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1. Introduction

The total variation flow (TVF) is the partial differential equation

Ju Du
—di =0 Nr=0x(0,T),
e iv <| Du |> on fr (0,7)
where 2 C RY is an open set and T > 0. There are several ways to define the concept of weak solution to
the TVF. One possibility is to apply the so-called Anzellotti pairing [5]. This approach has been applied in
existence and uniqueness results for the total variation flow in [2—4,6]. The variational inequality related to

the TVF is .
/ | Du(t)]|(2) dt — / / £ dedt < / DG — o) (D)]|(2)

for every ¢ € C§°(f2r), where the total variation ||Du( )H( ) is a Radon measure for almost every ¢t € (0, 7).
A variational approach to existence and uniqueness questions has been discussed by Bogelein, Duzaar and
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Marcellini [8], see also Bogelein, Duzaar and Scheven [10], and for the corresponding obstacle problem
in [9]. The natural function space for weak solutions to the TVF is bounded variation (BV). Functions
of bounded variation on metric measure spaces have been studied in [1,38]. Instead of partial derivatives,
this approach is based on the modulus of the gradient and using concepts such as minimal upper gradients
and Newtonian spaces, see [7,22—-24,30,31,40]. This is also the main advantage of the variational approach.
A central motivation for developing such a theory has been the desire to unify the assumptions and methods
employed in various specific spaces, such as Riemannian manifolds, Heisenberg groups, graphs, etc.

The regularity theory of nonlinear parabolic problems in the metric space context has been developed and
studied in [25,26,28,34-37]. The comparison principle has been discussed in [29] and stability theory has been
investigated in [17-19]. Existence for parabolic problems on metric spaces has been discussed in [13]. All of
these results consider variational inequalities with p-growth for p > 1. For the case p = 1, which corresponds
to the TVF, Buffa, Collins and Pacchiano [12] showed existence of a parabolic minimizer using the concept
of global variational solution. Gérny and Mazén [21] studied the existence and uniqueness of weak solutions
of the Neumann and Dirichlet problems to the TVF in metric measure spaces. The main goal of the present
paper is to extend the results of DiBenedetto, Gianazza and Klaus [15] to a metric measure space with a
doubling measure and a Poincaré inequality, see also [20]. The main result gives a necessary and sufficient
condition for a variational solution to be continuous at a given point, see Theorem 7.1. Our assumption
on the time regularity of a variational solution is initially weaker than in [15] and thus our results may be
interesting also in the Euclidean case. As far as we know, this is the first time when regularity questions are
discussed for parabolic problems with linear growth on metric measure spaces.

The first step is to derive an energy estimate for variational solutions, in other words, to prove that
variational solutions belong to a parabolic De Giorgi class, see Proposition 4.2. The regularity results are
based only on this energy estimate and on the assumptions made on the underlying metric measure space,
but there is a technical difficulty present when establishing energy estimates for variational solutions. It
is not clear that the time regularity of a variational solution is a priori sufficient for placing it as the test
function and performing the usual techniques used for obtaining an energy estimate. We resolve this issue
by using a mollification technique. The idea of this technique is to prove the required energy estimate for
mollified functions and finally to conclude the estimate at the limit. To establish the limiting estimate, we
consider the upper gradient of a difference of functions, see Lemma 2.3. In the Euclidean case this poses no
difficulties as we can use the linearity of the gradients, in the general metric setting the situation is not that
simple, as taking an upper gradient is not a linear operation.

This paper is organized as follows. In Section 2 we recall basic definitions and describe the general setup
of our study. Several results related to the function spaces and Sobolev—Poincaré inequalities may be of
independent interest. In Section 3 we concentrate on the definition and properties of a variational solution
to the TVF. Section 4 explores the relationship between variational solutions to the TVF and the parabolic
De Giorgi classes. In Sections 5 and 6, respectively, we prove that functions in a parabolic De Giorgi class
are locally bounded and give a time expansion of positivity result. Finally, in Section 7 we present the
characterization of continuity, i.e. we prove necessary and sufficient conditions for a variational solution to
the TVF to be continuous at a given point. The last three sections are extensions of the corresponding results
on Euclidean spaces by DiBenedetto, Gianazza and Klaus in [15] to metric measure spaces.

2. Preliminaries
2.1. Newtonlan spaces

Let (X, d, ) be a complete metric measure space endowed with a Borel measure . The measure p is said
to satisfy the doubling condition if there exists a constant C, > 1, called the doubling constant of y, such

2
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that
0 < p(Bar(z)) < Cup (Br(z)) < o0, (2.1)

for every € X and r > 0. Here B,(z) = {y € X : d(z,y) < r} is an open ball centered at z € X with
radius r > 0. We assume throughout that the measure p is nontrivial in the sense that 0 < p (B,(x)) < oo
for every x € X and r > 0. A complete metric measure space with a doubling measure is proper, that is,
closed and bounded subsets are compact, see [7, Proposition 3.1]. The doubling condition implies that for

1(Br(z)) R\“
ey << (7) 22

for 0 <r < R with Q = log, C, and C' = C’;Q, see [7, Lemma 3.3]. The exponent @ = log, C,, is sometimes
called the homogeneous dimension of (X, d, y).

any ¢ € X, we have

A path + is a continuous mapping from a compact subinterval of R to X. The p-modulus, with 1 < p < oo,
of a path family I" on X is

Mod,(I") = inf/ pP du,
b

where the infimum is taken over all nonnegative Borel functions p with f,y pds > 1 for all v € I', see
[7, Section 1.5]. We recall the definition of upper gradient introduced and studied by [23,31] and [40]. General
references for this theory are [7,22] and [24].

Definition 2.1. A nonnegative Borel function g on X is an upper gradient of a function u : X — [—o00, 0]
if for all paths v in X, we have
ulw) - uly)] < [ gds 23)
¥
whenever both u(z) and u(y) are finite, and f7 gds = oo otherwise. Here x and y are the endpoints of .
Moreover, if a nonnegative y-measurable function g satisfies (2.3) for p-almost every path, that is with the
exception of a path family of zero p-modulus, then g is called a p-weak upper gradient of u.

For 1 < p < 0o and an open set 2 C X, let

lullvrecay = llullze(e) + mfgllLr(2),

where the infimum is taken over all upper gradients g of u. Consider the collection of all functions u € LP(2)
with an upper gradient g € LP({2) and let

NUP(2) = {u: Jul| yrp(g) < 0o}
The Newtonian space is defined by
NUP(2) = {u: ul yrpe) < 00}/ ~,

where u ~ v if and only if ||u — v y1.p(2) = 0.

The corresponding local Newtonian space is defined by u € Nﬁ)’f(()) if u e NLP(Q') for all 2/ € 02,
see [7, Proposition 2.29]. Here 2’ € 2 means that 2’ is a compact subset of £2. If u has an upper gradient
g € LP(§2), there exists a unique minimal p-weak upper gradient g, € LP(f2) with g, < g p-almost
everywhere for all p-weak upper gradients g € LP({2) of w, see [7, Theorem 2.5]. Moreover, the minimal
p-weak upper gradient is unique up to sets of measure zero. For u € N1P(§2) we have

lullvieo) = lullee@) + llgullzre(2)s
3
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where g, is the minimal p-weak upper gradient of u. The main advantage is that p-weak upper gradients
behave better under LP-convergence than upper gradients, see [7, Proposition 2.2]. However, the difference
is relatively small, since every p-weak upper gradient can be approximated be a sequence of upper gradients
in LP, see [7, Lemma 1.46]. This implies that the N'P-norm above remains the same if the infimum is taken
over upper gradients instead of p-weak upper gradients.

We collect some calculus rules for upper gradients on metric measure spaces. Let u,v € le)’f (£2) and let
Ju, 9o € L,

loc

(£2) be the p-weak upper gradients of u and v, respectively. Then g, + g, and |ul|g, + |v|g, are
p-weak upper gradients for u 4+ v and wv, respectively, see [7, Theorem 2.15]. Let 1 be Lipschitz continuous
on 2 with 0 <7 <1 and consider w = v + n(u — v) = (1 — n)u + nv. Then (1 — n)g, + ng» + |v — u|gy
is a p-weak upper gradient of w, see [7, Theorem 2.18]. Moreover, g, = g,, p-almost everywhere on the set
{z € X : u(z) = v(z)}. In particular, if ¢ € R is a constant, then g, = 0 p-almost everywhere on the set
{z € X : u(z) = c}, see [7, Corollary 2.21].

