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Abstract: Light sheets are optical beam-like fields with one-dimensional intensity localization.
Ideally, the field intensity should be independent of the longitudinal and one of the transverse
coordinates, which is difficult to achieve even for truncated light sheets. In this work, we
present a general theoretical framework for intensity-interferometric continuous wave (cw) light
sheets formed by overlapping the interference fringe patterns of mutually uncorrelated frequency
components of the field. We show that the key parameters of the light sheets can be calculated
using simple analytical expressions. We propose a practical way to generate such light sheets
with the help of prisms and demonstrate numerically the abilities of the method. Both bright
and dark light sheets with an exceptionally small thickness and long divergence-free propagation
distance are possible to generate. We also show that the transverse profile of the generated light
sheets can be shaped by modifying the spectrum of the light. We believe our findings advance
the beam-engineering technology and its applications.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Light sheet is an optical beam, the intensity of which is strongly localized along one transverse
direction, as in a beam of light focused with a cylindrical lens. Applications of light sheets
are found in wireless optical communication [1,2], optical tweezers [3,4], plasmonics [5,6],
spectroscopy [7,8], and microscopy [9–11]. For these applications, light sheets with a narrow
width maintained over a long propagation distance, possibly also in the presence of turbulence and
scattering, are desired. Ideally, a light sheet should be diffraction-free and self-healing, similarly
to a Bessel beam [12,13], but with the intensity localized only in one dimension. Examples
of such 1D-localized optical fields are Airy beams, the intensity peaks of which move along a
parabolic trajectory [14,15], and interference fringe patterns formed by two mutually coherent
plane waves that propagate in different directions. The interference pattern of two plane waves
with the transverse wave numbers ±kx is given by a cosine function cos kxx, which is why such
a beam is often called a cosine beam [16]. However, calling an interference fringe pattern an
optical beam is a bit misleading, as it contains an infinite energy equally distributed between
an infinite number of identical intensity peaks along the transverse direction. In practice, plane
waves are replaced by collimated optical beams, which makes the number of transverse intensity
maxima and the diffraction-free propagation length finite. The beams are usually derived from a
single beam by splitting it with an isosceles prism, a diffraction grating, or an opaque screen with
two parallel slits followed by a cylindrical lens [16,17].

In an effort to generate a diffraction-free light sheet with a single, strong, and narrow intensity
peak and significantly reduced sidelobes in the transverse profile, many approaches have been
proposed. While apodization can be used to essentially eliminate the sidelobes [17], the resulting
light sheet will have a relatively short propagation distance. An alternative approach is to prevent
the perfect constructive interference away from the beam axis. For this purpose, masks with
binary phase and amplitude profiles have been developed [18–21]. A light sheet produced
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by using such a mask placed in front of a cylindrical lens has small sidelobes, but is slowly
diverging. For a strictly non-diverging light sheet, the interference of broadband optical beams
can be utilized. The frequency components of the beams form standing wave patterns with
varying transverse wave numbers kx(ω), and the interference of all these components is perfectly
constructive only at the beam axis, resulting in a higher intensity of the central peak. Pulsed
light sheets created by using this approach, referred to as space-time wave packets, have attracted
much of attention in the scientific community (see, e.g., Ref. [22] and references therein). The
approach has also been used to generate dark sheets, where the central peak is replaced by an
intensity dip. Since in pulsed light, the frequency components correlate, light sheets are localized
also in the longitudinal direction. If, on the other hand, the frequency components are mutually
incoherent, a cw counterpart of such a space-time wave packet can be generated [23]. Incoherent
light has also been used to generate light sheets based on the field synthesis method introduced in
Ref. [24]. The field synthesis method uses a focused light line scanned over an annular mask on
the back focal plane of a microscope objective, creating a continuum of cosine-shaped intensity
patterns with varying spatial frequencies [24,25]. Instead of scanning, the field synthesis can be
static, if the mask is illuminated by mutually incoherent light lines simultaneously, which has
also been realized using both spatially and temporally incoherent light [26,27].

