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ABSTRACT

A set of large eddy simulations for the free surface backward facing step (FSBFS) are carried out to study wave formation behind the step.
The volume-of-fluid ghost fluid method is employed to capture the free surface. Previous studies have indicated that the wave physics
depend on the step draught-based Froude number (Fr). For small Fr, the rear face of the step (transom) becomes wet, while for large Fr, the
wave separates smoothly from the transom. Close to a critical Fr separating wet and dry transoms, both conditions may occur. Here, we
study wet, critical, and dry conditions based on the Fr classification with three different inflow boundary layer profiles (ReL ¼ 1; 2; 3� 106).
For Fr¼ 1.75 (wet conditions), we observe a weak dependence on the ReL. A proper orthogonal decomposition of the velocity field at
Fr¼ 1.75 shows a coherent vortex street forming beneath the free surface. At Fr¼ 2.66 (critical conditions), we observe that an increase in
the ReL results in a decrease in the wavelength and pronounced gas entrainment due to wave breaking. For Fr¼ 3.17 (dry conditions), we
also observe shorter wavelength at increased ReL. Further, in the dry conditions, a breaking wave is noticed to occur at higher ReL, while
breaking waves are not observed for the smallest studied ReL. Based on the results, we conclude that the wave shape for FSBFS cannot be
characterized by the Froude number alone.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0045520

I. INTRODUCTION

Pressure variations around a moving body in water result in free
surface waves. The total resistance of the body is affected by pressure
loss and the viscous boundary layer when the forces on the air side are
neglected. For a typical cruise vessel, approximately 10� 20% of the
total resistance originates from pressure resistance, while the rest is
due to friction between water and the body.1 It is important to note
that the wave pattern generated by the ship and the viscous effects are
interrelated. For instance, the wake pattern of the ship depends on the
stern shape, ship speed, draught, trim angle, propulsion system, etc.1

For practical design considerations, towing tank experiments have
been used for decades and have been proven useful. The experiments
are, however, carried out on a model scale with orders of magnitude
smaller Reynolds number than in real applications. The difference in
the Reynolds number between the model scale and full scale results in
differences in the velocity field in the ship vicinity. In the present
work, we study how the change in the boundary layer profile affects
the wave formation for a simplified flat-shaped transom stern at differ-
ent Froude numbers.

The transom stern is a widely used stern shape and the applica-
tions range from container ships to cruise vessels. The flat transom
allows for a larger waterplane area, which is beneficial due to the
increased payload and ship stability. Typically, the transom stern ves-
sels are designed such that, at least when operating in design speed
and draught, the wave separates smoothly from the transom.1

However, at slow speeds, the momentum of the water beneath the hull
is insufficient to overcome the hydrostatic pressure, which results in
the wetting of the transom. Such an effect is illustrated in Fig. 1 for
transom Froude numbers Fr ¼ U=

ffiffiffiffiffiffiffi
gTd

p
¼ 1:5 and 3, where U is

velocity, g is gravity, and Td is draught. Generally, wetting of the tran-
som is unwanted as it generates a low pressure (dead water) region,
which increases the ship resistance.2

Here, we utilize large-eddy simulations (LES) for a canonical free
surface backward facing step (FSBFS) geometry. The geometry
involves a box of length L moving in water at draught Td. While the
effect of Fr on the wave shape has been studied quite extensively in the
past, the Reynolds number (Re ¼ ReL ¼ UL=�) effect is still relatively
unexplored. The impact of the Reynolds number, however, is very
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important since it is the Reynolds number that changes when moving
from a model scale towing tank to a real vessel.

For high speed flow, i.e., high Fr, the transom is known to remain
dry.2 Vanden-Broeck3 studied the FSBFS in such conditions both ana-
lytically and numerically and proposed a numerical scheme based on
the potential flow theory to solve the wave shape. The author noticed
that a steady-state nonlinear solution exists only for Fr> 2.23. Later,
Vanden-Broeck4 extended the method to account for capillary effects.
In the same year, Haussling5 presented nonlinear solutions for the
unsteady irrotational FSBFS flow and was able to obtain a converging
steady state for Fr¼ 3 and 4. For Fr¼ 2, a solution was obtained for a
period of time until the simulation diverged, which the author inter-
preted as a signal of wave breaking.

A study with high relevance to the present work is the set of experi-
ments conducted by Maki2 for the FSBFS set-up. Based on the Froude
number, Maki characterized the forming wave shape into four regimes:

• Regime 1: Fr < 1 Wet transom with mild free surface fluctuations
caused by the shear layer forming after the separation from the
trailing edge of the blunt body.