A metric measure space (X, d, i) supports a weak Poincaré inequality, if there exist a constant Cp and a

1
loc

dilation factor 7 > 1 such that for every ball B,(z¢) in X, for every u € Ly .(X) and every upper gradient

g of u, we have

b uunegldi<Crof g (2.4)
By (z0) Brp(zo)

where the integral average is denoted by

1
UB,(z0) :][ udp = 7/ wdpy.
By (z0) 1(Bp(70)) JB,(z0)

A space supporting a Poincaré inequality is connected, see [7, Proposition 4.2]. Throughout the work, we
assume that the measure p is doubling and that the metric measure space (X, d, 1) supports a weak Poincaré
inequality. The weak Poincaré inequality and the doubling condition imply the Sobolev—Poincaré inequality

Q-1

Q. @
(f 1= 4 (2| T du) <cof g (2.5)
Bp(zo) Barp(z0)

for every u € L{ _(X) and every l-weak upper gradient g of u and for every ball B,(zo) in X with
C=C(Cy,Cp) and Q as in (2.2), see [7, Theorem 4.21].
Next we discuss parabolic Newtonian spaces.

Definition 2.2. Let 2 C X be an open set, 0 < T < oo and 1 < p < co. The parabolic Newtonian space
LP(0,T; NYP(£2)) consists of strongly measurable functions u : (0,7) — N1P(§2) with the norm

T v
1wl Lo o,msn1p () = (/o ||u(t)||§)\,1,p(m dt) < o0.

The integration over (0,T) is taken with respect to the one-dimensional Lebesgue measure £. We say that
we LP (0,T; NLP(92)) if for every 2/ x (t1,t5) € 2p we have u € LP(t1,ty; NVP(£2)). Moreover, we denote

loc loc

u € LE(0,T; NVP(02)) if for some 0 < t; < to < T we have u(t) = 0 outside [t1,t2].

The strong measurability of u : (0,7) — N'P(£2) and the assumption u € LP(0,T; N1P(£2)), imply that
there exists a sequence (uy)gen of simple functions uy, : (0,7) — NLP(82),

ng
k
up(t) = > 1o (1) - uf, (2.6)
i=1 *

4
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where {El(k)}?:’“ is a Ll-measurable pairwise disjoint partition of (0,7) and v e NYP(02),i=1,...,n,
such that uy — w in LP(0,T; N*P(2)) as k — oo. In particular, we have ux(t) — u(t) in NYP(£2) for
L'-almost every t € (0,T). In other words, up to relabeling, we have

= Z]lEk(t) U, (2.7)
k=1

with the sets Ej, and simple functions uy as in (2.6).

Next we consider upper gradients. Since uy(t) — u(t) in N'P(82) for £'-almost every ¢t € (0,7) as
k — oo, we have u(t) € NVP(2) for £L'-almost every t € (0,T). Consider the minimal p-weak upper
gradient g,y € LP(£2) of u(t) for L'-almost every t € (0,T). The parabolic p-weak upper gradient of
ue LP(0,T; NVP(£2)) is defined to be g, = gy () for L'-almost every t € (0,T).

We note that the function g, is strongly measurable. For £!-almost every ¢t € (0,7, the function u(t) is
the limit of strongly measurable functions uy(t) defined in (2.6). By (2.7) and the locality of minimal p-weak
upper gradients, we have

Pu®) = 952 14 (1 ZnEk  Gus (2.8)

for £l-almost every t € (0,T). Strong measurability follows, since u, € N'P(£2) and g,, € LP(£2) for every
k € N. In other words, g, can be approximated in LP({2) by the functions g, (t) € LP(£2),

which we obtain from (2.6) by arguing as in (2.8). Since uj, — w in LP(0,T; N*?(2)), we have uj, — u in
LP(0,T; LP(£2)) and gy, — gu in LP(0,T; LP(12)) as k — oo.

The product measure in the space X x (0,7), T > 0, is denoted by u ® L. For T > 0, we denote the
space-time cylinder over an open subset 2 C X as 2 = 2 x (0,T). For v € LP(0,T; LP({2)), there exists a
(1 ® LY)-measurable representative u : 27 — [—00, 00] such that u(t) = u(-,t) for L!-almost every ¢ € (0,7)

and [ o anse= [ 1ol

See [32, Theorem 23.21] and [39, Section 2.1.1]). Similarly, for g, € LP(0,T;L?({2)), there exists a
(u ® L')-measurable representative g, : 27 — [—00,00] such that g,(t) = gu(-,t) for L£1-almost every
€ (0,7).

With these observations we may consider the parabolic Newtonian space LP(0,T; NP (£2)) to be the
space of functions u € LP(f2r), with u = u(x,t), such that for £1-almost every t € (0,7T) the function u(-,t)
belongs to N1P(£2) and there exists g, € LP({2r) such that for £'-almost every ¢ € (0,7 the function
gu(-,t) is a minimal p-weak upper gradient of u(-,t) with

| e + lgu(w0F) duet < .

Let u € L2 (0,T; N,

loc

P(22)),1 < p < oo, and consider the time mollification

ue(t) = /8 Ne(s)u(t — s)ds,

—€

where 7.(s) = %77(5)7 e > 0, is a standard mollifier. The following approximation result was proved in

more generality in [11]. We include a slightly modified version together with its full proof for reader’s
convenience. We say that u. — w in LF,_(0,T; NP (R)), if [lue — ull Loty 1y N1 (2ry) — 0 as e — 0 for

every 2/ X (t1,t2) € 27, where 2/ € 2 and 0 < t1 <ta < T.
5
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Lemma 2.3. Let 2 C X be an open set and assume that uw € L} (0,7} Nﬁ;f(())), 1<p<oo. Thenu, — u
in L2 (0, T; N\oP(2)) as e — 0. In particular, we have gy, —, — 0 in L¥. (2r) as e — 0. Moreover, as s — 0,

loc

we have Gu(.i—sy—u(-p) — 0 in LY (£27) uniformly in t.

Proof. Since

= Z]lEk(t) UL,
k=1

for £L'-almost every t € (0,T), by the definition of the time mollification we have

ue(t) = /E Ne(s)u(t — s)ds = /‘E ns(s)Z]lEk(t —5) - upds

—& k=1
. O_O ( | s ds) g = i(nmem -,

which implies
u(t) - uE(t> = Z (]lEk (t) - (]lEk)E(t» s Uk,
k=1
for £'-almost every t € (0,7). By a standard mollifier argument we conclude that u. — u in L? () as

e — 0.
By properties of minimal p-weak upper gradients and standard mollifications, we obtain

Gu—ue 7921@ (g, —(1g, )e) ﬂEk_(ﬂEk)E)'uk

HM&%

= Z |]1Ek (1e,) | Guy, f’% 0,

L-almost everywhere on (0, 7). It follows that g,_,. — 0 #® L'-almost everywhere in 27 as e — 0. Again,

a standard mollifier argument implies g,—,,, — 0 in LY (£2r) as e — 0.
It remains to prove that g,—s)—u@) — 0 in LY (7) as s — 0, uniformly in ¢. As above, we have

oo

Ju(t—s)—u(t) = Z |1g, (t—s) = 1g, ()] guy
k=1

for every s > 0.
Let 2’ x (t1,t2) € 1. By Fubini’s theorem and Minkowski’s inequality, we have

oo

</ / ( [1g, (t—s)—1g,(t ) (i guk> du dt)

2" \g=1 !
</1 (Z’]lEk (t—s) —]lEk()D dt) (/Q/ (;guk> du>

(L, (t —s) = 1, (1)) > guy
k=1 —

IN

LP((t1,t2)) Lp(02')

6
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<D N1m (¢ = 5) = Lo (Ol eoer.2)) - 19|l o2
k=1

=S ([t o ) ([ ot )

Since 1g, € LP(0,T), k € N, the expression above vanishes as s — 0 by the continuity of translations on L”
functions. O

2.2. BV Functions

Next we recall the definition and basic properties of functions of bounded variation on metric spaces,
see [38]. The total variation of u € L{ (X) is defined as

[|Dul|(X) = inf {lim inf/ Gu; d,u} ,
1—> 00 X

where the infimum is taken over all sequences (u;);eny with w; € Lip,,.(X) for every ¢ € N and u; —

1
u in Ly, .

(X) as @ — oo. Here g,, is a 1-weak upper gradient of u; and Lip,,.(X) denotes the class of
functions that are Lipschitz continuous on compact subsets of X. We say that a function v € L'(X) is
of bounded variation, and denote u € BV (X), if ||[Du||(X) < oo. By replacing X with an open set 2 C X
in the definition of the total variation, we can define || Du||(£2). A function v € BVj(R2) if u € BV ({2’) for
all open sets 2/ € {2. For an arbitrary set A C X, we set

|Du|(A) = inf{||Du||(U) : AC U, U C X is open}.

