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Abstract

Sparse linear algebra is central to many areas of engineering, science and business. The community
has done considerable work on proposing new methods for sparse matrix-vector multiplication
(SpMV) computations and iterative sparse solvers on graphical processing units (GPUs). Due to vast
variations in matrix features, no single method performs well across all sparse matrices. A few tools on
automatic prediction of best-performing SpMV kernels have emerged recently and require many more
efforts to fully utilize their potential. The utilization of a GPU by the existing SpMV kernels is far
from its full capacity. Moreover, the development and performance analysis of SpMV techniques on
GPUs have not been studied in sufficient depth. This paper proposes DIESEL, a deep learning-based
tool that predicts and executes the best performing SpMV kernel for a given matrix using a feature
set carefully devised by us through rigorous empirical and mathematical instruments. The dataset
comprises 1056 matrices from 26 different real-life application domains including computational fluid
dynamics, materials, electromagnetics, economics, and more. We propose a range of new metrics and
methods for performance analysis, visualization and comparison of SpMV tools. DIESEL provides
better performance with its accuracy 88.2%, workload accuracy 91.96%, and average relative loss
4.4%, compared to 85.9%, 85.31%, and 7.65% by the next best performing artificial Intelligence
(AI) based SpMV tool. The extensive results and analyses presented in this paper provide several key
insights into the performance of the SpMV tools and how these relate to the matrix datasets and the
performance metrics, allowing the community to further improve and compare basic and AI-based
SpMV tools in the future.

Keywords Sparse Linear Algebra · Sparse Linear Equation Systems · Sparse Matrix Vector Product
(SpMV) · Iterative Solvers · Graphics Processing Units (GPUs) · Artificial Intelligence · Deep
Learning

1 Introduction

Linear algebra is central to many areas of engineering, science, economics, business, and social sciences, particularly
sparse linear algebra that is included by the Berkeley scientists in their set of motifs, the seven dwarfs [1]. Sparse
linear systems have a significantly large proportion of zeroes in the system due to reasons such as system symmetry,
autonomous nature of its subsystems, etc. Sparse linear algebra exploits these system properties and uses specialized
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storage schemes and algorithms so as to efficiently store, access, and compute sparse matrices. Among the sparse algebra
methods, iterative solution of linear systems are of prime importance due to its application in many important areas
including partial differential equation (PDEs), high accuracy surface modelling, Markov Chains and Markov Decision
Processes (MDPs), web ranking, queuing systems, fault modelling, weather forecasting, telecommunication systems,
sensor networks, natural language modelling, computational biology, computational physics, computational chemistry,
big data, smart cities, deep learning, and many more. We will see later that the 1056 matrices used in this paper belong
to 26 application domains of sparse linear algebra and this clearly manifests the significance of this problem [2].
Sparse linear systems are generally of the form 𝐴𝑥 = 𝑦, where 𝐴 is a sparse matrix and 𝑦 is a dense vector and 𝑥 is
the solution of the system that needs to be obtained. The system 𝐴𝑥 = 𝑦 can be solved by direct methods or iterative
methods. Direct methods suffer from the fill-in problem as they require modifying the matrix multiple times during the
solution process, and, hence, iterative methods are usually preferred. Sparse Matrix-Vector multiplication (SpMV) is a
key operation in iterative solution methods for linear equation systems. Iterative solvers such as Jacobi and Gauss-Seidel
mainly require multiple iterations to converge, each iteration comprising a single SpMV computation whereas a single
iteration in Krylov iterative methods includes multiple SpMV operations. SpMV is a Level-2 Basic Linear Algebra
Subprogram (BLAS) operation between a sparse matrix and a dense vector and can be represented mathematically as
𝑦 = 𝐴 × 𝑥. See e.g. [3, 4] for details.
Graphics Processing Units (GPUs) have emerged as a revolutionary technology and have enhanced the performance of
many science, engineering, entertainment, and other applications. The challenges lie in adapting the existing algorithms
and designing new ones, to fully utilize massively parallel architectures of GPUs. GPU is designed to provide high
throughput and utilizing its potential fully requires identifying fine-grained parallelism in the problem at hand and
keeping the device busy. Computations should be structured in a manner that there is sufficient regularity in the
execution path and the memory access. Nonzeros are a significantly small, sparsely populated, proportion of a large
sparse matrix. Keeping track of the locations of these nonzeros, i.e. the sparsity structure, which varies greatly from
one matrix to another, and supplying them to meet the full capacity of the massively parallel cores in GPUs require
delicacy. Consequently, SpMV researchers have been faced with challenges including non-coalesced memory access to
both the sparse matrix 𝐴 and the vector 𝑥, load imbalance among the array of threads and warps, and thread divergence
among a warp of threads. See e.g. [5, 6, 7].
We have done an extensive literature review of SpMV techniques on GPUs (see Section 3). The literature review has
revealed that the SpMV community has done considerable work on proposing new storage schemes and kernels for
SpMV computations. However, due to vast variations in sparsity structures of matrices, any of the proposed schemes do
not perform well across sparse matrices. Moreover, the utilization of the GPU devices by the existing SpMV kernels is
far from its full capacity. We have observed two major research gaps and addressing these gaps is expected to make
far-reaching advances in this area. Firstly, the literature review has clearly established the need for multi-scheme and
multi-kernel works where the best performing SpMV scheme and/or kernel can be selected automatically based on
a matrix sparsity structure (see Section 4.1, where we empirically validate the need for scheme prediction). In these
directions, we have found five sets of works [8, 9, 5, 10, 11] (see Section 3.2). The research is in its infancy and requires
many more efforts to make advances in these directions. Secondly, the development of SpMV techniques on GPUs and
their performance analysis have not been studied in sufficient depth. We attempt to address these two research gaps in
this work as follows.
We develop a tool called DIESEL that predicts and executes the best performing SpMV kernel for a given matrix (see
Figure 1). DIESEL stands for Deep learning based IterativE Solver tool for large sparsE Linear equation systems.
Each kernel utilizes a specific sparse storage scheme and is selected based on a carefully devised set of features. We
have used fully connected deep learning neural networks to train and predict the best performing storage scheme and
kernel. This is the first work where deep learning has been used for SpMV kernel prediction. The benefits of using
deep learning will be discussed later in Section 4 and are also manifested through the higher performance that our tool
delivers compared to the existing ones. The core of the deep learning engine is a feature set that we have developed
in this work (see Section 4.5). The feature set comprises 14 carefully selected features through rigorous empirical
and mathematical instruments including extensive experiments involving various features, correlation matrix, t-SNE
(t-Distributed Stochastic Neighbor Embedding is a machine learning method for dimensionality reduction), and 2D and
3D cross-feature performance visualizations. The dataset that we have used to train, test and evaluate DIESEL comprises
1056 matrices from 26 different real-life application domains including computational fluid dynamics, circuits, materials,
electromagnetics, and economics (from the SuiteSparse collection: see Section 4.4). Moreover, in addition to the
existing performance metrics, we use a range of new metrics and methods for performance analysis, visualization and
comparison of the DIESEL tool. These include results involving (a) performance of each of the 1056 matrices in the
dataset; (b) performance aggregated over the application domains and over the whole dataset; (c) performance behavior
of SpMV kernels against matrix dimensions, nnz (nonzeros in the matrix), and npr variance (variance of nonzeros per
row in a matrix); (d) performance behavior in relation to the dataset characteristics; (e) prediction accuracy, workload
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Figure 1: Overview of DIESEL

accuracy, and relative performance loss and gain; (f) comparison with other cutting-edge artificial intelligence (AI)
based tools; and (g) comparison with widely-used commercial library Paralution.
Our work on the feature set and performance analysis methods mentioned above attempts to address the second research
gap. We believe that the instruments and methods for SpMV tool development and analysis presented in this paper will
help the community in developing better SpMV tools. These tools are just the beginning and we have just scratched the
surface. There is so much more that can be done to improve our proposed feature set development instruments and
performance analysis methods, and thereby to optimize SpMV performance on GPUs (and other architectures). In the
past, developing analytical models to understand the performance issues and optimizing the performance was nearly
impossible. However, due to the recent developments in AI, it is possible to understand performance bottlenecks and let
AI select the best strategies to address those bottlenecks.
Comparing the performance of DIESEL with its SpMV kernels utilizing a specific sparse storage scheme among
Coordinate (COO), Diagonal (DIA), Compressed Sparse Row (CSR), Ellpack (ELL), and Hybrid (HYB); see Section 2,
DIESEL provides highest and average giga floating point operations per second (GFLOPS) values of 54.39 and 8.5,
compared to 37.11 and 6.0 by the next best kernel, delivering speedups of ×1.47 and ×1.42, respectively (see Section 5.1).
Comparing DIESEL with the other cutting-edge AI tools, DIESEL provides better performance with its accuracy of
88.2%, workload accuracy of 91.96%, and average relative loss of 4.4%, compared to the respective values of 85.9%,
85.31%, and 7.65% by the next best tool (see Section 5.6). Comparing DIESEL with Paralution, DIESEL outperform
Paralution in 80% of the test cases (see Section 5.7). The details of these and the other results is given in Section 5. The
extensive results and analyses presented in this paper provide several key insights into the performance of the SpMV
tools and how these relate to the matrix dataset and the selected performance metrics. These insights could be used by
the community to further improve and compare SpMV tools in the future.
In summary, this paper makes the following contributions (for details, refer to the paragraphs above).

• We proposes DIESEL, a deep learning-based tool that predicts and executes the best performing SpMV
kernel for a given matrix and outperforms the cutting-edge academic (see Section 5.6) and commercial (see
Section 5.7) SpMV tools.

• We devise a feature set through rigorous empirical and mathematical instruments. Both the feature set and its
design process are our contributions.

• We propose a range of new metrics and methods for performance analysis, visualization, and comparison of
SpMV tools to be used by the SpMV community in the future.

The organization of this paper is as follows. Section 2 briefly introduces the background topics with pointers to the
relevant sources. Section 3 reviews the related works and provides motivations for this work. Section 4 describe the
methodology and design of the proposed tool DIESEL. The tool is evaluated and compared with other sparse storage
kernels and tools in Section 5. Section 6 concludes with future directions. The table of contents is provided below for
the convenience of reviewers and readers. It can be removed as advised.
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2 Background Material

Researchers have developed various sparse storage schemes to efficiently store sparse matrices and improve SpMV
performance. We have used five storage schemes that are most commonly used by SpMV researchers. These are COO
(Coordinate), CSR (Compressed Sparse Row), DIA (Diagonal), ELL (ELLPACK), and HYB (Hybrid ELL/COO) formats.
Further information about these formats and implementation details can be found, e.g., in our earlier publications [7, 12].
Graphics Processing Units (GPUs) provide high computational throughput through massive parallelism. Further details
are available on the Nvidia website and in many books and papers, see e.g. [13]. Deep learning has also been the subject
of many books, see e.g. [14].

3 Literature Review: SpMV Computations and Iterative Solvers on GPUs

We have done an extensive literature review of SpMV techniques on GPUs and other architectures. A great deal of
SpMV literature exists on CPU, FPGAs, and Many Integrated Core (MIC) architectures, see e.g. [15, 16, 17]. New
directions are also emerging that combine high performance computing with big data, which are likely to affect the
future direction of high-performance SpMV computations and iterative solvers and these are discussed in [18, 19, 15].
In this section, we review notable literature related to the focus of this paper, i.e., SpMV computations and iterative
solution of large sparse linear equation systems on GPUs. The works on SpMV computations and iterative solvers can
be classified into four categories: (a) improvements in sparse storage formats, (b) enhancing the SpMV computation
algorithms and implementations, (c) analytical modeling and performance analysis, and (d) using Artificial Intelligence
(AI) to improve performance. This classification is not specific to GPUs and applies also to other architectures. The
works that fall under the first category include [20, 21, 22]. The work in the second category include [23, 24, 7]. The
works related to these first two categories have already been reviewed in our earlier works [12, 7]. We review here
works related to the last two categories in the following two subsections.

