
This is an electronic reprint of the original article.
This reprint may differ from the original in pagination and typographic detail.

Powered by TCPDF (www.tcpdf.org)

This material is protected by copyright and other intellectual property rights, and duplication or sale of all or 
part of any of the repository collections is not permitted, except that material may be duplicated by you for 
your research use or educational purposes in electronic or print form. You must obtain permission for any 
other use. Electronic or print copies may not be offered, whether for sale or otherwise to anyone who is not 
an authorised user.

Alvarez, Silvana Palacios; Gomez, Pau; Coop, Simon; Zamora-Zamora, Roberto; Mazzinghi,
Chiara; Mitchell, Morgan W.
Single-domain Bose condensate magnetometer achieves energy resolution per bandwidth
below ħ

Published in:
Proceedings of the National Academy of Sciences of the United States of America

DOI:
10.1073/pnas.2115339119

Published: 08/02/2022

Document Version
Publisher's PDF, also known as Version of record

Published under the following license:
CC BY-NC-ND

Please cite the original version:
Alvarez, S. P., Gomez, P., Coop, S., Zamora-Zamora, R., Mazzinghi, C., & Mitchell, M. W. (2022). Single-
domain Bose condensate magnetometer achieves energy resolution per bandwidth below ħ. Proceedings of the
National Academy of Sciences of the United States of America, 119(6), 1-6. Article e2115339119.
https://doi.org/10.1073/pnas.2115339119

https://doi.org/10.1073/pnas.2115339119
https://doi.org/10.1073/pnas.2115339119


PH
YS

IC
S

Single-domain Bose condensate magnetometer
achieves energy resolution per bandwidth below �

Silvana Palacios Alvareza , Pau Gomeza, Simon Coopa, Roberto Zamora-Zamorab , Chiara Mazzinghia , and
Morgan W. Mitchella,c,1

aICFO - Institut de Ciencies Fotoniques, The Barcelona Institute of Science and Technology, 08860 Castelldefels (Barcelona), Spain; bQuantum Computing
and Devices (QCD) Labs, Department of Applied Physics, Aalto University and Quantum Technology Finland (QTF) Centre of Excellence, FI-00076 Aalto,
Finland; and cICREA - Institució Catalana de Recerca i Estudis Avançats, 08010 Barcelona, Spain

Edited by Vanderlei Bagnato, Instituto de Física de São Carlos, Universidade de São Paulo, Sao Carlos, Brazil; received August 27, 2021; accepted
December 13, 2021

We present a magnetic sensor with energy resolution per band-
width ER < �. We show how a 87Rb single-domain spinor Bose–
Einstein condensate, detected by nondestructive Faraday rotation
probing, achieves single-shot low-frequency magnetic sensitivity
of 72(8) fT measuring a volume V = 1,091(30) μm3 for 3.5 s, and
thus, ER = 0.075(16)�. We measure experimentally the conden-
sate volume, spin coherence time, and readout noise and use
phase space methods, backed by three-dimensional mean-field
simulations, to compute the spin noise. Contributions to the spin
noise include one-body and three-body losses and shearing of the
projection noise distribution, due to competition of ferromagnetic
contact interactions and quadratic Zeeman shifts. Nonetheless,
the fully coherent nature of the single-domain, ultracold two-
body interactions allows the system to escape the coherence
vs. density trade-off that imposes an energy resolution limit on
traditional spin precession sensors. We predict that other Bose-
condensed alkalis, especially the antiferromagnetic 23Na, can fur-
ther improve the energy resolution of this method.

quantum sensing | magnetometry | Bose–Einstein condensates

Well-known quantum limits profoundly, but not irreme-
diably, constrain our knowledge of the physical world.

Uncertainty relations forbid precise, simultaneous knowledge of
observables such as position and momentum. Parameter estima-
tion limits, e.g., the standard quantum limit and Heisenberg limit,
constrain our ability to measure transformations not subject to
uncertainty relations, e.g., rotations (1, 2). Both these classes
of quantum limits admit trade-offs: uncertainty principles allow
an observable to be precisely known if one foregoes knowledge
of its conjugate observable, and parameter estimation limits
allow better precision in exchange for a greater investment of
resources, e.g., particle number.