In this work, we consider light sheets in the form of a superposition of interference-fringe
patterns of mutually incoherent frequency components of the optical field used. The intensity
distribution due to the intensity interference[28–30] of the frequency components is investigated
analytically. For a light sheet with a Gaussian spectrum, we show how the suppression of the
sidelobes and the width of the light sheet depend on the spatial-frequency bandwidth and the
transverse wavenumber of the central frequency component. A large spatial-frequency bandwidth
and a high positive angular dispersion would be needed to obtain a thin light sheet with suppressed
sidelobes. Then we introduce a compact prism-based system for generation of such light sheets.
The angular dispersion is enhanced by using a compound prism design, similar to the one
proposed in Ref. [31]. The performance of the system is studied by using numerical examples.
We also show that the properties of the generated light sheets can be considerably improved by
shaping the spectrum of the light used. We expect our findings to advance the development of
light sheets for a variety of optical applications.

The paper is organized as follows. Section 2 introduces a theoretical basis for non-diffractive
cw light sheets. In Section 3, a prism-based optical system for light-sheet generation is proposed
and analyzed. Section 4 presents a way to improve the properties of the generated light sheets by
shaping the spectrum of the incident light. Conclusions are drawn in Section 5.

2. Intensity-interferometry-based cw diffraction-free light sheets

The intensity distribution of a light sheet represents the intensity interference of its frequency
components, if the components are mutually incoherent. In other words, the interference fringes
produced by the pairs of equal-frequency components overlap and form a cw light sheet. The
total intensity distribution can be calculated as

I(x) =
∫ ∞

0
S(ω) cos2[kx(ω)x]dω, (1)

where S(ω) is the power spectral density of the light. We assume that the light sheet lies in the
yz-plane. The transverse wave number can be written in terms of the propagation angle α as
kx(ω) = ω/c sinα(ω); note that, in general, α(ω) is a function of frequency determined by the used
beam converter, optical element producing the two interfering beams out of the original collimated
beam. Let the original beam have a Gaussian spectrum S(ω) = E2

0/∆ω exp[−2(ω−ω0
∆ω )2] with the

center frequency ω0, amplitude E0, and spectral bandwidth ∆ω. Note that we define the spectral
density such that the intensity is given by |E |2, to shorten the notation. We can assume that,
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within the field bandwidth, angle α(ω) is linear, so that sinα(ω) can be expanded as

sinα(ω) = sinα0 + cosα0∂ωα0(ω − ω0), (2)

where α0 and ∂ωα0 are the propagation angle and its derivative with respect to ω at the center-
frequency ω0, respectively. The second quantity is called the angular dispersion. With this
expansion, the integral in Eq. (1) can be solved analytically. The exact expression, found in
appendix A, is lengthy, but close to the axis of the light sheet, it can be reduced to

I(x) = E2
0

√︃
π

8

{︃
1 + exp

[︃
−

1
2
(∆kxx)2

]︃
cos[2kx(ω0)x]

}︃
, (3)

where ∆kx is the bandwidth of the spatial-frequency spectrum given approximately by

∆kx =
∆ω(cosα0∂ωα0ω0 + sinα0)

c
. (4)

The intensity distribution described by Eq. (3) resembles that of the center-frequency component
|E0 cos[kx(ω0)x]|2 truncated by a Gaussian envelope centered at x = 0 (see Fig. 1(a)). The width
of the envelope is inversely proportional to ∆kx, as expected.

Fig. 1. Transverse intensity distributions of light sheets with spatial-frequency bandwidth
(a) ∆kx = kx(ω0)/2 and (b) ∆kx = 8kx(ω0)/π. The yellow dotted curve shows the intensity
distribution of the central frequency component that, when truncated by the envelope
corresponding to the orange dashed line, yields the light sheet intensity introduced by the
blue solid line.

For a sufficiently large bandwidth, ∆kx>8kx(ω0)/π, the envelope is narrower than the central
intensity peak, and all the sidelobes are eliminated, yielding a light sheet with a single intensity
peak (see Fig. 1(b)). The intensity distribution can then be approximated with the help of the
Taylor series expansion as

exp
[︃
−

1
2
(∆kxx)2

]︃
cos[2kx(ω0)x] = 1 −

(︃
2kx(ω0)

2 +
∆k2

x
2

)︃
x2. (5)

In this case, the full width at half maximum (FWHM) of the light sheet intensity distribution is
found to be

W =
2√︁

4kx(ω0)2 + ∆k2
x
, (6)

where the half maximum refers to the midpoint between the peak intensity
√︁
π/2E2

0 and the
constant background intensity

√︁
π/8E2

0.
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So far, it has been assumed that the plane waves of each frequency component are in phase at
x = 0. However, in general, they can have some phase difference φ, in which case the standing
wave pattern for each particular pair of plane waves is determined by

