by any power of e.

Although a barely symplectic form Q. may fail to be symplectic when € = 0, regular Q. with degeneracy index d nevertheless behave much
like ordinary, e-independent symplectic forms. Heuristically, one just needs to include the first d + 1 terms in the power series expansion
Qe = Qo +€Qq +- -+, rather than Qg by itself, to employ to symplectic methods. As an illustration of this heuristic, we have the following
version of Darboux’s theorem for regular barely symplectic manifolds:

Proposition 20 (Darboux theorem for regular barely symplectic manifolds). Let (M, Q) be a compact, regular, barely symplectic manifold
with degeneracy index d. Assume that the de Rham cohomology class [ Qe | defined by the barely symplectic form satisfies [Qe] = [Qo] for each e,

and set di) = Zi;oeka, where Q. is the kth coefficient in the power series expansion Qe = Qo + €Q1 + - - -. There exists an €y > 0 and a smooth
e-dependent diffeomorphism Ye : M — M, € € [—€o, €0 ), such that ¥} Q. = di).

Proof. Define Q) = [1-1]Qe + 10D 1 e [0,1]. We would like to establish the non-degeneracy of Q¢ for sufficiently small e. Note that
Qé = Qe+ )L[di) Q] =Qc+ O(/ledJr1 ). Therefore, if J. = eidje denotes the Poisson bivector induced by Q., we have

_jeﬁé = idTM + Aé‘?e;

where €y = —e*dﬁ[ﬁﬁd) - Q.] is a smooth e-dependent bundle map TM — TM. By openness of the set of invertible matrices and compact-
ness of M, there is therefore some € > 0 such that idyy + Aey, is invertible for € € [—¢o, €0 ], with smooth e-dependent inverse. This implies
O} is invertible for non-zero € € [~eo, €] with the inverse given by (Q}) ™ = —{27. = —e 7., where 17 = [idra + Aee] 7.

Next, we will derive a useful formula for the difference di) — Q. By the cohomological condition [Qc] = [Qo], we have [Qc — Qo] =0,
which implies that there is a smooth e-dependent 1-form 9. such that Q¢ = Q¢ — d9.. Let 9 = 99 + €91 + - - - be that form’s formal power series
expansion, and set Sé(.d) = Zf=oek9k. By the equality of Taylor series, we have d9 = 0 and di) =0y — d9§d). In particular, we have the useful
identity
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o~ =00 - a9 - Q. = d(9 - 9P). (4)

Finally, we will construct the diffeomorphism W,. For € € [~¢p, ¢o], define G = (ﬁﬁ)_l(Séd) —9). Since 9D _ g, = O(e™!) and
(@)™ = 0(e™), G! depends smoothly on both € and . If F§ denotes the t = A flow map for G, we therefore have

& () 0k = ()" d(1.0% + 8- 8

= (F5)* (QLGE + 9. - 9)
= 0,

where we used formula (4) on the first line. This proves the theorem with W, = (F{) ™" since it implies (Ff)*di) = Q. ]

While we will not use the barely symplectic Darboux theorem directly in this article, it will be useful in what follows to distill the theorem’s
essential ingredient into the following lemma:

Lemma 21. Let M be a smooth manifold, and let j. and Q. be the formal power series with bivector and 2-form coefficients, respectively.
Assume there exists a non-negative integer d such that —j.Qc = €'idry, in the sense of formal power series. Then, the smooth e-dependent 2-form
ol = ZZ:Oeka has the following properties:

(1) Given a compact set C c M, there exists an €y > 0 such that, for each non-zero € € [—€o, €0}, Qéd) is non-degenerate on C. Moreover,
(65‘” ) = —e %%, where ke is a zeroth-order approximation of je.
(2) There exists a formal power series k. with bivector coefficients such that —e %, is a formal inverse for a.

Remark 22. The k. in property (2) above is not, in general, equal to the k. in property (1); the former is merely a formal power series with
smooth bivector coefficients, while the latter is a smooth e-dependent bivector defined on the compact set C. However, within C, the power series
expansion of k. from (1) agrees with k. from (2), which justifies the abuse of notation.

Proof. Let AQ, = ¢ “*D(Q, - ol ). By assumption, e’idpy = —ﬂ(ﬁﬁ‘” + e AQ, ), which may also be written as
e (idpy + 6:AQ,) = .07,
It follows that the formal power series % with bundle-map coefficients (T*M — TM) defined by

Ke = (idTM + EE]:Aﬁg)71Z
= (idpy — €eAQe + €[] + -+ Vje (5)
satisfies —%eﬁﬁd’ = ¢%idqy, in the sense of formal power series. We will therefore establish property (2) if we can demonstrate that %, is the
bundle map associated with some formal power series . with bivector coefficients. Equivalently, we must show %; = —%., where %, denotes
the dual of %.. For this, we directly compute
’IE: = _ti\g(idT*M + €A§gj;)71
= —(idry — GeAQe + €[eAQ]” + -+ Ve
= _756)

where we have used the identity j.[AQ:.]" = [jeAQe]"Je for each non-negative integer n. We conclude that ! satisfies property (2).

Next, we establish property (1). Define the smooth e-dependent bivector KE‘” = Zfzoekxk. The formal power series identity %ﬁﬁ‘”
= ¢%idry implies that the Taylor expansion of the smooth e-dependent bundle map D0 s given by DD = edidpy + o(e™h).
Taylor’s theorem with remainder therefore implies that there is a smooth e-dependent bundle map ¥, : TM — TM such that sl

= ¢*(idpy + €. ). Given a compact set C c M, we may choose ¢, small enough so that (idy + €y ) is invertible on C when € € [—€o, €].
Thus, in C and for non-zero € € [—¢p, €], we have

@Y =~ (idpy + €9) TR,

as claimed. m]
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As an immediate application of Lemma 21, we will prove the following refinement of Kruskal’s result’ for regular barely symplectic
manifolds:

Proposition 23. Let X be a nearly periodic Hamiltonian system on a barely symplectic manifold (M, Q). Assume that (M, Q) is exact
and regular with degeneracy index d. There exists a normalizing transformation for X. with generator K. such that the formal power series
Qe = exp(~Lx, ) Qe truncates at O(ed),

65 = —déo - €dé1 —c = €ddéd,
where each 0y satisfies ER(,@;{ =0.

Proof. Let R be the roto-rate for X.. By Proposition 11, there is a formal power series 9. such that Q. = -d9. and llRﬁg =0. By
Theorem 9, there exists a normalizing transformation for X with generator Ge. Applying exp(—Lg, ) to the identities Lz_9¢ = 0 and Q. = —d9,
therefore implies Lg, 0, = 0 and we = —d0,, where 6, = exp(-Lg, )9 and w, = exp(-Lg, ) Qe.

We would like to construct a Lie transform with generator A, such that

[Ae, Ro] =0, (6)
exp(—La,)we = —d(6 + €y +-- - + €d§d). (7)

If such an A, exists, then the Baker-Campbell-Hausdorff (BCH) formula implies exp(Lg, ) exp(L4, ) is a normalizing transformation with

the desired properties. We will construct exp(La, ) as the composition of a sequence of Lie transforms exp(L ) ) with generators al.

Let exp(L o)) be a Lie transform with generator alv. Applying exp(-L ) to 0, gives
exp(~L,1))0c = 0c = L 1) 0c +- -
= ée - la(l)dgg - dla(l)ée e,

where we have applied Cartan’s formula for the Lie derivative. Suppose aﬁl) is chosen such that

€d+1§d+1 - lagl)d(go + 4+ €d§d) =0. (8)

Then, we would have exp(-£ o) YdOe = d(Bo + - - - + €70;) + O(e™?), which is one step closer to our target (7). Hence, let us assess the
solvability of Eq. (8).
With wgd) = —d(éo +oeeet ed@d), Eq. (8) reads

e = —e™1,,,. 9)

Since Q. is a regular barely symplectic form, there is a smooth e-dependent bivector je such that 7. = eidje inverts Q, i.e., —eidﬁﬁe = idr.
Applying the Lie transform exp(—Lg, ) to these identities gives

~be@e = "idpy, (10)

where be = exp(~L, )je. Lemma 21 therefore implies that there is a formal power series x, with bivector coefficients such that — %, is a

formal inverse for @{”. Applying this formal inverse to both sides of Eq. (9) now gives a formula for agl) with the desired properties,

ugl) S AR
Note that since 9,,; and wgd) are each Ro-invariant, formula (5) implies that this agl) satisfies [agl) ,Ro] =0.

