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Abstract—The paper deals with the online incremental
inductances estimation of a synchronous motor at low
speeds using a high-frequency voltage injection. The con-
trol scheme is analogous to that used in position estimation
algorithms, with the difference that the current control
and the rotating voltage injection operate on the real dq
axes. Thus a position sensor is required to apply this
method. The corresponding current response is measured,
filtered, and processed with an ellipse fitting technique.
The estimated ellipse coefficients are then used to retrieve
the incremental inductances online without the need of
any post processing. A novel formulation to express the
estimation error valid for other conventional signal injec-
tion techniques is presented. The method has been vali-
dated experimentally on a reluctance synchronous motor
at locked rotor and during load and speed transients.

Index Terms—Inductance, least squares, modeling, mo-
tor drives, permanent magnet motors.

I. INTRODUCTION

PERMANENT magnet synchronous motors are widely
adopted in variable speed drives for industrial applica-

tions due to their high torque density, dynamic performance,
and efficiency. It is well known that synchronous reluctance
motors (SynRM), permanent magnet assisted synchronous re-
luctance motors (PMA-SynRM) and interior permanent mag-
net synchronous motors (IPMSM) are usually characterized
by nonlinear flux linkages maps [1]. As a consequence of
that, the knowledge of an accurate model of the motor is
necessary to design a high-performance current controller [2],
[3]. Several parameter identification and self-commissioning
methods for AC motor drives have been proposed in literature
[4], [5], based on finite element simulations and laboratory
measurements.

The focus of this paper is on the identification methods
based on high-frequency (hf) voltage injection. In particu-
lar, an online incremental (differential) inductance estimation
technique is proposed. The method is applicable to motors
characterized by rotor saliency, i.e. reluctance and interior
permanent magnet synchronous motors.

Ebersberger and Piepenbreier proposed a differential in-
ductances and stator resistance identification method using
test current instead of voltage injection [6]. A proportional-
resonant controller located in parallel to each fundamental
PI-type current controller in dq coordinates imposes a hf
current injection. The hf-portions of the respective signals are
separated online by means of the Goertzel algorithm and used
to determine the differential self and mutual inductances. The

main drawback of the method is that the test current signal
injection cannot be executed simultaneously on both d and q
axes. When the current signal is injected into the d-axis, the
inductances ldd and lqd can be estimated. When the current
signal is injected into the q-axis, the inductances ldq and lqq can
be estimated. Another limit of the method is that its validity
has been proved only at standstill (locked rotor).

Kuehl and Kennel proposed a method to estimate the
differential inductances using a conventional pulsating voltage
injection in dq superimposed to a sensored control scheme
[7]. The differential inductances matrix is obtained measuring
both the eigenvalues of the uncoupled inductance matrix and
the estimation error ε from the sensorless algorithm. Similarly
to [6] two separate measurements are necessary: one, where
the sensorless algorithm tracks the estimated d-axis, and one
for the q-axis. A post-processing least-squares optimization
problem has to be solved to find the optimal correction
variables. The method has been validated on an IPMSM
coupled to a load motor, which was controlled at a fixed speed
by an industrial inverter.

The identification method presented in this paper tries to
extend the works in [6] and [7]. First of all, a rotating injection
in dq allows to estimate simultaneously all the incremental
inductances ldd, ldq, and lqq without the necessity of perform
two tests. Moreover, while the previous techniques were tested
at locked rotor or at steady-state fixed speed, the presented
online identification method is tested also during load and
speed transients showing a good match with the expected
inductances. The proposed method requires to solve an online
least-squares problem (ellipse fitting) and presents innovative
analytical equations that link estimation error and incremental
inductances. Experimental tests validate the proposed method.

II. CONSIDERED MOTOR

The motor considered in this work is a 2-kW SynRM. The
convention used to define d- and q-axis is depicted in Fig. 1,
and the main data of the motor are shown in Table I. As
concerns the flux linkages λd and λq, the motor has been
characterized through experimental measurements [8]. The
adopted characterization method required the use of a master
motor to impose a speed of about 500 rpm. The flux linkages
have been measured on a grid of stator currents (id, iq) and
then fitted with the algebraic model proposed in [9]. The model
is particularly useful since it is possible to describe the SynRM
nonlinear characteristics with only 9 coefficients, shown in
Table II. The fitted flux linkages maps are depicted in Fig. 2.



Fig. 1: Rotor and stator reference frames for SynRM.

TABLE I: Main data of the considered SynRM.

slots/poles 36/4

rated power 2 kW
rated peak current 6 A
rated torque 16 Nm
rated speed 1400 rpm
stator resistance 4.6 Ω
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Fig. 2: Measured flux linkages.