3.1 Analytical Modeling and Performance Analysis

Many researchers have developed analytical models that predict the performance of the various sparse storage schemes
and SpMV kernels for GPUs. Guo et al. [25] propose an analytical and profile based performance modeling technique to
predict SpMV execution times for COO, CSR, ELL, and HYB kernels. Based on the performance modeling, they design
an auto-selection algorithm to report the best storage format for the sparse matrix automatically. The optimization
schemes that are based on analytical modeling are hard to build and extend as it is necessary to build a specific
model for each sparse format under consideration. Analytical models consist of many assumptions to simplify the
underlying hardware complexities. Li et al. [26] proposed an optimization scheme based on calculating the probability
mass function (PMF) to analyze the sparsity structure of the matrices. They also propose probabilistic models for
predicting the performance of COO, CSR, ELL, and HYB formats. It then computes and compares the performance
of specific formats and pre-defined formats based on mathematical expressions to select a format. The calculation
of the performance model requires knowledge of the GPU architectural parameters. Alahmadi et al. [27] explore the
performance of SpMV computations and Jacobi iterative method on GPUs and analyze the performance bottlenecks and
address the limitations of the existing approaches. They discuss various performance characteristics of SpMV on GPU
such as active warps (resource usage), occupancy, memory throughput, memory access, and instruction throughput.
They also discuss various optimization strategies such as coalesced memory access, reduce thread divergence, changing
thread/block configurations, and increasing occupancy. They compare the performance of six sparse SpMV techniques
namely COO, CSR, ELL, HYB, DIA, and CSR5 on GPUs.

3.2 Artificial Intelligence based Techniques

There is no sparse storage scheme that gives the best performance across all sparse matrices and application domains
(see Section 4.1). The performance of SpMV kernels varies for a given storage scheme based on the matrix sparsity
structure. This has been addressed using AI in three different groups of works. The first group of works has used
Decision Trees and an ensemble of machine learning methods [8, 10], and the second has used SVM (Support Vector
Machine) [9, 5]. The third work has used C5.0 Decision Trees. The first work in this direction is by Sedghati et al. [8],
who proposed a classification system based on decision trees. They had selected two feature sets. The first one consisted
of the matrix characteristics, density, mean, and standard deviation. The other feature set consist of advanced features
that are compute-intensive to calculate and create a large overhead to the feature extraction process. These, among
others, are the number of nonzeros per block and the mean and standard deviation of these blocks.
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Figure 2: Sparsity structure of four sparse matrices and their GFLOPS performance for five different kernels (a)
Freescale1; (b) nd24k (72000); (c) Transport (160211); (d) tube1 (21498); and (e) Performance (GFLOPS).

Benatia et al. [9] proposed a method for selecting a storage format to perform SpMV operation on GPUs. The SpMV
itself was performed on two GPUs, GTX 580 and a GTX 980Ti. Their proposed features include the number of rows
and columns, the total number of nonzeros, npr, standard deviation and npr variance, the density of the sparse matrix,
and the difference between the maximum and average npr. The authors extended their work further in [5] where they
used a weighted SVM with the help of pairwise classification approach (instead of multi-class SVM). The features used
are similar to their previous work but in this case the feature combinations are selected based on the pair of storage
formats for creating each pairwise model.
Israt et al. [10] extended their earlier work ([8]) and compared the performance of the machine learning techniques,
specifically the SVM and decision-tree based models, discussed by Benatia et al. [9] and Sedaghati et al. [8], along with
multi-layer perceptrons (MLP), gradient boosting based models (XG-Boost) and ensembles of MLP for the prediction
of the best sparse storage format for the SpMV computations of a matrix. The feature set used is similar to their earlier
work ( [8]) where the basic feature set is extended by adding the density parameter. The second feature set is also the
same as in [8] containing features at the matrix block level. Tan et al. [11] propose an auto-tuning SpMV library called
SMATER that creates a learning model using data mining and analytical models. They use the C5.0 decision tree
algorithm to generate a rule-set pattern with confidence data. A scorecard is used to select the best performing kernel
for the predicted storage format.
We will provide a detailed comparison of the relevant AI-based tools with DIESEL in Section 5.6.

3.3 The Case for Research

The literature review has revealed that the SpMV community has done extensive works on proposing new storage
schemes and kernels for SpMV computations. However, the utilization of the GPU devices by the existing SpMV
kernels is far from its full capacity. We have observed two major research gaps and addressing these gaps could make
far-reaching advances in this area. Firstly, the literature review has clearly established the need for multi-scheme and
multi-kernel works where the best performing SpMV scheme and/or kernel can be selected automatically based on
a matrix sparsity structure (see Section 4.1, where we empirically validate the need for scheme prediction). In these
directions, we have found only three sets of works that have already been discussed in the previous subsection. The
research, therefore, is in its infancy and requires many more efforts to make advances in these directions. Secondly, the
development and performance analysis of SpMV techniques on GPUs have not been studied in sufficient depth (this
applies to all four categories of works discussed earlier in this section). The reader may verify our statements and is
encouraged to consult the most recent review of SpMV computations on GPUs [6]. This paper attempts to address these
two research gaps. We propose our deep learning-based SpMV tool, DIESEL, and provide an extensive analysis of
its design, development, and evaluation using a range of existing and new methods and metrics (a summary of how
DIESEL attempts to address the two research gaps is given in Introduction (Section 1)).
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4 DIESEL: Methodology and Design

The DIESEL tool provides multiple GPU implementations of SpMV operation and an iterative solver for the solution of
sparse linear equation systems. Currently, it uses the Jacobi iterative method but we plan to extend it with additional
iterative methods, storage schemes, and SpMV kernels. It takes a sparse linear equation system, or a matrix and a vector,
as an input and uses a GPU kernel that provides the best performance for the SpMV or the iterative solution. The best
performing kernel is predicted by the tool using deep learning applied to a set of empirically and analytically selected
matrix performance features. A fairly large dataset comprising real-life applications is selected to make the training,
prediction, and evaluation of the DIESEL tool as diversely realistic as possible.
This section provides details of the methodology and design of the DIESEL tool as follows. Section 4.1 provides
empirical motivations for selecting the best performing SpMV kernel depending on the matrix properties. Section 4.2
describes the deep learning network architecture and motivates the need for deep learning in developing the SpMV kernel
prediction models. Section 4.3 provides an overview of DIESEL. Section 4.4 provides the methodology and details
of the dataset used in this paper. Finally, Section 4.5 details the feature selection methodology and the development
process.

4.1 Need for Automatically Selecting the Best SpMV Storage Scheme and Kernel

The matrix sparsity structure varies from matrix to matrix, and application to application. Figures 2(a), (b), (c), (d) show
the structure of four sparse matrices, each from a different application domain, acquired from the University of Florida
Sparse Matrix collection; these are taken from circuit simulation problems contributed by Freescale Semiconductor, 3D
mesh problems, 3D finite element flow and transport problems, and tube modeling problems in structural mechanics,
respectively. The dimensions for these square matrices can be found in the respective captions. Figure 2(e) depicts the
performance (GFLOPS) of five different SpMV kernels for the four matrices, each kernel uses a different sparse storage
format (COO, CSR, ELL, HYB, DIA). Note in the figure that the ELL and HYB kernels provide better results on average
compared to the other kernels. The DIA kernel provides best results for the “Transport” matrix due to the diagonal
structure of the matrix but gives poor performance for all other matrix structures; no results are given for “Freescale1”
and “nd24k” because these matrices require more memory to store the matrices than is available with the K20 GPU.
The ELL kernel provides better results for all the matrices (marginally better than HYB for the “Transport”) except for
“Freescale1” due to a big difference in this case between the minimum and maximum npr (see [28] for details on ELL,
and [20] for HYB, also see [7] for a discussion on relative performance of these scheme). The HYB kernel performs
best for the “Freescale1” matrix because HYB is designed especially for such sparsity structures where large amount of
zero padding is needed to compensate for a large variation in the minimum and maximum number of non-zeros per row.
The CSR kernel provides the best results for the “nd24k” matrix because its nonzero elements are spread across the
whole matrix space. The science of SpMV performance in relation to the matrix sparsity structure will become clearer
as we discuss our feature selection methodology in Section 4.5. The figure substantiates the view that performance of an
SpMV kernel depends on the sparsity structure of the underlying matrices. The GPU architecture used for the SpMV
computations, the thread-block-warp configuration of the SpMV kernel, and the storage scheme used for the sparse
matrix storage are among the factors that affect the performance of SpMV kernels on GPUs.

4.2 Deep Learning Neural Networks for Predicting Performance

We have designed a deep architecture that has six layers, an input layer, four hidden layers, and an output layer. The
input layer has 14 neurons corresponding to the number of input features. The second layer has 100 neurons, the third
layer has 50 neurons, the fourth layer has 25 neurons, the fifth layer consists of 10 neurons and the last layer (the output
layer) has five neurons (corresponding to the number of classification classes). All four hidden layers use ReLU as the
activation function. The cost function of the deep network is minimized using Adam optimizer [29]. The learning rates
utilized by the Adam optimizer are set to the default values of 0.9 and 0.999 for the optimizer learning rate.
We used three techniques to prevent overfitting in DIESEL. These are regularization, dropout, and early stopping.
Regularization is a technique utilized to reduce the complexity of the model by adding a penalty term to the loss
function [30]. Based on the value added to the loss function the technique can be classified as L1 or L2 regularization.
L1 penalty minimizes the absolute value of the DNN weights while L2 minimizes the squared value of the DNN weights.
L2 can learn more complex patterns than L1. We used L2 regularization in DIESEL. We also utilized in DIESEL
the dropout technique [31], which is also a regularization technique that avoids overfitting by randomly dropping
neurons from the DNN. This results in a new neural architecture that reduces overfitting. Moreover, we have used
another technique in DIESEL called early stopping [30] where the training process is stopped when a certain number of
iterations have passed with no progress in the loss function.
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We tried various network configurations in terms of the number of various layers and neurons and these configurations
provided us best prediction accuracies. It is widely accepted that selecting the number of hidden layers and neurons — i.e.,
an ideal deep learning network — is still an art lacking robust theoretical foundations [14]. The impact and utilization
of recent state-of-art optimizers as well as tuning these optimizers with appropriate hyper-parameters such as learning
rates for SpMV prediction needs to be extensively studied. Dynamic selection of the hyper-parameters and its impact on
the kernel selection with varying sparse matrix structure have not been studied. We will look further into these design
aspects of the DIESEL tool in the future.