• Regime 2: 1 < Fr < Frc Large scale free surface fluctuations
caused by a coherent vortex street forming downstream of the
wet or ventilated transom.

• Regime 3: Fr > Frc Dry transom with a breaking roller wave issuing
from a toe where the slope of the free surface increases suddenly.

• Regime 4: Fr � Frc Dry transom without a breaking toe.

Based on the experiments, Maki found that the critical transom
Froude number separating regimes 2 and 3 was Frc � 2:5 and stated
that no breaking toe was observed for Fr> 4. We note that in the
experiments, Maki adjusted the Fr by altering the speed of the box,
which also resulted in a change in the boundary layer thickness beneath
the box (ReL). Thus, from the discussed experiments, it is challenging
to isolate the effect of the Reynolds number on the wave formation.

Relatively recently, Hendrickson et al.6,7 studied air entrainment
and wave breaking for a rectangular hull at dry transom conditions using
implicit LES along with a conservative volume-of-fluid (VOF) method.
The authors observed that the strongest air entrainment occurs at the
location downstream of the transom where wave breaking occurs. By
altering the spanwise width of the rectangular hull, Hendrickson et al.
showed that a more narrow hull produces larger air cavities and a larger
total volume of the entrained air. The authors provided a detailed

analysis on the turbulence fluctuations and developed an algebraic clo-
sure model for the turbulent mass fluctuations. However, they did not
study the effect of the Reynolds number systematically.

Based on our present knowledge, the only study solely focusing
on the Reynolds number effect for the FSBFS is the paper by Starke
et al.8 The authors applied a steady-state surface-fitting RANS solver
to the FSBFS and compared the wave shape and waterline velocity at
model scale (ReL ¼ 5:1� 106) and full scale (ReL ¼ 4:5� 108) for
various transom Fr. Importantly, the authors noted that the critical Fr
separating the dry and wet regimes is substantially increased due to
viscous effects. The authors stated that there is a range of Fr for which
the wave separates smoothly at full scale, while wave breaking and ven-
tilation occur at the model scale. This is somewhat counter-intuitive
and was attributed to the thickening of the boundary layer by the
authors. The aforementioned is further addressed in the present paper.

We note that the first wave crest in the FSBFS shares a certain
analogy with the canonical hydraulic jump, which has been studied
both experimentally and numerically. Misra et al.9 carried out experi-
ments for a weak hydraulic jump and noticed that most of the turbu-
lence production occurs in a thin layer parallel to the free surface in
the vicinity of the toe (see Fig. 1). Downstream of the toe, turbulence
intensity was noted to decay rapidly. Similar observations were made
by Mortazavi et al.10 in their numerical study of the hydraulic jump.
Mortazavi et al.10 noticed that the air bubbles formed due to wave
breaking occurring in periodic patches at a frequency related to the
roll-up frequency of the breaking toe.

While several simulations11–13 and experiments14,15 for ships with
transom stern have been carried out, we consider the Reynolds number
effect on the transom wave formation not fully understood. Therefore,
in the present paper, we aim at quantifying the Reynolds number effects
for the theoretical FSBFS geometry while relating the observations to real
marine applications. The objectives of the present work are to

(1) Study the effect of the inflow Reynolds number on the wave for-
mation for the FSBFS in different Froude number regimes.

(2) Explain the causes for the observed Reynolds number effects.

II. METHODS
A. Simulation setup

Figure 2 illustrates the setup used in the FSBFS simulations. The
setup consists of a box with a streamwise length L, which is pulled in

FIG. 1. Illustration of the wetting process
on the trailing side (transom) of the free sur-
face backward facing step. The dashed line
indicates the still water level at transom
draught Td. Throughout the work, “transom”
is used to denote the rear face of the box
and “toe” denotes a location where the free
surface slope increases suddenly. Froude
number is referenced to the transom
draught, Fr ¼ U=

ffiffiffiffiffiffiffi
gTd

p
.
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water at a velocity U at a draught Td. In the simulations, we only
model a small length l of the box and the velocity profile at the inlet is
set such that the boundary layer profile at a certain ReL is enforced.
The no-slip condition is imposed at the wall boundary, while at the
outlet boundary, the pressure is fixed and Neumann condition is used
for the velocity and VOF volume fraction. The top and bottom bound-
aries are treated as symmetry planes. Spanwise (z) periodicity is
assumed, and the spanwise length in the domain is 10Td . Every fourth
grid line of the FSBFS mesh is also shown in Fig. 2. In the vicinity of
the free surface, the grid size in the background mesh is
dx; dy; dz ¼ Td=4;Td=8;Td=4. Further refinement is carried out in all
spatial directions in the regions highlighted in Fig. 2. In the innermost
refinement region, the resolution is thus dx; dy; dz ¼ Td=16;Td=32;
Td=16 and the total cell count in the mesh is N � 38� 106. The near
wall resolution in wall units in the innermost refinement region corre-
sponds to dþwall ¼ 10 for the largest studied ReL.