A qualitatively different sort of quantum limit is found in
magnetic field sensing, where well-studied sensor technologies
are known to obey a quantum limit on the energy resolution per
bandwidth,

ER ≡ 〈δB2〉VT

2μ0
. [1]

Here 〈δB2〉 is the mean squared error of the measurement, V is
the sensed volume, T is the duration of the measurement, and μ0

is the vacuum permeability*.
A limit on ER constrains sensitivity when measuring the field

in a given space–time region, without reference to any other
physical observable, nor to any resource. In contrast to other
quantum sensing limits, this allows nothing to be traded for
greater precision; it means that details of the field distribu-
tion are simply unmeasurable. Known limits on ER, derived
from quantum statistical modeling, show that direct current (dc)
superconducting quantum interference devices (dc SQUIDs)

*A related definition, scaling as ER ∝ A3/2, A ≡ active area, applies to planar sensors
(3, 4).

(3, 5, 6), rubidium vapor magnetometers (7, 8), and immo-
bilized spin precession sensors, e.g., nitrogen-vacancy centers
in diamond (NVD) (4, 9), are all limited to ER ≥ α�, where
� is the reduced Planck constant and α is a number of or-
der unity. These limits, though, are imposed by technology-
specific mechanisms, not by a universal constraint on all sensor
technologies (10).

A variety of exotic sensing techniques, including noble gas
spin precession sensors (11–13), levitated ferromagnets (14, 15),
and dissipationless superconducting devices (16–18), have been
proposed to achieve ER < � by evading specific relaxation mech-
anisms (10). If ER < � can be achieved, it will break an impasse
that has held since the early 1980s, when ER ≈ � was reached in
dc SQUID sensors (6, 19). In addition to resolving the question
of whether ER ≥ � is universal, achieving ER < � would open
horizons in condensed matter physics (20) and neuroscience (21).
For example, to enable single-shot discrimination of brain events,
a magnetometer would need δB ∼ 1 fT sensitivity to T ∼ 10 ms
events when measuring in V ∼ (3 mm)3 volumes (22, 23), or
ER ∼ 1�.

Here we study an exotic magnetometer technology, the
single-domain spinor Bose–Einstein condensate (SDSBEC),
that freezes out relaxation pathways due to collisions, dipolar
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Fig. 1. SDSBEC magnetic field sensor. (A) Experimental schematic: crossed, far-off-resonance beams (orange) are used to produce and hold a spinor
condensate in a spherical optical dipole trap. A near-resonance probe beam (red) is used to make nondestructive Faraday rotation measurements of the on-
axis (y) component of the collective spin F. A reference detector (RD) measures the number of input photons, and quarter- (QWP) and half-wave (HWP) plates
are used to set the polarization before a lens (L) focuses the probe onto the atomic cloud. The transmitted light is analyzed for polarization rotation using
a second HWP, polarization beamsplitter (PBS), and differential photodetector (DPD). (B) Computed density n of the prepared SBEC in the x–z plane (dark
square in schematic). (C) Evolution of the collective spin statistical distribution during the sensing protocol (not to scale): the atoms are spin polarized parallel
to the field direction, with the collective spin F statistically distributed as shown by red dots, limited by spin projection noise and atom number uncertainty.
Spins are then tipped by a radiofrequency pulse to be orthogonal to the field (B), shown by green dots. During a free-precession time T the collective
spin precesses by an angle θ = γBT , while also diminishing in magnitude and experiencing shearing of the statistical distribution (green–blue progression).
(D) Readout: during the final few precession cycles the spin component Fy is detected by Faraday rotation. Measurements of optical polarization rotation
angle φ versus time t (points) are fit with a free-induction waveform (line) to infer spin rotation angle θ at readout time T. (E) Spatial distribution of the
polarization defect density n − F⊥ at T = 1 s, where F⊥ is the transverse polarization density, obtained from 3+1D Gross–Pitaevskii equation simulations for
the experimental trap conditions and q/h = 0.5 Hz (Left) and q/h = 0 Hz (Right). Scale is as in B. The very small observed spin defect implies a small upper
bound to spin noise from ferromagnetism-driven spin segregation and justifies the use of the SMA to compute quantum noise dynamics.

interactions, and also spin diffusion (24) and domain formation
(25, 26), which occur in unconfined condensates. With a 87Rb
SDSBEC, we find ER = 0.075(16)�, far beyond what is possible,
even in principle, with established technologies (10, 27). Our
results demonstrate the possibility of ER � � sensors and
motivate the study of other exotic sensor types.