Modulo exact 1-forms, we now have eXP(*/Jua) )ée =09 4 O(e™?), where the higher-order terms that not displayed are each Ro-
invariant. Using the same procedure used to find alh, we may now construct an at such that exp(-L, ) exp(=L )0e = 0D 4 0o(e™?)

modulo exact 1-forms, where again the higher-order terms are Ro-invariant, and [ugz),Ro] = 0. Repeating this construction ad infinitum
produces a sequence of Ro-invariant al™ such that . .. exp(-L ) exp(-L,» ) exp(~L o )6, = D 4+ 0O(e™) modulo exact 1-forms. The
BCH formula therefore gives us an A¢ defined by exp(=L4,) = -exp(-L ) exp(=L ) exp(-L () with the desired properties. ]
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Example 2. Dynamics of a non-relativistic charged particle in a strong magnetic field are described by the Lorentz force system
v =v x B(x), = ev,on M =R’ x R* 5 (x,v). Here B = V x A denotes the magnetic field. Assuming |B| is nowhere vanishing, this system
comprises a Hamiltonian nearly periodic system on the regular, exact, barely symplectic manifold (M, -d9.), where 9 = A - dx + ev - dx
and He = €1 |v[’.

Particles that move under the influence of the Lorentz force rapidly gyrate around magnetic field lines, while drifting relatively slowly
along and across them. The slow drifts are described by the so-called guiding center theory. In Refs. 12 and 13, Littlejohn devised a method
of computing normalizing transformations for the Lorentz force system that exposed the Hamiltonian structure underlying guiding center
dynamics for the first time. As explained in Ref. 28, arbitrary choices inherent to Littlejohn’s method of selecting the generator G, of the
normalizing transformation may be performed to ensure

exp(—Lg,)9% =A-dx+e(v-b)b-dx
1
2

+e —
2|B|

(vxb-dv—(v-b)[Vb-v xb]-dx) +O0(e7)
modulo exact 1-forms. Since the degeneracy index for —d9; is d = 2, this truncation could have been predicted by Proposition 23.

We close this section by noting that irregular barely symplectic forms may degenerate so rapidly as € — 0 that symplectic methods do
not apply to them. We are currently unfamiliar with any physical examples of such forms. As such, we consider the task of developing tools
to handle the irregular case beyond the scope of this article.

B. Variational characterization of slow manifolds in nearly periodic Hamiltonian systems

In Sec. I1I, we constructed slow manifolds for nearly periodic systems as fixed point sets for certain truncations of the roto-rate. To
facilitate the study of normal stability in nearly periodic Hamiltonian systems, this subsection will enhance that construction through the use of
the adiabatic invariant y. described in Definition 12. In particular, for nearly periodic Hamiltonian systems on regular, exact, barely symplectic
manifolds, we will construct slow manifolds that coincide with the set of critical points for certain truncations of y.. These manifolds will also
comprise fixed-point sets of truncations of the roto-rate and thereby represent special cases of the manifolds given by Theorem 14.

Our construction will make use of the well-known result’” from symplectic geometry that any U(1)-momentum map on a symplectic
manifold is Morse-Bott with the critical manifold equal to the set of fixed points for the underlying U(1)-action. For us, certain truncations
of the adiabatic invariant will serve as the momentum map, and the corresponding critical manifold will provide us with our desired slow
manifold. However, since regular barely symplectic manifolds are not the same as ordinary symplectic manifolds, we will need to resort to the
heuristic mentioned in Sec. IV A in our analysis. In particular, if Q. is a regular barely symplectic form with degeneracy index d, we should
include at least the first d + 1 terms in the 2-form’s e-power series before proceeding with symplectic methods.

We begin with a precise definition of Morse-Bott functions.

Definition 24. Let f : M — R be a smooth function on a manifold M, and denote the set of critical points for f as Sy = {s € M | dfs = 0}.
For each s € Sy, the quadratic term in f’s Taylor expansion at s defines a unique symmetric bilinear form Hs(f) € T, M ® T; M called the
Hessian form. The function f is Morse-Bott when

o the set Sy is a smooth embedded submanifold and
o foreachs € Sy, the null space of Hy(f) : ToM — TS M is precisely TsSy.

When f is Morse-Bott, we say Sy is the critical manifold for f. Since im H,(f) = (TS )o, the space of 1-forms that annihilate TS 7, H(f)
induces a linear isomorphism Hy () : TM/ TSy — (TsSs)o called the transverse Hessian operator.

Next, we explain an important mechanism by which Morse-Bott functions arise in nature. In particular, we will show that Noether
invariants are automatically Morse-Bott. This result is striking since generic smooth functions are not Morse-Bott.

Proposition 25 (Ref. 29). If (M, Q) is a symplectic manifold equipped with a symplectic U(1)-action and corresponding momentum map
w, then y is Morse-Bott.

Proof. Let ®y: M — M denote the symplectic U(1)-action, and let R denote the corresponding infinitesimal generator. By the definition
of momentum maps, we have 1rQ = du. It follows from the non-degeneracy of Q that the set of critical points S, for y coincides with the set
of fixed points for R. Since the set of fixed points for any circle action is a smooth submanifold by Lemma 16, we see that S, c M is a smooth
submanifold.

Now, consider a point s € S, and the corresponding Hessian form H;(y). Let 7: TsM — TsM be the infinitesimal generator of the lin-
earized U(1)-action T;®g: TsM — TsM. Taylor expanding (zQ) = dy to first order at s implies Q(7:X1,X2) = Hs(u)(X1,X2) for each pair
X1,X5 € TsM. In terms of the bundle maps corresponding to Q) and H(p), the last condition is equivalent to

O = Ha(p). (11)
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By the non-degeneracy of Q, (11) shows H(4)X = 0 if and only if 7,X = 0. This completes the proof since ker 7; = T;S,.. o

To connect the preceding results with nearly periodic Hamiltonian systems on barely symplectic manifolds, we must reckon with the
fact that the ¢ — 0 limit of a barely symplectic form Q. may be degenerate. This implies that Proposition 25 must be applied with care, since
the non-degeneracy of Q is crucial to that result. We are therefore motivated to introduce the notion of a barely Morse-Bott function.

Definition 26. A smooth e-dependent function fe: M — R is barely Morse-Bott if there is an ey >0, a manifold %o, and a smooth
e-dependent embedding S, : o — M, € € [—e€q, €0 ], such that

o fcis Morse-Bott for each non-zero € € [—€o, €0 ]| and
o Sc(Xo) is the critical manifold for f. for each non-zero € € [—e€o, €o].

We say Se is the critical embedding for fc. A barely Morse-Bott function f. is regular if for each non-zero € € [—e€o, €0 | and critical point
se Sy, wehave [Hi (fe)]™' = € “Ly(f.) for some non-negative integer ¢ and smooth e-dependent bundle map Ls(fe) : (TsS¢.)o = TsM/T;Sy.,.
The smallest such £ is the degeneracy index of fe.

As a final preparatory step, we introduce some useful terminology for discussing nearly periodic Hamiltonian systems with adiabatic
invariants y. that vanish at the first few orders in e. While this vanishing phenomenon may seem like a technical curiosity, it occurs in
important applications such as magnetized charged particle dynamics and also may be exploited to strengthen our eventual results on normal
stability.

Definition 27. If X, is a nearly periodic Hamiltonian system with adiabatic invariant y. = po + ey + - - -, the vanishing index for y. is
the largest non-negative integer v such that pe = O(e"). If ye has vanishing index v so that ;. = 0 for k < v, the associated reduced adiabatic
invariant y} = uy + eu + €3 + - - - is the unique formal power series such that

e = €7l (12)

Theorem 28. Let X, be a nearly periodic Hamiltonian system on the barely symplectic manifold (M, Q). Assume Qe is exact and regular
with degeneracy index d. Also assume that the adiabatic invariant ye = €”y; has vanishing index v > 0. For each integer N > 0 and compact,
codimension-0 submanifold Co c M, with or without boundary, there exists an increasing sequence of codimension-0 compact submanifolds,

Co c Cy c Cy, with int Cy o Co, int Cj' > Cy, and a smooth e-dependent function ‘u:(N) s int Cy — R such that we have the following:
1) M:(N) —ur = 0(e"*) on int Cf;
2) ‘Ll:(N) is barely Morse-Bott with critical embedding SéN) :Sp nintCy — int Cy’;
3)

(4) sﬁ”) | So N int Cy is an Nth-order parameterized slow manifold for X whose image is contained in int C;, for small enough e.

,u:(N) is regular with the degeneracy index at most d — v; and

Remark 29. The theorem does not say u; — ‘u:(N) =0() onint CJ'.

Proof. The proof begins by repeating the argument from the Proof of Theorem 14 but using the generator K. provided by Proposition 23
in place of the generator G, provided by Proposition 9. Recall that this argument constructs an increasing sequence of compact codimension-
0 submanifolds Cy c C(') c C(')' with the desired nesting property when 0Cy # @; when OCy = @, we now take C('J' = C(') = Cp. In this manner,
for each integer N > 0, we obtain a smooth e-dependent diffeomorphism ¥ : M — M that is equal to the exponential of the vector field
K™ = wk™ . Here, w = 1 in C) and w = 0 outside of C!/, which ensures Y. (Cy) = C. We also know that S - ¥ 'Sy nint Cy gives a
smooth e-dependent embedding that restricts to an Nth-order parameterized slow manifold on Sy N int Co.