If w € BV(£2), then || Du||(A) is a finite Radon measure on {2 by [38, Theorem 3.4]. For the following result,
see [33, Theorem 4.3].

Theorem 2.4. Let 2 C X be an open set and u € Li (). If | Dul|(2) < oo, then
[|Du||(£2) = inf {li_minf/ Gu; Az u; € NENR), wi — win L (2) as i — oo} ,
11— 00 .Q
where g,; is the minimal 1-weak upper gradient of u; in (2.

If the space supports the Poincaré inequality in (2.4), by an approximation argument, for every u €
BViee(X) and every ball B,(x¢) in X, we have

Q-1
Q. @
][ |u —up,(zp)| dpt < (][ U — B, (20)| 9T dﬂ)
By(wo) By(wo) (2.9)

[Dul[(Barp(20))
#(Barp(20))

where the constant C' and the dilation factor 7 are the same as in the Sobolev—Poincaré inequality in (2.5).
Next we state a Sobolev type inequality for BV functions which vanish on a large set, see [27] and [7,
Theorem 5.51] for the corresponding result for Newtonian spaces.

Theorem 2.5. Assume that p is doubling and that (X,d, p) supports a Poincaré inequality. Then there
exists a constant C = C(Cy,,Cp) such that if B,(x¢) is a ball in X with 0 < p < ;diamX and u € BV (X)

7
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withu =0 in X \ B,(xg), then

Q-1
o 7 IDul|(B,(0))
(Jipm) e d“) =By (210)

where Q is as in (2.2).

Proof. By Minkowski’s inequality and (2.9) we have

Q-1

Q. © Q. T
][ W@ Tde| < ][ =gy a)|TT At |+ [y )
Bap (o) Bap(z0)

[Dul[(Barp (o))
1(Barp(20))

Hélder’s inequality and the fact that v = 0 in Ba, (o) \ By(zo) imply that

sl < ildn=f il dn
Bay(z0) Ba (o)
Q-1

(B, (x0)) \ @ )
< (seey) (]{32,,@0)' 'Q d“)

+ |u32p(910)|'

By [7, Lemma 3.7] we have % <~ < 1, where v = C(C,,), and we obtain
%
N Q Dul|(Ba, Du|(B
(1—~@) ][ u|@T du SCp” ul|(Barp(x0)) gcp” ul|( p(xo))’
BQp(xO) :U‘(B4Tp(170)) H(Bp(l‘o))

where we used the fact that u = 0 in By,(z0) \ B,y(z0) and thus || Dul|(Ba,(x0) \ By(xo)) = 0. The claim
follows since 0 < v < 1. O

The following isoperimetric inequality in [16, Lemma 2.2] has been originally obtained by De Giorgi. See
also [14, Lemma 5.2] for the case p > 1. We give a proof that is based on the Sobolev—Poincaré type inequality
for BV in (2.9).

Lemma 2.6. Assume that p is doubling and that (X, d, ) supports a Poincaré inequality. Then there exists
a constant C = C(C,,,Cp) such that if B,(xo) is a ball in X and u € BVioc(X), then for k < real numbers
we get

(= Bp(Bylao) 0 fu>1) _ Cp

H(Bp(l‘o)) - M(Bp(xo) ) {u < k}) HDUH({k <u< l})

Proof. Let

_Jmin{u,l} =k, ifu>k,
- 0, ifu<k.

Notice that
Q-1

Q =B
[v[@=T dp

Q-1

@\ 9
< / [v|@=T du .
BP(IO)

(I = Wu(By(ao) N {u > 17T = ( /B

p(zo)N{u>1}
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By the Sobolev—Poincaré inequality for BV in (2.9), we have

Q-1 Q-1
Q. @ Q. @
][ |’U| Q=1du < ][ |’U - UBp(ro)|Q_1 dp + |UBP(EO)|
Bp(z0) Bp(zo)

< ¢, I PV(Bary(0)) £ ol
1(Ba2rp(20)) Bp(z)

where

1
oldi= s | vl du
]{sp(zo) 1(By(x0)) JB,(20)n{us>k}

Q7
@ 1
= u(Bpl(wo)) (/B (e sk} ol T dﬂ) (B (z0) N {u > k}) @

1 Q-1
(1 By(zo) N{u > k})\ @ o Q
N ( M(Bp<x0>) > <]{3p(zo)| 1 d#) '

This implies

1 Q-1
_((By(xo) N{u>k}\@ s Q )
<1 < 1(B,(x0)) ) ) (J{Bp(wo)l |@ du> <Cp 1(Bary(70)) (2.11)

On the other hand

Q-1
ran) © s (BB N {u> 1))
(][Bp(xo) o1 du) ==k ( 1(By(x0)) )

(1 = B)u(B, (o) N {u > 1)) <u<Bp<xo> N {u> k}))‘@
M(Bp(xo)) .

By (2.11), we have

((u(Bpm) n{u> k}))‘é ) 1) (L= k)u(By(wo) N {u> 1})

|D0l|(Bary(0)
(B, (o)) <G

(B (o)) - p(Barp(wo))

where, by Bernoulli’s inequality, we have

(u(Bp(xo) N{u > k})>_é _1

p(By(z) N\
w(B,(z0)) >) !

o) 1 > F]

I
/~

%

Ql— O~ Ol =

(20))

(u(Bp (20) N {u > 1) 1)

(B, (o) N {u < £})

w(B, (z0) N {u > k)

u(By(o) N {u < )
W(B,(w0)

This implies
(L K)(By(wo) N {u> 1)) _ CQp
1(Bp(xo)) = w(Bp(zo) N{u < k})
9

HDUH(B?FP(xO))a
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where

1D0]|(Barp(20)) = [1D0]|(Barp(w0) N {k < w < 13) + | Dol (Bary (o) \ {k < u < 1})
= || Dv||(Barp(xo) N {k < u < 1})
= ||D(u — k)||(Barp(z0) N {k < u < 1})
= [[Dul|(Barp(z0) N {k < u < 1})
< | Dul|({k < u < 1}).

This proves the claim. [

We also apply parabolic BV functions.

Definition 2.7. Let 2 C X be an open set and 0 < T < oo. We consider a parabolic BV space
LY(0,T; BV (£2)), which consists of functions u : (0,7) — BV (£2) such that

T
/0 (Ilu(t)IILl(m - HDu(t)||(Q)) dt < oco.
Here

i—00

IDuol?) = int {timint [ .00

where the infimum is taken over all sequences (u;);en, with u; € Ll _(0,T; Nﬁ)cl(ﬂ)) for every 7 € N and

w; — win LL_(0,T; NL(02)) as i — co. We say that u € LL _(0,T; BVioe(£2)), if for every 2 x (t1,t5) € £2p,

loc loc loc

we have u € LY (t1,t2; BV (£2')).

Note that we do not assume strong measurability in the sense of Bochner, which is too restrictive for the
parabolic BV theory. The space L'(0,T; BV (£2)) satisfies a weaker measurability condition, see [12], which
implies that ¢ — ||Du(t)]| is a Lebesgue measurable function on (0,7'). For u € L'(0,T; BV (£2)) there exists
a (u® L')-measurable function u : 27 — [—00, 00| such that u(-,t) € BV (£2) for £L'-almost every t € (0,7).

Next we consider a Sobolev inequality for the parabolic BV'.

Proposition 2.8.  There ezists a constant C = C(C,,Cp), such that if B,(zo) s a ball in X with
0<p< idiamX andu € L, (0,T; BVioe(X)) with u = 0 in (X \ B,(x0)) x (0,T), then

loc

to to
[ rdesc, DU(t)II(Bp(wo))dt(esssup][ |u<t>|2du>
t1 Bp(xo) t1 t1 <t<ta Bp(xo)

where 0 <ty <ty <T, k= % and Q is as in (2.2).

Q=

Proof. Holder’s inequality and Sobolev’s inequality (2.10) imply

/ ()" dps = / ()] D g
Bp(fFO) Bp(QJO)

_Q

<([ @
Bp(wo)

Q. A ) 3

:/ ()] T dp / ()P dp
Bp(fEO) Bp(wo)

IU(t)Qdu> ,

for £'-almost every ¢t € (0,7). The assertion follows by integrating over (t1,t3). O

< CpllDu)|(B(w0) (f

Bp(z0)

10
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3. Total variation flow
We discuss a definition of a variational solution to the total variation flow.

Definition 3.1. Let 2 C X be an open set and 0 < T < oo. A function u € L
variational solution to the total variation flow in {27, if

(0, T; BVioe(£2)) is a

loc

/T (/ 02ty au+ D <>||<m) dt</T|D< L) O)(@)dt (3.1)
; ., u(t 5t i u =/ U+ , .
for every ¢ € Lip(£2r) with supp ¢ € £2r.