To understand how the SDSBEC evades the � limit, it is
instructive to first show why other spin precession sensors, which
include NVD and alkali vapors, obey such a limit. The principle
of operation of a spin precession sensor is represented in Fig. 1C:
An ensemble of N atoms is first initialized with its net spin F along
the magnetic field B to be measured. The spin is then tipped by
a radiofrequency pulse, making F orthogonal to B. The spins are
allowed to precess for a time T before the resulting precession
angle θ = γBT is detected, where γ is the gyromagnetic ratio of
the atomic species and B = |B| is the magnitude of the field. The
resulting energy resolution per bandwidth is

ER =
V 〈δθ2〉F
2μ0γ2T

+
V 〈δθ2〉RO

2μ0γ2T
, [2]

where 〈δθ2〉F and 〈δθ2〉RO are the angular variance due to intrin-
sic uncertainty of F and readout noise, respectively.

Readout noise can in principle be arbitrarily reduced using
projective measurement, so we focus on the intrinsic spin noise.
This scales as 〈δθ2〉F ∝ N−1 and is minimized at the optimal
readout time T ≈ T2/2, where T2 is the transverse relaxation
time. The quantum noise contribution to Eq. 2 thus scales as
1/(nT2), where n = N /V is the number density of spins. In
ordinary spin systems, the relaxation rate 1/T2 will grow pro-
portionally to n due to two-body decoherence processes, e.g.,
spin destruction collisions in vapors (8) or magnetic dipole–
dipole coupling in NVD (9, 10). This density–coherence trade-
off ensures that ER has a finite lower bound (Energy Resolution
Limit for Markovian Spin Systems).

To circumvent this limit, we implement a spin precession sen-
sor with an SDSBEC. This ultracold sensor differs from the above
in three important ways. First, because it is so cold, inelastic two-
body interactions, including both short-range hyperfine-changing
collisions and long-range dipole–dipole interactions, are energet-
ically forbidden for a sensor operating in the ground hyperfine

state (28). Second, because of quantum degeneracy, the elas-
tic two-body interactions (spin-independent and spin-dependent
contact interactions) produce a coherent dynamics that does not
raise the entropy of the many-body spin state (29). Third, in the
single-domain regime, these coherent dynamics cannot reduce
the net polarization through domain formation, as happens in ex-
tended SBECs (30). As we will show, 1/T2 then contains no con-
tribution ∝ n , and we escape the density–coherence trade-off.

To understand the SDSBEC sensitivity†, we compute 〈δθ2〉F ,
including quantum statistical effects due to collisional interac-
tions, which can importantly modify the spin distribution from
its mean-field behavior (33). We employ the truncated Wigner
approximation (TWA) (34, 35), previously applied to study spa-
tial coherence in BECs (36). In the single-mode approximation
(SMA), the quantum field describing the condensate factorizes
into a spatial distribution φN (r) and a spinor field operator
χ describing all atoms in the condensate. χ≡ (â+1, â0, â−1)

T ,
where âm are bosonic annihilation operators, such that N ≡
χ† · χ is the atomic number operator. φN (r) is the ground-state
solution to the spin-independent part of the Hamiltonian in the
Thomas–Fermi approximation and with N atoms. We normalize
φN such that I2 = 1, where Id ≡

∫
d3�r |φN (�r)|d .

The spinor field χ evolves under the SMA Hamiltonian (37)

HSMA =
g

2
χ†fχ · χ†fχ+ qχ†f 2z χ, [3]

where g ≡ g2I4 ∝ N−3/5 describes the spin-dependent interac-
tion strength and the q term describes the quadratic Zeeman

†A direct measurement of the sensor’s equivalent magnetic noise could in principle
be made by placing the magnetometer in a shielded environment with magnetic
noise below that of the sensor. To our knowledge, shielding at the required level,
∼ 50 fT/

√
Hz at sub-Hz frequencies, has never been implemented in a cold-atom

experiment and appears intrinsically challenging. As described below, the single-shot,
optimized SDSBEC is sensitive to frequencies below f = 1/T ≈ 0.29 Hz, while multishot
measurements would be still slower. At these low frequencies, magnetic shielding is
limited by the innermost shield’s thermal magnetization noise, with power spectral
density ∝ 1/f and typical values 〈δB2〉T = f−1120 fT2 (31). For this reason, we base
our sensitivity estimates on a combination of measured readout noise and calculations
of the quantum noise dynamics in the SBEC using measured parameters. Due to the
very clean nature of the BEC system, such calculations have proven reliable in other
contexts (32).