Next, we construct the function ,u: (N). Let d denote the degeneracy index for Q, and let ®, k€0,...,d, be the 1-forms given by
Proposition 23. We introduce the smooth e-dependent function fic = 1z, (@ + €@; + - - - + ed@d). By construction, this function satisfies the
Hamilton equation djic = (g, Q., where Q. is defined in the statement of Proposition 23. Since exp( Lk, )56- = Q¢ and exp(Lxk,. )Ro = Re, we also
have the formal power series identity iz Q. = d[exp(Lk, )ic|. However, because the same identity is satisfied with the adiabatic invariant yc in
place of exp(Lk. )fie, we must have exp(Lk, )fie = pe + ¢, where c. is some formal power series with constant coefficients. Using the fact that
pe and exp( Lk, )fic each vanish on the zero locus Re = 0, we find ¢ = 0, whence it follows exp( Lk, )fic = pe. If v denotes the vanishing index for
pe, we therefore obtain g = €” exp(—Lk, )ys, which can only be satisfied if lRo@k =0 for k=0,...,v—1, or fic = €"1g, (@v 4ot ed@d)
=" (g + €y +---+ €7@ ), where i = fysto k= 0,...,d — v. Finally, we define

ur ™ =l e o+ L), (13)

Now, we would like to show that p; ™) defined in (13) is a regular barely Morse-Bott function with the degeneracy index at most d — v

and critical embedding S™) e will argue by showing that g = @,y ™) jsa regular barely Morse-Bott function on int Cy. First observe
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that because Q. is a regular barely symplectic form with degeneracy index d, the 2-form Q. has a formal inverse of the form ¢*j., where
je is a formal power series with bivector coefficients. Lemma 21 therefore implies that there is an ey > 0 such that Q. is syTnplectlc when

restricted to CO for all non-zero € € [—¢o, € |. Moreover, there is a smooth ¢- dependent bivector %, such that (QE) =—€ xe for non-zero
€ € [—€o, €0]. Because dy, = tRDQg, Lemma 25 1mphes He | CY',and therefore, i} | C = € "ue | Cf is Morse—Bott for non-zero € € [—¢y, €9 ] with
the critical manifold Sy N int C . This shows that % [ue | int C is barely Morse-Bott with critical embedding so € So N int Cy ~ so €intC{. To

see that zi; is regular, first note that for each s € Sy N int Cy', we have 353?5 = ¢'H, (@i} ), where 7; denotes the linearization of Ry at s. Then,
observe that because ker 75 = TSy, the map 7; induces a linear isomorphism?}l : TeM[ TSy — 3;1 (TsSo)o, where (TsSo)o ¢ Ty M comprises
covectors at s that anmhllate tangent vectors in T'sS. Indeed if u € im7;, then u =7;w for some w € TsM, which implies u = Qes QeTow
=€ QeslHS(.ue Yw € Qes (T S0)o, and therefore, im7; = Qes (TsSo)o by a dimension count. It follows that the transverse Hessian operator is

given by Hr (i} ) = € " Q7+, whose inverse is given by

(A @) (@) = € 7)) 7 (Qe) 7 (0)
-~ F) (@),

for each a € (T;So)o. We conclude that i} is regular with degeneracy index ¢ < d — v.
To complete the proof, we now recall that our previous remarks imply exp(Lx, )ii; = yi in the sense of formal power series. This implies

that ;™) = W*i* agrees with 7 within O(e¥*") on int C) because so does K, = wK ™) agree with K. on int Cj. o

C. Free-action stability principle

We now find ourselves in a good position to prove the free-action principle for the slow manifolds provided by Theorem 28. In our
proof, we will bound the distance between a trajectory and a normally elliptic slow manifold using adiabatic invariance and the quadratic
approximation of the adiabatic invariant along the slow manifold. To that end, we will need a pair of technical lemmas.

Lemma 30. Let (E, g) be a real inner-product space with inner product g. Let D : E — E be a smooth e-dependent linear map. Suppose
there exists a positive real number ey such that D is positive definite for all € € (0, eo]. Then, for all e € E and € € (0, 0],

-1
g(ee) < [[De] " |g(e Dee),
where | - || denotes the induced operator norm.

Proof. Let A(A) and A(A) denote the smallest and largest eigenvalues of a linear map A : E — E, respectively. Define the induced
operator norm |A| = supy; |Ae|. Recall that whenever A is symmetric positive-definite, we have |A|| = A(A).
Since D is symmetric positive-definite for € € (0, €], we have the simple inequality

g(e,Dee) > M(De)g(e, )
foralle € Eand e € (0, 0] Since A(De) = 1/A([De]™) and A([De]™") = |[De]™" |, the desired result follows. ]

Lemma 31. Let X be a C™ nearly periodic Hamiltonian system on M with reduced adiabatic invariant u;. Fix an €y > 0, a compact set

*(N)
€

C c M, a non-negative integer N, and a smooth e-dependent function y:(N) with ui —u = 0(e"*!) on C. For each non-negative integer k,

there is a k-dependent constant yi > 0 such that

Ve [—e e ] ™ () - Y (@(0))] < ¥ (14)
for all X -integral curves z: R — M contained in C and all € € [—€o, €0].

Proof. The result follows from two basic estimates.

First estimate: For each n > N, let ‘ug( " be a smooth, e- dependent, nth-order approximation of y; . (Such functions may be constructed
by merely truncating the formal power series y; at the appropriate order.) By all-orders invariance of g, the smooth e-dependent function

Lx, ye( " has the formal power series expansion
Lx ™ = Lx (" - pid) = O(E™).

Taylor’s theorem with remainder therefore implies the existence of a smooth e-dependent function f{" such that Lx u; ™ = ¢! £ Thus,
ifz: R - M is any X,-integral curve, we have
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W (a(0) - P (e(0) = ! [ (a() 15)

for each t € R. Let F™ denote the maximum value of the continuous function (e,z) ~ |f m ()| on the compact set [—€o, €] x C. Formula
(15) implies, in particular,

15 (2(1)) = ™ (2(0)) ] < el F (16)
for each X.-integral curve z contained in C and each ¢ € R. Equation (16) provides our first important estimate.
Second estimate: Because 7 > N, there must be a smooth e-dependent function Aygn‘N) such that  _ e M) _ N A N 50 . 1f

Ap*™N) denotes the maximum value of (e,z) ~ |Au () (2)] on [—€p, €0] x C, we therefore have the following bound on the difference:
ke @ (@)~ V()] < A (17)

for (e,z) € [—eo, €0] x C.
Combining the estimates: Using estimates (16) and (17) with n = N + k, we now have

2 (2(0) = 2™ (0] = [V 1)) - P a0
(WY (2(0)) - VD (2(0)))

+ (B () - p N (2(0)) )|

< 2€N+1A#*(N+k,N) n €N+l+k|t|F(N+k)

< €N+1(2A‘ux~(N+k,N) + F(N+k))

for each X,-integral curve z : R — M contained in C and t € [—e ¥, e *]. This proves the theorem with y; = 2Ap NN | pNHR) O

Theorem 32 (free-action principle). Let X, be a nearly periodic Hamiltonian system on the barely symplectic manifold (M, Q). Assume
Qe is regular and exact, with degeneracy index d. Also assume the adiabatic invariant ye has vanishing index v > 0. Fix a compact codimension-0

submanifold, with or without boundary, Co ¢ M. Let SgN) :So Nint Cy = M and y:(N) denote the Nth-order parameterized slow manifold and
approximate adiabatic invariant provided by Theorem 28, respectively. We require N + 1 > 3(d — v).

Assume that for all sufficiently-small €, Hs(u; ) is positive or negative semi-definite for all s in the closure of the image of S™) There is an
€0 > 0 such that for all non-zero € € [—e, €| and all X-integral curves z : R — M contained in Cy that begin within N1 of SgN) = $§N) (o),
z will either (a) remain within ¢N 1=V of st for t € [~ 7%, 7] for each positive integer k or (b) eventually run off the edge of sV,

Remark 33. Note that the bound on a trajectory’s normal deviation becomes weaker as d — v becomes larger. In particular, the theorem
provides no bound at all for slow manifolds with order N < 3(d — v) — 1. This suggests that, in general, larger degeneracy indices for the barely
symplectic form have destablizing effects on the slow manifolds constructed in this article. It also suggests that larger vanishing indices for the
adiabatic invariant have a stablizing effect. We describe a particular way in which these effects manifest themselves in an example following the
proof of the theorem.

Proof. Given a submanifold S ¢ M, denote the normal bundle to S with respect to the auxiliary Riemannian metric g on M as NS. Denote
the radius r tubular neighborhood of S with respect to g as 7;(S) = {m € M | distance(m, S) < r}; the closure of 7;(S) as T,(S); and the radius
< r restriction of the normal bundle as N'S.