Boundary terms appear for test functions that do not necessarily vanish on the initial and the last moment
of time.

Proposition 3.2. Let u € L{ _(0,T; BVioc(£2)) be a variational solution to the total variation flow in Q7
and let 2 X (t1,t2) € N7, where 0 < t1 < ta < T are such that the boundary terms below are defined. Then

to &p , to . 2]
/ | ( [ —u0% @ an+ a2 >) as | Dt o)) it - [ [ uisto du} o
for every ¢ € Lip(£2r) with suppp € 2’ x (0,T).

Proof. Let ¢ € Lip(2r) with supp ¢ € 2’ x (0,T). Let ¢, h > 0, be a cutoff function depending only on
time, defined as

0, 0<t<t,—h,
Ft—t1+h), ti—h<t<t,
Gult) =11, t1 <t <t
—+(t—ta—h), t2<t<ta+h,
0, to+h<t<T.

For small enough h > 0, ¢, = ¢(, € Lip(£2r) with supp ¢ € 2 x (0,7T) and therefore admissible as a test
function in the definition of variational solution. Thus

T T
/ / ) dpudt + / |Du(t)(2) dt < / 1D+ o) (B)]1(2) dt. (3.2)
Notice that

0, 0<t<t;—h,
%(a—f(t—t1+h)+<p), t—h<t<t,

Oon Oy , 0p P

— = 7, Ch G, = -G+ 1 5 t <t <tg,

ot ot ot o
—%(%(t—tg—h)+gﬁ)7 t2§t<t2+h,
0, to+h<t<T.

For the first term on the left-hand side of (3.2), we find

// a‘ph #)dudt = “/t / <g‘ft—t1+h)+¢())dudt
// Ddudt+ /t2+h/ ( t—tg—h)+g0(t)>dudt
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z—f/ / t—tl—i—h)d,udt—f / t)dudt
t1—h t1—h
to to+h
/ / ) dudt + — / / t—trh)dudt
tl t2
to+h
/ t) dpdt.

Since supp ¢ € 2/ x (0,T), we have

to to
/ / t)dpdt = / / u(t) 9¢ (t) dpdt.
t v, Jor ot

By the dominated convergence theorem, we get

/ t—t1+h)dudth_’—0>0
t1—h

1 to+h
f/ /u(t)aﬁ(t_tg_h)dudtﬂo.
[ S PR

on the other hand, by the Lebesgue differentiation theorem, we obtain

and

— / [ u®evydndt 2=~ [ utett) du
t1—h J 2 Q'
and
tath h—0
/ / t)dpdt —— u(ta)p(te) du,
to 0/

for £L'-almost every t1,to € (0,T). This implies that

/ / t)dpdt 22% — /Q #)dpdt + [/Q u(t)p(t) du} z;7 (3.3)

for £L1-almost every t,ts € (0,T).
For the second term on the left-hand side of (3.2), we find

T t1—h t1 t2
/0 | Du(t)[[(2) dt = / |Du(t)[(2) dt + /tl_h”D““)”(”)d” / | Du(t)(2) dt

t1

toth T
[ D@ [ 1Du)l2)

to to+h

t1—h t1 to
- / | Du(t)]|(2) dt + / | Du(t)]|(2) dt + / IDu(t)]|(2\ 2) dt
0 t

1—h ty

to to+h T
+ / |Du(t)[(2') dt + / |Du(t)[(2) dt + / |Du(t)[[(2) dt

t1 to to+h

Here

h h—0 fa+h h—0
/ IDu()|(2)dt 2% 0 and / IDu(b)]|(2) dt 222 0.
_ ty

t1—h

12
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Moreover,

T t1—h t1
/ 1D+ n)(D]|(2) dt = / 1D+ ) (D)(2) dt + / 1D+ o) (8)]1(2) dt
0 0 ti—h
to+h

+ / 1D+ o) ®I(R) dt + / DG+ ) (O)(2) dt

t1 t2

T
+ / 1D+ o) (8)](2) dt

2+h

t1—h t1 to
- / | Du(t)|(2) dt + / 1D+ o) (O)(2) dt + / 1D+ on) (1)) (2) dt
0 t t1

1—h
T

toth
+ [T e@i@des [ pul@)ar

to to+h

where

‘1 h—0 tath h—0
/t 1D+ on) (1)) (2) dt 2= 0, / 1D+ on) (1)) (2) dt "= o,

1—h to

and

[ 1@+ en@l@a =2 [+ gol@) d

31 3]
2

- / ID@+ @2\ 2)dt + / ID(u+ @) (1)(2') dt

t1 t1
to

- / C Dt (2 2')dt + / 1D+ @)D dt

t1 31

Here we used the fact that supp ¢ € £’ x (0,7T). Substituting these in (3.2), we obtain

/ /Q t)dpdt + Ug/u(t)so(t>du]z2tl+/otl_h | Du(t)||(£2) dt

+ / “Ipul@ydt+ [ putol@)de

t1 to+h
t1—h to T
< [ Ipul@dt+ [ 1D+ en@l@ e+ [ 1Due)
0 t1 to+h
Eliminating the repeated elements gives
t2 890 / b2 r2

[ (] o5 wa ipuoi@) a< [“ipw i@ | [ aoeoa] .o
t1 kedd t1 (el t=tq

4. Parabolic De Giorgi class

Next we define the class of functions for which we prove the regularity results. For (z9,%y) € X x R and
p,0 > 0, we denote Q;e(xo,to) = B,(z0) X (to — 8p,to]. The positive and negative parts of u are denoted
by uy = max{tu,0}, respectively.

13
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Definition 4.1. A function u € L (0, T; BVioc(£2)) belongs to the parabolic De Giorgi class DG*(82r;7),
with v > 0, if

s [ o ~BLdus [ 1D R0 Bl
Oy )
Sv//QM(l_MO) N )| (u(t) — k)% dudt—i—v//i . 9o () (u(t) — k)4 dpdt (1)

to

/ () (u(t) — k)2 du] ,
Bp(z0)

t=tg—0p

for every Q 4(20,t0) € {21, k € R and ¢ € Lip(£27) with supp ¢ € B,(zo) x (0,T) and 0 < ¢ < 1.
The parabolic De Giorgi class DG({2r;~) is defined as

DG(02r;7) = DG (2r;7) N DG~ (2737).

The proof of the necessary and sufficient conditions for continuity of a variational solution to the total
variation flow, Theorem 7.1, will only use the local integral inequalities in (4.1). We show that a variational
solution to the total variation flow belongs to the parabolic De Giorgi class.

Proposition 4.2. Let u be variational solution to the total variation flow in 2rp. Then v € DG($2r;8).

Proof. Let ¢ € Lip(£2r) with supp¢ € . There exists hg > 0 such that for every 0 < h < hg, we
have ¢y, € Lip({2r) with supp ¢, € 21 and thus we may apply it as test function in (3.1). Here ¢, denotes
the time mollification of ¢. For a small enough s the translated function v(t) = u(t — s) fulfills (3.1). For
0 <ty <ty <T, to be specified later, Proposition 3.2 implies

[ % [ D015 o)
t2 Bp(lo to
S/tg ID(w + ) @)|(By (o)) dt - /B p(mo)v(t)%(t)du]t_b

Let (ul)leN be a minimizing sequence with w; € Ll (0,T; Nﬁjcl(ﬁ)) for every ¢« € N, u; — wu in
L (0,T; N, loc (Q)) as 1 — oo and

/t IDo()[(B (o)) dt = / IDu(t — 5)]|(B, (o)) dt
= lim u; (t—s)dud
i—00 /Bp(aro)g v ) pudt

= lim / t) dpdt,
11— 00 Bp (930)

where v;(t) = u;(t — s) for every i € N. Let € > 0. There exists i. € N such that, for every i > i, we have

/ /B ) dpdt < /:Dv(t>||<Bp<xo>>dt+g,

| 1pe+ el e [ o ()t

1]

and

14
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This implies

131 6 t1
/ / ¢h t)dpdt + / / o, (t) dpdt
2] Bp(l’o) Bp(z0)

< // gui+¢h(t)dudt—l/ o()6n (1) di
ta J Bp(zo) Bp(x0) t=ty

ty1 t1
/ / Gur o (t) dpudt + / / Gons dudtl/ o(t)én(t) du
By (zg) By (zq) By (z0)

for every i > i..

t1

+e€

t1

t=to

Let i > i.. We multiply both sides of the inequality above by a standard mollifier n. = 7. (s) with support
[—&, €] for small enough € > 0. By integrating the resulting expression in the variable s we obtain

h ¢h fa
/ / / ()dﬂdtds—i—/ / / Gu; (t)ne(s) dppdt ds
—e Jig BP(IQ) 6t By (z0)
= / / / Gu; +¢> t)ne(s) dpdtds Jr/ / / g¢h_¢(t)775(3) dupdtds
—€ By (zg) to By (zo)

t1
- [ [ [ voneen s
—e J Bp(xq)
Applying integration by parts and Fubini’s theorem, we have
ou
/ / S (6)6(0) e — [/ ue(B)n () / [ )ewduar
Bp z0) Bp(fo) Bp(fo

t1 o t1
/ / ¢h()d dt+/ / (gu,)< (1) dudt
BP(ZFO) By (o)
t1
S/ / / gvi+¢(t)na(8)dudtds+/ / 9o —o(t) dpdt
—e Jty JBp(zg) to By (o)

- [ / we () () ds
Bp(wo)

t=to

+ €.

t=to

+ €.