With the neglect of the surface tension, the present flow case is
governed by three dimensionless parameters: Fr, ReTd, and ReL. Fr is
the transom Froude number Fr ¼ U=

ffiffiffiffiffiffiffi
gTd

p
and here three values are

studied Fr ¼ 1:75; 2:66, and 3.17. These values are chosen based on
the availability of experimental data and such that both wet and dry
conditions occur. The Reynolds number referenced to the draught is
kept constant ReTd ¼ UTd=� ¼ 1� 104. Three values for the inflow
Reynolds number ReL ¼ UL=� ¼ 1; 2; 3� 106 are studied for each Fr
by altering the inlet boundary condition. The inflow boundary condi-
tion is obtained from a preliminary transient boundary layer simula-
tion where data are stored at locations corresponding to the studied
ReL. The ratio of the boundary layer thickness to the transom draught
are d=Td ¼ 0:84; 1:70; 2:28 from the smallest to the largest studied
ReL, respectively. The statistics of the inflow boundary condition are
provided and compared to the direct numerical simulation (DNS)
results by Schlatter and €Orl€u16 in Appendix B. Hereafter, we will omit
the subscript from ReL and the Reynolds number is always referenced
to the length of the box unless otherwise stated.

In order to save computational resources, all simulations are ini-
tialized on a coarser grid with half the resolution of the grid shown in
Fig. 2. Then, the solution is mapped to the final grid and the flow is
allowed to advance for a single linear wavelength k ¼ 2pU2=g
(T ¼ 1k=U) without gathering statistics. Statistics are gathered for a
period of T ¼ 5k=U for all the simulations.

B. Numerical method

In the present study, we assume that the two-phase flow is incom-
pressible and immiscible with negligible surface tension. For each phase
separately, the incompressible Navier–Stokes formulation applies,

r �~u ¼ 0; (1)

@~u
@t

þr � ð~u~uÞ � br � lðr~u þr~uTÞ
� �

¼ �brpd; (2)

where~u is the velocity, b is the inverse density of either water or air, pd
is the dynamic pressure (pd ¼ p� q~g �~x), and l is the dynamic vis-
cosity. To distinguish the two phases, an additional transport equation
for the volume fraction (a)

@a
@t

þr � ða~uÞ ¼ 0 (3)

is solved. The governing equations are solved using the ghost-fluid
method (GFM), first introduced by Fedkiw17 and later implemented
to the finite volume OpenFOAM18 package by the present authors.19

We note that the present implementation of the GFM closely follows
that of Vukčević et al.20

For the transport of the VOF volume fraction field, we employ
the Mules21 approach readily available in OpenFOAM, with the van
Leer limited scheme for the convection term and the Crank–Nicolson
scheme for the time derivative. The time derivative in the momentum
equation is discretized using the second order accurate backward
scheme and momentum convection is computed using the Gamma-
limited scheme22 (see Appendix A). In the present simulations, we
employ the implicit LES (ILES) approach. The ILES modeling
approach is based on the assumption that the numerical diffusion pro-
vided by the Gamma-limited convection discretization acts similarly
as the turbulent dissipation at the subgrid scale. For more details on
the present ILES approach in the OpenFOAM context, the reader is
referred to the thesis by Keskinen.23 We also note that the ILES
approach has been applied successfully by the authors in various other
studies as well.24–26

Throughout the present paper, we use the a ¼ 0:5 isocontour to
mark the interface between the two phases. The isocontour is con-
structed with the same (second) order accuracy as the spatial discreti-
zation using the postprocessing routines in OpenFOAM. The overbar
notation �a is used to denote both time and spanwise averaged quanti-
ties of variable a.