Choose €y small enough to ensure Tev+: (SE.N)) c Cyand Ty, (SEN)) ~ NPt by way of the Riemannian exponential map for some O(1)
positive constant ry and for each € € [~€, €9]. Note that the set Tovsi (sﬁN)), being a closed subset of the compact set Cy, is itself compact.
Also note that by way of the diffeomorphism 7, (séN)) ~ NS we may identify points in 7o (sﬁN’) with pairs (s,n), where s € S™ and
ne NSS£N).

Since, for each sufficiently small e, Hy(uy (N)) is sign-semi-definite for all s € 5™ we may shrink € in order to ensure sign semi-
definiteness for each s e S uniformly in € € [—€o, €0]. If we introduce the symmetric linear map D, : NS™ - Nst) by requiring
H(u: ) )(n,n) = gi(n,Desn) foreach n € NeS™ | the barely Morse-Bott property for y, ™) therefore implies that D, is symmetric positive-
or negative-definite for each s € EEN) and non-zero € € [—¢p, €]
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Because ‘u;’ ™) g regular with the degeneracy index at most d — v, Lemma 30 and compactness of 5 imply there is a positive constant

Dy, depending only on S and ‘u*( ), such that

g(mn) < T Igs(n, Desn)| (18)

foreachs € E(N), n € N, E(N), and non-zero € € [—¢y, € ]. By Taylor’s theorem with remainder and y:(N) =0on SEN)

*(N),

, we also have the following
inequality relating D to p;

lg:(n, Desn)| < i ™ (5, )] + To[gs(mm) ] (19)

*(N),

foreachs € §§N), ne NSEN), and € € [—eg, €0 |. Here, Ty is a positive constant that depends only on S¢ ™ and Ue - ;5 it bounds the third normal

derivative of y; ) (s,n) on 5, Combining the previous two estimates, we therefore obtain the key geometric inequality

gmn) < (1™ (s, m)] + Tofg (mm) ) (20)

d vD
for each s € S, 1 € N,S™, and non-zero € € [-€o,€0].

Now, suppose that z : R — M is an X.-integral curve contained in Cy that begins in the narrow tubular neighborhood 7.+ (SéN)) c C.

Let Zp = (a,b) be the maximal time interval during which z(t) is contained in 770(S§N)). For t € Zy, we write z(t) = (s(t),n(t)). By the
geometric inequality (20) we have

g (n(t):n(1)) < (1™ (56, m(£)) |+ Tollgsy (n(1).m(£))7%) (21)

dvD

for t € Zy. However. by the near-constancy of y; ™ (s(t),n(t)) given by Lemma 31, we anticipate that this inequality should allow us to bound

the distance d(t) = [gy) (n(t), n(t))]"/? between S™ and z(t). The following analysis makes this intuition precise.
By Lemma 31, for each non-negative integer k, there is a non-negative constant y; such that inequality (14) is satisfied for any X.-integral

curve contained in Cy. The inequality holds, in particular, for z(t) introduced in the previous paragraph for ¢ € Z; = [-¢ ¥, "] n Ty, giving

g (n(£),n(1)) < (€ i+ @ (€0)),m(0)) | + o[y (n(1), (1)) 172), (22)

dvD

for t € Z;. Note that if we introduce the polynomial

To 5
P(d)=d" - Dy d’, (23)
we may write (22) equivalently as
P(d(1)) = (et 1 (50 m(0)]). @

Again using Taylor’s theorem with remainder and g ™ ~gon SEN), we estimate the size of the initial reduced adiabatic invariant according
to

1™ (5(0)), 1(0))] < lgy(o) (1(0), Desoy n(0))] + Tol o) (1(0), n(0)]?
< Dd*(0) + Tod’ (0)
< N SN (25)

where D; is the uniform bound on Dq; for (e, s) € [—€o, 0] x 5 Inequality (24) then becomes

P, (d(t)) < (€N+1Xk i 62(N+1)D1 " €3(N+1)T0) (26)

dvD
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for t € Z. Now, for d >0, P, increases monotonically from 0 before reaching its maximum value of Pmax = (4/27)€**™) (Do/To)? at
Aimax = (2/3)ed7V(D0/T0). Thus, if N+ 1 —d+v>2(d-v) and we shrink ey, if necessary, then d(0) < eV < dey and P(d(t)) < Pmax for
t € Z; by (26). It follows that the distance d(¢) is bounded by the smallest non-negative solution d* of the polynomial equation

1
€d—vD0

Pg(d*) _ (€N+1Xk i €2(N+1)D1 i 63(N+1)TO) (27)

for t € Z;. Since d* ~ eN*174*0)/2 [ TDy as € — 0, we can shrink ) further to ensure

d(t) < e(N+1—d+v)/2 Xk (28)
Dy

for t € T;. We conclude that z(t) either remains in the narrow tubular neighborhood 73+ (séN)) for t € [~ ¥, 5] or leaves the O(1) tubular
neighborhood 7y, (SgN)) at some ¢ € [—e ¥, €], The latter possibility corresponds to z(¢) running “off the edge” of the slow manifold s g

Example 3. Given a positive integer n and an exact symplectic manifold (W, w), consider the product manifold M = C" x W. Denote
points m € M as m = (21, . .,zn, w) With zx = (x4, yx) € Cand w € W. Equip M with the regular, barely symplectic form

Qe=dxyndyr+edxandy, +-- - + e"_ldx,, A dyn + e Lo,

Note that the degeneracy index for Qe is d = n — 1. Define the smooth e-dependent function

n

o1

Hg(zl,. . .,Zn,’ll)) = ZGk 1EZ'ka + €nU()/1>Y2>- . -;yn—lyw)y (29)
k=1

where yx = zxZyy and U : C"!'xWw->Ris any smooth function.
Consider the Hamiltonian system X on (M, Q) determined by the Hamilton equation ix, Q. = dH.. Explicitly, X, is given by

U
Xe =— i(Zl + €n227)8zl

5)/1
—ilz + e"_1236—U + e"_lila—U 0z,
8y2 Sy
- i(zn + €Zn_1 67(] )az,,
6)/71—1
+e@ 'dyU.

It is simple to verify that X, is a nearly-periodic system, whose limiting dynamics corresponds to a collection of decoupled oscillators z; with
unit angular frequency. In contrast to general nearly periodic systems, the roto-rate R, for this system is equal to the limiting roto-rate to all-
orders, Rc = Ry = Y — izx0z,. (This is a consequence of Lr,He = 0 and Lr, Qe = 0.) It follows that the adiabatic invariant y. (a true invariant
in this case) is given by

L | "1l
be = 1r, D € li(ykdxk — xdyy) = D € IEZka- (30)
k=1 k=1

Note that the vanishing index for y is v = 0. We also know that the limiting slow manifold Sy (in this case an actual invariant manifold) is an
Nth-order slow manifold for each N.

Given a trajectory for X, that begins within e"*' of Sy, the tightest bound on the normal deviation that Theorem 32 can provide is
O(eN*1792) Let us compare this worst-case bound with the worst-case bound implied by pc-conservation in this example. Along our tra-
jectory, ue = O(e*N*1). However, since the various oscillators z; may exchange action 12z by way of the interaction potential U while
keeping the sum g, fixed, the oscillator configuration with z = 0 for k < nand z, = O(e®™*'1=9"2) js consistent with . and H, conservation.
This bound is similar, although not identical, to the bound from Theorem 32. The discrepancy is due entirely to the exact invariance of y;
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if the ygN) in Theorem 32 were conserved exactly, then yj in (27) would vanish, and the bound implied by Theorem 32 would instead be
O(e®NTU=D12) "exactly as in this example. We therefore conjecture that the bound given by Theorem 32 cannot be improved, in general
(although it certainly can be improved in specific cases).

V. APPLICATIONS TO SLOW MANIFOLD EMBEDDING OF GUIDING CENTER DYNAMICS

We will present several applications of the general theory developed in Secs. IIT and I'V. For these examples, it will be useful to discuss
slow manifolds in the context of fast-slow systems, which we now define and explain.

Definition 34. An ordinary differential equation y = fc(x,y), X = €ge(x,y), where fc(x,y), ge(x,y) are smooth in (€,x,y), is a fast-slow
system if

D, fo(x,y) isinvertible whenever fo(x,y) = 0. (31)

We refer to x as the slow variable and y as the fast variable.

Definition 35. A fast-slow system y = f(x,y), X = €ge(x,y) admits a formal slow manifold if there is a formal power series y: (x) = y5 (x)
+eyi (x) + €25 (x) + - - - that satisfies the first-order system of nonlinear partial differential equations,

eDye (x)[ge(xye (x))] = fe(xyz (x)), (32)
to all orders in e.

Proposition 36. Each fast-slow system admits a unique formal slow manifold y} (x) = yi (x) + ey} (x) + €%y5 (x) + - --. The first two
coefficients of y; are determined by

fo(x.y5(x)) =0, (33)
Dy (%)[go (%35 (x))] = Dy fo(x y5 (x)) 1 (x)] + f1(x 55 (x)). (34)

These results imply that fast-slow systems admit slow manifolds of each order, as defined in Definition 13. The reason these systems are
so convenient is that their slow manifolds may be computed without resorting to near-identity coordinate transformations. We will use this
feature of fast-slow systems to simplify computations in what follows.