TABLE II: Fit coefficients for the considered SynRM.

coefficient value coefficient value

ad0 2.03 H−1 S 5.42
add 2.20 T 0.39
adq 12.83 U 1.90
aq0 2.89 H−1 V 0
aqq 20.53

The incremental inductances are defined and computed as
follows:

ldd =
∂λd

∂id
(1a)

ldq =
∂λd

∂iq
=
∂λq

∂id
(1b)

lqq =
∂λq

∂iq
(1c)

where ldd is the d-axis incremental inductance, lqq the q-
axis incremental inductance and ldq the mutual incremental
inductance - also known as cross-saturation inductance [10].
The so-computed incremental inductances (Fig. 3) will be
used as a benchmark to validate the accuracy of the proposed
identification method.
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Fig. 3: Incremental inductances computed from the measured
flux linkages.

III. HIGH-FREQUENCY MODEL

The proposed identification technique relies on hf voltage
injection on d- and q- axis and real-time processing of the
measured currents. In particular, a rotating injection on d- and
q- axis is adopted. It is worth noticing that a position sensor
(encoder or resolver) is required to inject the voltage signal
on the real d- and q- axis. The d and q currents are measured,
filtered, and processed online. The real-time processing con-
sists of a least squares ellipse fitting and additional operations
to compute the incremental inductances from the estimated
ellipse coefficients.

The same assumptions for position estimation methods
(based on saliency and signal injection) have to be verified.
First of all, the proposed identification method can be used
with motors characterized by rotor saliency, such as the
SynRM, the PMA-SynRM and the IPMSM. Secondly, the
frequency of the injected signals should be high enough to
neglect the stator resistance effect on the estimation and, at the
same time, the operating speed should be quite low (standstill
or at the most 10% of the rated speed).

The hf model of a synchronous motor at quasi-zero speed
is: [

uhd(t)

uhq(t)

]
=

[
ldd ldq

ldq lqq

][
∂ihd(t)

∂t
∂ihq(t)

∂t

]
(2)

where uhd and uhq are the injected hf voltages and ihd and ihq
the hf currents [11]. The adopted rotating voltage injection in
the d- and q- axis is:

uhd(t) = Uh cos(ωht) (3a)
uhq(t) = Uh sin(ωht) (3b)

where Uh is the injection amplitude and ωh = 2πfh, where fh
is the injection frequency. Once measured the stator currents



id and iq, the hf currents ihd and ihq are obtained through
high-pass filtering. The hf currents can be expressed as:

ihd(t) =
Uh

ωh(ldd lqq − l2dq)
[ldq cos(ωht) + lqq sin(ωht)] (4a)

ihq(t) =
−Uh

ωh(ldd lqq − l2dq)
[ldd cos(ωht) + ldq sin(ωht)] (4b)

or, in matrix form:
[
ihd(t)

ihq(t)

]
=




Uh ldq

ωh(ldq lqq−l2dq)

Uh lqq

ωh(ldd lqq−l2dq)

−Uh ldd
ωh(ldd lqq−l2dq)

−Uh ldq

ωh(ldd lqq−l2dq)



[
cos(ωht)

sin(ωht)

]
(5)

From (5) it is possible to obtain cos(ωht) and sin(ωht) as:

cos(ωht) = −
ωh [ldq ihd(t) + lqq ihq(t)]

Uh
(6a)

sin(ωht) =
ωh [ldd ihd(t) + ldq ihq(t)]

Uh
(6b)

The hf currents can be written in implicit form replacing
(6) in cos2(ωht) + sin2(ωht) = 1 and collecting the ellipse
coefficents. Finally, the hf ellipse can be written as:

a ihd(t)
2 + b ihd(t) ihq(t) + c ihq(t)

2 + f = 0 (7)

where the coefficients a, b, c and f are:

a = l2dd + l2dq (8a)

b = 2 ldq (ldd + lqq) (8b)

c = l2qq + l2dq (8c)

f = −U
2
h

ω2
h

(8d)

The coefficients a, b, c depend on the operating point as well
as the incremental inductances ldd, ldq, lqq. On the other hand,
the term f is constant if the injection amplitude and frequency
Uh and fh are not changed during an online operation.

Some additional parameters need to be introduced for the
following analysis. The mean incremental inductance lΣ and
the semi-difference incremental inductance l∆ are:

lΣ =
lqq + ldd

2
(9a)

l∆ =
lqq − ldd

2
(9b)

The incremental inductance lΣ is known to be related to the
positive-sequence current response [12], [13]. On the other
hand, the negative-sequence incremental inductance is:

lneg =
√
l2∆ + l2dq (10)

It can be seen that the terms l∆ and ldq are intrinsically linked
in lneg. The following analysis will focus on the separation of
l∆ from ldq, a problem not yet addressed in literature. From
now on, only the SynRM will be considered.