Therefore,

aua
[ Zepmoaas [ ] @uooaa
ta J Bp(zg) ta J Bp(zg)

t1 t1
/ / / Guj+¢(t)n=(s) dpdtds + / / Gy —o(t) dpdt + .
—e Jig By(x By (o)

Lemma 2.3 implies that the last term on the right-hand side converges to zero as h — 0. By passing to the

t1 t1
/ / aaus >dﬂdt+/ / (9u,)e (1) dpdt
By(zg) It By (w0)
S/ / / Guj+¢(t)N:(s) dpdtds + e.
—e Jitg Bp(xo)

15

limit A — 0, we have
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Let ¢ € Lip(£27) with supp ¢ € B,(xo) x (0,T) and 0 < ¢ < 1. Let (j, be a cutoff function depending
only on time defined as

st —to+0p+h), to—0p—h<t<ty—0p,

]-a to*epﬁtﬁtm
Ch(t) = 1

—E(t—to—h), to <t <tyg+h,

0, otherwise.

We apply the test function ¢ = —p(,((ui)e — k)4 in (4.2). For the right-hand side of (4.2) we have

t1
/ / / Jui—oCp ((us)e—k) 4 (t)ne(s) dpdt ds
—€ 0(7«0
t1
< / / / gvl—uZ )Ne(s)dpdtds + / / / Gui—(uy)e (t)ne(s) dudtds
— By (zg) ta JBp(zo)

+ / / / 9(ui)e—oCn((ui)e—k)4 ()7 (s) dpp dt ds (4.3)
—e Jtg JBp(zg)

€ t1 t1
= / < / / Gos—u,; (1) dp dt) 1e(s) ds + / / Gui—(uy) (£) dppdt
—€ to Bp(xo) 1] BP(IO)

t1
+ / / I(ui)e—pChn ((ui)e—k) 4 (1) dpdt.

ta J Bp(zo

Denote
A (t) ={z € B,(x0) : (ui)e(x,t) > k}.

For the last integral in (4.3), we have

t1
/ / Y(u)e—pCr ((ug)e—k) 4 (£) dpdt
ta J Bp(zo)

t1 t1
= / / Iui)e—pCh ((u)e—k) (1) dppdt + / / () () dpedt.
ty JAc(t) ta JBp(z0)\Ae(t)

The Leibniz rule for upper gradients implies

t1 t1
/t/A 9<ui>rw<h<<ui>rk>(t)dﬂdtZ// 91— ((ug)-—k) (t) dpdi
2 5
t1 t1
/ / (1= (1) ()9, (8) dprdt + / / — K)gpe, (1) dpudt
t2 Ae (t)

- / / (1= () (E) gyt (1) dpudlt + / / ()e (1) — k)4 gy (£) dpd.
ta J Bp(zg) ta JBp(zo)

For the integral on the right-hand side of (4.2), we have

£ 11
/// gvifapgh((ui)gfk)_‘_(t)ne(s)d:udtds
—€ By (o)
t1
/ / gviui(t)dudt> s)ds + / / Gui—(u;)- (1) dpudt
ta JBp(zo) By (o)

t1 .
+/t2 /B,, - (1 = o()Ch (1) g((us)e—1) 4 (t )dudt+/ ~/Bp(:r0) (u)e(t) = k)1 g, () dpudt

31
-‘r/ / uz)E( ) dp dt.
ty J Bp(wo)\Ae(t)

16



V. Buffa, J. Kinnunen and C.P. Camacho Nonlinear Analysis 220 (2022) 112859

By letting h — 0, we obtain

5 t1
/ / / Goi=0X [ty —oputg) (wi)e—k)+ (D)1 (8) dpp dt ds
—€ By (o)

t1 t1
/ / / gvliul dﬂ, d dS +/ / guz (us)e ( )dﬂ dt
Bp(zo) Bp(zo)

t1
+/ / (1 = o) X1to—0p.t0) (1)) 9((ui)e—k)4 (t) dpedt
to Bp(xO)

t1 t1
+ / / Xtto—0mio) (D))o () — B) g (£) dprdt + / / Gy, (1) dprdt,
to J Bp(zq) to J Bp(xg)\Ae(t)

Lemma 2.3 implies that

lim / / Guj—u; (t) dppdt | ne(s)ds = 0,
e—0 By (z0)

1
lim / Gu;—(uy)- (t) dpdt = 0.
By (zg)

e—0 J,

and

By letting e — 0, we have

£ t1
lim sup/ / /B gvi_S"X[tO—Gp,to]((ui)s_k)+(t)ns(s) dpdtds
—e Jitg p

e—0

31
/ (1- Xto—0p, 250]< ))g 9(ui—k) + (t)dpdt
to Bp(ﬂvo)

t1 t1
/ / Xtto—0p0) (B) (i (£) — K) 4 g (t) dalt + / / gu, () dpudt,
Bp () ta  J Bp(zo)\A(t)

where

A(t) = {z € B,y(xo) : ui(x, t) > k}.

Here we used the following observation

oo max{(u;)e(x,t),u;(z,t)}
/ IXac() (@) = xaq ()| dk = / Ldk = |(ui)e(2, 1) = ui(z,1)].
— 00 min{(u;)e (z,t),u;(z,t)}

By Fubini’s Theorem, we get

%) T T
/ / / N — x| dpedt die = / / () (£) — i (t)| dpe .
—00 J0 Bp(zo) 0 Bp(zo)

By Lemma 2.3, (u;). — w; in LL (0, T, N,2! (22)), in particular we have (u;). — u; in LL (0,7, LL _(2)) as
€ — 0. Therefore,

T 00 T
o=t [ [ ) - wildude=tim [ [ [ = ol dudedr.
e=0Jo JBy(0) e70/ 00 Jo JBy(z0)

17
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By Fatou’s lemma, we have

0 S/ hm/ / IXAc(t) — Xa@ldudt | dk
e—0 Bp z0)

< hm/ / / XAe(t) - XA(t)| dp,dtdk =0.
e—0 By(x

This implies that

T
lim / / XAc(t) — Xa@)|dpdt =0, 4.4
e—=0 Jq Bp(zg) ‘ © (t)‘ ( )

for £1-almost every k. Let k € R be such that (4.4) holds. Applying Fatou’s lemma one more time, we get

T T
Og/ lim/ XAc(t) — XA@)| dp dtglim/ / XA (t) — XA@)|dpdt = 0.
0 (HO Bp(wo) aco = xae! =20Jo JBp(o) s =

It follows that

lim IXa-(t) — Xaw|dp =0,
Ll - (t) (t)

for £*-almost every t € (0,T). Therefore, we conclude xa_() — xa() in L'(B,(x0)) as e — 0, for L'-almost
every t € (0,T) and for £L1-almost every k € R.
For the first term on the left-hand side of (4.2) we find

1 ou 1 ou
= (1)p(t) dudt = / | 00 = B0 e
/ /puo) ot Bp(wo) ot

t1 a
h (0
0 / / ©(8)(ue(t) — k) + 0(8)X(tg —pt0 (1) dpr
By (zg)

where

1 8u€
/ / we(t) — B) (D) Xitg—p () dpudt
Bp(xo) o

t1 8 e
/ / 5 ue(t) — k) o (1) dprdt
Bpy(ag) Ot

- /tl/ *(( —k)3e1) ( dudt—/tl/ 8@1 (ue(t) — k)3 dpdt
2 Jiy JBp(xo) O Bp(x0) I

1
2 [/IBP(xo)(ug(t> a k)+50( )X[to_epvto]( )d,u‘|

t=to
t1 2
_ - / / 6t (t) — k)+X[t0—0p,t0] (t) dlu’ dt
p(»LO)
1 !
0
=0 [ / (u(t) = k)30 ()Xo -0p.201 (1) d“]
By(z0) t=to