A. The classical Pauli particle embedding

As a first application, we consider the slow manifold embedding of guiding center dynamics introduced by Xiao and Qin in Ref. 11. We
will establish long-term normal stability of this embedding in continuous time.
With x € M and (x, v) € TxM, the classical Pauli system is described by the following ordinary differential equations:

dx dv
p = ev, e = w.v x b-eMV|B|. (35)
Here, M = up/m € R is a parameter, the cyclotron frequency is w. = g|B|/m, the vector B is the magnetic field with b = B/|B| the corresponding
unit vector, and e is the ordering parameter placed to indicate the cyclotron frequency as the fastest time scale in the system.

The classical Pauli system is Hamiltonian with respect to the vector field X, = (dx/dt,dv/dt) on the exact, regular, barely symplec-
tic manifold (TM, Q). The one-form 9, from which the barely symplectic form is computed as Q. = —-d9,, and the Hamiltonian H. are
given by

9e = (qA + emw) - dx, (36)
H = ¢m(|v[* /2 + M|B]). (37)
The degeneracy index for Q. is d = 2, and it is straightforward to confirm that the Hamilton’s equation tx, Q¢ = dH, recovers (35) for all values
of €. The nearly periodic nature is confirmed by observing the limiting vector field to be Xo = w.v x b - O+, which provides the nowhere

vanishing frequency function wy = w, and the 27-periodic vector field Ry = v x b - 0., generating the U(1)-action on TM and satisfying
Lr,wo = 0. The 27-periodicity can be verified by analytically solving the flow of Ry,

Dy(x,v) = exp(ORo)(x,v) = (x,v - bb +sin 6v x b+ cos Ob x (v x b)). (38)
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Next, we will show that the classical Pauli system is fast-slow in order to efficiently identify the system’s slow manifold and the
corresponding induced slow dynamics.

Lemma 37. There exists a smooth orthonormal right-handed triad (ei, e2,b) on M. Regarding the existence of such triads, see Ref. 30.

Lemma 38. In the coordinates (x,u,v",v*) on TM defined by
v=ub+ vlel + vzez,

where (e1, e, b) is the orthonormal triplet provided by Lemma 37, the classical Pauli system (35) is equivalent to

E 69)
du

o =ev-Vb-v-—eMb-V|B|, (40)
d’Ul 2
W:wcel~'vxbfe(MV|B|+uv-Vb)-elfev v R, (41)
d’l)2 1
?:wcez-vxb—e(/\/lV|B|+u'v-Vb)-e2+ev v-R, (42)

where R = Ve, - ey is Littlejohn’s"” gyrogauge vector.

Proposition 39. The system of ordinary differential equations (39)-(42) comprises a fast-slow system with slow variable x = (x, u) and fast
variable y = (v',v*). The function fe(x,y) = (dv'/dt,dv*/dt) is given by

wee-vxb
fo(x.y) —( - ) (43)
weer - vxb
~(MV|B| +uv-Vb)-e; —v’v-R
filxy) = (MvIB ) . , (44)
~(MV|B|+uv-Vb)-e, +v v-R
and the function ge(x,y) = (dx/dt, du/dt) is given by
v
go(xy) = . (45)
v-Vb-v-Mb-V|B|

Proposition 40. The first two coefficients of the formal slow manifold y} = ((v')7, (v*)¥) for the fast-slow system (39)-(42) are given by

()t

1\ % 2
| -IMV|B|+u’k) - e
D7) _ oML ) )
(v)1 (MV|B|+u'x) - e
where k = b - Vb is the magnetic field-line curvature. In particular, if (v,)} = (v")?er + (v*)} es, we have that

(v1) = ew;'bx (MV[B| +u’x) + O(¢%). (48)

Investigating then the equations of motion of the slow variable along the slow-manifold, i.e., x = fc(x, 2 (x)), we find that
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% = eub + & w.'b x (MV|B| + ’x) + O(), (49)
du -1 3
i —e(b+euw,; bxx) - MV|[B|+O(€). (50)

These equations match exactly with the standard guiding-center equations derived from Littlejohn’s Lagrangian if the magnitude |B| in
the cyclotron frequency w. is replaced by the so-called B = (B(+mu/q)V x b) - b and pp in M is interpreted as the magnetic moment
of the guiding-center. The factor B‘T is needed to guarantee that the slow vector field X; = (dx/dt,du/dt) is divergence free, i.e., that
V - (dx/dt) + 0u(du/dt) = 0. Furthermore, as explained in Ref. 31, dynamics on the slow manifold is necessarily Hamiltonian. The cor-
responding symplectic form Q] = —d9} and the Hamiltonian H; are given by pulling back Q. and H, along the mapping (x, y) — (x, y (x)).
This first provides

9 = (qA + emub) - dx + O(¢%), (51)
H! = ém(u’[2+ M|B|) + O(¢), (52)

from which the Hamilton’s equations ix+Q = H; would provide exactly the standard guiding-center equations, with the Bﬁ corrections
included.

Finally, we will demonstrate that the slow manifold for the classical Pauli system enjoys long-term normal stability. For this, we will

show that the first nontrivial term in the adiabatic invariant for this system has sign-definite second variation along the limiting slow manifold
v' =v* = 0. Let ge = o + €1 + €* 2 + - - - denote the adiabatic invariant series for the classical Pauli system. According to Eq. (3.14) in Ref. 17,

po = 1r, (%), where we have Ry = v x b - 9, and 9 = qA - dx, and the angle brackets denote averaging over the U(1)-action @y that is
generated by Ry. Since @y in (38) leaves the x-position fixed and 9y depends only on x, we have that (9y) = 99, and since Ry has only velocity
components, we conclude yo = 0. Given that yo = 0, Eq. (3.15) in Ref. 17 then provides y; = ig,(91), where we have 9; = mv - dx. Using
again the fact that @y leaves x fixed, the average is simple to compute, giving (91) = mv - vbb - dx. As there again is no dv component
in (9;), the contraction ig,(9;) vanishes, giving 41 = 0. Finally using Eq. (3.16) in Ref. 17, we find that g, = 1(dS (Lr,JoX1,10X1)), where
X1 =v-0x — MV|B| - Oy is the first-order term in X, X=X - (X1)andIp = ;(,IRU' The pullback of X; along Ry is given by

X = @)X =v-bb- Oy +sin 0v x b9y + cos Ob x (v x b) - Oy
+ M(=bb- V|B| +sin 0b x V|B| + cos 6b x (b x V|B|)) - O»
+{(v-b)(bx1c)xv—%[bx(’ul-vb)]xv+%[(vxb)~vb]xv}-&,
+cos 0{[bx (v, -Vb)] xv—(v:-b)(bxx)xv}-Do
+sin 0{[bx ((vxb)-Vb)]xv+(v-b)kx v} Do

‘ % §in(20){ (v - Vb) x v — [bx ((v x b) - Vb)] x v} - 0o

- % cos(20){[b x (v: - Vb)] x v + [(v x b) - Vb] x v} - Do (53)
This permits us to compute the inverse

wJoX? = —cos 6v x b- Oy + sin Ob x (v x b) - Ox
+ M(=cos 6b x V|B| +sin 6b x (b x V|B|)) - O
+sin 0{[bx (v, -Vb)] xv - (v-b)(bxKk)xV} O
—cos O{[bx ((vxb)-Vb)] xv+(v-b)kxv}- O

_ % cos(20){(v: - Vb) x v — [bx (v x b) - Tb)] x v} - Do

—ésin(ze){[bx (v -Vb)] xv+[(vxb)-Vb] xv}- Dy

—(sin Qv xb+cos Obx (v x b)) - VInwv x b- Oy (54)

and, from this, trivially the expression
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WL, (IX?) = w:0p(1eX]) = sin 6v x b- Oy + cos Ob x (v x b) - Ox
+ M(sin 6b x V|B| + cos 6b x (b x V|B|)) - v
+cos O{[bx (v, -Vb)]xv—(v-b)(bxk)xv} D
+sin O{[bx ((vxb)-Vb)]|xv+ (v -b)kxv}-0y

, i 6in(20){(v. - Vb) x v — [bx ((v x b) - Vb)] x v} - D
- i cos(20){[bx (v, -Vb)]xv+[(vxb)-Vb] x v} -0y

—(cos v x b—sin Ob x (v x b)) - VInww x b+ Ds. (55)

Since d9 is independent of v, we only need the x-components of the vector fields I,X¢ and Lz, IoX}, which finally provide the expression for
the first nonvanishing term in the adiabatic invariant series,

m|v x b
=—— 56
O (56)
As is straightforward to verify, the Hessian along the normal direction (v',v*) is sign-definite,
m([l O
H.(p2) = — , (57)
We\o 1

confirming the normal stability of the slow-manifold via Theorem 32.