In order to split lneg into l∆ and ldq, the knowledge of
the estimation error ε (the error in the position estimation
introduced by the cross-saturation effect [1]) is needed. The
estimation error ε in the case of SynRM is defined as:

ε =
1

2
atan2(ldq,−l∆) (11)

Applying the properties of the function atan2, it is possible
to re-write the estimation error with arctan as:

ε = arctan

(
ldq

−l∆ + lneg

)
(12)

This novel formulation can be exploited to compute:

cos(ε) =
1√
2

−l∆ + lneg√
l2neg − l∆ lneg

(13a)

sin(ε) =
1√
2

ldq√
l2neg − l∆ lneg

(13b)

The incremental inductances l∆ and ldq can be obtained from
the incremental inductance lneg and the estimation error ε with:

l∆ = lneg (1− 2 cos2(ε)) (14a)

ldq =
√
2
√
l2neg − l∆ lneg sin(ε) (14b)

These equations are valid for other conventional signal injec-
tion methods as well, since the estimation error ε can be simply
obtained subtracting the estimated position from the measured
one during a sensored operation with the position observer in
open loop. The proposed method, as will be explained in the
following section, computes both lneg and ε from the estimated
ellipse coefficients a, b, and c.

IV. PROPOSED METHOD

The proposed control scheme is depicted in Fig. 4. A
conventional control scheme with PI controllers is adopted. A
position sensor is used to measure the rotor position and feed
the Park transformation. The identification method consists of
a hf voltage injection, an ellipse fitting procedure, and the
high-pass (HPF) and low-pass (LPF) filters superimposed to
the PI control scheme. In particular, a rotating voltage vector
is injected, consisting of two pulsating phase-shifted signals in
the d- and q- axis (3). A high-pass filter is adopted to extract
the hf currents (4) which feed the ellipse fitting procedure.
A low-pass filter is used to remove the hf component in
the current control loop; however, the low-pass filter is not
mandatory and it can even be removed [14].

An ellipse fitting procedure is used to estimate in real-time
the ellipse coefficients a, b, c associated to the hf currents
ihd and ihq. The ellipse fitting of the current response locus
has already been proposed in literature in the case of rotating
injection in the stationary reference frame αβ [15], [16]. The
least squares problem associated to the ellipse fitting can be
computational demanding if directly solved. Thus, a recur-
sive solution method [15] and a recursive QR factorization
technique [16] have been proposed in order the reduce the
computational effort and guarantee the real-time operation of
the ellipse fitting. Both methods can estimate the coefficients
a, b, c of a rotating ellipse in αβ. The forgetting factor should
accurately be tuned according to the rotating speed in order to
guarantee a compromise between bias and variance estimation
error [16].

The ellipse fitting is executed in dq in the proposed con-
figuration. The main advantage of operating in dq is that
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a stationary ellipse can be detected, avoiding the speed-
dependent forgetting factor tuning. As shown in Fig. 4, the ihd
and ihq current samples are processed by the real-time fitting
and the ellipse coefficients a, b, c are estimated. The estimated
coefficients can be used to compute online the incremental
inductances lΣ and lneg:

lΣ =
1

2

√
a+ c+

√
4ac− b2 (15a)

lneg =
1

2

√
b2 + (a− c)2

a+ c+
√
4ac− b2

(15b)

The coefficients a, b, c can be also used to compute ellipse tilt
angle caused by the cross-saturation effect, which corresponds
to the estimation error ε:

ε =
1

2
atan2(b, a− c) (16)

The following step consists in splitting the negative-sequence
incremental inductance lneg (15b) into l∆ and ldq using the
estimation error ε from (16). Equations (14) can be used for
this purpose. The semi-difference incremental inductance l∆
and the cross-saturation inductance ldq are now available.

The last step consists in computing ldd and lqq using lΣ
estimated from (15a) and l∆:

ldd = lΣ − l∆ (17a)
lqq = lΣ + l∆ (17b)

The incremental inductances ldd, ldq and lqq have been finally
identified. The following section will focus on the accuracy
of the identification method at standstill and during speed and
load transients.