C. Grid dependency study

Due to the relatively high Reynolds numbers and the total of 9
FSBFS simulations carried out in the present study, resolving all spatial
and temporal scales is not feasible. To demonstrate the grid depen-
dency, Fig. 3 shows the mean wave shape and the turbulence kinetic
energy at the free surface for the Fr¼ 2.66 Re ¼ 2� 106 simulation at
three different grid resolutions. Based on the results in the figure, we

FIG. 2. The dimensions of the FSBFS domain (top) and every fourth grid line of the
background mesh and the two refinement boxes where the cells are split in all
directions (bottom).
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consider the dy ¼ Td=32 resolution used in the present study to be
sufficient to draw conclusions from the statistical quantities obtained
from the simulations.

III. RESULTS
A. General flow features

A visualization of the wave shape and the underlying velocity
field is provided in Fig. 4 for all studied Fr at Re ¼ 2� 106. At Fr
¼ 1.75 (Regime 2), the transom is clearly wet and a dead water region
emerges immediately downstream from the transom. Although not
visible from the instantaneous snapshot, the free surface fluctuates
strongly in time at Fr¼ 1.75 due to the vortex shedding issuing from
the transom shear layer.2 At Fr¼ 2.66, the transom remains dry on
average. However, a breaking roller can be observed to issue from the
toe slightly upstream of the first wave crest indicating a mixture of
Regimes 2 and 3. The breaking roller reaches the transom causing
partial ventilation from time to time at Re ¼ 2� 106. The toe at
Fr¼ 2.66 is better seen from the mean wave shape as we will show later.

At Fr¼ 3.17 (in Fig. 4), the wavelength increases and the toe
moves further downstream. Further, at Fr¼ 3.17, the transom remains
fully dry since the breaking roller never reaches the transom. Based on
the classification of the regimes by Maki,2 the Fr ¼ 3:17; Re ¼ 2 �106

simulation belongs to Regime 3 as a breaking roller is noted to persis-
tently issue from the toe. The situation changes for a smaller Re as
shown in Fig. 5 where an instantaneous snapshot of the free surface is
shown for all the Fr¼ 3.17 simulations. Figure 5 shows that for the
two largest Re, a breaking toe can be observed indicating wave charac-
teristics belonging to Regime 3. For Re ¼ 1� 106, the wave is smooth
indicating that the forming wave belongs to Regime 4.

B. Proper orthogonal decomposition of the Regime 2
vortex street

As mentioned before, Maki2 observed a formation of a vortex
street on the shear layer of the transom for the waves belonging to

Regime 2. To confirm the aforementioned observation, we carry out a
snapshot proper orthogonal decomposition (snapshot-POD)27 analy-
sis for the Fr ¼ 1:75;Re ¼ 2� 106 simulation. The POD is a useful
tool for extracting the energy containing modes, i.e., coherent struc-
tures, of the flow and has been applied by multiple authors previously

FIG. 3. The mean free surface shape (top) and the turbulence kinetic energy
k ¼ u0i u

0
i =ð2U2Þ at the free surface (bottom) for the Fr¼ 2.66 Re ¼ 2� 106 simu-

lation computed with three different resolutions. The dy ¼ Td=32 resolution is used
in the present study.

FIG. 4. Instantaneous wave shape and the velocity field at Fr ¼ 1:75; 2:66, and
3.17 from top to bottom, respectively. All snapshots are taken from simulations with
Re ¼ 2� 106.

FIG. 5. Instantaneous snapshots of the a ¼ 0:5 isocontours taken at Fr¼ 3.17.
The breaking toe is clearly visible for the two largest Re.
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(see, e.g., Refs. 26 and 28–30). Here, the analysis is carried out for the
fluctuation part of the volume fraction and velocity fields such that the
average (mode 0) is first subtracted from each of the snapshots used.
In total, 1000 time snapshots are used and the snapshots are taken
evenly over a period of T ¼ 5k=U .

When the velocity field is analyzed with the POD, the modes rep-
resent the kinetic energy of the flow field and the eigenvalues corre-
spond to the amount of kinetic energy in each of the modes.30 The
energy of the first 20 dominant POD modes [Fig. 6(c)] reveals a high
energy mode pair k¼ 1 and k¼ 2. The shape of the mode pair is illus-
trated in Figs. 6(a) and 6(b) for the vertical velocity component uy and
the volume fraction a, respectively. Noting the shape of the modes, we
observe that the dominant structure of the flow indicates vortex shed-
ding issuing from the transom shear layer, which causes the free surface
to fluctuate with the same frequency. The spectral density of the time
coefficients ak for modes k¼ 1 and k¼ 2 [Fig. 6(d)] further reveals that
the frequency of the modes is St ¼ fTd=U � 0:17. Experimentally,
Maki2 observed a value of St � 0:2 for the shedding frequency in
Regime 2. We note that at a higher Fr, we were not able to extract clear
coherent structures using POD at the same sampling frequency.