B. The proper-time relativistic Pauli embedding

As a second application, we generalize the discussion from Sec. V A to the Lorentz-covariant relativistic setting. We begin by recalling
the standard Lorentz-covariant Hamiltonian formulation of charged particle dynamics on a flat Minkowski spacetime (M, (-,-)), whose inner
product (-, -) has mostly positive signature. We denote spacetime events using the symbol R € M and elements of the spacetime tangent bundle
TM ~ M x M as (R, V) € TrM. The electromagnetic field is specified by a 1-form A on M, whose exterior derivative gives the Faraday 2-form
F = dA. By way of the Minkowski inner product, the Faraday 2-form induces a Faraday tensor F : TM — TM, defined so that (Vi, FV>)
= 1y, 1y, F for each pair of vector fields V1, V, on M. An individual charged particle with four-position R, four-velocity V, and proper time 7
moves through such a spacetime according to the relativistic Newton-Lorentz equations,

av dR

— =(F(R)V, — =¢€V. 58

dr ¢F(R) ar ¢ (58)
We have written (58) in dimensionless form. To recover dimensional results, introduce the particle charge g, the particle mass m, the speed of
light ¢, a spacetime length scale L, and a characteristic magnetic field strength By (physically interpreted as the characteristic size of the Lorentz
scalar \/|B|? — |E|?). The dimensional four-position, four-velocity, proper time, and Faraday tensor are then given by LR, ¢V, (mc/qBo)7, and
ByL*F, respectively. The correct physical interpretations of the constants { and e are therefore { = q/|q| and

2
mc

€ lalBoL’ (59)
where the latter represents the ratio of the so-called “light radius” p. = (mc?)/(|g|Bo) to the characteristic field scale length L, € = p./L.

Going forward, we will assume that the electromagnetic potential A decomposes as the sum A = Ap + €A1, where the “E - B” and
B|* - |E[*” Lorentz scalars associated with Fo = dA, are zero and positive, respectively. This is a Lorentz-covariant way of asserting the
system is strongly magnetized. As such, we refer to this assumption as the magnetization assumption.

Under the magnetization assumption, we claim that the Newton-Lorentz equations (58) comprise a nearly periodic Hamiltonian system

Xe = (dR/dz,dV [dT) on the exact, regular, barely symplectic manifold (TM, Q¢ ). We argue as follows: The barely symplectic form is given
by Qe = —d9., where

«

95 = ((A() + €A1) + €< V, dR) (60)

The degeneracy index for Q. is d = 2, as in the non-relativistic case. The system Hamiltonian is He(R, V) = %ez(V, V). It is straightforward
to confirm that the Hamilton equation ix, Q0 = dH, recovers (58) for all values of €, which confirms the Hamiltonian nature of the relativistic
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Newton-Lorentz equations. To demonstrate that X, is nearly periodic, we must show Xy = woRo, where wo is some nowhere-vanishing smooth
function and Ry is the generator of a U(1)-action on TM that satisfies Lr,wo = 0. For this, we turn to the following lemma:

Lemma 41. Under the magnetization assumption, the smooth function wo = \/—tr(F3)/2 is nowhere-vanishing. In addition, the vector
field

Ry = iFOV(y‘V (61)
wo

is the generator of a U(1)-action on TM and Lp,wo = 0.

Proof. First, we note that tr(F3) = 2(|Eo|* - |Bo|*). According to the magnetization assumption, we therefore have —tr(F3) > 0 on M. It
immediately follows that wy is real-valued and nowhere-vanishing, as required. We also note that Lr,wo = 0 is obvious since wo depends only
on R, while Ry has no R-component.

Next, we identify the dimension of the null space for Fo. With respect to an orthonormal basis (qo, q1,92,q3) for TrM such that qo is
time-like, the coefficient matrix for Fo(R), [Fo], is given by [Fo] = [g][F], where [g]ii = (gi>q;) is diagonal symmetric and [F]; = F(e;, ) is
antisymmetric. Because the E - B Lorentz scalar vanishes for Fo, we must have 0 = det[Fo | = (det[g])(det[F]) = —det[F]. In other words, the
antisymmetric matrix [F] must have a non-trivial null space. Since, by hypothesis, [ F] does not vanish, the block normal form for antisym-
metric matrices implies that the spectrum for [F] must be of the form (i1, —iA,0,0), where A > 0. In particular, the null space Kz ¢ TrM for
Fo(R) must be two-dimensional.

Now, we will characterize the behavior of Fy on the subspace orthogonal to its null space. Let Kz © TrM be the orthogonal complement
to the null space Kg. If V € Kz and W € Kg, then (W, Fo(R)V) = —(V,Fo(R)W) = 0. Therefore, K is a two-dimensional invariant subspace
for Fo(R) complementary to Kg. Let Fy(R) : Kz — Ki denote the restriction of Fo(R) to Kg. By the Cayley-Hamilton theorem for 2 x 2
matrices, we have

(F5(R))* + det(F5 (R))I* =0, (62)

where we have used tr(Fy (R)) = tr(Fo(R)) = 0 and introduced the identity map I'* : Kz — Kj. Taking the trace of (62), we also obtain

tr((Fg (R))*) + 2 det(F5(R)) = 0. (63)
Combining (62) and (63), we find
n 2
(&) = ,]Ii, (64)
—tr((Fy(R))?)/2

where we have used tr((F§)?) = 2(E* - B*) < 0 to ensure the square root is real. This identity says Fx (R)/wo(R) is a complex structure on
the vector space Kj for each R.
Finally, we determine the integral curves of the vector field Ro. If (R(1), V(1)) is such an integral curve, then the component curves
satisfy the system of ordinary differential equations
av ¢ dR

& _ S pv, Eoo
A w l da\

Clearly, R(A) = R(0). For the four-velocity, we write V(1) = V(1) + V (1), where V|| denotes the orthogonal projection into the null space
Kpg(oy and V denotes the orthogonal projection into K. These projected curves satisfy the linear system

vy dve (o,
a0 a ‘woF‘)VL'

We obviously have V(1) = V(0). To solve the V, equation, we observe that (64) implies [w%Fé]z = -1, and then recognize that we can

compute the matrix exponential exp(AwioFé) exactly using Euler’s formula exp(if)) = cos 8 + i sin 0, giving

¢

Vi(d) = exp(lw—oFé)Vl(O)

= (cos AL, + sin AiFé)Vi(O).
wo
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By 27-periodicity of the solutions thus obtained, we conclude that Ry generates a U(1)-action given explicitly by
®y(R, V) = (R, PV + [cos 0L, +sin 8(F; /wo]P. V), (65)
where P, and P denote orthogonal projections into K and K&, respectively. O

Note that in the process of proving the above lemma, we identified important structural properties of Fo. These are summarized in the
following definition:

Definition 42. The parallel flat is the subbundle K c TM whose fiber at R € M is the two-dimensional null space of Fo(R). The perpendic-
ular flat is the orthogonal complement bundle K*. The orthogonal projections into K and K* are given by P : TM — TM and P, : TM — TM,
respectively, where

F2
_0
w?’

P, = P =I-P.. (66)
We may now define the equations of motion for a relativistic Pauli particle and study their properties. The relativistic Pauli Hamiltonian
He : TM — R is given by

He(R V) = %eZ(V, V) + & Ma, (67)

where M € R is a parameter and wp is defined in Lemma 41. The relativistic Pauli system is the vector field X defined by the Hamilton equa-
tion 1, Qe = dH, where Q. = —d9. with 9. given in (60). As in the non-relativistic case, in defining this Pauli system, we have left the Lorentz
symplectic structure unchanged while adding a Pauli potential Muwy to the Lorentz Hamiltonian. Also is parallel with the non-relativistic
case, the relativistic Pauli system admits a non-degenerate Lagrangian structure with the Lagrangian L(R,R) = €3 (R, R) + {izA — eMuwo(R).
The following analysis will demonstrate that the relativistic guiding center equations, as derived originally by Boghosian,’” are embedded
within the relativistic Pauli system as a slow manifold and that this slow manifold enjoys long-term normal stability. In so doing, we will gen-
eralize the observations of Xiao and Qin' to allow for time-dependent electromagnetic fields, strong E x B drifts, and all special relativistic
effects such as time dialation. In addition, we will generalize our result on the continuous-time normal stability of the Pauli embedding to the
relativistic setting.
First, we observe that X. is a nearly periodic system. To show this, we note that X is given explicitly by X, = (dR/dt,dV /dr) with

R _ ev, av _ {(Fo + €F,)V — e MV . (68)
dr dr
Here, V denotes the gradient operator associated with the Minkowski inner product. These equations differ from the Newton-Lorentz equa-
tions by a single O(¢) term. Therefore, Xy = woRo, where wy and R are defined as they were for the Newton-Lorentz system. Lemma 41
therefore implies A is nearly periodic, as claimed.
Next, we will show that the relativistic Pauli system is fast-slow in order to efficient identify the system’s slow manifold and the
corresponding induced slow dynamics.