2 of 6 PNAS
https://doi.org/10.1073/pnas.2115339119

Palacios Alvarez et al.
Single-domain Bose condensate magnetometer achieves energy resolution

per bandwidth below �

D
ow

nl
oa

de
d 

at
 H

el
si

nk
i U

ni
v 

of
 T

ec
h 

on
 F

eb
ru

ar
y 

21
, 2

02
2 

https://doi.org/10.1073/pnas.2115339119


PH
YS

IC
S

shift, including contributions from the external field and from
microwave or optical fields. The combined action of the q and
g terms induces a shearing of the condensate’s spin noise distri-
bution from its initial coherent-state distribution. Losses occur
at rate dN /dt =−Γ1N − Γ3N

9/5, where Γ1 describes the rate
of collisions with background gas and Γ3 is proportional to
the three-body loss cross section. The evolution of the many-
body spin state ρ is described by the master equation dρ/dt =
[HSMA, ρ]/(i�) + L[ρ], where L[ρ] is the Liouvillian

L[ρ] =
∑
l

κl

(
2ÔlρÔ

†
l − ρÔ†

l Ôl − Ô†
l Ôlρ

)
, [4]

and the jump operators Ôl , with associated rates κl , describe
the various loss processes (Mode Shape, Interaction Strengths, and
Jump Operators and Quantum Noise Evolution).

Fig. 2 shows the evolution of the spin noise contribution to ER

over time as computed by TWA. For a given trapping potential
and finite Γ1, q, and/or Γ3, the energy resolution shows a global
minimum with T. To understand the in-principle limits of this
T-optimized noise level, we note the following: 1) Γ1 can in
principle be arbitrarily reduced through improved vacuum condi-
tions, while q can also be made arbitrarily small by compensating
the contribution of the external field with microwave or optical
dressing, leaving Γ3 as the sole factor to introduce spin noise.
2) The noise effects of Γ3, which are a strong function of density,
can also be made arbitrarily small, by increasing rTF and N to give
a large, low-density condensate. 3) The corresponding increase in
V is more than offset by the increase in T2, such that ER ∝ V /T2

tends toward zero. 4) At the same time, the SMA and TWA
approximations become more accurate in this limit. We conclude
that a low-density SBEC in a loose trapping potential can operate
deep in the single-mode regime, suffer small three-body losses,
and achieve ER � �.

We now show that an SDSBEC magnetometer can in practice
operate with ER well below �. The experimental configuration is
illustrated in Fig. 1A and described in detail in Palacios et al. (29).
In brief, a pure condensate of 87Rb atoms in the F = 1 manifold
with an initial atom number N0 = 6.8(5)× 104 is produced by

.

Fig. 2. Spin noise contribution to ER of the SDSBEC sensor, from TWA
simulations with measured trap parameters including condensate volume V
and one- and three-body decay rates Γ1 and Γ3, respectively. Blue, orange,
green, and red curves show ER for q/h = 0.30, 0.12, 0.05, and 0 Hz, respec-
tively. To separate different effects, we show also conditions Γ1 = q/h = 0
(violet) and Γ1 = Γ3 = q/h = 0 (brown). Spheres represent the (Fx , Fy , Fz)

phase space at time 0 s (Bottom) and at 3 s with q/h = 0.3 Hz and 0 Hz
(Top Left and Top Right); sphere radius is equal to the number of remaining
atoms, and points sample the rotating-frame Wigner distribution. For ease
of visualization, dispersion of the Wigner distribution is magnified by a
factor of 10.

forced evaporation in a crossed-beam optical dipole trap. The
condensate is initialized fully polarized along B by evaporation in
the presence of a magnetic gradient, tipped by a radiofrequency
pulse to be orthogonal to B, then allowed to precess for a time
T before readout, as depicted in Fig. 1C. A probe light tuned
258 MHz to the red of the F = 1→ F ′ = 0 transition of the D2

line is used for nondestructive Faraday rotation measurement of
the collective spin of the condensate (Fig. 1D).

Atom number is measured by time-of-flight absorption
imaging. From atom-number decay we observe Γ1 = 8.6(31)×
10−2s−1 and Γ3 = 1.0(6)× 10−5 atom−4/5s−1 one-body and
three-body collision rates, respectively. The very small three-
body loss rate allows us to approximate atomic losses as expo-
nentially decaying with lifetime 7.1(2) s. In this approximation
the resulting rate dN /dt never differs by more than 4% from
the numerical solution when both Γ1 and Γ3 are included. The
coherence time is found to be equal to the atomic lifetime in the
trap and therefore T2 = 7.1(2) s.