E(x) =
E0
2
[exp(ikxx) + exp(iφ) exp(−ikxx)] = E0 cos

(︂
kxx −

φ

2

)︂
exp

(︃
iφ
2

)︃
. (7)

The phase difference can be introduced with a phase mask placed between the light source and
the beam converter. In case of a fixed phase difference for all frequency components, Eq. (3) is
generalized to take the form

I(x) = E2
0

√︃
π

8

{︃
1 + exp

[︃
−

1
2
(∆kxx)2

]︃
cos[2kx(ω0)x − φ]

}︃
, (8)

as shown in appendix A. If the phase difference is equal to π, a dark sheet is produced instead of
a bright one. The intensity distribution is then given by

I(x) = E2
0

√︃
π

8

{︃
1 − exp

[︃
−

1
2
(∆kxx)2

]︃
cos[2kx(ω0)x]

}︃
. (9)

The dark sheet has a zero intensity at the beam axis surrounded by a non-zero background
intensity.

We analyzed the experimentally obtained light sheets of Ref. [23] by using our equations. In
the experiments of Ref. [23], the angular dispersion (spatio-temporal correlation) is introduced by
using a 4f -type optical system. The frequency components are separated spatially by a diffraction
grating followed by a lens and they are phase-modulated using a spatial light modulator (SLM).
The phase modulation profile of the SLM is orthogonal to the spectral separation direction. The
SLM splits each frequency component into two waves with prescribed spatial frequencies ±kx.
The separated frequency components are then recombined using another lens followed by a
diffraction grating. In Ref. [23], phase differences φ = π/2 and φ = π were experimentally
realized by covering half of the SLM with a glass slide. The results seem to agree with the
generalized intensity distribution given by Eq. (8). The ingenious setup for space-time light sheet
generation, described in more detail in Refs. [22,23,32,33], allows one to control the angular
dispersion and the group velocity of pulsed light sheets in free space [22,32,34]. The system is
rather universal, but it is large and such that obtaining thin light sheets is problematic. In the
next section, we introduce a very simple and compact optical system that is able to generate also
exceptionally thin cw light sheets.

3. Generation of light sheets using prisms

In the previous section, we have found that, for creating a thin light sheet with reduced sidelobes,
a broad spatial-frequency bandwidth ∆kx is required. According to Eq. (4), this can be obtained
by utilizing an optical element with a large positive angular dispersion ∂ωα, for example, a prism.

Figure 2 illustrates a wide collimated beam of light refracted by an isosceles prism. The finite
size of the prism base 2R apodizes the beam and makes the wave interference region finite. The
propagation of the apodized and refracted beam can be studied by applying the Fresnel-Kirchhoff
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diffraction integral to each frequency component. The intensity of the total field is then given by

I(x, z) =
∫ ∞

0
S(ω)

|︁|︁|︁|︁|︁√︃ k
2πz

exp
[︂
i
(︂
kz −

π

4

)︂]︂
×

∫ R

−R
[exp(ikxx′) + exp(iφ) exp(−ikxx′)] exp

[︃
i

k
2z

(x − x′)2
]︃

dx′
|︁|︁|︁|︁2 dω

=
E2

0
16∆ω

∫ ∞

0
exp

[︃
−2

(︂ω − ω0
∆ω

)︂2
]︃

×

|︁|︁|︁|︁exp(ikxx)
(︃
erf

{︃
(1 − i)[k(R + x) − kxz]

√
2kz

}︃
+ erf

{︃
(1 − i)[k(R − x) + kxz]

√
2kz

}︃)︃
+ exp(iφ) exp(−ikxx)

(︃
erf

{︃
(1 − i)[k(R + x) + kxz]

√
2kz

}︃
+ erf

{︃
(1 − i)[k(R − x) − kxz]

√
2kz

}︃)︃|︁|︁|︁|︁2 dω,

(10)
where φ takes the value of 0 or π for the cases of light and dark sheets, respectively. The
apodization limits the diffraction-free propagation distance to zmax = R/tan(α) − R/tan(γ/2), as
illustrated in Fig. 2. Using the method of stationary phase applied to the light sheet at the beam
axis [17], one can find that Eq. (10) is reduced to Eqs. (3) and (9) for the light and dark sheets,
respectively.

Fig. 2. A collimated optical beam refracted by an isosceles prism. The resulting standing-
wave pattern is formed within the distance zmax behind the apex of the prism.