Lemma 43. There exists a smooth orthonormal tetrad (eo,e1,e2,e3) on M such that (e, e3) frames the null-space bundle K ¢ TM and
(e1,e2) frames K* c TM. Moreover, ey is time-like and ey is space-like for k = 1,2, 3.

Lemma 44. In the coordinates (R, VO vl v, V3) on TM defined by
V=V +V'e + Ve + Ve,

where (e, e1, €2, e3) is the orthonormal tetrad provided by Proposition 43, the relativistic Pauli system (68) is equivalent to

dv°® F;
- = €((Fieo, V) - e<w, vV[a%]e()) eV’ Q(V) + eM(es, Vao), (69)
ddl; = ~{{(Fo+ eF)er, V) - e(Vu,vv[ig]el) +eVIR(V) - eM(er, Vao), 70
dT‘f = —({(Fo +€F1)es, V) - €<VII’ Vv[fé]&) - eV'R(V) - eM(es, Vay), 1)
dT‘f = —¢({Fie3, V) + €<VL)VV|:5(§):|63> - eV Q(V) - eM(es, Vao), (72)
% =€eV. 73
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Here, the 1-forms Q and R are defined according to Q(V) = (Vveo,e3) and R(V) = (Vvei,ez), and we have introduced the shorthand
V| =P VeKg V. =P,V eKj.

Proposition 45. The system of ordinary differential equations (69)-(73) comprises a fast-slow system with slow variable x = (R, V°, V?)
and fast variable y = (V*, V?). The function fe(x,y) = (dV'/dr,dV?/dr) is given by

_ 2
Foly) = (Vl (Foer, e2) ’ 1)
{V (Foer, e2)

2

—((Fre1, V) - (V”,VVI:%]m) + VPR(V) = M(e1, Vao)
0
2

filxy) = (75)

—((Fye, V) - (VH, VVI:&:IEZ) - VI'R(V) - M(ez, Vo)

2
Wy

Proposition 46. The first two coefficients of the formal slow manifold y; = (V*, VZ*) for the fast-slow system (69)-(73) are given by

7 0
2 | T > (76)
P
(CFiea, Vi) +{ V|, Vv, | =5 |e2) + M(e2, Vao)
1% I I 2
Vi {{e2, Foer) wp
2% = 2 . (77)
Vi wy F%
—(CFrer, Vi) = { V|, Vy, 2l - M({e1, Vo)
0
In particular, if (V,)F = (Vl):el + (V*) e, we have
* (FO F% 2
(Vi)e = GF (FiV) + Vy, o V) = MVawp | + O(e”). (78)
0 0

Now, it is simple to demonstrate that the slow manifold dynamics relativistic Pauli system approximately agrees with the covariant
guiding center theory developed by Boghosian.”* As explained in Ref. 31, dynamics on the slow manifold is necessarily Hamiltonian. The
corresponding symplectic form Q* = —d9; is given by pulling back Q. along the mapping x — (x, y; ), which leads to

9 = (A +e(V),dR) + O(¢?). (79)

This 1-form agrees with the 1-form reported in Eq. (3.489) in Ref. 32 to the displayed order. For agreement, we use V)= Ve, + Ve, = Kf,
where K and f are defined by Boghosian. The slow manifold Hamiltonian is given by pulling back the Pauli Hamiltonian along the same map,
giving

M :ez(%(V”,VH)+ywo)+O(63). (80)

Since (V, V) = =K, where the right-hand side uses Boghosian’s notation, this Hamiltonian agrees with Eq. (3.488) from Ref. 32 to the
displayed order. We conclude that slow manifold dynamics for the relativistic Pauli system agree with relativistic guiding center theory to
the same order as in the non-relativistic case. This implies, in particular, that the strategy underlying Xiao and Qin’s numerical integration
scheme'' may be applied in the covariant relativistic setting as well.

Finally, we will demonstrate that the slow manifold for the relativistic Pauli system enjoys long-term normal stability. For this, we will
show that the first nontrivial term in the adiabatic invariant for this system has sign-definite second variation along the limiting slow manifold
V!=V?=0. Let ye = po + ep1 + €2 + - - - denote the adiabatic invariant series for the Pauli system. According to Eq. (3.14) in Ref. 17,
po = 1R, {90 ), where Ry is defined in Lemma 41, 9 = {Ao, and the angle brackets denote averaging over the U(1)-action @y generated by Ry,
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i.e., that given in (65). Since @y leaves the four-position R fixed (9y) = 9 and since Ry has only velocity components, we conclude yo = 0.
According to Eq. (3.15) in Ref. 17, yy = 1z, {91), where 9, = (A + (V,dR). Again using the fact that @y leaves R fixed, the average is simple
to compute, giving (91) = {A; + (V |, dR). Therefore, the contraction iz, {91) vanishes again, giving ¢ = 0. Finally, using Eq. (3.16) in Ref. 17,
we find that y, = %(dSO(ﬁROIO:’\?l,Io%l )), where X, is the first-order term in X,, X, = X — (X)), and Iy = L)z, Since d9 = Fo, we only need
to compute the R-components of the vector fields IpX; and Lg,IoX;. For this purpose, we observe that the R-component of the vector field
X = @} A, is given by

(XIB)R =PV + [cos 0L, +sin OF; /wo]P.V, (81)

from which we infer

(LX) = wi[sin 01, — cos 8(Fy /wo]PLV,
0

~ 1
(Lo, Jo AR = w—[cos 01, + sin OFy [wo P, V.
0

The second-order adiabatic invariant is therefore

2m
o = %ﬁf <i[cos 01, +sin GCFé/wo]PLV,FO( ! [sin 0L, — cos 9(F$/wo]PLV)) do
0

wo wo

2
=_iif (V. [Fofwo] V. )sin® 6d6
0

wo 27

_ Ve V) (82)
2w0

Since K; is space-like for each R, the Hessian of y, along Vi=vi=0is sign-semi-definite, much as in the relativistic case. By Theorem 32
with d = v = 2 and energy conservation, we conclude that if a trajectory for the relativistic Pauli system with a bounded spatial component
R(t) begins within € of V' = V2 = 0, then it will remain within e'’* over large time intervals. It is also not difficult to show using Theorem 32
that the normal deviation from an Nth-order slow manifold will be bound by e¥*'2 for trajectories that begin within e"**.

C. The symplectic Lorentz embedding

As a final application, we will study a general method for embedding symplectic Hamiltonian systems as normally stable elliptic slow
manifolds in higher-dimension Lagrangian systems with regular Lagrangians. This method applies, in particular, to the non-canonical guiding
center system, but differs from the Pauli embeddings studied in Secs. V A and V B in an essential manner; where the dimensionality of either
the non-relativistic or relativistic Pauli systems is two greater than that of the corresponding guiding center system, the dimension of the
embedding space studied in this section is twice that of the system being embedded. We emphasize, however, that this method of embedding
is not equivalent to the method of formal Lagrangians.”** The formal Lagrangian technique does not embed using slow manifolds and does
not lead to regular Lagrangians, in contrast to the method described here.

The basic idea behind our construction may be described as follows: Let X be a Hamiltonian system with Hamiltonian H on an exact
symplectic manifold (M, ) equipped with a Riemannian metric ¢ and symplectic form § = —~da. We would like to embed X in a larger system
with a regular Lagrangian structure. To do this, we consider the dynamics of a charged particle with small mass ¢ > 0 and unit positive charge
moving on M. The magnetic field this particle experiences is given by the symplectic 2-form . The electric field is given by —VH, i.e., the
Hamiltonian serves as an electrostatic potential. As the particle mass € becomes smaller, the timescale for gyration around the magnetic field
shrinks. In fact, as the following detailed analysis will demonstrate, the metric ¢ on M can always be chosen to ensure that the particle’s
gyration around the magnetic field becomes periodic with short period as € — 0. Therefore, the equations of motion for this particle comprise
a nearly periodic system and, according to the theory developed in this article, admit slow manifolds of each order near which the rapid
gyrations are suppressed. Strikingly, the corresponding slow manifold dynamics recover the original dynamics defined by X to leading order
in €. From the perspective of the small-mass particle moving on M, the original dynamics is recovered as a generalized E x B-drift. Moreover,
normal stability of the slow manifold emerges, by way of Theorem 32, as a consequence of adiabatic invariance of a generalized magnetic
moment.

As a first step in a detailed description of this embedding technique, we review the construction of a Riemannian metric “compatible”
with a given symplectic form 3 on a manifold M.

Lemma 47. Given a symplectic manifold (M, ), there exists a Riemannian metric g on M and an almost complex structure J : TM — TM
such that g(V, W) = B(V,IW) for each pair of vector fields V, W on M.

J. Math. Phys. 62, 093506 (2021); doi: 10.1063/5.0054323 62, 093506-23
Published under an exclusive license by AIP Publishing


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

Proof. The proof is well-known (see, for instance, Ref. 35), but we give a reproduction here for completeness and to emphasize its
constructive character.