C. The effect of Reynolds number on the mean wave
shape

The mean wave shapes from the simulations are presented and
compared to experiments by Maki2 in Fig. 7. At Fr¼ 1.75, the transom

remains wet for all studied Re and only a minor dependence on the Re
is observed. For Fr¼ 2.66 and Fr¼ 3.17, both the amplitude and
wavelength are clearly affected by the Re. An increase in Re shows a
decrease in the amplitude and length of the wave for Fr¼ 2.66 and
Fr¼ 3.17. In fact, for Fr¼ 2.66, the decrease in wavelength at an
increased Re results in more pronounced ventilation since the toe
shifts closer toward the transom. However, we note that on average,
the transom remains dry for all studied Re at Fr¼ 2.66. The results
suggest that if Re was further increased with Fr¼ 2.66, full wetting
would eventually occur. At Fr¼ 3.17, the effect of Re on the wave
shape is significant. At Re ¼ 2� 106 and Re ¼ 3� 106, the toe of the
first wave crest is located at x=k � 0:3, while the Re ¼ 1� 106 results
indicate no distinguishable toe at Fr¼ 3.17. Overall, we establish a
qualitative agreement between the measurements and simulations in
Fig. 7. However, deviations in the exact wave shapes are evident. We
note that the simulation results depend significantly on the Re. Maki’s
experiments were carried out with a different Re than that used in the
simulations, which is one possible explanation for the discrepancy
between the present simulations and Maki’s experiments.

Next, we investigate the physical mechanism leading to the
reduction of the wave amplitude and length observed for Fr¼ 2.66
and Fr¼ 3.17 in Fig. 7. Figure 8 shows mean velocity profiles taken
from the Fr¼ 2.66 simulations at all studied Re. As Re increases, the
inflow boundary layer thickness increases. When the boundary layer
thickness increases, the velocity experienced by the first wave crest is
decreased. Consequently, with a smaller Re, the momentum

FIG. 6. (a) Positive and negative isocon-
tours of uy POD modes k¼ 1 and k¼ 2.
(b) Positive and negative isocontours of a
POD modes k¼ 1 and k¼ 2. (c) The
energy of the first 20 POD modes. (d) The
temporal behavior of the POD modes
k¼ 1 and k¼ 2 and the spectral density
of the signals.
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experienced by the first wave crest is higher and the inflow is able to
penetrate further downstream, which is the main reason for the
change in the wavelength. Furthermore, at a higher Re, the flow
remains attached to the free surface for a longer distance downstream
of the transom. When the flow eventually separates from the free sur-
face, a separation bubble with a low velocity is formed, which results

in the formation of the toe. The separation bubble and the toe are illus-
trated in Fig. 9 for the Fr¼ 2.66 simulations.

D. Velocity and free surface fluctuation

In order to better understand the coupling of the velocity and
free surface fluctuation, we show the mean turbulence kinetic energy
(k) and the root mean square (rms) of a in Fig. 10. For Fr¼ 1.75, high
k values are seen in the shear layer region where the vortex shedding

FIG. 7. The mean wave shape obtained
from LES and compared to experiments
by Maki.2 The Re in the experiments
were Re ¼ 1:59; 1:49; 1:96� 106 for Fr
¼1:75;2:66;3:17, respectively. The x-axis
is scaled with the linear wavelength
k¼2pU2=g.

FIG. 8. The mean velocity profiles for Fr¼ 2.66 and all the studied Re. The
Reynolds number increases from top to bottom. The red line indicates the mean
water elevation.

FIG. 9. The velocity field in the vicinity of the toe at Fr¼ 2.66 and Re ¼ 2� 106.
The red line indicates the mean wave shape and the dashed ellipse the separation
bubble.
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was observed in the POD. The magnitude of velocity fluctuation
decreases when Re increases due to the thickening of the shear layer
along with the inflow boundary layer thickness. The reduced k with an
increased Re results in less fluctuation at the free surface at Fr¼ 1.75.

Compared to Fr¼ 1.75 the Fr¼ 2.66, simulations show consis-
tently smaller k in Fig. 10 due to the smoother separation of the wave
from the transom. Highest k values at Fr¼ 2.66 are observed in the
vicinity of the toe where the free surface curvature changes suddenly.
There are at least two possible reasons for the high k at the toe. First, as

shown earlier in the paper, this is the point where the flow separates
from the free surface leading to increased turbulence. Second, wave
breaking occurs in the vicinity of the toe, which further increases the
fluctuation. Again, higher k and a fluctuations are observed with smaller
Re in the Fr¼ 2.66 simulations. The decrease in k at an increased Re
can be linked to the thickening of the shear layer and the reduction of
the mean velocity magnitude experienced by the first wave crest.

