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Abstract: In this work, a model predictive controller is
developed for a multiple injection combustion model. A 1D
engine model with three distinct injections is used to generate data for identifying the state-space representation of
the engine model. This state-space model is then used to
design a controller for controlling the start of injection and
injected fuel mass of the post injection. These parameters are
used as inputs for the engine model to control the maximum
cylinder pressure and indicated mean eﬀective pressure.
Keywords: model predictive control, identiﬁcation for
control, data-driven control, multiple injection

1 Introduction
International emission regulations (e.g., Tier III, China II)
are becoming stricter every year, which sets more challenges on combustion engines. In some industries, such
as maritime, no replacement of combustion engines can
be foreseen in the near future due to high demand of the
large energy eﬃciency. There is a need for new eﬃcient use
of renewable fuels and new low-temperature combustion
technologies that would reduce the harmful emissions.
Lowering the emissions excessively under the legislation limits would increase the engine operating costs such
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as higher fuel consumption [1]. The challenge is to fulﬁll the
emission standards and to maximize the engine eﬃciency.
Overcoming this problem requires more advanced combustion control than the traditional engine tuning and calibration. There have been several new approaches in the engine
combustion control, which are based on new low-temperature combustion technologies, e.g., reactivity controlled
compression ignition, homogeneous charge compression
ignition, and partially premixed combustion. Control in
these is complicated however, and they are based on controlling the cylinder pressure by several successive fuel
injections during each engine cycle. Engine eﬃciency can
be increased by maintaining the cylinder pressure at its
highest level throughout the combustion [2]. Multiple injection strategy is one of the new methods being used to maximize the cylinder pressure. It is an alternative approach to
single injection combustion, which has been proved to be
more eﬃcient in terms of noise and emission reduction, and
fuel consumption [3]. The multiple injection enables better
control of the fuel distribution [4].
In this work, a model predictive control (MPC) is
applied for multiple injection strategy in a maritime diesel
engine. The aim is to predict and control the engine combustion parameters cycle-to-cycle. The MPC controller is
designed based on a state-space representation of the
combustion process. The model is obtained by data-driven
method from a multiple injection combustion model.
The reason for choosing the MPC method is upon its
ability to solve the optimization problem using a moving
time horizon window [5], which can be considered as the
working cycle of the cylinder. In this problem, the MPC is
controlling the fuel injection parameters under constraints
such as the maximum cylinder pressure value. The optimization problem is to maximize the cylinder pressure and
the indicated mean eﬀective pressure (IMEP) over a cycle.

2 Engine model
The model used in this work to generate data for system
identiﬁcation is a 1D model based on a 4-cylinder, 4
stroke, 2L diesel engine with direct injection provided
This work is licensed under the Creative Commons Attribution 4.0
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by Gamma Technologies [6]. The engine model is created
with GT-suite integrated simulation environment. The
combustion model of the engine is developed with
DI-pulse method, a predictive combustion model that utilizes detailed injection proﬁles. The injection proﬁles are
generated using a detailed injector model developed by
Payri et al. [7]. The in-cylinder heat transfer is modeled
with Woschni model and temperatures of cylinder, head,
and piston are modeled with a ﬁnite-element model.
DI-pulse is a phenomenological combustion model
developed by Gamma Technologies. It provides the possibility to predict the parameters associated with incylinder combustion and emission for single and multiple
injection strategies. The model divides the cylinder into
three thermodynamic zones. These zones are the unburned
zone, the unburned spray zone, and the spray burned zone,
each zone having distinct temperature and composition.
The unburned zone contains the trapped air mass at intake
valve closing, the unburned spray zone contains injected
fuel and entrainment mass, and the burned spray mass
contains combustion products. GT-power uses diﬀerent
models for the diﬀerent phases of the combustion. These
phases are fuel injection, entrainment model, evaporation,
ignition delay, premixed combustion, and diﬀusion combustion. Four latter phases have their own coeﬃcient that
has a great impact on that particular phase. In addition to
DI-pulse, the utilized model demonstrates other essential
concepts of diesel engines such as variable geometry turbine, boost control, intercooler, exhaust gas recirculation
(EGR) circuit with cooler and EGR rate control, injection
limiting for control, and geometry only exhaust after treatment device modeling [8].
The reason of using a simulation model for data generation is that phenomenological models provide accurate results for control design purposes in the absence of
data generated by a real engine.