The angular dispersion introduced by the prism can be high, if the light is incident on the
refracting surface of the prism at an angle close to the critical angle of total internal reflection
(TIR), which is used in the angular-dispersion amplifiers [35,36]. Indeed, the refraction angle
θ2(ω) is given by Snell’s law

θ2(ω) = arcsin
n1(ω) sin θ1

n2(ω)
, (11)

which leads to the expression

∂ωθ2 =
(∂ωn1 −

n1
n2
∂ωn2) sin θ1√︂

n2
2 − n2

1 sin2 θ1

. (12)

Here, n1 and n2 are the refractive indices of the media inside and outside the prism. Equation (12)
shows that at the critical angle of TIR, the angular dispersion ∂ωθ2 approaches infinity. Therefore,
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using a prism with a small apex angle γ would result in a thin light sheet with reduced sidelobes.
Unfortunately, this method is problematic for the following two reasons: (1) the reflection losses
near TIR are large and highly depended on the frequency and (2) the propagation direction of the
refracted light is almost parallel to the prism surface, making the diffraction-free propagation
distance zmax very short. In the following, we propose to solve both of these problems by using a
compound prism, where two additional prisms are placed next to the original one (see Fig. 3).
Refraction of light at the boundary between the primary prism (with refractive index n1 and apex
angle γ1) and the secondary prisms (with parameters n2 and γ2) introduces the following angular
dispersion

∂ωβ =
(∂ωn1 −

n1
n2
∂ωn2) cos γ1

2√︂
n2

2 − n2
1 cos2 γ1

2

. (13)

To be able to maximize this quantity near the critical angle of TIR, we select n1>n2 and cos γ1/2
close to n2/n1. Additionally, we look for the prism materials with large and small material
dispersion for the primary and secondary prisms, respectively (∂ωn1 ≫ ∂ωn2). Finally, the index
difference ∆n = n1 − n2 should be small, which not only increases the angular dispersion, but
also minimizes the losses due to the reflection at the boundaries between the prisms.

Fig. 3. A peripheral ray (red arrow) transmitted trough a compound prism. The refractive
indices of the primary and secondary prisms are n1 and n2, respectively. The prisms are
surrounded by free space.

In addition to reducing reflection losses, the secondary prisms introduce additional refraction,
thereby extending the diffraction-free propagation distance zmax, as shown in Fig. 3. For small
angles α, the diffraction-free propagation distance zmax is given by the following approximate
expression

zmax(ω) =
tan θ2(ω)
tanα(ω)

R. (14)

The above equation shows that, in order to counteract the reduction of zmax, the angle α should
satisfy the inequality α<θ2. Alongside the reduced reflection losses, this condition limits the
operation of the compound prism not to take place too close to TIR at the refraction between the
prisms.
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An additional remarkable property of the setup is that the secondary prisms can enhance the
angular dispersion introduced by the first refraction. Using the fact that the propagation angle α
is given by (see Fig. 3)

α =
π

2
− δ + arcsin

[︃
n2
n0

cos(β −
γ1
2

− γ2)

]︃
, (15)

the angular dispersion of the compound prism as a whole is found to be

∂ωα =
cos(ϕ2)n2∂ωβ − sin(ϕ2)∂ωn2√︂

n2
0 − n2

2 sin2(ϕ2)
. (16)

It can be seen that, for a small angle ϕ2, the second refraction amplifies the angular dispersion by
a factor approximately equal to n2.

As an application example of the above proposal, we designed a compound prism for light
with a Gaussian frequency spectrum that has the central wavelength of λ0 = 440 nm and FWHM
of 10 nm. We choose zinc sulfide (ZnS) and LASF35-glass as the materials for the primary and
secondary prisms, respectively. In this case, we obtain n1(λ0) ≈ 2.48, ∂λn1(λ0) ≈ −1.4 µm−1

[37], n2(λ0) ≈ 2.07, and ∂λn2(λ0) ≈ −0.5 µm−1 [38]. For the given materials, the apex angle γ1
is selected for a near-TIR operation to be γ1 = 68.5◦. Finally, we choose the apex angle γ2 of
103◦ to refract light at the longest wavelength of 450 nm along the beam axis.