For the largest Fr¼ 3.17, a change from Regime 3 at Re > 1
�106 to Regime 4 at Re ¼ 1� 106 was previously observed. For

FIG. 10. The turbulence kinetic energy
k ¼ u0i u

0
i =ð2U2Þ (left column) and the free

surface fluctuation a0rms (right column) for
all the studied Froude and Reynolds num-
bers. Note the different color scales in k.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 33, 042106 (2021); doi: 10.1063/5.0045520 33, 042106-7

Published under license by AIP Publishing

https://scitation.org/journal/phf


Re ¼ 1� 106, the wave shape is smooth and as a result both k and a
fluctuations are relatively evenly distributed along the first wave crest
in Fig. 10. For the two higher Re, a clear spot of high fluctuation is
observed in the vicinity of the toe.

E. Relation of wave slope and turbulent fluctuations

Next, we consider the relation between the wave slope (h), turbu-
lent fluctuations, and the velocity magnitude at the free surface. The
slope of the surface is defined as the angle between the positive x-axis
and the tangent of the free surface. We denote the x coordinate of the
location where the change in the surface slope dh=dx has a maximum
as x̂ . If we compare x̂ with the location where the velocity at the free
surface vanishes (indicating separation) and the location where the
velocity fluctuations peak, we are able to comment on the effect of tur-
bulence on the mean wave shape. This comparison is presented in
Figs. 11–13 for all the simulated cases.

For Fr¼ 1.75 (Fig. 11), the velocity at the free surface and the
slope of the surface are initially close to zero for all Re. This is a conse-
quence of the wet transom and the associated dead water region in the
vicinity of the transom. When the velocity at the free surface eventu-
ally starts to increase, the slope of the surface also increases. The maxi-
mum change in the surface slope (indicated by the red line) coincides
closely with the maximum velocity magnitude and fluctuation for all
Re. Shortly downstream of x̂ , the velocity magnitude vanishes indicat-
ing separation. We note that the vertical fluctuation component (urms

y )
has the highest values, which is likely due to the vortex shedding
observed for Fr¼ 1.75. Furthermore, for the Fr¼ 1.75 cases, the maxi-
mum change in the surface slope cannot be used as an indicator of a
breaking wave, as the surface slope is very close to zero before x̂ . In

fact, the x̂ for Fr¼ 1.75 merely indicates the position where the dead
water region ends and the free surface begins to elevate.

For Fr¼ 2.66 in Fig. 12, the streamwise (urms
x ) fluctuation compo-

nent peaks at x̂ and the y- and z-components reach a maximum
slightly downstream of x̂ . The magnitude of urms

x follows the trend of
maximum surface slope both decreasing as Re is increased. The maxi-
mum value of urms

y and urmsz are nearly equal at Re ¼ 2� 106 and 3�
106 while at Re ¼ 1� 106 slightly higher maximum values are
observed.

For Fr¼ 3.17 in Fig. 13, flow separation cannot be clearly distin-
guished for the smallest Re ¼ 1� 106 and neither the surface slope or
any of the stresses show a clear peak before the first wave crest. In fact,
the z- and y- components of the velocity fluctuation are significantly
smaller with Re ¼ 1� 106 than with the two higher Re, which is an
indication that the fluctuation in y- and z-directions are due to wave
breaking. With Re ¼ 2� 106 and 3� 106, a clear peak in the surface
slope can be observed in the Fr¼ 3.17 results.

So far, we have established that when a clear location x̂ can be
distinguished from the mean wave shape (Fr¼ 2.66 and 3.17 simula-
tions), the streamwise velocity fluctuation has a maximum at the same
location. The y- and z-components of the velocity fluctuation reach
their maxima downstream of x̂ , approximately at the same location
where the minimum free surface velocity is observed. Since a breaking
wave poses structures in all spatial directions,10 it can be assumed that
the location where the free surface velocity vanishes is a better indica-
tor of the location where the wave breaks than x̂ . Further, since we
know that the wave breaks toward the transom (see Fig. 5) x̂ likely
indicates the mean upstream reach (collapse point) of the breaking rol-
ler. Thus, x̂ appears as a toe in the mean wave shape. The reason for
the high streamwise velocity fluctuation observed in the vicinity of x̂ is

FIG. 11. The free surface shape and
slope h (top plot in each subfigure) and
the velocity magnitude j~uj=U and fluctua-
tions urms

i at the free surface (bottom plot
in each subfigure). The red vertical lines
indicate the location x̂ ¼ dh=dxmax. The
results are from the Fr¼ 1.75 simulations.
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likely caused by the fact that the toe location is time dependent.2

Therefore, a slight change in x̂ contributes to the streamwise fluctua-
tion urmsx simply because the velocity magnitude at the air side is much
smaller than on the water side.