Algorithm 1: DIESEL_Master: The Master Algorithm
Input :Matrix A, vector y, feat_train
Output :Vector x

1 Function Main(A, y, feat_train, op):
2 feat← ExtractFeatures(A)
3 nfeat← log10(feat)
4 if Network not trained
5 𝜃, 𝑏 ← Training(feat_train)
6 SpMV_GKernel← DeepPred(nfeat)
7 if op == Jacobi
8 𝑥 ←Jacobi(A,y,SpMV_GKernel)
9 if op == SpMV

10 𝑥 ←SpMV(A,y,SpMV_GKernel)
11 return 𝑥

Algorithm 2: DIESEL_Train: The DNN Training Algorithm
Input : feat_train
Output :{𝜃1....𝜃𝐿} ∈ 𝑅2, {𝑏1..., 𝑏𝐿 ∈ 𝑅}

1 Function Training(feat_train):
Init: 𝑏 ← 1, ℎ (1) ← 𝑛 𝑓 𝑒𝑎𝑡, 𝜃 ∈ [−1, 1]

2 while 𝑐𝑜𝑠𝑡 > 𝑚𝑖𝑛𝑖𝑚𝑢𝑚𝑐𝑜𝑠𝑡
3 for 𝑙 in 1← 𝐿

4 ℎ (𝑙+1) ← Activation (𝜃 (𝑙) ℎ𝑙 + 𝑏 (𝑙) )
// 𝐿 is the total layers

5 Calculate Loss function derivative as
𝜕(𝑛𝑙) ← −(𝑦 − ℎ (𝑛𝑙) ) • Activation (𝑢 (𝑛𝑙) )

6 for Layer 𝑙 = 𝐿 − 1 to 2
7 𝜕(𝑙) ← 𝜃 (𝑙)𝜕(𝑙+1) , • Activation (𝑢 (𝑙) )
8 Compute the gradient for each 𝑙 as:

∇𝜃(𝑙) ← 𝜕(𝑙+1) (ℎ (𝑙) )𝑇
9 Find optimal weights using ADAM optimizer

10 Update the current cost
11 return 𝑥

Algorithm 3: DIESEL_Prediction: The Prediction Algorithm
Input : nfeat, 𝜃, 𝑦
Output :SpMV_GKernel

1 Function DeepPred(nfeat):
Init: ℎ (1) ← nfeat

2 for 𝑙 in 1← 𝐿

3 ℎ (𝑙+1) ← Activation (𝜃 (𝑙) ℎ𝑙 + 𝑏 (𝑙) )
4 return ℎ (𝐿)

7



DIESEL: A Novel Deep Learning based Tool for SpMV Computations

Algorithm 4: DIESEL_Solve: The Jacobi Iterative Solver
Input :A, y, x, SpMV_GKernel
Output :x

1 Function Jacobi(A, y, SpMV_GKernel):
Init: error← 1.0, 𝜖 ← 10−6, 𝑘 ← 0
x← (1/𝑠𝑖𝑧𝑒(A)), 𝒙 ← 0

2 Move A, y, x, and 𝒙 to gpu
3 while error > 𝜖
4 𝒙 ← SpMV(A, x, SpMV_GKernel)
5 𝒙 ← y−𝒙

𝐷 (A)
6 Compute error
7 x← 𝒙

8 Get the result x from gpu
9 return x

Algorithm 5: DIESEL_SpMV: The SpMV GPU Kernels
Input :A, x, SpMV_GKernel
Output :𝒙

1 Function SpMV(A, x, SpMV_GKernel):
2 Move A and x to gpu
3 switch SpMV_GKernel do
4 case 0 do
5 𝒙← SpMVCOO <<< 𝑔𝑠, 𝑏𝑠 >>> (A,x)
6 case 1 do
7 𝒙← SpMVCSR<<< 𝑔𝑠, 𝑏𝑠 >>> (A,x)
8 case 2 do
9 𝒙← SpMVHYB<<< 𝑔𝑠, 𝑏𝑠 >>> (A,x)

10 case 3 do
11 𝒙← SpMVELL<<< 𝑔𝑠, 𝑏𝑠 >>> (A,x)
12 case 4 do
13 𝒙← SpMVDIA<<< 𝑔𝑠, 𝑏𝑠 >>> (A,x)

14 Get the result 𝒙 from 𝑔𝑝𝑢

15 return 𝒙

4.3 DIESEL Overview

The DIESEL tool comprises five main components. The algorithms for the five components are given in Algorithms 1
to 5. The DIESEL Master component is delineated in Algorithm 1. Initially, we train the model (if it has not been trained
before) using the DIESEL Train component provided in Algorithm 2 (called from Algorithm 1: line 5). The model is
trained using a feature set devised by us comprising 14 features. The features are extracted before the training by the
Master component (Algorithm 1: line 3). We shall discuss this feature set and the dataset in subsequent subsections.
Adam optimization [29] and Rectified Linear Units (ReLU) [14] are used in the training process (Algorithm 2: line 2
– line 10). If the model has already been trained then we use the DIESEL Prediction component (Algorithm 3) to
determine (predict) an appropriate Jacobi GPU kernel (Sparse_GKernel) based on the matrix features using the trained
model obtained from the Train component (Algorithm 2). If the desired operation, 𝑜𝑝, is Jacobi iterative solution, the
computed value of the Sparse_GKernel is passed to the DIESEL Solve component (Algorithm 4) that in turn calls the
SpMV component (Algorithm 5). The SpMV component executes a specific SpMV kernel based on one of the five
storage schemes selected using Sparse_GKernel and returns the vector 𝑥. If the desired operation, 𝑜𝑝, is SpMV, the
Master component calls the SpMV function (Algorithm 5) directly and finally returns the vector 𝑥.

4.4 Dataset Formation

We created a dataset for training and testing of the deep learning prediction model utilizing the University of Florida
repository of sparse matrices (called SuiteSparse) [2]. We analyzed the SuiteSparse collection and selected 1056
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Table 1: The application domains used in our experiments

ID Name Count ID Name Count
1 2D/3D 94 14 Materials 25
2 Acoustics 6 15 Model Reduction 26
3 CPS 50 16 Optimization 18
4 Circuit 195 17 Power 20
5 Counter 5 18 QCD 46
6 Combinatorial 13 19 Undirected Graphs 3
7 Economics 26 20 Unweighted Graphs 15
8 Eigenvalue 31 21 Semi-Conductor 33
9 Electromagnetics 24 22 Statistics 4
10 Finite Elements 1 23 Thermal 25
11 FDC 4 24 Structural 212
12 Least Square 18 25 CFD 140
13 LP 20 26 Graphics/Vision 2

matrices of different sizes and sparsity structure from 26 application domains. Table 1 lists the 26 application domains
and the number of matrices for each of them. The criteria for the selection of the matrices is listed below.

1. The matrices are real-valued, not complex.

2. The matrix are rectangular or square.

3. The matrix are asymmetric or symmetric.

4. The sparse matrix is able to fit within the 80% of the global memory of GPU. The size of the sparse matrix is
calculated in the COO format (16× 𝑛𝑛𝑧 bytes). The reason being that SuiteSparse stores the matrices originally
in the COO format. Note that the ELL format can use excessively high memory if the matrix structure is highly
irregular. Therefore, we were unable to execute the ELL kernel for 350 of the 1056 matrices in our dataset.
Similarly, DIA is only efficient in storage and computations for banded matrices and we were unable to execute
the DIA kernel for 807 of the 1056 matrices.

5. The total number of rows in a matrix should at least equals to the warp concurrency, which is
the ratio of the total threads across all the streaming multiprocessors (SM) to the warp-size, i.e.
warp concurrency = (Threads per SM ∗ SM)/warpsize. This should not enforce any limitations on the tool in
terms of large-scale computing because performance is not a concern for small matrices on GPU.

Table 2: Selected Features From Sparse Matrices

Feature Description Complexity
𝑚 The number of rows 𝑂 (1)
𝑛 The number of columns 𝑂 (1)
nnz The total number of nonzero values in the matrix 𝑂 (1)
density The density of the matrix, 𝑛𝑛𝑧/(𝑚 ∗ 𝑛) 𝑂 (1)
mean The mean number of nonzero values per row (npr) 𝑂 (1)
sd The standard deviation of npr in a matrix 𝑂 (2𝑚)
var The variance of npr in a matrix 𝑂 (1)
maxnnz The maximum of npr in a matrix 𝑂 (𝑚)
maxavg The difference between maxnnz and mean 𝑂 (1)
distavg The mean distance between first and last nonzero values

in each row
𝑂 (𝑚)

clusteravg The mean of the number of distinct consecutive npr 𝑂 (nnz)
ndiag The number of matrix diagonals with one or more

nonzero values
𝑂 (nnz)

diagfill The diagonal fill-in ratio for matrices, (ndiag × 𝑚)/nnz 𝑂 (1)
fill The fill-in ratio for matrices, (𝑚 × maxnnz)/nnz 𝑂 (1)
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4.5 Feature Selection Methodology and Development Process

We have elaborated on the fact that the performance of SpMV kernels depends on the sparsity structure of the matrices
(see Section 3.3). Therefore, we collected a total of 22 features of sparse matrices to characterize them and used those
features in devising a performance prediction instrument. Some of these features exist in the literature while others
were devised by us. A total of 14 sparsity features were selected finally after a detailed empirical analysis of the matrix
feature set to be used in our tool. We shall elaborate on this empirical analysis in the rest of this subsection. Table 2 lists
our final feature set. These 14 features enable the performance prediction instrument to meticulously characterize the
sparsity structure of a matrix and predict the GPU kernel that would provide the best performance for that matrix. To
the best of our knowledge, a maximum of eleven features have been used in the literature to characterize matrix sparsity
structure and predict performance. This matrix feature set is among the contributions of this work.

4.5.1 Feature Set: Computational Complexity

All of our features are simple to calculate: 𝑚, 𝑛, nnz, density, mean, and variance all have a time complexity of 𝑂 (1).
𝑚, 𝑛, and nnz are usually given as an input to the solver. The mean number of nonzero elements per row (mean) is
easily calculated from 𝑚, 𝑛, and nnz. Standard Deviation (𝑠𝑑) has a complexity of 𝑂 (2𝑛). Variance can be calculated
with a complexity of 𝑂 (1) once we have mean and 𝑠𝑑. For finding the maximum number of nonzero elements in a row
(maxnnz), we need to traverse each row once. The average distance between the first and the last nonzero value per row
(distavg) can be calculated at the same time when calculating maxnnz. The feature clusteravg represents the average
number of consecutive nonzero elements per row. This is computed by finding the largest cluster of consecutive nonzero
elements for each row and then taking an average of the largest consecutive nonzero clusters for all the rows in the matrix.
ndiag is the number of diagonals in the matrix and diagfill is the product of the number of diagonals to the size of the
diagonals. ndiag and diagfill were added to improve the conversion rate of the nonconvertible matrices to DIA sparse
storage. The feature fill is used to determine whether a matrix can be feasibly stored using the ELL storage format.
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Figure 3: The correlation matrix for our selected features

4.5.2 Correlations among Features

Figure 3 shows the correlation matrix for the selected feature set given in Table 2. The positive correlations are depicted
in red and pink colors while the negative correlations are in the dark and light blue colors. The red and darker blue
colors depict higher values of the correlations. A low correlation between the features is desirable because it implies
that the features are relatively distinct and provide a valuable contribution to the feature set in improving the prediction
accuracy. It is possible to include more features in the set but a larger number of features increase the computational
time for predictions.
Note that the overall correlation between the features in our selected feature set is mostly positive and relatively low
(more blocks with the pink color), and the negative correlations mostly are small except a few. Looking further, for
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example, for the feature nnz, there are only five features that have a correlation above 0.5. These are 𝑛 (0.9), 𝑚 (0.9),
distavg (0.65), mean (0.64), and ndiag (0.56). These correlations are due to the linear nature of nnz, e.g. when 𝑚 and 𝑛
increase, nnz also increases. Similarly, a higher value of nnz would also usually imply higher values for mean, distavg,
and ndiag. Note that the respective correlation values of the five features with the feature nnz are as one would expect
(e.g. 𝑛 and 𝑚 have very high correlation value, 0.9). Note also that 𝑛 and 𝑚 show the highest correlation between them
because we have a large number of square matrices in our dataset.

Table 3: Summary of Our Feature Set

Features Min Max Average
𝑚 838 8.34M 138k
𝑛 292 8.34M 142k
nnz 1074 229M 194k
density 9e-07 0.12 3.9e-03
mean 0.59 424 27.13
𝑠𝑑 0.00 3594 40.3
𝑣𝑎𝑟 0 12M 29669
maxnnz 1 2M 9094
maxavg 0 2.3M 9067
distavg 0 4M 34724
clusteravg 0 126.64 6.585
ndiag 1 10M 79643
diagfill 1 978k 9236
fill 1 259k 972

The feature density has the highest number and values of negative correlations with other features. The absolute values
of three of the negative correlations are below 0.5, two of them are very low, near zero (fill and maxnnz). All the positive
correlations are very small except maxavg which is zero, indicating no correlation. The highest negative correlations are
with 𝑚 and 𝑛. This shows that density of the sparse matrices decreases, largely, with the increase in the number of rows
and columns (i.e., the size of the matrices). This is typically true with sparse matrices. The features 𝑚 and 𝑛 are so
fundamental to matrices that their high correlations with other features could be ignored unless a feature has strong
correlations with most of the features in the set. The absolute value of the correlation with nnz is slightly above 0.5 and
is not that high. The correlation indeed shows that our data set is balanced in that density does not increase with the size
of the matrices, and rather it decreases, however, not to a great extent (considering all the matrices in the data set). This
inverse correlation is expected because larger 𝑚 and 𝑛 lead to higher denominator values. Figure 4 plots the log10 values
of density against the 𝑙𝑜𝑔10 values of nnz for the whole dataset. The features distavg and diagfill are also negatively
correlated to density to a similar degree as with nnz and therefore same explanation applies to them. Moreover, the two
features are needed for two widely-used sparse storage schemes (distavg for ELL and HYB, and diagfill for DIA).