The curvature of the trapping potential is determined from
the measured SBEC oscillation frequencies. We find ω1/2π =
67.2(10) Hz, ω2/2π = 89.0(7) Hz, and ω3/2π = 97.6(9) Hz,
where the subscripts index the principal axes of the trap. For
our number of atoms N = 6.8(5)× 104 these correspond to
Thomas–Fermi radii r

(1,2,3)
TF = 7.0(1) μm, 6.20(9) μm, and

6.00(9)μm in the Thomas–Fermi approximation (Mode Shape,
Interaction Strengths, and Jump Operators). This parabolic
geometry defines the volume containing the entire condensate
V ≡ 4πr

(1)
TF r

(2)
TF r

(3)
TF /3 = 1,091(30) μm3.

As shown in Fig. 1D, measurements of the spin precession
can be taken over several precession cycles with little damage to
the polarization, allowing the precession angle to be estimated
with readout noise 〈δθ̂2〉RO = 1.08(24)× 10−4rad2 at the time
of optimal readout T = T2/2 (Readout Noise). We note that
〈δθ2〉RO could be further reduced through improved probe–atom
coupling and/or squeezed light (38, 39).

Combining the above we have volume V = 1,091(30) μm3,
readout noise 〈δθ̂2〉RO = 1.08(24)× 10−4rad2, and spin quan-
tum noise 〈δθ2〉F = 1.46(100)× 10−5rad2. For an optimum
readout time of T = 3.5 s, these give a magnetic sensitivity of
72(8) fT and ER = 0.075(16)� (Duty Cycle). This is a factor of
17 better than any previously reported value (24, 40, 41) and
well beyond the level ER ≈ � that constrains the most advanced
existing technologies.

In applying the TWA, we assumed the validity of the SMA.
To check this, we integrate in time the three-dimensional Gross–
Pitaevskii equation (Description of the Condensate) on a graphical
processing unit, as described in refs. 42, 43. Spatially resolved
polarization column densities are shown in Fig. 1 B and E
and indicate fractional polarization defects at the 10−5 level.
The defect N − F⊥ of the condensate as a whole is of order 1
atom. By vector addition, the contribution to the variance of the
azimuth spin component Fθ is then no larger than the projection
noise 〈δF 2

θ 〉PN = N /2 and could be far smaller. These mean-field
results, together with coherence measurements reported in (29),
give a quantitative justification for the use of the SMA.

We extend the analysis to other F = 1 alkali species and
find that some could perform still better than the 87Rb system
studied here. Two considerations are relevant here. First, we
note the conditions for single-mode dynamics: rTF/ξs � 1 and
rTF/λ� 1, where ξs is the spin-healing length (37) and λ is the
threshold wavelength for spin wave amplification (44) (SMA
Validity Conditions). In Fig. 3 we show max(rTF/ξs , rTF/λ)
versus V and q and note that 87Rb and 23Na remain single-
domain for smaller volumes and for stronger fields than do 7Li
and 41K. We note also that the dynamical condition rTF/λ� 1
favors antiferromagnetic interactions, giving 23Na a marked
advantage by this criterion. The second consideration concerns

Palacios Alvarez et al.
Single-domain Bose condensate magnetometer achieves energy resolution
per bandwidth below �
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87Rb 41K

23Na 7Li

Fig. 3. Comparison of alkali atoms with F = 1 ground states as SDSBEC
sensors. The SMA will be valid for rTF/λ � 1 and rTF/ξs � 1, where λ is the
threshold wavelength for spin wave amplification and ξs is the spin healing
length. Graphs show max(rTF/λ, rTF/ξs) versus volume V (shown also as
number density n) and q (shown also as field strength B) for N = 6.8 × 104.

the three-body recombination rate (45) Γ3 ∝ �a4
0/M , where a0

is the s-wave scattering length for the channel of total spin zero.
Relative to 87Rb, this rate in 7 Li, 23Na, and 41K is a factor 25,
4, and 2 smaller, respectively, suggesting an advantage for these
species when limited by three-body losses.