F. Air cavity formation

To better understand the location where the wave breaks, we
next consider the air cavity formation. An air cavity is defined as a

FIG. 12. As in Fig. 11 but for Fr¼ 2.66.

FIG. 13. As in Fig. 11 but for Fr¼ 3.17.
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closed set of adjacent dry [ð1� aiÞ > 0:4] cells i surrounded by wet
(aj > 0:4) cells j. In the present large-scale study, surface tension is
neglected. Hence, we only consider the resolved large scale air cavities
where 1=6d3min <

P
i Vi < 1=6d3max for the cell volumes Vi inside the

cavity. Here, dmin ¼ Td=10 and dmax ¼ Td are the threshold diameters
defining the range of cavity sizes considered in the analysis. The aver-
age number of cavities is computed from 100 time snapshots of the a
field.

Figure 14 shows the average number of air cavities as a function
of distance to the transom for all cases. For Fr¼ 1.75 we observe that
the amount of cavities formed is significantly less than for the
other two Fr and the cavities are formed close to the transom. For
Re ¼ 1� 106 slightly more cavities are formed and this is due to the
enhanced vortex shedding with smaller Re for Fr¼ 1.75.

For the Fr¼ 2.66 and Fr¼ 3.17, we observe that most of the air
cavities are formed downstream of x̂ (vertical lines) where the velocity
at the free surface was noticed to vanish. Furthermore, a decrease in
Re results in an increase in the number of cavities formed for Fr¼ 2.66
and the two highest Re of the Fr¼ 3.17 simulations. The aforemen-
tioned is in line with our previous observation of the increase in the
velocity fluctuation at a decreased Re. Again, the Re ¼ 1� 106 simula-
tion at Fr¼ 3.17 shows a different trend than the two other Re at the
same Fr due to the observed regime shift in that particular simulation.

G. Discussion in the context of marine applications

Earlier, we stated that Starke et al.8 had observed that the transom
wetting for FSBFS occurs at a larger Fr in their model scale simulations
(smaller Re) than in full scale simulations (larger Re). In the present

paper, we observed that the increase in Re results in the toe shifting
closer toward the transom, which resulted in an increased ventilation
for Fr¼ 2.66. At first, this may seem contradictory but in fact it is not
and can be easily explained. Starke et al. used the Fr scaling in their
study when shifting from model scale to full scale. In other words,
they kept the transom Fr constant and increased the model size.

Assuming a model scale transom draught Td, plate length L and
a scaling factor s and a constant transom Fr. The full scale Reynolds
number scales with

ffiffiffiffi
s3

p
such that Ref ¼

ffiffiffiffi
s3

p
Rem, where Ref and Rem

are the full and model scale Reynolds numbers, respectively. Now, fur-
ther assume the Prandtl power-law31 for the boundary layer thickness
in model and full scale,

dm
L

� 1

Re1=5m

! dm ¼ L

Re1=5m

;

df
sL

� 1

Re1=5f

! df ¼
sL

ffiffiffiffi
s3

p
Rem

� �1=5 ¼ s7=10 � dm:
(4)

The ratio of the boundary layer thickness to the transom draught in
model scale is r ¼ dm=Td and in full scale df =sTd ¼ s�3=10r. For a scal-
ing factor s¼ 20, which was used by Starke et al., the boundary layer
thickness to draught ratio in full scale is approximately 40% of that in
model scale. Therefore, the relative momentum experienced by the first
wave crest is larger in full scale, which pushes the first wave crest further
downstream of the transom. The scaling effect is illustrated in Fig. 15.