●

●
●

●
●

●

●

●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●

●●●●●●●

●

●●●●●●●●

●
●

●

●

● ●

●

●

●

●

●
●

●
●

●
● ●● ●●

●●●● ●

●

●●

●●●●●●●●
●●

●

●
●

●

●

●

●●●●●

●
●

●

●
● ● ●● ●●

●
●

●

●
●

●

●

●

●

●

●

● ●

● ●

●

●●●

●

●●●

●

●

●
●

●●●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●●●

●●
●

●

●●

●

●
● ●●●●

●

●

●●

●

●

●

●

●

●

●

●●●

●

●●●●●
●●●●●●

●●●●●●●●●●●
●

●●●●●●

● ●

●●

●
●

●

●
●

●

●

●
●●

●

●

●

●

●

● ●

●● ●

●

●

●

●

●

●
●

●●

●

●

●
●

●

●

●

● ●

●

●

●

●

●

●
●

●

●
● ●

●●

●

●

●

●

●

●

●

●

●

●

●●● ●

●

●

●

●●

●

●
●

●

●

●
●

●●

●●

●● ●
●

●●●
●

●

●

●●

●

●

●

●
●

●

●

●●
●●

●
●

●● ●

●
●

●

●

●
●

●

●

●

●
●

●● ●

●

● ●

● ● ●●

●

●

●
●●

●

●

●

●

●
●

●
●

●

●

●

●

●

●●

●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●

●
●

●

●

●●●

●

●

●

●

●●
●●

●● ● ●● ●● ●● ●● ●● ●●●
● ●

●

●

●

●

●

●
●●
●

●

●
●

●

●●

●

●
●

●

●

●
●

●

●

●

●●●

●

●
●

●
●●

●

●●
●

●

●

●
●

●
●

●

●

●
●

●●● ●● ●●● ●●

● ●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●
● ●●

●●
●●●● ●● ●●

●●
●●

●

●

●

●●

●

● ●

●●
●

●

● ● ● ● ● ● ● ●●

●

●

●

●●

●

●●
●●

●

●

●
● ●

●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●●●

●

●

●

● ●

●
●

●

●

●●●

●

●

●● ● ●

●

●

●

●
●

●
●

●
●●●●●●●●●●●●●●

●●●
● ● ● ●●●●●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●
● ●

●

●
●

●●

●

●●●●●●●

●

●
●

●

●

●

●

●
● ● ●●●

●

●

●

●

●
●● ●

● ●

●
● ● ●● ●

●
●

●●

●

●

●

●

●

●

●

●

●●

● ●
●●

●

●●

●●●

●

●

●

●

●

●

●

●

●

●

● ● ● ● ●

●

●

●

●●●

●

●

●

●

●

●

●●

●

●

● ●

●

●
●●

●●
●

●

● ●●
●

●

●

●

●

●

●●

●●

●●

●●

●●●

●●

●●●

●
●

● ●

●

●●

●

●

●

●

●
● ●

●

●

●

●● ●
●

●

●

●

●

●

● ●

●

●

●

● ● ● ● ●

●

●●
●

●
●

●
●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●●

●●
●●

●

●

●

●●
●

●

●

●

●

●●

●●

●

●

●

●
●

●●

●

●
●

●

●

●

●

●

● ● ●
●●

●

●

●

●

●●

●

●

● ●

●
●

●

●

●
●

●●

●

●
●

●●
●

●●

●
●

●
●

●

●

●
●

●
●

●●●

●
●

●

●

●

●●

●

●

●

●

●●

●

●

●

● ●
●

●●

●●
●● ●

●
●

●●

●

●
●

●
● ●

●

●
●

●
●

●
●

●

●

●

●

●

●

●

●
●●

−6

−4

−2

3 4 5 6 7 8
nnz (log10)

de
ns

ity
 (l

og
10

)

Figure 4: The 𝑙𝑜𝑔10 values of density against the 𝑙𝑜𝑔10 values of nnz

In summary, our feature set depicts, largely, a low correlation between its member features. There are some high-
correlation features but these features have low correlations, mostly, with other features. The feature set shows that our
data set is fairly balanced. The overall low correlation (light colors) of the feature set also implies that the member
features contribute distinct information for the prediction model. Table 3 gives a quantitative summary of the features of
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(a) (b)

COO CSR DIA ELL HYB

Figure 5: T-SNE profiles of the five GPU SpMV kernels for (a) 14 sparsity features, (b) 22 sparsity features

the matrices in our data set. In the next subsection, we study the process of identifying the feature set and how it has
enabled the DIESEL tool to perform better than the other tools.

4.5.3 Feature Set Development

We now explain the process that we have followed in developing the feature set for the DIESEL tool. Specifically, we
study the relationship between the sparsity features and the resulting performance of GPU SpMV kernels, in order to
explain the rationale for the selection of the 14 features. We had originally selected a total of 22 features. Eight of them
were dropped after the feature selection process due to the lack of any comprehensible relationship between them and
the SpMV kernel performance, hence affecting the accuracy of predicting best performing kernel.
The depiction, analysis, and organization of data with high dimensions is challenging. We have 14 features or dimensions
of our data. Therefore, to analyze our feature set, we have used the t-Distributed Stochastic Neighbor Embedding
(t-SNE) [32, 33] technique which allows dimensionality reduction of highly non-linear spaces and is widely used for
visualizing high-dimensional datasets (see e.g., [34]). A high-dimensional object is modelled by a 2D or 3D point such
that similar and dissimilar objects are represented by nearby and distant points respectively. The reduced 3D space
generated by the t-SNE technique for our final feature set comprising 14 features is depicted in Figure 5(a). The figure
depicts the performance profiles in GFLOPS of the five SpMV kernels for our final feature set in reduced 3D space. The
SpMV kernels are the same as in Figure 2; COO, CSR, HYB, ELL, and HYB. The data points that relate to each of the
1056 matrices are colored according to the kernels that produced the best performance for a given matrix. They indicate
the distribution of sparse kernel performance in reduced space.
The t-SNE reduced space mappings can be analysed by the feature separability and overall geometric characteristics of
the reduced spaces that they produce. A good feature set could typically be characterized by visuals where similar data
points are clustered closely and different data points are spread across the reduced space [33]. The characteristics of a
good feature set are evident in Figure 5(a) where similar points are mostly clustered together. For example, the CSR
kernel (yellow triangles) can be seen distinctly clustered mainly in two locations: the right and the top left sides of the
plot. A few very small clusters of the CSR kernel can be seen in other location across the plot. Small clusters of other
kernels, ELL, HYB, and DIA, can also be seen spread across the 3D space, although with some overlap. The COO
kernel is present sparsely on the bottom right side of the graph. Figure 5(b) shows the 3D reduced space for our original
feature set comprising 22 features. In contrast to Figure 5(a), note that the similar data points are spread across the
reduced space in a cluttered manner with, relatively, a much higher overlap between the kernels indicating a poor feature
set. The CSR kernel can be seen spread throughout the graph showing significant overlap with other kernels and the
sizes of its distinctly separable kernels are very small.
To further illustrate the relationship between the feature set and the best kernel prediction, we have plotted the best
performing kernels for specific features in 3D and 2D spaces. Figure 6 depicts the performance profiles in a 3D space
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Figure 6: Performance (GFLOPS) profiles of the five GPU SpMV kernels for selected sparsity features
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Figure 7: Performance (GFLOPS) profiles of the five GPU SpMV kernels for selected sparsity features
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Figure 8: Performance (GFLOPS) profiles of the five SpMV kernels (maxnnz vs. nnz)

comprising three features: maxavg, nnz and maxnnz. Note that the HYB kernel dominates the upper-right area of the
plot which represents highest values for the triple (maxavg, nnz,maxnnz). This is expected because HYB performs
better than any other kernel for a higher maxavg due to the fact that a larger value for the maximum number of nonzero
elements per row (maxnnz) typically indicates a larger value also for maxavg and nnz. As mentioned earlier, the HYB
format is the best performing for large matrices and was introduced by Nvidia to overcome the limitations of CSR and
ELL [20].
In addition to the upper right corner of Figure 6, the HYB kernel also shows some presence on the lower back wall for
higher values of nnz and relatively lower values of𝑚𝑎𝑥𝑎𝑣𝑔 implying that HYB performs better also in this space (i.e. high
nnz, low-medium maxavg, and medium-high maxnnz). This continues from the top-right of the figure downwards,
towards the bottom-left, up until we see a cluster of ELL presence (see the green cluster). This cluster indicates that
ELL performs better for relatively low values of maxavg (note the log scale and hence the negative values), low to high
values of nnz, and low to medium values of maxnnz. Note that all the three axes are in the log scale and therefore the
values of the variables should be interpreted accordingly. These behaviours of ELL and HYB are expected because
HYB was introduced due to the inability of ELL in providing performance for matrices with high variations in npr.
Looking further at Figure 6, the CSR kernel dominates the middle part of the 3D space except the second top plane in the
left column where the CSR kernel extends from the left side of the plane due to its advantage in smaller matrices (lower
value of 𝑟𝑜𝑤). Some sparse presence can be seen for the DIA kernel near the space with lowest values of 𝑚𝑎𝑥𝑎𝑣𝑔
representing the possibility of diagonal matrices such as the Transport matrix in Figure 2. The COO kernel can also be
seen towards the rightmost corner of the back wall indicating highly dense matrices with a higher number of nnz but
relatively low variations in the value of 𝑚𝑎𝑥𝑎𝑣𝑔. Figure 7 depicts the performance profiles for a 3D space comprising
three features: 𝑣𝑎𝑟, 𝑚𝑎𝑥𝑎𝑣𝑔, and 𝑛𝑑𝑖𝑎𝑔𝑠. The figure can be explained similarly considering our explanations for
Figure 6.
Figure 8 depicts the best performing kernels in a 2D space for features 𝑚𝑎𝑥𝑛𝑛𝑧 and nnz. Note that the HYB kernel
dominates the upper-right area of the plot which represents the highest values for the pair (𝑛𝑛𝑧, 𝑚𝑎𝑥𝑛𝑛𝑧). This is
expected, as mentioned before, because HYB performs better than any other kernel for a higher 𝑚𝑎𝑥𝑎𝑣𝑔. The HYB
kernel also dominates, except for a few cases, the rightmost-lower corner because a higher value for nnz typically implies
larger matrices with a higher value for 𝑚𝑎𝑥𝑎𝑣𝑔; some exceptions to this are for the ELL kernel (in the rightmost-lower
corner), which performs best for the highest nnz values, extending from leftmost of the horizontal lower part of the plane,
indicating most of the nnz values with lowest values for 𝑚𝑎𝑥𝑛𝑛𝑧 (see the green stream on the bottom). The CSR kernel
dominates the middle part of the graph. The 2D plane for the 𝑛𝑑𝑖𝑎𝑔𝑠 and 𝑚𝑎𝑥𝑎𝑣𝑔 features is depicted in Figure 9. Note
that the DIA kernel shows its presence in the lower left corner, the CSR kernel dominates the middle part of the graph,
while the HYB kernel performs best in the upper right corner. It shows that a lower, medium, and higher variation in
𝑚𝑎𝑥𝑎𝑣𝑔 will provide higher GFLOPS for DIA, CSR, and HYB kernels, respectively. A medium value for 𝑚𝑎𝑥𝑎𝑣𝑔
with a higher number of diagonals will provide better performance for ELL compared to the CSR kernel. Another
observation from this graph is that a higher number of diagonals does not mean DIA would perform best (see Table 2).
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Figure 9: Performance (GFLOPS) profiles of the five SpMV kernels (ndiag vs. maxavg)

We conclude that the SpMV kernel which dominates a given area has higher performance gain compared to the other
kernels in the same region. In the areas where a single kernel does not dominate, we find that the performance difference
between the kernels is quite low. These empirical observations were used in devising our feature set. The feature set
used in DIESEL enabled the deep learning tool to place decision boundaries in areas with clear performance gains to
effectively predict the best performing kernel for a given matrix. The analysis presented in this section has been limited
to a few features and depictions because a complete analysis of the whole feature set would require several pages and
would appear a digression from the main topic of this paper.