1 min{ty,t0} 9
-3/ [ S - 03 dua

nax{tg,to 9/)} Bp(IO) 8t

For the second term on the left-hand side of (4.2), by Lemma 2.3, we have

t1 t1
lim / / (guz‘ )e(t) dpdt = / / Gu, (t) dpdt.
€20ty JBy(a0) ta JBp(zg)
18
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Thus, by (4.2) we get

1
. [ [l = B el o / [, outana
Bp(xo) By (z0)
1 min{¢y,t9} 8@
<5/ [ % <u<t>—k>idudt
2 Jmax{ta,to—00} J By(zo) | O

t1
4 / / (1= o)X r0—8puta) () Gs -y, (1) gl
ta Bp(ﬂfo)

t1
) 0B Ox @ [ ] gur (1) dpct,
ta JBp(xg) 2 Bp(xo)\A(t)

and consequently

t1
1 t
2[ [ w0+ [ gt dud
By (z0) _ ta JA(t)
1 min{¢y,t0} 890
<5/ [ 150 )~ 02 dua
max{t2,tg—0p} J Bp(zo)

t1
4 / / (1= 0()Xtg1) (D)9 1, (1) dpelt
to Bp(xO)

min{ty,tg}
+f [ o - big 0t
Bp(zo)

max{tz,to—0p}

t1 t1
// Gu,; (t) dpdt = // g(uz k), (1) dpdt,

by absorbing terms, this implies

Since

1
lQ/ (u(t) = k)3 0(t) X[to—0p.t0] (t
Bp(z0)

1/min{t17to} /
<=
2 max{tz,tg—0p} J Bp(zo)

mln{tl’to}
+ / / 9o () (us () — k)4 dpedt.
Bp(z0)

max{tg,to—0p}

/ / Xito—0p.to] () G(u;—k) o (t) dppdt
By (zg)

(u(t) — k)i dp dt

dyp
a5 (t)

By the Leibniz rule we obtain

to min{ty,to}
[ elu-omu 90, O dude = | [ elts . 0 dudi
t1 v Bp(zo) I By (o)

nax{to,to—0p}

min{¢y,t0} min{ty,to}
> / / oo(u;—k)4 (1) dpdt — / / 9o (1) (ui(t) — k)4 dpdt.
max{tg,tg—0p} J Bp(zq) By (o)

max{tz,to—0p}
Thus we have

t1

% [/Bp(xo)(U(t) - k)iw(t)x[tofep,to](t) du

1 fmin{ty,éo}
<3/ /
2 Jmax{ta,to—6p} J By(o)

min{ty,to}
+ 2/ / 9o () (ui(t) — k)4 dpdt.
By (z0)

max{t2,to—0p}

min{ty,to}
+ / / o(ui—k) 4 () dpdt
max{tg,tg—0p} J Bp(xq)

(u(t) — k)2 dudt

t=to
dp
¢ 8
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Letting ¢ — oo, we obtain

t1 .

1 min{ty,60}
5 (u(t) = k)2 o(OXGo-0p,00) (B dpt | + [1D(p(u = k)1 )()][(Bp(zo)) dt
2

Bp(z0) =ty max{ta,to—6p}

1 min{¢y,t0} 9
<3 / %(0)| (ult) ~ k2% dpede (45)
max{tg,to—0p} J Bp(zq)

min{ty,tg}
vz f [ s® - b duat
Bp(xo)

max{t2,to—0p}
Choosing ty € (0,T), with t5 < tg — fp then, for all to — 0p < t; < tg, by (4.5), we have

1

5[ ) - Btet)an <
Bp(o)

3 / ) - ) dn

N

+ / ID(p(u— k)1) (1) (B, (x0)) dt

0o—0p

TR
to 0p J Bp(xo)

/ (u(te) — k)igo(t2)X[t076p,t0](t2) du
Bp(IO)

B %/ / % (u(t) = k)% dpdt + 2/ / 9o (t)(u(t) — k)4 dpdt
to—6p BP(IQ) 0 9p Bp(‘TO)
<1
- 2

/ / W) =03 duderz [ [ g0 b dudt
to—0p Bp(x()) to—0p J Bp(xg

We conclude that

1
Ve mrewans ) [ I
By (z0) to—0p J Bp(z0)

vz [ / o0 (01) — K)
to—0p J Bp(wo)

and this holds for any tg — 0p < t; < ty. Therefore

essup [ qu(t) - W< [[
to—0p<t<tg J B, (xq) Q, ¢(T05t0)
waff 9, (t) (u(t) — k)4 dpudt.
Q;g(x07t0)

On the other hand, by choosing to = tg — 0p and t; = tg in (4.5), we have

\ /\

(u(t) — k)2 dpudt +2 / 0o (1) (u(t) — ) dudt
to—0p J Bp(xo)

(u(t) — k)% dpdt

dyp

¢ 8

(ult) — k)2 dudt

(4.6)

;/toigp [1D(e(u = k)1 )(1)[[(By(x0)) dt < /to(igp ID(p(u = k) ) (0)[[(Bp(zo)) dt
< ;//Q_G(a:o,to) %f(t) (ut) — k)% dudt+2// _e(myto)gw(t)(u(t)—kﬁ dudt

1 2 !
B [2 /gp(xo)(u(t) ~ et du] t=to—0p
20
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This implies that

/wp Dot~ kOBt < [ /Q -

" 4//Qp,e(mo,to) gsa(t)(U(ﬂ ~ )+ dpdt = [/Bp(mo)(u(t) a k)Jr@(t) dM]

Adding (4.6) and (4.7) we conclude that

%—f(t} (u(t) — k)% dpdt

to (4.7)

t=tg—0p

sssup [ (u) = 3o dut [ IDGelu= kL) O(Byla)) de
to—0p<t<to J B,(zq) to—0p
Oy 2 _
<2 //Q 0] 00 R e s //Q BCCRLIOCET

to

- [ / PO =12 du]
(e

- [ / () (u(t) k)idu]
Bp(fL’O)

This implies u € DG (£27;8). A similar argument shows that u € DG~ (£27;8) and thus v € DG(£27;8) O

t=tg—0p

dp
a5 (t)

(ult) 02 dude + /Q ERCORTCIAD dudt>

to

t=to—0p

5. De Giorgi lemma

This short section is devoted to prove that functions in a parabolic De Giorgi class are bounded from
below. We apply the following standard iteration lemma in the proof, see [16, Lemma 5.1].

Lemma 5.1.  Let (Y;,)nen, be a sequence of positive numbers that satisfies
Y1 < COY, 1T (5.1)

where C,b > 1 and a > 0 are given numbers. If Yy < C’_l/"b_l/a2, then'Y,, — 0 as n — co.

Let p,0 > 0 be such that Q;G(xo,to) C 7 and let

my > esssup u, m_ < essinf w and w>my—m_.

Q, p(®0:to) Q, ¢(z0:t0)

The following lemma is a version of [15, Lemma 6.1] on metric measure spaces.
Lemma 5.2.  Assume that u € DG~ ({2;7).
(i) Fora,& € (0,1) and 0 € (0,0), there exists a constant v_ = v_(v,C,,Cp,w, &, a,0,0) such that if
(n® LYQ, y(x0,t0) N {u <m_ +Ew}) < v (n® LY (Q, 4(20,t0)),

then u > m_ + afw (p ® L)-almost everywhere in By (w0) x (to — Op,to].
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(ii) Fora,& € (0,1) and 0 € (0,0), there exists a constant vy = vy (7, C,, Cp,w, &, a,0,0) such that if
(1@ £1)(Q (w0, to) N {u > my — €w}) < vt (1 £1)(Q; (0, o)

then u < my — afw (p® L1Y)-almost everywhere in By (w0) x (to — Op, o]
Proof. We prove (i) and the proof for (ii) is similar. For n € Ny, let

1 _ 1 _

pnzg <1+2n>, O =0+--(0-0) and t,=to— Onp.

Then p, N\ §, 0 ¢ 0 and t, = ty—0p as n — co. Denote B,, = B,, (o) and Q,, = By, X (tp, to]. Consider
Lipschitz continuous functions ¢,, n € N, with ¢, =1in Q1 1, ¢, =0in Q_, (zo,t0) \ @y,

1 2n+2 2n+1 1

< = and 0<(Cp)e < =
gcn_Pn*Pm-l P _(C )t 070/)

For n € N, let )
o =al + 2;”“5 and  kn = m_ + Enw.
Then &, \, a€ and k, \, m_ + afw as n — oc.
Denote A, = Q,, N{u < k,}, n € N. By (4.1) we have

esssup [ Calt)(ult) — Bn)? dpit / DG — B )(®)1(Ba) dt

tn<t<tg

<y / [ ot 0000) =)+ GO )~ b 2) et

2n+2 2n+1
<~ / —kp)—dpudt —l— // 2 dpdt

In {u < k,} we have

0<kpn—u=m_+&{Ew—u=(m_ —u)+&w < & < alw,
0<(u—kp)- <alw and (u—k‘n)% < a?¢%w?