In fact, the aforementioned scaling effect is exactly what we
observe for a vessel with a relatively flat stern shape. Figure 16 illus-
trates a Reynolds-averaged Navier–Stokes (RANS) prediction of a stern

FIG. 14. The average number of d
2 ½Td=10; Td � diameter air cavities
formed as a function of the distance to the
transom. The vertical lines indicate the x̂
(surface slope maximum location) for
each simulation.
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wave for a cruise ship with a flat stern in a 1 : 24:8 model and full scale
at FrL ¼ U=

ffiffiffiffiffi
gL

p ¼ 0:209. In the model scale, the first wave crest is
closer to the transom and the wave shape resembles more than that
observed for Re ¼ 2� 106 and Re ¼ 3� 106 waves at Fr¼ 3.17 for
the FSBFS. The full scale wave resembles that observed for the smallest
Re at the same Fr for the FSBFS. We note that for a real vessel, the tran-
som Fr is difficult to define as the transom draught used for the FSBFS
is not the same as the ship draught due to complexity of the geometry,
sinkage, and trim. However, the result shown above clearly implies that
care should be taken when interpreting model scale results.

IV. CONCLUSION

In the present paper, we applied LES to study the Reynolds num-
ber effect for the wave formation in a free surface backward facing step
geometry. We noticed that the regimes characterized by the transom
Froude number introduced by Maki2 also depend on the length-based
Reynolds number, especially when the Fr is close to the critical
Frc � 2:5.

At Fr¼ 1.75, in line with the results by Maki,2 we observed a
coherent vortex shedding issuing from the transom shear layer. The
vortex shedding was observed to cause the free surface to fluctuate in
the vicinity of the transom. From the presently studied cases, the wave
shape dependence on the Re was weakest at Fr¼ 1.75.

At Fr¼ 2.66, an increase in the Re was noticed to shorten the
wavelength and amplitude, which can be attributed to the thickening
boundary layer. The shorter wavelength with increasing Re was
observed to increase the amount of transom ventilation. While the
Fr¼ 2.66 simulations can still be considered to belong to Regime 3
since the transom remained dry for all studied Re, it can be assumed
that a further increase in Re would eventually wet the transom.

For the dry regime simulations (Fr¼ 3.17), we observed a regime
shift caused by the Re change. The Re ¼ 2� 106 and Re ¼ 3� 106

clearly belong to Regime 3 since a breaking roller was noticed to issue
from the toe. The Re ¼ 1� 106 simulation was observed to belong to
Regime 4 since no breaking toe was observed and the amount of air
cavities formed was significantly less than with the other two simula-
tions at the same Fr.

Overall, we noticed that the ratio of the boundary layer thickness
and the transom draught is an important parameter characterizing the
wave formation for the FSBFS. We note that for a real vessel, the
boundary layer thickness at the transom is affected not only by the
ship length but also by the geometry, surface roughness, propulsion,
and appendages. All of these effectively increase the boundary layer
thickness in the real vessel and, if neglected, may result in the transom
to appear dry when wetting would occur if the effects were considered.
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APPENDIX A: DETAILS OF THE GAMMA-LIMITED
NUMERICAL SCHEME

The Gamma-limited scheme is an interpolation scheme to find
the face flux /f from adjacent cell center values /C and /D. The
scheme blends upwind and centered discretization based on user
defined control parameter b 2 ½0; 0:5� and a limiter function,

FIG. 15. Illustration of the scaling
effect for the FSBFS with constant
transom Fr. The black wave
shows the wavelength and height
scaled with the scaling factor s
and the blue wave shows the
effect of the changing d=Td ratio.

FIG. 16. A RANS prediction of the stern wave in model and full scale for a cruise
ship at FrL ¼ 0:209. The 20 p ¼ 2pd=U2 contours are drawn for the linearly dis-
tributed range p 2 ½�100; 300� and the black line indicates the free surface. The
slice is taken from the middle of the ship.
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v ¼ 1� /D � /C

2ðr/ÞC �~d
; (A1)

where~d is a vector from cell center C to D.
For v < 0 or v > 1, the upwind flux is used

/f ¼ /C: (A2)

For b < v 	 1, the centered flux is used

/f ¼ fx/C þ ð1� fxÞ/D; (A3)

where fx is the grid weight. For 0 	 v 	 b, a blend of the upwind
and centered fluxes is used

/f ¼ ð1� cð1� fxÞÞ/C þ cð1� fxÞ/D; (A4)

where c ¼ vb. Thus, the amount of numerical diffusion provided
by the convection term discretization is controlled by the parameter
b and a value of b ¼ 0:15 is used herein.

APPENDIX B: STATISTICS OF THE BOUNDARY
LAYER SIMULATION

Figure 17 shows the dimensionless velocity profile uxþ and the
root mean square of the uxuþx ; uyu

þ
y , and uzuþz fluctuations along

with the DNS data by Schlatter and €Orl€u16 at Rex ¼ 1:4� 106.
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