For the designed ZnS-LASF35 prism, the propagation angles β and α as functions of the
wavelength λ ∈ [430 nm, 450 nm] are shown in Fig. 4(a). The edges of the design bandwidth
are shown by the vertical dashed lines. The angular dispersion ∂ωβ is seen to be significantly
amplified by the second refraction, yielding ∂λα0 ≈ −0.4◦/nm. Figure 4(b) shows the diffraction-
free propagation distance zmax as a function of the wavelength. The distance zmax is at the
central wavelength as long as 2R. We note that, for a single ZnS prism (as in Fig. 2), the
angular dispersion would be approximately 10 times smaller for comparable values of zmax. The
reflection losses can be seen in Figs. 4(c) and (d), where the transmittances for the air-ZnS (T01),
ZnS-LASF35 (T12), and LASF35-air (T20) boundaries are shown for both transverse electric
(TE) and transverse magnetic (TM) polarizations of the transmitted light. The curves show that,
despite operating near TIR, a significant portion of the incident light (about 30 % in total for
the TE and about 50 % for the TM polarization) is transmitted by the compound prism. The
reflected light exits the prisms at large angles and does not overlap with the light-sheet region.
The reflection loss can be significantly reduced or eliminated also with the help of antireflection
coatings.

Let us next use Eq. (10) to calculate the intensity distribution for a light sheet generated using
the designed compound prism. We neglect the reflection losses and assume that R = 10 mm. The
propagation angles are calculated from Eq. (15). The obtained intensity distribution is shown
in Fig. 5(a); note the different scales for the vertical and horizontal axes. The thickness of the
obtained light sheet is on the order of 1 µm only, and it stays essentially unchanged for a 15-mm
propagation distance, i.e., 104 times longer than the thickness. The transverse profile (along
the x-axis) of the light sheet at z = 1 µm is shown in Fig. 5(b). The blue curve results from
Eq. (10), while the orange curve is obtained from the approximate Eq. (3). This shows that the
dependence of α on ω in the relevant spectral range is close to linear and Eqs. (2) and (3) are
quite accurate. Figure 5(c) illustrates the FWHM of the light sheet intensity distribution as a
function of propagation distance z. It can be seen that for z > 15 mm, the width of the light
sheet increases approximately linearly due to the far-field diffraction. It is interesting to note that
the obtained diffraction-free propagation distance is over 2000 times longer than the equivalent
distance calculated for a conventional light sheet with the same thickness; conventional light
sheets are obtained by focusing a laser beam with a cylindrical lens or with a spherical lens when
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Fig. 4. Spectral properties of the designed ZnS-LASF35 compound prism: (a) propagation
angles β in LASF35 prism and α in free space, (b) diffraction-free propagation distance zmax
in a logarithmic scale, and (c),(d) the values of transmittance of TE/TM-polarized waves at
the boundaries between air and ZnS (T01), ZnS and LASF35 (T12), LASF35 and air (T20),
as well as the total transmittance Ttot.

applying beam scanning. If necessary, the off-axis background light can be attenuated by an
aperture, which will lead to an increase of the divergence of the light sheet. Hence, depending
on the application, a compromise between the low background intensity and low-divergence
propagation length can be found. We also note that the approach can be applied to create pulsed
light sheets, for which the incident cw beam is simply replaced with a pulsed beam. Similar
characteristics are expected to be obtained as for cw sheets as long as the pulses at the output of
the prisms are not considerably chirped.

To generate a dark sheet instead of a bright one, a half of the front surface of the primary
prism is covered with a dielectric film that shifts the phase of the incident light by π. Figure 6(a)
shows the transverse intensity distribution obtained for this case by using Eqs. (9) and (10). The
profile shows a zero intensity at the beam-axis surrounded by two intensity peaks and a constant
background intensity environment. Again, an approximate analytical expression in Eq. (9) gives
a rather accurate profile. The intensity distribution of the dark sheet in the xz-plane is shown in
Fig. 6(b), from which the diffraction-free propagation distance is seen to be equal to that of the
bright counterpart considered above.
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Fig. 5. Properties of a light sheet generated by using the designed compound prism: (a) the
intensity distribution in the xz-plane; (b) the transverse intensity profile along the x-axis
at z = 1 µm (here the blue and orange dotted lines are obtained from Eqs. (10) and (3),
respectively); (c) the FWHM of the light sheet as a function of propagation distance z.