It follows that

2n+2
_dpdt + ——— / / 2 dpdt
/ / T 0 "0), a

< n+2a€ww®£ )@ N {u < ko)) + (9 9) 2020 @ £1)(Qn N {u < ko)
= (p® L) (A) <2n+2 aw + 2 a2§2w2>
- RN 0—0)p '

This implies

ess sup Cn (1) (u(t) — kn)% dp + /t O [ D(Gn(u — k) - )(D)][(Br) dt < 2n'71p_1(ﬂ ® ‘Cl)(An)a

tn<t<toJ B,

where

Y1 = 2valw W .
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By Proposition 2.8 there exists a constant C' = C(Cy, Cp) such that, for K = %, we have

[ G -k auar

n
1

< [P DG = k)@l dt (esssup [ G0~ k)2 an)
“(BH)Q tn tn<t<tg J By,
Con esssu w(t) — k)2 fo . +g .
= (B <tn<t<£/ o) k”>‘<"“>d‘”/tn ID(( kn>—<n><t)lldt> (5.2)
< P @ e £1)(4,)
w(Bn)@
+1 1 1 1+L
<2 (W) * u(Ba),

+3
where 45 = C7; . On the other hand, we have

/GO AR d,udt>//_ GO
// B dpdt
=[], (e anat (5.3)

> // (i — Fs1)* dpa
An+1

= oo (S0) s £ )

Let
_ (we LA
(e LhH(@n)
for n € N. By (5.3) and (5 2) we obtain
T e L@ M)
1 KM Wf(l—a) o _ s
<ama? (5 [ -k)-coy ana
B (91— (aaed) b (R £)(A)) O
= W £9Q nH)? ( 2 ) S %( #(By) ) > o)
1(Bn)(0np)' n(1+ & +x) wf(l —a) o+
- w(Bny1)0 n+1p Q2 ’ 72( 2 ) Y
( ) 911 pr 3Y1+Q

= w(Bny1) Onta

where

1 1 1—a)\ "
b 9l tEtE g 73:72982 (wf(Qa)) .

By the doubling property we have

/“L(BTL) = M(Bpn(xo)) < U(BQPn+1 (.%‘0)) < CMU(Bpn+1 (mo)) = N(Bn-&-l)y
23
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and consequently
,U(Bn) On,

p(Bri1) Ont1

< 20,

for every n € N. By (5.4) we conclude

1

1+ 4 1+ 4
Yn+1 < 2C#bn73Yn ¢ = '74bnYn Q,

her
where 041
Q

Y4 =203 = 2%0 <w9€) ¢ (1- a)i% <WYW>

By Lemma 5.1, we have Y,, — 0 as n — oo provided

-1 = —(Q+1)
—0,_O2 O w 2(0 — 0) + alw
Yo <9 %9 =27@ e ((f) (1-a)@*? (C” ( G )0) : )

=V_= V—(77C,uaCP,wa£7aa0a§)'

The proof of (ii) is almost identical. One starts from inequalities (4.1) for the truncated functions (u — k)
with k, = py — &,w for the same choice of £,. O

6. Time expansion of positivity

In this section we prove an expansion of positivity result, which is a version of [15, Lemma 7.1] on metric
measure spaces. Roughly speaking, it asserts that information on the measure of the positivity set of u at
time level ¢y over the ball B,(z(), translates into an expansion of positivity set in time (from ¢y to to + 6p
for some suitable #). Most of the arguments and proofs are based on the energy estimates and De Giorgi
Lemma of Section 4 and Section 5.

For a cylinder Q;pﬂ(xo,to) = By, (x0) % (to,to +0p) C 2, let

my > esssup u, m_ < essinf wu and w>mL—m_.
+ ) h +
Q;'p’g(mo,to) Q5,,0(@0:t0)

The parameter 6 will be determined by the proof. Let £ € (0,1) be a fixed parameter.

Lemma 6.1. Let u € DG~ (2r;v) and assume that

u({ € By(wo) : ulw,to) = m— + €w}) = ~u(By(o),

[\

for some (zo,to) € 2r and some p > 0. Then there exist 6 = 6(Cy,7) € (0,1) and € € (0,1) such that

u{ € Bylao) s ule,) > m_ +<w}) > {u(By(ao),

for every t € (to,to + déwp).
Proof. Let Ay ,(t) = {x € B,(z0) : u(z,t) < k} with £ > 0 and ¢ > 0. Since

S(By(0)) + u(f € By(ro) : ulw,to) < m_ +€w))
< pu{z € By(zo) : ulz,t9) > m— + Ew}) + p({x € By(zo) : u(z, to) < m- + Ew})
< N(Bp(m0)>7
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we have

WA seplt0)) = ([ € By(ao) - u(a, to) < m_ +&w}) < p(B,(xo))

Let ¢ be a Lipschitz cutoff function which is independent of ¢, 0 < ¢ < 1, ( = 1 in B_,),(20) and
gc < D%p, where 0 € (0,1) is to be chosen. We apply the De Giorgi condition for (v — (m—_ + &w))_ in
Q;ﬂ(xo,to) = B,(x0) X (to,to + 8p], where § > 0 is to be chosen, and obtain

to+0p
ess sup / C)(ult) = (m— + &w))? du+/ [1D((u = (m— + &w))-C)(t)[|(By (o)) dt
Bp(z0)

to<t<to+0p to
to+6p

< V//Q;Q@O,to) ge () (u(t) — (m_ + €w))_ dpdt — U%(:no)(u(t) — (m_ + &w))2C() dp

t=tg

) V//Q;No,to) () = ()~ dudt + [ (ulto) = (- + ) Clto)

By (o)

Bp(zo)

Notice that for t € (to,to + 0p), we have

/ (ult) — (m— + €w)) C(t) dps = / (ult) — (m— + €w))? du
B(1-0)p(w0) B(1-0)p(®0)
< [l - Gne o+ ) gl du
By ()

< esssup / CH)(u(t) — (m— + &w))? dp
to<t<to+0pJ B,(zq)

IN

. 2
o //Q;@(%,to)(“(t) = (m- +¢&w))- dpdt +/ (u(to) — (m_ + &w))2 du

Bp(mo)
(fw)?
2

(6" (5 + 3 ) (B (oo

The last inequality holds, because

IN

Ulpfwﬁp,u(Bp(xO))“‘ #(Bp(0))

/ (ulto) — (m— + €w))? dp = / (m_ + &w — u(to))? du
By (o)

Am_+§w,p(t0)

S (gw)Qﬂ(Am_—&-{w,p(tO)) S

and
to+0p
// (u(t) — (m— +&w)) - dpdt :/ / (m_ + &w —u(t)) dpdt
ng(ﬂfovto) to Am_+ew,p(to)

to+0p
S/ fw/ dpdt
to Am_+§w,p(t0)

< Ewp( By (w0))bp.

Therefore 1

[ - e e du < (6 (S + ) nlBan)
B(1—0)p(®0)

o(éw) 2
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for every t € (to,to + 0p). The left-hand side can be estimated by

/ (ult) — (m_ + €w))? dp > / (ult) — (m_ + €w))? du
B(1-0)p(Z0) Am_ tetw,(1—0)p(D)
> / (m— + &w — u(t))?du
Am,+s§w,(lfa)p(t)
> | (m_ +&w — (m_ +=w))? dp
A'm +efw,( (f)

= (fw) (1 - 5) (Am_+€§w,(1—a)p(t))v

where € € (0,1) is to be chosen.
By the doubling property and Bernoulli’s inequality, we obtain

(A _yeewp() = 1 (Am_ yegw,(1-0)p(t) U( m_ +asu,p( )\ A pegw(1-0)0(1)))
< (Am_tegw,(1-0)p(1) + 1(By(20) \ Ba—e)p(20))
< 1 (A st (mp(8)) + ( ao)) = Ml )
< 1 (A tegw,1-0)p(1)) + 1(Bp(20)) (1 — Ci(1 — 0)9)
< 1 (A e, 1-0)p(1) + 1(By (o)) (1 = (1= 0)%)
< p (A getw(1-o)p(t)) + QUM »(70)).