5 DIESEL: Results and Analysis

This section evaluates the performance of our deep learning SpMV and iterative solution tool, DIESEL. The results
reported are taken as average from the 10-fold cross-validation performed using the deep learning model. The tool
performance is analyzed in terms of GFLOPS and execution times. Additional metrics are depicted and discussed to
elaborate on the reasoning for particular performance behaviors of the SpMV kernels. The first category of analysis is
where we have collected results for DIESEL and have compared it with five other kernels. In this category, Section 5.1
provides a comparison of the six kernels based on the performance for each of the 1056 matrices in the dataset.
Section 5.2 compares the aggregated performance for the whole dataset. This essentially measures and compares
the performance of the kernels at a coarser or overall level. Section 5.3 compares aggregated performance of the six
kernels for each of the 26 application domains. Section 5.4 provides deeper investigations into the individual and
relative performance of the six kernels and relates their performance to the various characteristics of our dataset, and
npr variance and nnz of matrices. Section 5.5 looks at the accuracy of the DIESEL tool in predicting the best kernels for
SpMV computations (this is the second category of results). We have defined and investigated the accuracy, workload
accuracy, relative performance loss and gain of DIESEL. Section 5.6 compares DIESEL with the other cutting-edge
tools that work on the principals of predicting the best SpMV storage formats or kernels using AI (this is the third
category of results). Section 5.7 compares the performance of DIESEL for iteratively solving sparse linear equation
systems with a widely-used commercial library Paralution (this is the fourth category of results). The platform we have
used for the experiments consists of a node containing 2 Intel processors E5-2695v2 and an Nvidia K20 GPU. We used
CUDA toolkit with C++ for the development of the DIESEL tool.

5.1 SpMV Performance Comparison: Each of 1056 Dataset Matrices

Figure 10 depicts as a boxplot the GFLOPS performance of the five kernels and DIESEL for all the 1056 matrices
in our dataset. Boxplots are a standard way of giving information about the data distribution based on five statistical
measurements, namely, the minimum, first quartile (Q1), median (Q2), third quartile (Q3), and maximum. The median
is the middle value among all the recorded GFLOPS values and is depicted by the thick horizontal line in the middle of
the box plot. This is the 50th percentile of the GFLOPS values for each kernel. The first quartile (Q1/25th percentile) is
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Figure 10: A Boxplot of GFLOPS performance of all six SpMV Kernels for each of 1056 Matrices in the Dataset

the median between the smallest number (not the minimum) and the median of the GFLOPS values for each kernel. The
third quartile (Q3/75th Percentile) is the median between the median and the highest value (not the maximum) of the
data for each kernel. The distance between the 25th to the 75th percentile is called the interquartile range (IQR). The
maximum is calculated as Q3 + 1.5*IQR and the minimum as Q1 -1.5*IQR, and these are indicated in the boxplot by
short horizontal lines at the top and bottom, respectively, of each boxplot in the figure (see e.g. the boxplot for DIESEL).
Any value greater than maximum and minimum GFLOPS values is an outlier and is represented in the figure as circles
beyond the minimum and maximum values. Moreover, we have added average GFLOPS values for each kernel along
with the dashed lines indicating their positions for each boxplot.
Compare in Figure 10 the six statistics (minimum, Q1, Q2, Q3, maximum, and average) for all six boxplots and note
that DIESEL provides the best all-round performance. DIESEL has the highest values for all six statistics. It provides
the maximum GFLOPS value, 29.25 compared to 20.61 for the second-best kernel, CSR. DIESEL has the GFLOPS Q3
value, 12.5 compared to 8.79 for the second-best kernel, CSR. Q2 and Q1 are also the highest for DIESEL, 5.46 and
1.33, respectively, compared to 4.71 and 0.91, for the second-best kernel, CSR. DIESEL also has the highest minimum
value among the kernels but this is not clearly visible in the figure. Clearly, DIESEL also outperforms other kernels in
terms of the average values with its average GFLOPS value of 8.5. The highest values for all six kernels can also be
compared to see that DIESEL provides the highest GFLOPS, 54.39, compared to 37.11 for the overall second-best
kernel, CSR. Note that DIESEL selects DIA for that particular matrix and hence the highest GFLOPS for DIA is the
same as for DIESEL.
Figure 10 can be used to calculate the average speedup of DIESEL against the other five kernels, which is 3.86,
1.42, 6.07, 1.63, and 1.66 for COO, CSR, DIA, ELL, HYB, respectively. To elaborate on the reasons for the various
performance behaviors depicted by these six kernels, we will continue, hereon, to compare the performance of the six
kernels using various metrics and visualizations.

5.2 SpMV Performance Comparison: Aggregated over entire Dataset

Figure 11 gives performance comparison of DIESEL with other kernels, however, this time aggregated over all the
1056 matrices in our dataset. Figure 11(a) compares the aggregate performance (GFLOPS) of DIESEL with the other
five kernels (COO, CSR, DIA, ELL and HYB). The aggregate performance for each of the five kernels, as well as the
DIESEL tool, are calculated by executing the SpMV operation for each of the 1056 matrices in our dataset; i.e., we
executed the SpMV kernels five times using each of the storage schemes and another (sixth) time using the DIESEL tool
that predictively used one of the five kernels based on the deep learning trained model. Two exceptions here are the ELL
and DIA kernels because these were unable to execute for 350 and 807 matrices of the 1056 matrices, respectively, see
Page 9. The GFLOPS and execution 𝑡𝑖𝑚𝑒 for these missing matrix performance values for ELL and DIA kernels have
been replaced with zeros. We will discuss this issue further later on using detailed performance analysis.
The aggregate performance reported here includes the losses of the DIESEL tool caused due to the prediction inaccuracy
(see Section 5.5 for prediction accuracy evaluation of the DIESEL tool). The GFLOPS values for each matrix are
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Figure 11: Performance comparison of DIESEL with other kernels (aggergated over all 1056 matrices). (a) The
throughput in GFLOP/s; (b) Time taken in seconds for the execution

calculated as 2 × 𝑛𝑛𝑧/𝑒𝑥𝑒𝑐𝑢𝑡𝑖𝑜𝑛𝑡𝑖𝑚𝑒. Clearly, DIESEL (with its 8.61 GFLOPS) outperforms all the other five SpMV
kernels by a fairly big margin (outperforms the next best, CSR, by 2.26 TFLOPS). The results presented are for a single
SpMV computation for all matrices. The absolute gains depicted in the figure would be much higher for the complete
solution of a linear equation system which typically involves many SpMV based iterations for the solution vector
convergence. The CSR kernel provides the next best performance (6.34 TFLOPS), followed by ELL (5.47 TFLOPS),
HYB (5.33 TFLOPS), COO (2.31 TFLOPS), and DIA (1.45 TFLOPS). The DIA kernel due to its unsuitability for
general matrices provides the least performance. The COO format is not very efficient in storing the nonzero values
and hence the COO kernel does not perform well compared to the other formats. The HYB would typically perform
better than the CSR kernel for larger matrices but in this case the performance for CSR is better due to the performance
aggregation over the 1056 matrices (see Section 5.4 for further discussion on this issue). It can be calculated from the
GFLOPS values in Figure 11(a) that the DIESEL tool delivers 35.7%, 57.2%, and 61.2% higher performance (GFLOPS)
over CSR, ELL, and HYB, respectively.
Figure 11(b) compares the aggregate execution times of DIESEL with the other five kernels similar to Figure 11(a) and
manifest DIESEL’s superior performance again over all other kernels. HYB provides the second best execution time
(744ms) followed by CSR (1.1s), ELL (1.2s), COO (1.3s), and DIA (1.7s). It can be calculated from the execution
times reported in Figure 11(b) that DIESEL delivers 1.63×, 2.56×, 2.70×, 3.01×, and 3.91× speedup over HYB, CSR,
ELL, COO, and DIA, respectively. The performance of DIESEL and other kernels in terms of execution times mostly
matches that of the GFLOPS performance in Figure 11(a). The exception is that the HYB kernel gives the second best
performance in terms of the aggregate execution times. The ELL kernel holds 4th position this time as opposed to the
3rd in terms of GFLOPS, though the GFLOPS for the ELL kernel were only slightly higher than HYB. We will dig
deeper into this behavior of the HYB, ELL and CSR kernels in Section 5.4 with additional visualization and analysis.

5.3 SpMV Performance Comparison: Aggregated over Application Domains

Figure 12 gives performance (GFLOPS and execution time) comparison of DIESEL with other kernels. In contrast to
Figure 11, where the performance was aggregated for all the matrices (i.e., all the application domains), in this case, the
performance is aggregated over matrices for each application domain. The results are compiled in two separate graphs
(application domain groups 1 and 2) due to a large difference in the performance of some application domains over
others (note the differences in the range of the y-axis scales). Note in Figure 12(a) that DIESEL (red bar) outperform
other kernels by good margins. It outperform CSR by the highest margin for the “Structural” domain. This is because it
has the highest number of mostly large matrices. DIESEL has slightly poorer performance for three application domains
(out of 26), Graphics, Statistics and unweighted graphs. However, the three domains have a relatively small number
of matrices (2, 4, and 15 matrices, respectively; see Table 1) and the average difference of performance for the three
domains does not exceed 4 GFLOPS. Our future work will address this by improving the accuracy of the DIESEL
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Figure 12: Performance comparison of DIESEL with other kernels (aggregated by the application domains). (a)
GFLOPS (Domain Group 1); (b) GFLOPS (Domain Group 2); (c) Execution Time (Domain Group 1);(d) Execution
Time (Domain Group 2)

prediction component. Figure 12c and 12d compare the execution times in millisecond for the six kernels. DIESEL
outperforms other kernels in most of the cases.

5.4 SpMV Performance Comparison: Deeper Investigations

5.4.1 Performance with respect to the Specific Dataset Characteristics

Figure 13a plots GFLOPS against nnz for each of the 1056 matrices in our data set for the CSR and HYB kernels. Note
that the GFLOPS data points are dominantly visible for HYB on the upper side of the graph, implying that HYB, overall,
provides the highest GFLOPS values compared to CSR. The trend lines in the figures are drawn from the GFLOPS (and
execution times) data points using the Generalized Additive Model (GAM). The gray area above and below the trend
lines show the confidence interval (with 0.95 probability). Note in the figures that the performance of the two kernels
depends on the number of nonzero entries in the matrices.
The HYB format does not perform typically well compared to CSR for matrices with a relatively smaller number of nnz
values (except, perhaps, for some peculiarly irregular matrices) [20, 6]. This behavior could also be seen in Figure 13a
where the GFLOPS values for HYB are mostly lower than CSR on the left of the diagram, up until nnz values of
approximately 3 million, where the two trend lines cross each and HYB begins to provide better GFLOPS. A large
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Figure 13: Performance comparison of CSR and HYB kernels (plotted against nnz for each of the 1056 matrices). (a)
GFLOPS; (b) Execution Times