Let G be an arbitrary Riemannian metric on M. The symplectic form S induces an antisymmetric, non-singular bundle map
Bc : TM — TM by requiring G(V,BcW) = B(V, W) for each pair of vector fields V, W. The associated bundle map Sg = —ffc is there-
fore symmetric positive-definite with the symmetric positive-definite square root \/Sg. We define the desired almost complex structure
Jaccording to J = B'/S. To check that this formula does indeed define an almost complex structure, we compute as follows:

I = B V/SBg VS6
= —B B BB
=-I

Here, we have used the fact that Sg, and therefore \/§G, commutes with . We then define the Riemannian metric g by requiring that the
desired identity g(V, W) = B(V,JW) holds for arbitrary vector fields V, W. To show that the tensor g, thus defined, is symmetric and positive
definite, we observe

g(V, W) = B(V,IW) = G(V, BB VS W) = G(V,V/ScW) = g(W, V),

by symmetry of \/Sg, and for non-zero V,
g(V,V) =G(V,\/8zV) >0,

by positive-definiteness of \/Sg. ]

We will now describe our embedding technique in detail. Let (M, ) be an exact symplectic manifold. Using Lemma 47, choose a Rie-
mannian metric ¢ on M and an almost-complex structure J such that g(V, W) = f(V,JW) for arbitrary vector fields V, W. Let X be a
Hamiltonian system on M with Hamiltonian H. We would like to embed the dynamics defined by X as slow manifold dynamics in a larger
system with a regular Lagrangian structure.

The phase space for this larger system will be the tangent bundle TM, points of which will be denoted (R, V) € TrM. For € € R, we
introduce the exact, regular, barely symplectic form Q. = —d9. on TM with the primitive

9¢ =" o+ egr(V,dR), (83)

where 7 : TM — M denotes the tangent bundle projection and « is a primitive for f = —da. We also introduce the e-dependent Hamilton
function He(R, V) = eH(R) + €’ 1gr(V, V). The symplectic Lorentz system is the smooth e-dependent vector field Xe on TM defined by the
Hamilton equation tx, Q¢ = dH,. Our goal is to prove that the symplectic Lorentz system contains a slow manifold whose slow dynamics
agrees with those of X to leading order in €. Moreover, we would like to establish normal stability of this slow manifold using Theorem 32. As
in Secs. V' A and V B, we will proceed by showing that A% is a nearly periodic Hamiltonian system, identifying the associated slow manifold,
and then showing that the adiabatic invariant has sign-semi-definite second variation along the slow manifold.

To see that X is nearly periodic, suppose that (R(t), V(t)) is an Xe-integral curve. It is not difficult to show that this curve must satisfy
the system of evolution equations

DV dR

?:JV—VH, E_GV’ (84)

where DV/dt denotes the covariant derivative of V along the curve R. Also the analogy to the charged particle is now transparent: JV
is the “v x B” term and —VH is the “electrostatic electric field.” To see how (84) emerge, write the Lagrangian in component form
L= (o +eVigy)R —e(H + €V'V/g;j/2) and obtain the Euler-Lagrange equations R' = V' and g; V' + erVkl",-jk = —B;V’ — 8:H, where Ty
is the Christoffel symbol of the first kind. The vector form is then recovered after identifying d (Vj ej) [dt-ei = gii Vit eVIVFT ijk> ¢0;H = VH,
and 7e"Q,'j Vi= eigikajVj =JV.

In particular, when ¢ =0, we must have dR/dt=0 and dV/dt =JV — VH. The solution to this limit system is (R(¢),V(t))
= ®y(R(0),V(0)), where ®g : TM — TM is given by

®y(R, V) = (R,-JVH + exp(6])[V + JVH]). (85)

Note that since exp(6J) = cos 6l + sin 8], @y defines a U(1)-action on TM. We may therefore infer that the symplectic Lorentz system is a
nearly periodic system with angular frequency wo = 1 and limiting roto-rate
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Ry = (JV - VH)dy. (86)

Next, we will show that the symplectic Lorentz system is fast-slow in order to efficiently identify the system’s slow manifold and the
corresponding induced slow dynamics.

Lemma 48. In the coordinates (R', V') on TM, the symplectic Lorentz system (84) is equivalent to

R=eV, (87)
gV + eV VP Ty = BV - 9H, (88)
where Ty = 3 (8xgy + Ojgki — Oigix) is the Christoffel symbol of the first kind.

Proposition 49. The system of ordinary differential equations (87) and (88) comprises a fast-slow system with slow variable x = (R and
fast variable y = (V'). The function fe(x,y) = (dV'/dt) is given by

fo(xy) = ~¢"BuV* - g"OH, (89)
f1(xy) = 8" T V*VY, (90)

and the function ge(x,y) = (dR'/dt) is given by
(%) = V" (91)

Proposition 50. The first two coefficients of the formal slow manifold y; = ((V')}) for the fast-slow system (39)-(42) are given by

(V')sBis = O, (92)

(Vs (V)s = ~g" B (VT - &' Tie (V)5 (VE)s. (93)

In particular, to leading order, the slow dynamics are given by R = =]V H, which recovers the original Hamiltonian dynamics on M.

Finally, we will demonstrate that the slow manifold for the symplectic Lorentz system enjoys long-term normal stability. Again, letting
Ye = Mo + €U1 + & Y2 + - - - denote the adiabatic invariant series, we have pg = ig, (%), where Ry is given by (86), 9 = 7% a, and the angle brackets
denote averaging over the U(1)-action @y that is generated by Ro. R only has a component along V, @ leaves the R-position fixed. Then,
since 99 depends only on R, we have that (9) = 9, and consequently, o = 0. Given that yo = 0, the next candidate becomes p1 = ig,{91),
where we have 9; = gr(V,dR). Then, taking the average of the pullback @ (gr(V,dR)) with respect to 6 provides (9;) = g(-JVH, dR),
which, again, is independent of V, therefore providing y1 = 0. We are finally left to compute p, = %(dSo(EROIoXl,IoXI)), where X} = V'O
- g’jl"jkl vk V‘fav,- is the first-order term in X, i.e., 3(1 =X —(X)and Iy = £;01 R,- Since 9 has only R component that depends only on R, we
only need the R components of the vector field ¢ = ®} X}, which is given by

(X)R = —IVH + (cos 61 +sin 61)(V + IVH). (94)

From this, we infer
(IR = (sin 61 - cos 67)(V + IVH), (95)
(Layr,Jo )R = (cos 61 + sin 61)(V + IVH), (96)

and the second-order adiabatic invariant is therefore
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2
= Jif B((cos 61 +sin O3)(V + IVH), (sin 01 - cos 03)(V + JVH))d0
22mJo

%ﬁ(V +IVH,I(V + JVH))

1
5g(V+JVH,V+JVH). (97)
The Hessian of y along V = —JVH is the metric g and thus sign-definite. Through Theorem 32, the slow-manifold is then stable.

VI. DISCUSSION

In this article, we established a free-action stability principle for a large and interesting class of elliptic slow manifolds, namely, those
that arise in Hamiltonian nearly periodic systems. We applied this general theory to establish continuous-time normal stability of the slow
manifold embedding of guiding center dynamics introduced by Xiao and Qin in Ref. 11. Moreover, we extended the Xiao—Qin embedding
and its stability to the Lorentz covariant relativistic setting. Finally, we introduced a general method for embedding any Hamiltonian system
on a symplectic manifold as a normally stable elliptic slow manifold in a larger system with a regular Lagrangian.

Our normal stability results are based on exploiting adiabatic invariants. This idea is not new. MacKay highlighted the method in his
review article. However, it is not clear, in general, when a given slow manifold should satisfy a free-action principle. It is therefore striking
that a large and interesting class of slow manifolds satisfies the free-action principle “automatically.”

One might attempt to establish a free-action principle for any nearly periodic Hamiltonian system, in particular, for nearly periodic sys-
tems on symplectic, presymplectic, Poisson, or even Dirac manifolds. However, our results are not so general. Instead, we have assumed that
phase space is equipped with a closed 2-form that is non-degenerate except in the limit of infinite timescale separation. Such singular sym-
plectic structures arise frequently in applications, especially in plasma physics, where disparate timescales abound. The problem of extending
our results to more general Hamiltonian structure deserves further attention.

Our method of embedding any symplectic Hamiltonian system as a slow manifold in a regular Lagrangian system suggests interesting
further developments. At first glance, it suggests that the method proposed by Xiao and Qin for developing structure-preserving integrators
for guiding center dynamics may be extended to any Hamiltonian system. However, in his thesis’*® and subsequent work,” Ellison showed
unwittingly that integrators derived in this manner will generally suffer from parasitic instabilities. Thus, the continuous-time normal stability
established in Sec. V C may be broken after discretizing time. In future work, we plan to investigate strategies for discretizing the symplectic
Lorentz system that do not destroy normal stability of the slow manifold and that preserve structural properties of the underlying continuous-
time dynamics.
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