In conclusion, we have shown that an appropriately confined,
quantum degenerate Bose gas, i.e., an SDSBEC, has a quali-
tative advantage over the best existing magnetic sensors as re-
gards temporal, spatial, and field resolution, as summarized in
the energy resolution per bandwidth ER. Whereas the best-
developed approaches to superconducting, hot vapor, and color
center magnetometers are limited to ER � �, the SDSBEC,
which retains a strong global response to an external field, while
freezing out internal interactions that would otherwise produce
depolarization, can operate with ER far below �. With a 87Rb
SDSBEC, we have demonstratedER = 0.075(16)�, a factor of 17
improvement over the best previously reported (24, 40, 41) and
well beyond the level that limits todays most advanced magnetic
sensors. ER in the demonstrated 87Rb system could be reduced
with better light-atom coupling. Other alkali SBECs could also
achieve smaller values for ER. The results show the promise
of a new generation of proposed sensors, including noble gas
magnetometers (11–13), levitated ferromagnets (14, 15), and
dissipationless superconducting devices (16–18), that operate by
similar principles.

Materials and Methods
Energy Resolution Limit for Markovian Spin Systems. We describe an ensem-
ble of N spin-F atoms by the collective spin operator F, i.e., the sum of
the vector spin operators for the individual atoms. F is initialized in a fully
polarized state orthogonal to the magnetic field B. The spin angle precesses
at a rate θ̇ = γB, where γ is the gyromagnetic ratio. It is convenient to
work with spin components in a frame rotating at the nominal Larmor
frequency, such that a small change in angle can be expressed as δθ =

δFθ/F⊥, where Fθ is the azimuthal component and F⊥ is the lever arm or
spin component orthogonal to the axis of rotation and thus orthogonal
to B. If a measurement of Fθ is made at time T to infer θ and thus B, the
equivalent magnetic noise is 〈δB2〉 = 〈δθ2〉/(γ2T2), by propagation of error.
If F⊥ experiences Markovian relaxation, then F⊥ at the time of measurement
is F⊥(T) = FN exp[−T/T2], where T2 is the transverse relaxation time and FN
is the initial, full polarization. The initial, fully polarized state has azimuthal
spin noise 〈δF2

θ〉 = FN/2, i.e., the standard quantum limit. If N does not
decrease during the evolution (as is the case for color center and vapor phase
ensembles), this describes a minimum noise for Fθ during the evolution.
We thus find 〈δB2〉T ≥ exp[2T/T2]/(2γ

2TFN). Choosing T to minimize the

right-hand side of this inequality, we find T = T2/2 and thus 〈δB2〉T ≥
exp[1]/(2γ2T2FN). Including the sensor volume V, the energy resolution is
lower-bounded by ER ≥ exp[1]/(4μ0γ

2FT2n), where n = N/V is the number
density.

Writing the relaxation rate as 1/T2 = A1n0 + A2n1 + . . ., d-body interac-
tions contribute to the Ad term. When A2 is nonzero, ER ∝ A1n−1 + A2n0 +

. . . is manifestly lower-bounded. First principle calculations for immobilized
spin precession sensors (4) and models including measured spin relaxation
rates for optimized Rb vapor magnetometers (8) show that these lower
bounds are within a factor of 2 of ER = �.

Description of the Condensate. A F = 1 spinor condensate with weak col-
lisional interactions is well described by a three-component field ψα(r)
evolving under the Hamiltonian

H = HSI + HSD, [5]

where HSI and HSD are the spin-independent and spin-dependent parts,
respectively. Summing over repeated indices, and omitting position depen-
dence for clarity, these are

HSI =

∫
d3r

(
ψ

†
α[−

�
2∇2

2M
+ U]ψα +

g1

2
ψ

†
αψ

†
βψβψα

)
[6]

HSD =

∫
d3r

g2

2
ψ

†
α(fη)αβψβψ

†
γ(fη)γδψδ + pψ†

α(fz)αβψβ

+ qψ†
α(fzfz)αβψβ . [7]

Here fη is the matrix representing the single-atom spin projection operator
onto the axis η. In HSD, the terms are ferromagnetic interaction, linear
Zeeman, and quadratic Zeeman energies, respectively; p = �γB; and
q = (�γB)2/Ehf, where B is the field strength and Ehf is the hyperfine
splitting energy. S-wave scattering contributes the state-independent and
state-dependent contact interactions, characterized by g1 ≡ 4π�2(a0 +

2a2)/(3M) and g2 ≡ 4π�2(a2 − a0)/(3M), respectively. Here M is the atomic
mass and a0, a2 are the s-wave scattering lengths for the channels of total
spin 0 and 2, respectively (46). We neglect the magnetic dipole–dipole
interaction, which in 87Rb is orders of magnitude weaker than the contact
interactions and vanishes identically for a single-mode spherical distribution.