Combining these estimates gives

1 2
1(Am_teguw,p(t) < EoR =22 /B<1 U),,@co)(u(t) — (m- +&w)) dp + Qop(By (o))

< @)(;) ((W (2 +3) W(Bylan)) + Qon(By(au)

o) (= (s +3) +97)
< 1_5 ( +1+Q>

<
Setting § = ’YQ and o0 = 161Q7 we obtain
1 v 1 ) 1 P 1 1 1 5 3
+5+Qo ) = +to+— | = =< -
(1—¢)2 (afw (1—¢)2 ( léQ 2 16 (1—¢)28 4
By letting 0 < ¢ < 327 we have

p{r € By(ao) (e, t) > m +<€}) + ul(Am_recopl0)) > n(By(ao)),
and thus
n({z € By(wo)  u(z,t) > m- +elw}) > u(By(wo)) — 1(Am_+egw,p(t))
> (B (o)) — $1(By (o)) = (B, ().

Therefore, the claim holds for § = 2%. a
Q
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7. Characterization of continuity
Finally we are ready to prove the main result of this paper.

Theorem 7.1. Letu € L (0,T; BVioc(£2)) be a variational solution to the total variation flow in 2r. Then
u s continuous at some (xg,to) € 27 if and only if

. p fo _
I s e o) . IPHOIB =0

Proof. We begin with the necessary part of Theorem 7.1. By Proposition 4.2, we have u € DG(§27;~) with
~ = 8. Assume that u is continuous at (xg, tg) € 7. Without loss of generality we may assume u(zg, %) = 0.
Let ¢ be a Lipschitz cutoff function with 0 < ( <1, (=0 on (X xR)\ Q5, ;(z0,%0), ( =1 on Qéml(xo,to),
C(yto—2p) =0, >0and g+ ¢ < %. We apply (4.1) with # = 1, k = 0 and neglect the supremum term
of the left-hand side to obtain

L 0@y [ @ s

and

/t " ID@_Q)(0)|(Bap(o)) dt < / / (u_ (D)ge (1) + u_ (OIC(B)]) dudr.

0—2p Q3p,1(T0st0)

By adding up the inequalities above and using the doubling property of the measure, we obtain

/ DO )| (Bap(wo)) dt < 4 / / (@) + GO dpdt
to—2p Q3p,1(z05t0)
m U dud
< //Q (O] +u(0?) dpt
- Nuer ><Q2p1<xo,to>>]% O+ 0P
< 6C,[y

(o £H(Q; mto))]% () et

Since u¢ = u in Qng(wo’ to) 2 Q;l(xo,to), we obtain

p fo
TG0 o 2, 1P ONE o)
p o
= (n® LY)Q, (w0, t0)) /to—QP ID()OBap(w0) d

<6c,nff ()] + u(t)?) dp .
Q3,1 (05t0)

The right-hand side tends to zero as p — 0 implying the necessary condition of Theorem 7.1.
Let us then prove the sufficient part of Theorem 7.1. Let (zq,to) € 21 and let p > 0 be so small that

Q;l(wo,to) = Bp(zo) X (to —p, to} C f27. Set

my = esssup u, m_ = essinf v and w=my —m_ = essosc u.
Q, 1 (zo;t0) Qp,1(z0t0) Q, 1 (z0,t0)
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Without loss of generality we may assume that w < 1 so that
Q.. (w0, t0) = Bp(wo) X (to —wp,to] C Q,1(%o,t0) C L27.

Therefore,
essinf uw >m_, esssup u<my and w > essosc u.
Qp,w(®o,to) Qpw(@0,t0) Qpw(@0:t0)

For a contradiction, assume that u is not continuous at (xg,tp). Then there exists py > 0 and wp > 0 such
that

wz = essosc u > wg >0,
Q;l(m()vto)
for all 0 < p < po. Let 6 = ﬁ, determined as in the proof of Lemma 6.1 at the time level ¢ = ty — Spr.
Clearly
5 w 1
U ({x € By(zo) : u(z,to — 57”) >m_ + 5}) > i,u(Bp(xO)),
or )
- w
i ({w € By(wo) s ule,to— 22) <my + 5}) > S (B,(w0).
Assuming the former holds, by Lemma 6.1 there is a 8, actually § = § works, and ¢ = 3—12 such that
w 1
w({z € By(wo) s ulw,t) > m_+ 6—4}) > i(B,(x0),
for every t € (to — S‘”Tp,to}. Let 2€ = ég. Since gyw > 6—14&;1, then
w ow
{x € By(xo) ru(z,t) > m_ + 674} C {x € By(xo) : u(z,t) > m_ + 64} ,
and thus
~ w 1
u{z € By(wo) s ule,t) > m_+280}) = u ({w € By(wo) : ulw,t) = m_ + 1) > 2u(B,(x0)),
for every t € (to — %,to]. Since (to — Ewp, to] C (to — %Tp,to], we have
~ 1
u({r € By(ro) s ula, 1) > m_ +260)) > (B, (o)), (7.1)

for every t € (tg — Ewp, to]. Next, we apply Lemma 2.6 to the function u(-,t), for ¢ in the range (to — Ewp, to]
over the ball B,(zo) with k =m_ + fwand | =m_ + 2w, so that | — k = £w.
By the doubling property of the measure and (7.1), we have

w

< Lu w(B, (o)) < Ewp({x € B,(xo) : u(z,t) > m_ + 2€w})
292C, 4 p(Bap(wo)) #(Bzp(20))
< cplPud[{z € Bylwo) : ulw,t) > m +&w})

u({x € By(xo) : u(x,t) < m_ + Ew})
This implies
Ewpl{z € B,(zo0) s u(x, t) <m_ + &w}) < Cp||Du(t)||({z € B,(xo0) s u(x,t) > m_ + Ew)),

where C' = C(Cy,Cp).
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Integrating over the time interval (to — Ewp, to] gives
. [t -
fw/ - p({r € By(wo) s u(x,t) <m_ + &Ew})dt
to—Ewp

< C,o/t ’ ~IDu(®)||({x € By(xo) : u(z,t) > m_ + &w})dt

0—&wp

<Cp / DB, (o)) dt

0—&wp
(M®Ll)(Q z Jjo,to
=C p,Ew 1D (B d
p(u@wl)@;g (20, to)) /0 w' u(®)ll(Bp(wo)) dt
_Cp (h® LYQ ¢, (w0,t0))
=G (18 @ (010 / g, 1PN Bplzo))
Since
to ) )
J 1l € Bya) s ul ) <mo+Eop)dt 2 (09 £(@, g (a0 10) 0 {u < -+ E}),
to—Ewp ,
we have

(1 ® LY@ ¢, (x0,t0) N {u < m_ +Ew})
(N®£1)(Q;éw(x03t0))

C p to | )
= @l (59 £)(Q, 1 (70, ) | 1D B e

0—&wp
By assumption, the right-hand side tends to zero as p — 04. Hence, there exists p > 0 small enough such
that

(1 ® L)@, ¢, (0. to) N {u <m— +Ew})
(n®LNQ, ¢, (x0,t0)) o

where v_ is the number in Lemma 5.2 for such a choice of parameters. Lemma 5.2 implies u > m_ + %éw

(u ® LY)-almost everywhere in Q7 - (zg,t0) and consequently

QPA,EW
Cw
essinf w>m_ + %
Q%p,éw(zo,to)
This implies
. fw
essosc u= esssup wu— essinf w< esssup u—m_ — 5
Q%p,éw(x07t0) Q%p,éw(x(ht()) Q%p’gw(QTOvtO) p71(l0,t0)
:m_,_fm_fg—w:wfg—w: 1—§ w = nw,
2 2 2

for some n € (0,1). With p; = %pr we have Q, ;(zo,t0) C Qip gw(:ro,to) and thus
2 )

esssup u < esssup wu and essinf  u < esssup u.
N t - t Q7 ., (zo:to) - t
@, 1(@osto) Q%p,éw(wo’ 0) Lpdw' 0 @, 1(@oto)
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Therefore, we have

wp, = essosc u= esssup u— essinf wu
@, 1(®ost0) Q, 1(zo0.to) @, 1(20st0)
< esssup u— essinf w = essosc < nw.
- ¢ Q7 . (zosto) Q7 ; (zo5to)
Q%ﬂ,ﬁw(wo’ 0) $odw Lo

By repeating the same argument starting from the cylinder @, (wo,%0) and proceeding recursively, we
generate a decreasing sequence of radii p, — 0 such that

wo < essosc u < n"w,
Q (z0,t0)

pn,1

for every n € N. This is a contradiction with the assumption wu is not continuous at (zg,tp). O
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