Table 4: Distributions of the Best Performing SpMV Kernels in our Dataset

COO CSR DIA ELL HYB Total Number
Matrices (%) 1% 57% 6.25% 22.25% 13.5% 1056
nnz (%) 0.13% 21.45% 2.72% 28.77% 46.93% 3, 684, 604, 669

proportion of our dataset comprises matrices with relatively smaller values for nnz and npr variance (see Figure 14).
Note in Figure 14 that most of the matrices in our dataset have nnz ≥ 25M while the maximum 𝑛𝑛𝑧 in the dataset is
229M (the distribution of npr variance is also similar). This is also visible in Figure 13a where the scattered points
on the left side of the intersection point are densely populated (implying a larger number of matrices with a relatively
smaller nnz). For this reason, the aggregated performance of the HYB kernel for the whole data set is poorer than would
be expected for if a majority of matrices had large nnz values. Therefore, in Figure 11, the aggregation of GFLOPS
(= 2 × 𝑛𝑛𝑧/𝑒𝑥𝑒𝑐𝑢𝑡𝑖𝑜𝑛𝑡𝑖𝑚𝑒) for HYB and CSR kernels does not keep the inversely proportional behavior with the
execution time results (i.e., due to nnz in the equation).
To further elaborate this, Table. 4 provides the distributions of the best performing SpMV kernels in our dataset. The
first row provides the distribution in terms of the percentage of 1056 matrices in the dataset that performed the best for
each of the five kernels. The CSR kernel performed best for the largest number of matrices, 57%, equaling 602 matrices,
as opposed to 13.5% for HYB. The second row gives the distribution of the best performing kernels in terms of nnz
values that these kernels processed in computing SpMVs. In this case, the best performing kernel is HYB with its
46.93% share while the share of CSR has dropped to 21.45%. The total number of nnz in the dataset are 3, 684, 604, 669.
Figure 13b plots execution 𝑡𝑖𝑚𝑒𝑠 against nnz for each of the 1056 matrices shows similar behavior as for GFLOPS in
Figure 13a though in an inverted manner. The details of the initial behaviors of HYB and CSR are not visible in the
figure due to most of the 𝑡𝑖𝑚𝑒 values located near the 𝑧𝑒𝑟𝑜 line compared to some relatively much higher values located
near the top line ( 200𝑚𝑠). The number of visible points in Figure 13b are a few because most of the execution 𝑡𝑖𝑚𝑒
values are very small (near zero) and are clustered on top of each other under the two lines.
Figure 15 plots the GFLOPS performance in a manner similar to Figure 13a, but this time comparing HYB with the
ELL kernel. Note a behavior similar to the HYB versus CSR plot except that HYB provides better performance than
ELL with a smaller margin compared to CSR and that the crossing point for the GAM trend lines is much earlier
(𝑛𝑛𝑧 = 200, 000) than in the HYB versus CSR plot (𝑛𝑛𝑧 = 3𝑚𝑖𝑙𝑙𝑖𝑜𝑛). Figure 16 plots the GFLOPS performance
in a similar manner to Figure 13a and Figure 15, but this time for all the six kernels. Note that DIESEL (red data
points) provide the highest GFLOPS values among the six kernels. Moreover, the GAM trend lines show that DIESEL
provides the best performance among all the kernels and followed by HYB, CSR, ELL, COO, and DIA, respectively.
The gray area above and below the trend lines show the confidence intervals (with 0.95 probability). Note the many data
points for ELL and DIA near the zero line are indicating 𝑧𝑒𝑟𝑜 GFLOPS. In this paper, we have taken the position that
inability of a scheme to execute on a device (due to insufficient memory space) implies 𝑧𝑒𝑟𝑜 GFLOPS (ELL and DIA
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Figure 14: The histogram depicting the frequency of the matrices with respect to (a)nnz and (b)npr variance
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Figure 15: Performance comparison of ELL and HYB kernels (plotted against nnz for each of the 1056 matrices)
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Figure 16: Performance comparison of all five storage formats (plotted against nnz for each of the 1056 matrices

were unable to execute for 350 and 807, respectively, of the 1056 matrices, see Page 9). This point may need further
investigation and debate by the SpMV research community. Moreover, the community also needs to study the combined
memory, execution time, and GFLOPS behavior of SpMV kernels because time performance can usually be traded-off
by higher memory usage. We would like to clarify that the use of 𝑧𝑒𝑟𝑜 GFLOPS values in this paper does not give any
advantage to the DIESEL tool because it does not select any specific kernel, rather it selects the best kernel in terms of
execution time.

5.4.2 Performance with respect to nnz and npr variance of All Matrices

A particular aspect of an SpMV kernel is its performance behavior against the increasing npr variance and nnz of
matrices. This behavior is very much needed in SpMV tools because this is where most schemes are unable to deliver
performance, causing poor utilization of massive parallelism offered by GPUs. To illustrate this, Figure 17 plots the
GFLOPS performance of DIESEL and its sub-kernels against npr variance and nnz using a contour plot. A contour
plot provides a two-dimensional view of a 3D space in which all points that have the same output (here GFLOPS) are
connected to produce contour lines of constant responses. A contour plot consists of predictors on the x- and y-axes (the
npr variance and nnz), contour lines that connect points that have the same response value (GFLOPS), and colored
contour bands that represent ranges of the response values (GFLOPS). The color legend at the bottom of the figure
depicts colors ranging from blue to green, yellow, orange and red, representing GFLOPS in increasing order from near
zero to maximum, 54.39. More yellow, orange and red in the figure imply higher GFLOPS by a kernel and more blue
and green shades means the kernel has overall low GFLOPS.
The nnz and npr variance values have been normalized between the range [0,1]. The maximum and minimum values of
nnz and npr variance (var) are listed in Table 3. In our dataset, most of the matrices have relatively small values for nnz
and npr variance compared to the maximum values of these two features (the maximum values for 𝑛𝑛𝑧 and 𝑛𝑝𝑟𝑣 are
229M and 12M, respectively; see Figure 14). Secondly, the few matrices that have highest values for 𝑛𝑛𝑧 may not have a
high value for 𝑛𝑝𝑟𝑣, and vice versa. Moreover, the contour plots are 2D representations of 3D spaces and cannot be
directly thought as plotting values in a 2D space. For these reasons, the plots in Figure 17 have lower-triangular shapes.
The worst overall performance is provided by DIA (dominantly blue color in Figure 17c) due to its inability to run for a
large number of matrices in the dataset and poor performance for non-diagonal matrices. The second worst performance
is by COO, evident in Figure 17a, by the blue and green shades that cover the majority of the figure except for a little
yellow shade. The CSR kernel depicted in Figure 17b provides high GFLOPS (yellow) for low values of npr variance
and nnz (bottom-left), however, provides poor performance overall for high npr variance and nnz. Particularly, its
performance for matrices with high npr variance (the bottom-right) is poor. The ELL kernel in Figure 17d provides
good performance for high nnz matrices but performs poorly for high npr variance. This behavior of ELL is well-known
and is due to the inordinately large extra-padding required for matrices with high npr. HYB was proposed to address
these deficiencies of ELL and Figure 17e verifies this by the yellow shade spread around most of the figure. The bottom
of the figure is covered in light green which shows that it does not perform well for low nnz and high npr variance.
DIESEL in Figure 17f inherits the good performance of all the kernels and provides the best perform visible in the
largest yellow-shaded area among the six contour plots. Note that it inherits the good performance of CSR for low nnz
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Figure 17: GFLOPS vs npr variance and nnz for (a) COO; (b) CSR; (c) DIA; (d) ELL; (e) HYB; and (f) DIESEL.

values (the bottom-left) where HYB fails. There is a small patch of blue shade at the very bottom of all six contour
plots. These represent very small matrices and hence low GFLOPS are expected.

5.5 Prediction Accuracy, Performance Loss, and Performance Gain

To further understand the performance of the DIESEL prediction model, we calculated the accuracy of the classifier
using Equation (1). The prediction accuracy is defined as the ratio of the number of correctly predicted sparse kernels
to the total number of matrices in the dataset (|𝑑𝑎𝑡𝑎𝑠𝑒𝑡 | = 1056). 𝐵𝑖 in the equation represents the GFLOPS value of
the best kernel for the 𝑖th matrix and 𝐷𝑖 is the GFLOPS value of the kernel predicted by DIESEL. DIESEL predicted
932 matrices correctly on average from the 10-fold cross-validation and achieved an accuracy of 88.2%. The numerator
is the cardinality of the set which contains all 𝑖 such that 𝐵𝑖 == 𝐷𝑖 , i.e., the numerator is 932.

𝑎𝑐𝑐𝑢𝑟𝑎𝑐𝑦(%) = |{𝑖 : ∀ 𝐵𝑖 == 𝐷𝑖}|
|𝑑𝑎𝑡𝑎𝑠𝑒𝑡 | × 100, ∀𝑖 ∈ [1, |𝑑𝑎𝑡𝑎𝑠𝑒𝑡 |] (1)

The accuracy metric in Equation 1 gives the accuracy in terms of the number of correctly predicted kernel (or matrices).
However, matrices range in terms of their computational workloads that depend on the number of nonzeros (nnz) to be
multiplied and other matrix features. Consider the differences in two matrices, one with 𝑛𝑛𝑧 = 1, 074 and another with
𝑛𝑛𝑧 = 229𝑀; see Table 3. To include the workload aspects of a matrix for which a kernel has been correctly predicted,
we define the term workload accuracy (or effective accuracy) as the ratio of the total number of nnz of the correctly
predicted sparse kernels to the total number of nnz in the whole dataset. It can be calculated using Equation 2. This is an
important metric, for instance, for comparing the performance of multiple predictive tools (see Section 5.6). Note that
nnz is a good measure of the workload, however, for very sparse matrices 𝑚 and 𝑛 could become important too. The
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Figure 18: DIESEL: Relative Gains and Losses (Ratio of GFLOPS) for all 1056 Matrices (26 Application Domains)

workload itself will depend on the specific sparse storage format and kernel, and this will require further investigation
and improvements by the community in the future.

workload accuracy (%) =
∑{𝑛𝑛𝑧(𝑖) : ∀ 𝐵𝑖 == 𝐷𝑖}∑

𝑛𝑛𝑧(𝑖) × 100, ∀𝑖 ∈ [1, |𝑑𝑎𝑡𝑎𝑠𝑒𝑡 |] (2)

Another important performance metric is the average (performance) relative loss (ARL) for the dataset against the ideal
performance incurred due to the inaccuracy of the DIESEL tool, calculated as in Equation (3) below. The ARL of
DIESEL caused due to its inaccuracies is 4.4%. Equation (4) gives the relative (performance) loss, 𝑅𝐿𝑖 , for the 𝑖th
matrix. Note that only 124 matices in the dataset are incorrectly predicted and the condition 𝐵𝑖 == 𝐷𝑖 holds for the rest
932 of them implying a zero 𝑅𝐿𝑖 value for each of them.

𝐴𝑅𝐿(%) = 100
|𝑑𝑎𝑡𝑎𝑠𝑒𝑡 |

∑︁
𝑅𝐿𝑖 , ∀𝑖 ∈ [1, |𝑑𝑎𝑡𝑎𝑠𝑒𝑡 |] (3)

𝑅𝐿𝑖 = (𝐵𝑖 − 𝐷𝑖)/𝐵𝑖 , ∀ 𝐵𝑖 > 𝐷𝑖 (4)

Similar to 𝑅𝐿𝑖 , Equation (5) defines the relative (performance) gain 𝑅𝐺𝑖 for the 𝑖th matrix. The gain only applies if it is
not a loss, i.e., 𝐵𝑖 == 𝐷𝑖 . 𝐴𝑖 in Equation (6) represents the average GFLOPS of all the schemes except the best one.
DIESEL tries to predict the best kernel from the set of five kernels, COO, CSR, DIA, ELL, and HYB. The average is
computed by adding the GFLOPS values of the four of the five kernels, excluding the best kernel, i.e., 𝐵𝑖 (because
DIESEL has predicted the best kernel).