Mode Shape, Interaction Strengths, and Jump Operators. In the Thomas–Fermi
approximation (47), a pure condensate in a spherical harmonic potential has
the mode function

|φ(r)|2 =
15

8πr3
TF

(1 −
r2

r2
TF

) [8]

for r ≤ rTF and zero otherwise, where r is the radial coordinate, rTF =[
15g1N/(4πMω2)

]1/5
is the Thomas–Fermi radius, and ω is the trap angular

frequency. Because rTF ∝ N1/5, the integrals Id that determine the effective
strength of two- and three-body interactions are I4 ∝ N−3/5 and I6 ∝ N−6/5,
respectively. The rate of three-body collisions can then be written Γ3N9/5 ∝
I6N3, such that atom losses are described by

dN

dt
= −Γ1N − Γ3N9/5. [9]

We note that in this model, losses are independent of internal state.
While this is well established for one-body losses, for three-body losses the
state dependence is, to our knowledge, unknown. Two-body losses due
to magnetic dipole–dipole scattering and spin–orbit interaction in second
order (28) are energetically forbidden in the low-field scenario of interest
here.

We use a set of jump operators that reproduces Eq. 9 while also respecting
the symmetry of the loss process: one-body losses are described by Ô(1b)

m =

âm, m ∈ {−1, 0, 1}, where âm annihilates an atom in internal state m, with
strengths κ(1b)

m = Γ1/2, while three-body losses are described by Ô(3b)
mno =

N−3/5âmânâo, m, n, o ∈ {−1, 0, 1}, where N ≡ (â†
−1â−1 + â†

0 â0 + â†
+1â+1)

with strengths κ(3b)
mno = 5Γ3/24.

Quantum Noise Evolution. We use the TWA (32, 34, 48) to compute the
evolution of the spin distribution arising from the master equation dρ/dt =
[HSMA, ρ]/(i�) + L[ρ]. Our treatment follows that of Opanchuk et al. (49),
restricted to a single spatial mode. In the TWA, the Wigner–Moyal equation
describing the time evolution of the Wigner distribution is truncated at
second order, such that an initially positive Wigner distribution remains pos-
itive, and the Wigner–Moyal equation becomes a Fokker–Planck equation‡.

‡The approximation is believed valid for noncritical systems in which each simulated
mode contains on average many particles (36, 50). This condition is very well satisfied
here.
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The Fokker–Planck equation describes the evolving probability distribution
of a particle undergoing Brownian motion and as such can be described
by a stochastic differential equation that is straightforward to integrate
numerically.

We identify a complex-valued vector c = (c+1, c0, c−1)
T with the spinor

field χ, and c-number functions O(1b)
m = cm, m ∈ {−1, 0, 1}, O(3b)

mno =

|c|−6/5cmcnco, m, n, o ∈ {−1, 0, 1}, with the jump operators Ô(1b)
m and Ô(3b)

mno ,
respectively. To account for the uncertainty of the initial state, a collection of
starting points are chosen with values ci = c0 + (z−1, z0, z+1)

T/
√

2, where
c0 = (1,

√
2, 1)T/2 is the initial, fully Fx-polarized state, zm = xm + iym and

xm, ym are zero-mean unit variance Gaussian random variables. For the
simulations shown in Fig. 2, we used 5,000 starting points.

Each initial point evolves by the (Itô) stochastic differential equation

dcm =

[
1

i�

∂H

∂c∗m
−

∑
l

κl
∂O∗

l

∂c∗m
Ol

]
dt +

∑
l

√
κl

∂O∗
l

∂c∗m
dZl, [10]

where dZ = (dX + idY)/
√

2 is a complex Wiener increment, in which dX
and dY are independent Wiener increments, i.e., zero-mean normal deviates
with variance dt. Using the jump operators O(1b)

m , O(3b)
mno defined above and

adding their noise contributions in quadrature, we find

dc =

[
2g

i�

∑
α

(c†fαc)fαc +
q

i�
f2
z c + A

]
dt + B(c) · dZ, [11]

where dZ is a vector of three complex Wiener increments as defined above
and

A = −
Γ1

2
c −

Γ3

2
|c|8/5c, [12]

(B(c)
j )

2
=

Γ1

2
+

5Γ3

8
|c|−2/5

(
|c|2 +

23

25
|cj|2

)
. [13]

We use fourth-order Runge–Kutta explicit integration (51) to evaluate the
trajectories. Statistics, e.g., 〈Fx〉 or var(Fy), are computed as the correspond-
ing population statistic on the set of evolved values, e.g., mean{c∗i fxci} or
var{c∗i fyci}. Because the calculation is run in a frame rotating at the Larmor
frequency, the observed results are scattered about the ideal value Fy = 0,
and the atomic contribution to the angular mean squared error is simply
〈δθ2〉F = 〈F2

y 〉/〈Fx〉2.