V. EXPERIMENTAL RESULTS

The proposed identification method has been validated in
two scenarios. The first test consisted of locking the rotor
and analyzing the estimation accuracy in a grid of operating
current points, while the second tests consisted of coupling
the SynRM to a load motor and controlling the speed while
varying the load torque. The experimental setup was composed
by a dSPACE MicroLabBox and a three-phase inverter. The
sampling frequency was set to fc = 10 kHz. In both the
tests the injected voltage had amplitude Uh = 40 V and
frequency fh = 1 kHz. These values appear to be adequate
for the considered motor and the chosen sampling frequency.
The following considerations have been drawn. The amplitude
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Fig. 5: Estimated incremental inductances at θme = 0 (first
test).

of the injected voltage Uh should be as low as possible in
order to reduce acoustic noise and core losses, but it should
be high enough in order to make the hf currents detectable
and distinguishable from the current measurement noise. It
has been verified that Uh = 40 V is a good compromise for
the considered SynRM. Fixed the sampling frequency fc, the
injection frequency fh must not be less than one fifth of fc. In
fact, the ratio between fc and fh corresponds to the number of
points considered in the buffer of the ellipse fitting procedure.
It is evident that the quality of the estimate increases with the
number of points which constitute the circumference of the
measured current ellipse. A buffer of 10 points, as the one
adopted in the experimental tests, has been found satisfactory.
As concerns the HPFs and LPFs, four digital first-order infinite
impulse response (IIR) filters have been adopted [16]. The cut-
off frequency has been set to 100 Hz for both HPFs and LPFs.

Fig. 5 shows the results of the first test with the rotor locked.
The rotor has been locked with a mechanical brake at the
position θme = 0. The incremental inductances l̃dd, l̃qq and
l̃dq have been estimated online and stored without the need of
post processing. The algorithm has been tested on a grid of
currents from 0 to 6 A, with a step of 0.1 A. The sequence
of 61×61 reference currents (id, iq) has been applied with the
same pattern used in [17]. Considering a time step of 6 ms for
each reference operating point, the total time required for the
mapping was about 22 s. Fig. 6 shows the percentage error
between the estimated incremental inductances at θme = 0
(Fig. 5) and the incremental inductances obtained from the
flux-linkage characterization performed at 500 rpm (Fig. 3).
The accuracy of the method depends on the operating point.
The l̃dd percentage error is higher when the current idd is close
to zero, while l̃qq percentage error is around 40% in most
of the considered current grid. Conversely, the l̃dq percentage
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Fig. 6: Percentage error between the estimated incremental
inductances at θme = 0 (first test) and the incremental
inductances obtained from the flux-linkage characterization
performed at 500 rpm. The MTPA trajectory of the considered
SynRM is shown in dashed line.

error appears to be remarkable along the dq axes and less than
30% at higher current values. The accuracy of the presented
method can be assumed acceptable considering that all the
estimation procedure can be carried on without knowledge of
any motor parameters and without considering the effect of the
rotor positon on the estimation. The accuracy of the method
presented in [7], which is an offline and not online estimation,
is between 10% and 20% depending on the operating point.

The results of the second test are reported in Fig. 7. The
SynRM is coupled with a load motor which initially produces
no torque. A 150-rpm speed reference step is set after 2 s
from the beginning of the test, as shown in Fig. 7a. Then, a
trapezoidal-shape load torque is imposed by the load motor
maintaining the 150-rpm speed reference. The MTPA, shown
in (Fig. 6), is the reference trajectory for the current control
loop. The measured stator currents are depicted in Fig. 7b.
The rated current amplitude of 6 A is reached during the load
torque application. Fig. 7c, Fig. 7d and Fig. 7e show the online
estimated inductances l̃dd, l̃qq, l̃dq and the expected inductances
ldd, lqq, ldq during the whole test. It is worth noticing that,
even during the load transients, the estimation accuracy is
consistent with locked-rotor test (Fig. 5). Complementarily
to the first standstill test, the method appears to be effective
also during the second test characterized by a conventional
operation. The chosen speed of 150 rpm can be assumed the
upper limit for the considered SynRM for low speed signal
injection techniques, consistently with the signal injection
position estimation techniques which are usually valid up to a
tenth of the rated motor speed.
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Fig. 7: Results of the proposed identification method during
speed and load transients (second test). The MTPA is the
reference trajectory for the current control loop. ldd, lqq, ldq
are the incremental inductances obtained from the flux-linkage
characterization, computed offline through lookup table. l̃dd,
l̃qq, l̃dq are the incremental inductances estimated online.



VI. CONCLUSION

The paper presents a novel identification method for reluc-
tance and interior permanent magnet synchronous motors. The
motor incremental inductances can be estimated online using
a rotating high-frequency injection and a computationally
efficient ellipse fitting. The relationship between the ellipse
coefficients, the position estimation error and the incremental
inductances are clearly explained and presented. The identifi-
cation method has been tested on a SynRM both at standstill
and during load and speed transients. The results are compared
with a conventional flux linkages measurements technique.
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