𝑅𝐺𝑖 = (𝐷𝑖 − 𝐴𝑖)/𝐷𝑖 , ∀ 𝐵𝑖 == 𝐷𝑖 (5)

𝐴𝑖 =
1
4

∑︁
𝐾𝑖≠𝐵𝑖

𝐾𝑖 , ∀𝐾 ∈ {𝑐𝑜𝑜, 𝑐𝑠𝑟, 𝑑𝑖𝑎, 𝑒𝑙𝑙, ℎ𝑦𝑏} (6)

Figure 18a shows the relative performance gains (𝑅𝐺𝑖) and losses (−𝑅𝐿𝑖) of the DIESEL tool over other kernels, for all
the 1056 matrices, grouped by the 26 application domains (see Table 1). The positive y-axis indicates the gain (due to
DIESEL providing higher GFLOPS, overall, over the other five kernels) and the negative y-axis indicates the loss against
the ideal performance (due to the wrong predictions/ inaccuracies). The width of an application domain indicates the
number of matrices in that domain. The colored area in the positive y-axis clearly shows that the gain of the DIESEL
tool is much larger than the loss both in terms of the number of matrices (932 versus 124) and the length of the lines
(gains are mostly touching the top value, 1.0, while most lines on the bottom are less than |0.5|). Figure 18b shows the
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same data but in a descending gain and ascending loss order. Note the area of all the losses appearing on the right-hand
side of the plot, reaffirming that the gain is much larger than the losses caused due to the tool inaccuracies.
The calculation of relative gain 𝑅𝐺𝑖 and 𝐴𝑖 in Equations (5) and (6) needs further explanation. We had different options
to compute the gain of DIESEL over the other kernels. Our premise for calculating the gain was that a user who does not
have access to a tool such as DIESEL would usually use a kernel that is based on a single sparse storage format. This is
because the user in most cases would not know the specific sparse scheme that would provide the best performance for
each matrix in their matrix-set (except strictly banded and other structured matrices). In this context, one possibility was
to compute the gain of DIESEL over the next best kernel in GFLOPS. Based on our various analyses reported earlier in
this section, the overall next best kernel is CSR and we have already compared the performance of DIESEL and CSR
using average speedup and other metrics. For the sake of argument, the next best kernel could be HYB, or ELL, or
another kernel, and we have already compared DIESEL with all the five kernels. We have chosen here to compute the
gain of DIESEL using average performance of other kernels (𝐴𝑖). However, we do not believe that this (𝐴𝑖) is the best
or only way of such gain comparisons, and we plan to investigate this further in the future. We have devised a few new,
deeper, ways of performance analyses and comparisons of SpMV computations in this work, to get feedback from the
community, and hopefully, these deeper comparisons to evolve into widely accepted and standard metrics over time.
Note that there are very few tools available similar to DIESEL and we have compared DIESEL with them in the next
section.

5.6 Comparison with the Cutting-Edge AI-based SpMV Techniques

We now compare the SpMV performance of our DIESEL tool with other AI-based SpMV tools. We have found five
works in the literature that are relevant to our work (these are from three different research groups with two sets of
extended works). These works use AI techniques to automatically select storage formats to improve SpMV performance
and have already been reviewed in Section 3. We compare DIESEL with four [8, 9, 5, 10] of these five works. The fifth
work, the SMATER [11] library, is currently not available for use or development and hence we are unable to compare
DIESEL with it. Moreover, we have compared DIESEL with other AI decision tree-based works [8, 10]. Therefore,
SMATER has been somewhat covered in the comparative analysis presented in this paper.
The first work is by Sedaghati et al. [8], who proposed a decision tree based classifier for the prediction of the best
sparse storage format for the SpMV computations. They used two sets of features. A set of 3 simple features namely
nnz, density, and mean. The second feature set was a superset of the first feature set and comprised complex features
including some features at the matrix block level. They concluded that the higher computational complexity of the
complex feature set leads to a higher overhead but does not produce a corresponding improved performance. We,
therefore, have focused on their basic feature set in implementing their prediction model and comparing it with DIESEL.
The second work is by Benatia et al. [9] who have used multi-class SVM to predict the best storage formats for a matrix.
They have used a new feature set (8 features, including the number of rows, the number of columns, nnz, density, mean,
among others) for representing the sparse matrices on GPUs. The third work is also by Benatia et al. [5]. This is an
extension of their earlier work discussed above [9]. In this extended work, they use a weighted SVM with the help of
pairwise classification approach (instead of multi-class SVM). The features used are similar to their previous work
but in this case the feature combinations are selected based on the pair of storage formats for creating each pair-wise
model. We have used the same feature set (with 8 features) in implementing these two works while comparing with
DIESEL. The fourth work is by Israt et al. [10] that implements three AI methods to predict the best sparse storage
format. The methods are multi-layer perceptrons (MLP), gradient boosting based models (XG-Boost), and ensembles of
MLP. They have used two feature sets in this work that are the same as were used by Sedaghati et al. in [8], except
with some modifications such as inclusion of the feature mean in the feature sets. They compared their work with the
decision-tree based models by Sedaghati et al. [8] (the first work discussed above) and the SVM based models proposed
by Benatia et al. [9] (the second work). They concluded that the XGBoost ensemble performs better compared to the
other two AI models they had used. Hence, we have implemented XGBoost for comparison with DIESEL using their
extended feature set.
We have implemented all four of these works ([8, 9, 5, 10]) in order to compare our tool DIESEL with them. The
Decision Tree and XGBoost models were implemented using the Weka software libraries. We used two implementations
of the Decision Tree algorithm, SimpleCart and BFTree. For both these Decision Tree-based models, we set the
parameters to the default values, minNum=2 and numFold=5. The Multiclass SVM model and the Weighted SVM
model were implemented using the libSVM package [35]. We used the Gaussian Radial Basis Function (RBF) as the
kernel. The two parameters 𝑐 and gamma were selected using the cross-validation technique provided in the package.
The software and parameters were used in accordance to the original works [8, 9, 5, 10], however, for fair comparison
purposes, the results were collected using our dataset.
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Table 5: Comparison of DIESEL with other AI-based works [8, 9, 5, 10] (based on our dataset and
respective feature sets)

Technique Features accuracy (%) workload accuracy (%) ARL (%)
DT (Simple Cart) [8] 3 69.5 72.38 10.8
DT (BFTree) [8] 3 67.9 70.26 11.5
Multiclass SVM [9] 8 80 78.73 9.3
Pairwise Weighted SVM [5] 8* 84.7 85.31 7.65
XGBoost [10] 11 85.9 82.53 8.39
DIESEL 14 88.2 91.96 4.4
* This is the overall number of features. Pairwise, the selected features are from these 8 as per original work.
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Figure 19: GFLOPS vs. npr variance and nnz for (a) Simple Cart; (b) BFTree; (c) Multiclass SVM; (d) Pairwise SVM;
(e) XGBoost; and (f) DIESEL.

Table 5 provides a comparative performance of DIESEL and the other four works [8, 9, 5, 10]. The first column
lists the compared techniques, the second column lists the respective number of features, the third column gives the
accuracy (Equation(1)), the fourth column gives the workload accuracy (Equation(2)), and the fifth column gives the
ARL (Equation(3)). Note in the table that DIESEL delivers the best performance in all three categories with a relatively
good margin. The second-best accuracy is provided by XGBoost while Pairwise Weighted SVM provides the second
best workload accuracy and ARL (smaller loss is better). Note also that the Decision Tree (DT) based classifier using
Simple Cart provides better workload accuracy and ARL than BFTree. Moreover, both SVM based tools provide better
performance than both DT based tools for all three metrics. See Section 5.5 for the details on the three performance
metrics.
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Figure 19 compares the behavior of DIESEL against npr variance and nnz in a similar fashion to Figure 17, however,
this time for the six AI-based SpMV tools listed in Table 5. Note that DIESEL (Figure 19f) provides the best overall
performance among all the kernels evident by the yellow shade that is spread around most of the plot area except
the light green color around the bottom area. BFTree (Figure 19b), Multiclass SVM (Figure 19c), and XGBoost
(Figure 19e) demonstrate similar GFLOPS behavior, with some differences, due to the prediction of similar kernels as
the best-performing ones.
The time complexity of the feature extraction process has been discussed in Section 4.5.1 (see also Table 2). The space
complexity of the feature calculation process for the entire dataset is O(|𝑁 | | 𝑓 |), where |𝑁 | is the number of matrices in
the dataset and | 𝑓 | is the number of features. The space complexity of the feature extraction process for all the compared
machine learning techniques in this section is also O(|𝑁 | | 𝑓 |).
The space and time complexity of machine learning and deep learning algorithms can be found, for instance, in [36].
Accordingly, the complexity of the DIESEL training algorithm is O(|𝐿 | · 𝑛2

𝑙𝑖
) ≈ O(𝑛3

𝑙𝑖
), because in DIESEL, |𝐿 | ≈ 𝑛𝑙𝑖 ,

where |𝐿 | is the number of layers in the deep neural network used in the DIESEL tool. The training complexity for
decision trees and SVM-based techniques are O(𝑛 · | 𝑓 | · log( | 𝑓 |)) and O(𝑛2 · | 𝑓 |) respectively [36], where 𝑛 is the
number of training samples utilized.
The time complexity of the classification process in DIESEL is O(| 𝑓 | ·𝑛𝑙1 +𝑛𝑙1 ·𝑛𝑙2 +𝑛𝑙2 ·𝑛𝑙3 + · · · +𝑛𝑙𝐿−1 ·𝑛𝑙𝐿 +𝑛𝑙𝐿 · |𝑆 |) ≈
O(𝑛2

𝑙𝑖
), where 𝑛𝑙𝑖 denotes the number of neurons in the 𝑖th layer and |𝑆 | denotes the size of the output layer (the number

of outputs). Comparatively, the decision tree-based algorithms [8, 9, 11] have a time complexity of O(log( | 𝑓 |)) and
SVM-based algorithms [5, 9] have a time complexity of O(𝑛𝑠𝑣 · | 𝑓 |), where 𝑛𝑠𝑣 is the number of support vectors [36].
The decision tree-based techniques have a linear time complexity compared to DIESEL and SVM-based techniques that
have quadratic complexity. However, the quadratic complexity of the machine learning process is compensated by the
fact that the overall accuracy and the resulting performance of the SpMV kernels for SVM-based and DIESEL tools are
better than the decision tree-based tools (see Table 5). Note that it is well-known [5, 11, 10] that the inference times are
negligible compared to the total SpMV computation times within the iterative solutions and therefore the inference
times can be ignored. The size (space) of the DIESEL deep model is O(|𝐿 |) compared to O(𝑛) and O(| 𝑓 |) for decision
tree and SVM-based techniques, respectively [36].
We did not compare empirically the training and inference times of DIESEL and the four AI-based tools because we
have implemented the training and classification algorithms in parallel on GPUs while other AI-based tools use tools
such as Weka that run sequentially on CPUs. Such a comparison would clearly show the strength of our tool due to
the parallelisation of the processes, however, can be considered unfair by some due to the use of high performance
computing (HPC) resources.
Comparing the usability and functionality of DIESEL with the other four works, we have integrated the deep learning-
based techniques to our tool, whereas Sedaghati et al. [8] and Benatia et al. [9, 5] have used the tools Weka and libSVM
for classification, respectively. We have developed an SpMV kernel, whereas Sedaghati et al. [8] use both CUSP and
cuSPARSE libraries and Benatia et al. [9, 5] use the CUSP library for SpMV kernels. Israt et al. [10] also use Weka.
DIESEL incorporates all storage formats used in these two works as well as the DIA format that has not been used
by them. We extend the feature set and propose six new features, compared to their feature sets, and achieve better
performance. A detailed analysis of the feature set has been provided which is not the case with the works compared
here. We implement and perform analysis of a Jacobi iterative solver for sparse linear equation systems, which has not
been considered by the others except Benatia et al. [5] who use cuBLAS to provide PCG (Preconditioned Conjugate
Gradient) solver for the iterative solution. An important advantage of our work is that the DIESEL tool allows the
integration of the training and prediction phases such that each new input matrix can be used to retrain the model if
desired. The prediction part is inbuilt in DIESEL using software kernels in CUDA C++. Therefore, the DIESEL tool
provides better usability since it does not require setting up multiple libraries and their environments.