Readout Noise. We experimentally prepare SBECs of 87Rb atoms in the f = 1,
m = +1 ground state under a bias field along direction z and strength
B = 29 μT, which induces Larmor precession at angular frequency ωL =

2π × 200 kHz. A radiofrequency π/2 pulse is applied to tip the spins to the
xy plane. After a free evolution time T we detect the spin precession by
Faraday rotation, sending 60 pulses, each of 200-ns duration and containing
2 × 106 photons, to observe rotation angles ϕi at times ti , i = 1, . . . , 60.
Representative data are shown in Fig. 1D and are well described as a free
induction decay signal. We parametrize the signal plus noise as

ϕi = G1[cos(ωLτi)Fy(T) + sin(ωLτi)Fx(T)]e
−τi/Tscat + ϕ

(RO)
i , [14]

where G1 is the effective atom–light coupling in radians per spin, τi ≡ ti − T
is the time since the start of probing, F(T) is the collective spin at the start
of probing, 1/Tscat is the spin relaxation rate due to probe scattering, and
ϕ

(RO)
i is the readout noise. G1 = 2.5(1) × 10−7 rad/atoms is found by fully

polarizing the atoms along y, such that Fy = N, and measuring ϕ by Faraday
rotation. N is then measured by absorption imaging. Tscat = 29.7 μs, found
by fitting free induction decays as in Fig. 1D.

To determine the atomic precession angle from a free induction decay
we define the angle estimator θ̂e ≡ arctan[F̂x(T), F̂y(T)] in terms of the
parameters F̂x(T), F̂y(T) that make the best least-squares fit of Eq. 14 to a

given free induction decay {ϕi} with the previously determined G1 and Tscat.
By propagation of errors, and due to the fit function’s linear dependence on
Fx and Fy , the estimator’s mean squared error is

〈δθ2〉RO =
rT · Γ(RO) · r

N2
0 exp[−2T/T2]

, [15]

where r ≡ (cos θ,− sin θ)T is a projector on the azimuthal direction and
Γ
(RO)
ij is the covariance matrix of the contribution made by ϕ

(RO)
i to the fit

parameters.
To evaluate Eq. 15, we note that Γ(RO) can be directly measured: we

collect 40 traces {ϕi} at time T with no atoms in the trap. We then fit Eq. 14
using the G1 and Tscat obtained previously. The result is

Γ
(RO)

=

[(
184 −2
−2 222

)
±

(
38 30
30 46

)]
× 103. [16]

Combining the above, we find the readout noise reaches its minimum value
of 〈δθ2〉RO = 1.08(24) × 10−4rad2 when T = T2/2.

SMA Validity Conditions. Two criteria for the validity of the SMA are found
in the literature for the scenario of interest, in which a F = 1 condensate
precesses about an orthogonal magnetic field. The first compares the ferro-
magnetic energy associated with a spatial overlap of the different mF states
to the kinetic energy associated with a domain wall, to derive the condition
rTF � ξs ≡ 2π�/

√
2M|g2|n, where ξs is known as the spin-healing length

(52, 53). The second criterion derives from a consideration of dynamical
stability (44): in a plane wave scenario, spin wave perturbations to an initially
uniform spin precessing at ωL = p/� are nonincreasing for wavelengths
smaller than λmin = 2π�/

√
2M(|g2|n − g2n + q). A second condition for

the SMA is then rTF � λmin. We note that for ferromagnetic interactions
(g2 < 0), but not for antiferromagnetic ones, this second condition is stricter
than the first because λmin < ξs.

Duty Cycle. While the main result of this work is a single-shot sensitivity,
i.e., the noise level when measuring a field over a continuous interval T, it
is also interesting to consider averaging multiple sequential sensor readings
to obtain a time-averaged estimate for the field. In this multishot scenario,
the dead time between measurements must be accounted for in the energy
resolution per bandwidth. Including the 30 s required to produce the next
SBEC sample, we find a multishot sensitivity of 344(39) fT/

√
Hz and an

energy resolution of 〈δB2〉VT/(2μ0) = 0.48(11)�, which is also significantly
below � and well below any previously reported value.

Data Availability. Data and data analysis codes are available for download
at Zenodo (DOI: 10.5281/zenodo.5751414) (54).
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