2.1 Fuel injection
Each injection is deﬁned as a separate pulse and is
tracked and added separately to the unburned spray
zone as shown in Figure 1. Number of pulses in DI-pulse
is unlimited, although in both simulation and real engine
applications that is not possible. Additionally, there is no
distinction made between pilot, main, and post injection
pulses.
The length of spray penetration at time t for each
injection pulse is calculated in equation (1)
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Figure 1: Illustration of injection pulses [8].
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where uinj is the injection velocity at injector nozzle and tb
is the breakup time of spray into droplets. The velocity uinj
and breakup time tb are deﬁned in equations (2) and (3),
respectively

uinj = Cd

tb = 4.351

m˙ inj
2ΔP
=
,
ρl
An ρl

2ρl

dn
,
ρg Cduinj

(2)

(3)

where Cd is the injector nozzle discharge coeﬃcient, ΔP is
the pressure drop across injector nozzle, ρl is the density
of liquid fuel, ρg is the density of gaseous fuel, ṁinj is the
injection mass ﬂow rate, An is the injector nozzle area,
and dn is the injector nozzle coeﬃcient [8].

2.2 Entrainment
As the fuel spray is injected into the combustion chamber,
it is slowed down by the entrainment of unburned and
burned gases into the spray. The injection pulses are
mixed together through entrainment. Each packet has its
own position and velocity that are determined by an
empirical correlation for spray tip penetration described
in refs [9] and [10]. The entrainment rate is based on the
conversation of momentum

minjuinj = (minj + m air-entrained )u,

(4)

where u = dS / dt is the ﬁnal velocity of the entrained airfuel mixure, minj is the initial mas of the injected fuel packet,
and m air-entrained is the entrained air mass of the packet.
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The left-hand side of equation (4) represents the initial
spray momentum and right-hand side ﬁnal entrainment
mixure momentum. m air-entrained is dependent on injection
velocity

m air-entrained =

minjuinj
u

.

2.5 Premixed combustion

The droplet evaporation model used in DI-pulse is based
on the works of refs [11] and [12]. The energy balance
around the droplet is shown in equation (7)
(7)

where md is the mass of the droplet and cpd is the speciﬁc
heat capacity of the droplet. The rate of convective heat
transfer is deﬁned as

dQ c
= hπdd2 (Tg − Td ) ,
dt

(9)

where dmd / dt is the rate of the evaporation of the droplet
and ΔHvd is the latent heat of vaporization of the droplet.

2.4 Ignition delay
The mixture of each pulse is aﬀected by an ignition delay,
which is modeled with an Arrhenius equation as shown
in equation (10) [13]. Each injection pulse has its own
ignition delays, which is based on the conditions within
the pulse, i.e. entrainment and evaporation within the
pulse in addition to pulse-to-pulse interactions.

τign = Cignρ−1.5 e(

3500
T

)[O2]−0.5 ,

Once an injection pulse is ignited, the mixture present at
the time is set aside for premixed combustion. The rate of
premixed combustion is set to be kinetically limited and
can be modiﬁed by premixed combustion rate multiplier
(Cpm ). The rate of premixed combustion is deﬁned as

dmpm
dt

= Cpmmpmk (t − tSOC)2 f (⋅ ) ,

(12)

where mpm is the premixed mass, k is the turbulent
kinetic energy, and t is the time after the injection. f (⋅ )
indicates that the premixed combustion depends on other
factors such as temperature, concentration of oxygen, EGR
fraction, air-fuel ration, and the kinetic rate constant [8].

(8)

where dd is the diameter of the droplet, Tg is the temperature
of the entrained gas, and Td is the temperature of the droplet.
The absorbed heat from the control volume due to the
enthalpy change is deﬁned as

dQ e
dm d
ΔHvd ,
=−
dt
dt

(11)

tSOI

(6)

2.3 Evaporation

dT
dQ c
dQ e
,
=
+
dt
dt
dt

1
dt = 1,
∫ τign

where tSOI is the time at the start of injection (SOI) and tSOC
is the time at the start of combustion (SOC).

where Cent is the entrainment rate multiplier [8].

md cpd

tSOC

(5)

The rate of entrained fuel–gas mixture is deﬁned as

minjuinj du
dm
,
= −Cent
dt
u 2 dt

[O2] is the concentration of the oxygen. Ignition occurs
when

(10)

where Cign is the ignition delay multiplier, ρ is the density
of the pulse gas, T is the temperature of the pulse, and

2.6 Diﬀusion combustion
The remaining unmixed fuel and entrained gas after the
ignition continue to mix and burn in a primarily diﬀusion-limited phase. The rate of diﬀusion combustion can
be adjusted by the diﬀusion combustion rate multiplier (Cdf ).
The diﬀusion combustion rate is presented in equation
(13)

dm
k
f (⋅ ) ,
= Cdf m
3 V
dt
cyl

(13)

where Vcyl is the cylinder volume. The rate of the diﬀusion
combustion is small at high loads due to spray wall and
spray–spray interactions. f (⋅ ) is the same as in equation
(12) [6].