5.7 Comparison with the Paralution Library for Jacobi Iterative Solution

We now compare the Jacobi iterative solver of the DIESEL tool with Paralution, which is a widely-used commercial
library comprising various sparse iterative solvers and preconditioners on CPU, MIC and GPU devices. Specifically, we
compare DIESEL with the CSR and HYB implementations of CUDA-based Jacobi iterative solver found in Paralution.
The CSR and HYB are selected because they provide the best performance among all the available formats in Paralution.
DIESEL, as we know, will predict a specific kernel to solve the sparse linear equations systems. We have selected
Paralution for comparison with DIESEL because it has an implementation of the Jacobi iterative solver. CUSP is another
library with a Jacobi implementation that we have compared with in our tests but did not present its results in this paper
because it is widely known to have poor performance compared to Paralution [37]. Our experiments have also suggested
the same that it performs poorly compared to Paralution and DIESEL. For benchmarking data, we have selected five
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Figure 20: DIESEL: Comparison with Paralution. (a) GFLOPS; (b) Total Solution Time

square matrices from various application areas, made available by the University of Florida Sparse Matrix repository [2].
We used these matrices instead of the dataset used for SpMV performance partly because these matrices have been
widely used in the literature (see e.g., [38, 39, 40]) for performance comparison of sparse algebra methods. Moreover, a
large proportion of matrices in the dataset do not converge with Jacobi because these are poorly conditioned.
Figure 20 compares performance of Jacobi iterative solvers in DIESEL and Paralution in terms of GFLOPS and total
solution time for the five selected matrices. The matrix sizes are given at the bottom of the graphs. The matrices,
G3_circuit, apache2, and parabolic_fem did not have the 𝑏 vector, hence we computed a right-hand side corresponding
to the unitary solution, i.e., 𝑏 = 𝐴𝑒 with 𝑒 the unitary vector as in [41]. The relative error for convergence was set to
10−7. For the apache2 matrix, we collected results for 100,000 iterations because it did not converge earlier than 100,000
iterations. Figure 20(a) compares the GFLOPS performance. Note that DIESEL outperforms Paralution in 80% of the
cases.
The accuracy and performance of the DIESEL prediction engine were 100% because for each matrix it selected the best
available kernel. For 𝑎𝑡𝑚𝑜𝑠𝑚𝑜𝑑𝑙, DIESEL dynamically used the DIA kernel, and hence there is an improvement of
21% as compared to the Paralution CSR. DIESEL selected the CSR kernel for 𝑎𝑝𝑎𝑐ℎ𝑒2, ELL for parabolic_fem and
G3_circuit matrices, and the CSR kernel for the 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 matrix. The relative performance of DIESEL for four of the
five matrices is better than Paralution, however, mostly with small margins except for 𝑎𝑡𝑚𝑜𝑠𝑚𝑜𝑑𝑙 where the margin
is higher (21%). Paralution performed better for the 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 matrix with a good margin. Note that the CSR kernel
in Paralution performs overall better than its HYB kernel. Though the Paralution HYB has slightly better GFLOPS
for the 𝑎𝑡𝑚𝑜𝑠𝑚𝑜𝑑𝑙 and 𝑎𝑝𝑎𝑐ℎ𝑒2 matrices compared to CSR (a difference of 0.2 and 2.1 GFLOPS, respectively), the
difference is negligible. It appears that the CSR implementation in Paralution maybe better optimised than its HYB
implementation. It may also be possible that the specific implementation of CSR in Paralution somehow favours certain
matrix sparsity features over Paralution HYB, and vice versa.
Comparing DIESEL and Paralution CSR for the 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 matrix, note that Paralution CSR outperforms DIESEL (as
well as Paralution HYB) by relatively considerable margins. Both DIESEL and Paralution CSR use the CSR kernel for
the 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 matrix and this performance difference is due to the specific implementations of CSR and other kernels in
DIESEL and Paralution that may create variations in performance due to the different and varying sparsity features
across matrices. The implementations of a specific storage scheme can vary based on the thread-level and warp-level
load balancing of the computations on the GPU and other factors. A specific implementation may have been optimised
for a particular GPU and its execution on a different GPU device may not produce the desired performance due to the
differences in the underlying architecture.
On the issue that DIESEL was only able to provide a marginally better performance, overall, compared to Paralution,
note that our focus in this paper was not on optimizing GPU kernels because the DIESEL tool could include and use the
best implementations available for any storage scheme from any SpMV tool. Moreover, it is possible to have multiple
SpMV kernels of a specific scheme optimised for various sparsity features and train the DIESEL tool to select the best
kernel from multiple kernels of a specific storage scheme (e.g. CSR) based on the sparsity features of the matrix. The

27



DIESEL: A Novel Deep Learning based Tool for SpMV Computations

●

●

●
●

●

●

●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●
●

●

●●

●●

●

●●

●

●

●●

●

●

●

●

●

●● ●

●

●

●

●

●
●
● ●

●

●

●
●●

●

● ●●
●

●

●●

●●●●●

●

●●

●● ●

●

●
●● ●

●● ●●● ●

●

●

●●● ●● ●● ●
●

●

●
●●
● ●

●
● ●

●

●

●

●

●

●

● ●

●

●

●●● ●● ● ●● ● ●●● ●

●

●● ●

●

●

●
●●● ● ● ●● ●●●
●●●

●
●

●

● ● ●

●
●

●

●

●

●

●

●

●

●

●
●●

●

●●●●● ●
●
●●●● ●

●●
●
●
●●●●
●
●

●
● ●

● ●

●

●

●

● ●

●

●
●

●●● ● ●

●

●

●

●

●

●

●

●
●

●●

●

●
●

●

●

●

●

●

●

● ●●

●

●

●
●

●●

●
●

●

●
●

●

●

●●

●

●
●

●
●

●

●

●

●

●
●●
●

●

●

●

●

●

●
●

●

●

●

●

●

●●
●●●● ● ●

●
●

●

●

●

●

●
● ●

●

●

● ●

●

●● ●
●

●
●

●● ●● ● ●● ● ●
● ●

●

● ●● ●

●
●

●

●
●

● ●

●

●

●

●

●

● ● ●

●

●

●

●

●

●● ●

●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●

●

●

●●●

●

●

●

●
●● ●●

●● ● ●● ●●
●
●

●
●

●● ●● ●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

● ●

●

●

●

●

● ●

●

●

●

●

●
●

●

●

●

●

●

●
●

●

●●

●

●

●

● ●●

●

●

●

●

●● ● ●● ●●● ●
●

●●

●

●

●
●

●

●

●

●

●

●

●●● ● ●● ●● ●●●●

●●
●●

●

●

●

●

●

●

●
●●● ●

●

●
●

●

●

● ● ● ● ● ● ● ●●

●

●

●

●● ●●● ●●●

●

●
● ● ●

●

●●

●

●

●

●

●

● ●

●

●●●

●

● ●●●

●

●

●

● ● ●

●
●

●

●
●●●

●

●

● ●
● ●

●

●

●

●

●
●

●

●●●

●●
●

●●

●

●

●

●●●●
●●
●●
●
●●●

●

●
●

●●

●●

●

●

●

●

●
●

●

●

●
●

●
●

● ● ●

●

●●

●

●

●

●
● ●

●
●

●
●●

●

●

●

●

●

●

●●

●

● ● ● ●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●

●●●

●

●

●

●

●●

●

●

●●

●

●●

●

●

●●
● ●●

● ●

●● ●● ● ●
● ●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●● ●● ● ●●●●

●

●

● ●

●

●●

●●
●
●

●
●

●●
●

●●

●

●●● ●

●

●

●

●

●

●

● ● ●● ● ●
●

●

●

●

● ●

●

●●
●

●

●

●

●

●

●

●
● ● ●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

● ●
● ●● ●●

●●
●●

●

●

●

●

●
●

●

●
●
●

●●●

●

●

●

●●●

●

●
●

● ● ● ●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●●

●

●
●

●

●

●

●●

●●

●

●

● ●● ● ●

●

●

●
●

●
●

●
●

●

●

●

●

● ●
●

●●

●

●

●
●
●

●

●●
●●

●

●

●

●
●

●●

●

● ●● ● ●● ●

●

●

●

● ●

●
●
●

●

●

●

●
●●0

10

20

30

40

50

3 4 5 6 7 8
Matrix Dimensions(log10)

G
FL

O
P/

s

● COO
CSR

HYB
ELL

DIA
DIESEL

Figure 21: Extrapolation of performance for all six kernels (plotted against 𝑚 for each of the 1056 matrices

important point to note here is that DIESEL had correctly selected the best kernel for execution. The implementation of
highly optimized kernels in DIESEL would enable DIESEL to perform significantly better than Paralution due to its
ability to select the best kernels. Future work will focus on optimizing the implementations of the DIESEL kernels.
Figure 20(b) compares the execution times for DIESEL and Paralution and depicts a pattern similar to Figure 20(a). The
time taken for executing parabolic_fem is 0.000612 seconds, 0.000682 seconds, and 0.000555 seconds for Paralution
CSR, Paralution HYB, and DIESEL, respectively. Since the values are small the text on the graph indicates them as zero.
Figure 21 shows the GFLOPS performance of DIESEL and 5 other kernels against the size of the matrices (𝑚). Compare
this with Figure 16 where we had plotted the same information but against nnz. We have currently tested our tool on
the Nvidia K20 GPU. The figure extrapolates the GFLOPS of the five matrices to show the potential performance of
our DIESEL tool on larger matrices that would be able to fit within the Nvidia Pascal and Volta GPUs. Note that the
difference between the GFLOPS of DIESEL and other kernels increases with the increase in the matrix size.

6 Conclusions and Future Work

Sparse linear algebra is central to many areas of engineering, science, economics, business, and social sciences. This
paper proposed DIESEL, a deep learning-based tool that predicts and executes the best performing SpMV kernel for a
given matrix using a feature set carefully devised by us through rigorous empirical and mathematical instruments. The
dataset comprises 1056 matrices from 26 different real-life application domains including computational fluid dynamics,
materials, electromagnetics, economics, and more. We proposed a range of new metrics and methods for performance
analysis, visualization and comparison of SpMV tools. DIESEL provided the best performance among all the kernels
and tools by considerable margins in all aspects of the performance analysis. Comparing it with its SpMV kernels
utilizing a specific sparse storage scheme, DIESEL provided the highest and average GFLOPS values of 54.39 and 8.5,
compared to 37.11 and 6.0 by the next best kernel, delivering speedups of ×1.47 and ×1.42, respectively. Comparing
DIESEL with the other cutting-edge AI tools, it provided the best performance with its accuracy of 88.2%, workload
accuracy of 91.96%, and average relative loss of 4.4%, compared to the respective values of 85.9%, 85.31%, and 7.65%
by the next best tool. DIESEL outperformed the commercial tool Paralution in 80% of the test cases. A particular
aspect of the DIESEL performance among all kernels and tools is its considerably better behavior against the increasing
npr variance of matrices. This behavior is very much needed in SpMV tools because this is where most schemes are
unable to deliver performance, causing poor utilization of massive parallelism offered by GPUs.
The community has done considerable work on proposing new methods for SpMV computations and iterative sparse
solvers on GPUs. Due to vast variations in matrix features, no single method performs well across all sparse matrices.
A few tools on automatic prediction of best-performing SpMV kernels have emerged recently; the research in this
direction is in its infancy and requires many more efforts to fully utilize the potential. The utilization of a GPU by the
existing SpMV kernels is far from its full capacity. Moreover, the development and performance analysis of SpMV
techniques on GPUs have not been studied in sufficient depth. The extensive results and analyses presented in this paper
provide several key insights into the development and performance of the SpMV tools and how these relate to the matrix
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datasets and the various performance metrics. This will allow the community to further improve and compare basic and
computational intelligence based SpMV tools in the future.
In the future, the DIESEL tool will be extended in multiple dimensions. Currently, it uses the Jacobi iterative method for
solving linear equation systems. We plan to extend it with additional iterative methods and SpMV kernels. We also plan
to study the impact of varying hyper-parameters with respect to the sparsity structure of the matrices to dynamically
determine the hyper-parameters and thereby improve the prediction accuracy and prediction time. We will continue to
enhance the tool by extending the dataset, improving the feature sets, training procedures, better classification algorithms,
and comparing it with other well-known commercial and free tools. We also plan to extend the tool to support multiple
GPUs.
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