3 Engine simulations
The engine runs at speed mode, where the user enters
the speed and the engine torque is calculated. The simulation will run until it reaches a steady state for each case.
Cases contain high and low load at diﬀerent speeds. The

Model predictive control for a multiple injection combustion model
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Figure 2: Cylinder pressure trace (red) with respect to injection pulses (blue).

number of cycles varies from 25 to 100. Three injections
are used for the combustion, pilot (also known as pre),
main, and post injection.
The cylinder pressure trace with respect to injection
pulses is shown in Figure 2. The results are from three
simulation runs with diﬀerent speed and low load.
The pilot, main, and post injections are shown in
Figure 2 starting from left to right, respectively. The
idea is to maintain maximum pressure as long as possible. The purpose of pilot injection is reducing combustion noise. Post injection is added to reduce the formation
of soot [14]. For the purpose of the system identiﬁcation
and MPC design in this work, it was enough to run the
simulation for one operating point. The model was run at
a speed of 3,000 rpm and a brake mean eﬀective pressure
of 3 bar. The SOI and injected fuel mass of pilot and main
were kept within a narrow range, while SOI and injected
fuel mass of post injection were run as a sweep. Injected
fuel mass for the main injection was kept constant. The
detailed values of each injection are presented in Table 1.
Values of the SOI for pilot and main injections are
obtained from injection proﬁles. The results of the simulations, i.e., SOI and injected fuel mass, and maximum
cylinder pressure and IMEP are used to estimate the statespace representation of the engine model with system
identiﬁcation. The state-space model is controlled with
the designed MPC.

4 System identiﬁcation for statespace estimation
Designing an MPC controller requires an estimated statespace representation of the process plant. In this work,
the cycle to cycle combustion process is modeled in a
form of a simple state-space model as in equation (14),
where X (k ) and Y (k ) are the system states and outputs,
U (k ) is the input. A, B , and C are the system and system
input and output matrices.

X (k + 1) = AX (k ) + BU (k )
Y (k ) = CX (k ) .

(14)

Instead of using the post injection timing, SOIpost , directly
as one of the input, a relative distance between the main,
SOImain , and the post injection timing is taken into account
as in equation (15)

Table 1: Values of injections for each cycle
Injection

SOI ( ∘ )

mf (mg)

Pilot
Main
Post

−3.6 … − 2.6
0…1
12 … 24

1…5
50
4…5
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dSOI = SOIpost − SOImain .

(15)

Similarly, injected mass of the post injection, mpost , is also
replaced as an input by a ratio (rp) of the mass of the post
injection to the total mass injected (equation (16))

rp =

mpost
(mpost + mmain)

.

(16)

Outputs of the model are decided to be the maximum
cylinder pressure ( pmax ) and the brake speciﬁc fuel consumption (BSFC). The state equation of the state-space
model then has a form of

⎡ pmax (k + 1) ⎤ = A⎡ pmax (k ) ⎤ + B⎡ dSOI(k ) ⎤ , (17)
⎢
⎢
⎢
⎦
⎦
⎣ BSFC(k ) ⎥
⎣ BSFC(k + 1) ⎥
⎣ rp(k ) ⎥
⎦
where the assumption of a static relation between U and
X gives A = I2 × 2 (identity matrix) and leaves B to be determined by a linear regression. Moreover, matrix C in equation (14) is also given as I2 × 2 . Data used in the system
identiﬁcation are collected from running a set of designed
simulation in the aforementioned GT-suite multi-injection engine model.
To form a linear regression for B , equation (20) then
becomes

⎡ Δ pmax (k + 1) ⎤ = B⎡ dSOI(k ) ⎤ ,
⎢ ΔBSFC(k + 1) ⎥
⎢
⎣ rp(k ) ⎥
⎦
⎣
⎦

(18)

where

Δ pmax (k + 1) = pmax (k + 1) − pmax (k ) ,
ΔBSFC(k + 1) = BSFC(k + 1) − BSFC(k ) .

(19)

Denote that

Δ pmax (k + 1) ⎤
Δ =⎡
,
⎢ ΔBSFC(k + 1) ⎥
⎣
⎦
dSOI(k ) ⎤
U =⎡
.
⎢
⎣ rp(k ) ⎥
⎦
Hence by using linear regression, matrix B is formed as

B = Δ × U T × (UU T )−1 .

(20)

Taking denote the diﬀerence of the state variable and the
control variable as

Δxm(k + 1) = xm(k + 1) − xm(k )
Δxm(k ) = xm(k ) − xm(k − 1)
Δu(k ) = u(k ) − u(k − 1) .

(22)

The diﬀerence of the state space equation is

Δxm(k + 1) = Am Δxm(k ) + Bm Δu(k ) .

(23)

The state variable Δxm(k ) is connected to the output y (k )
by choosing a new state variable vector

x (k ) = [Δxm(k )T y (k )T ]

(24)

and the diﬀerence equation of the output is

y (k + 1) − y (k ) = Cm(xm(k + 1) − xm(k ))
= Cm Δxm(k + 1)
= CmAm Δxm(k ) + CmBm Δu(k ) .

(25)

Combining equation (23) and equation (25) gives the following augmented state-space model

⎡ Δxm(k + 1) ⎤ = ⎡ Am 0 ⎤⎡ Δxm(k ) ⎤
⎢
⎣CmAm I ⎥
⎦⎢
⎣ y (k + 1) ⎥
⎦ ⎢
⎣ y (k ) ⎥
⎦
B
⎡ m ⎤
+ ⎢C B ⎥Δu(k ) ,
m m
⎣
⎦
(
x
k )⎤
Δ
m
y (k ) = [ 0 I ]⎡
,
⎢
(
) ⎥
y
k
⎣
⎦

(26)

where I and 0 are, respectively, the identity and zero
matrix with dimension m × m, where m is the number
of inputs. Based on the augmented state space, the future
state variables are calculated sequentially for a Np number
of samples (called prediction horizon) and within a control
horizon Nc which is chosen to be less than (or equal) to the
prediction horizon Np. Deﬁne the vectors Y and ΔU as:

ΔU = [Δu(ki )T Δu(ki + 1)T … Δu(ki + Nc − 1)T ]T
(27)
Y = [ y (ki + 1)T y (ki + 2)T … y (ki + Np)T ]T .
A general formula for future state variable prediction is

Y = Fx (ki ) + ΦΔU ,

(28)

where F and Φ matrices are deﬁned as in ref. [5]. Assuming
that the set-point is deﬁned as RsT , the controller aims to
minimize the cost function J with the corresponding ΔU

5 MPC
The controller in this work is developed based on the
theory in ref. [5]. The cycle to cycle model in equation
(21) is rewritten for easier notation as

xm(k + 1) = Am xm(k ) + Bmu(k )
y (k ) = Cmxm(k ) .

(21)

J = (Rs − Y )T (Rs − Y ) + ΔU T R¯ ΔU ,

(29)

in which R̄ is a weighting matrix of a form R¯ = rw ×
INc × Nc (rw ≥ 0), where rw is used as a tuning parameter
for the controller performance. The optimal solution for
the control signal ΔU is

Model predictive control for a multiple injection combustion model

(30)

Applying the receding horizon control principle, the ﬁrst
m elements (where m is the number of inputs) in ΔU are
taken to form the incremental optimal control

Δu(ki ) = [Im 0m … 0m](ΦT Φ + R¯ )−1ΦT (Rs − Fx (ki )) ,
= Kyr (ki ) − [Kx Ky ]x (ki ) .

1139

As can be seen from the plot, the controller reacts to
the changes in the inputs and maintains the outputs at
desired values. The upper two plots show the outputs
which stabilize and reach the desired values after around
200 cycles.
The lower plots demonstrate the control signals Δu(ki )
of the MPC. In the beginning of the cycles, the control
signals reach negative values at times which shows that
the main injection is overlapped by the post injection
although the controller stabilizes towards the end. This
is potentially caused by several reasons such as the uncertainties in modeling, the lack of constraints of the control
signals, etc. Hence, there are more room for improvements
in the future work.

Figure 3: Closed-loop control system of MPC [5].

ΔU = (ΦT Φ + R¯ )−1ΦT (Rs − Fx (ki )) .



(31)

6 Results
The controller is implemented in a closed-loop control
system for veriﬁcation. The control scheme is depicted
in Figure 3.
The simulation of the above control scheme is conducted in MATLAB, and Figure 4 shows the testing
results. The reference values for Pmax and BSFC are set
to be 85 bar and 320 g/kW h, respectively.

7 Conclusion
In this work, an MPC controller is developed for a multiple injection combustion model. The main goal was to
control post injection of the engine model to obtain the
desired BSFC and maximum cylinder pressure. This was
achieved by creating a state-space model for engine with
system identiﬁcation. The data required for the system
identiﬁcation were obtained from a phenomenological
engine model developed by Gamma Technologies. This
proved that simulation models can provide data as suﬃcient as from a real engine run. The estimated state-space
model of the engine was then used as a process model for
the MPC controller. The results indicate that it is possible
to implement a closed-loop control system purely from
data generated by a simulation model.
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