Fig. 6. Properties of a dark sheet generated by using the designed compound prism: (a) the
transverse intensity profile along the x-axis at z = 1 µm (here the blue and orange dotted
lines are obtained from Eqs. (10) and (9), respectively); (b) the intensity distribution in the
xz-plane.
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4. Shaping the light-sheet profile by changing the spectrum

Light sheets obtained in the above section exhibit a noticeable spatial oscillation of the intensity
around the central maximum. The same feature has been observed also in the experiments of
Ref. [23]. For some applications, however, such extra oscillations can be unwanted (e.g., for
applications in light sheet microscopy). In this section, we propose a method to suppress the
extra oscillations by modifying the spectrum of the incident light.

The problem with use of Gaussian spectra is that the frequency components close to the central
frequency ω0 have a large contribution to the intensity interference. This manifests itself in
an insufficiently truncated oscillation, as shown in Fig. 1(a). By increasing the power spectral
density of high- and low-frequency components, the strong oscillation caused by the central
components is suppressed more effectively. Furthermore, it is preferable for the spectrum to
be asymmetric, with low frequency components being more intense, because then the spatial
frequency of the oscillation decreases, and so does the demand for large ∆kx.

An example of an asymmetric super-Gaussian-type spectrum with a bandwidth of 20 nm is
shown in Fig. 7(a). The light sheet generated with the designed compound prism is calculated
using Eq. (10), yielding the intensity distribution shown in Fig. 7(b). In comparison with the
light sheet of Fig. 5, the distribution has only one intensity peak, as can clearly be seen also in
the transverse intensity distribution in Fig. 7(c). The intensity peak is narrower and the light
sheet has a slightly shorter zmax (see Fig. 7(d)) that is still 5000 times longer than the peak width.

Fig. 7. Properties of a light sheet with an asymmetric super-Gaussian spectrum generated
by using the designed compound prism: (a) the spectral power density; (b) the intensity
distribution in the xz-plane; (c) the transverse intensity profile along the x-axis at z = 1 µm;
(d) the FWHM of the light sheet as a function of propagation distance z.

In a dark sheet, insufficient truncation yields a strong intensity oscillation around the central
minimum, as shown in Fig. 6. An asymmetric super-Gaussian spectrum of Fig. 7(a) can effectively
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eliminate the oscillation, as shown by the calculated intensity distributions along the transverse
direction and in the xz-plane in Figs. 8(a) and (b), respectively.

Fig. 8. Properties of a dark sheet with the asymmetric super-Gaussian spectrum of Fig. 7(a)
generated by using the designed compound prism: (a) the transverse intensity profile along
the x-axis at z = 1 µm; (b) the intensity distribution in the xz-plane.

5. Conclusion

We have introduced a prism-based approach for generating non-diffractive cw light sheets.
Examples of generated bright and dark light sheets were modeled numerically, showing small
sidelobes, exceptional thinness, and long diffraction-free propagation distance. These results
are in agreement with the analytical model that we have derived for the light sheet intensity
distribution. We have also shown that the light sheet could be refined by modifying its spectrum.
We believe that the presented approach and the calculation results comprise a notable contribution
to the technology of light sheet generation. Potential applications of the proposed light sheets
range from optical trapping of particles with both positive and negative polarizabilities to
three-dimensional imaging and light-sheet fluorescence microscopy. Compared to previously
demonstrated light sheets, our sheets are cw and exceptionally long/extended at a given thickness.
The price paid for that is a constant background intensity that is half of the on-axis intensity. For
specific applications (e.g., in light-sheet microscopy), the background intensity can be reduced
with a one-dimensional apodizing filter. This will shorten the low-divergence propagation
distance in a controlled way, for example, to make it equal to the transverse size/extension of the
observed field. In contrast, the dark sheets considered are completely dark and can be used, e.g.,
for stimulated-emission-depletion microscopy with high longitudinal resolution.

A. Derivation of Equation (8)

Inserting the spectral density S(ω) = E2
0/∆ω exp[−2(ω−ω0

∆ω )2] and transverse wave numbers
kx(ω) = ω/c[sinα0 + cosα0∂ωα0(ω − ω0)] into Eq. (1), we obtain

I(x) =
E2

0
∆ω

∫ ∞

0
exp

[︃
−2

(︂ω − ω0
∆ω

)︂2
]︃

cos2
{︂ω

c
[sinα0 + cosα0∂ωα0(ω − ω0)]x −

φ

2

}︂
dω. (17)
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The squared cosine term can be expanded as cos2(kxx− φ/2) = 1/2(1+Re{exp(−iφ) exp(2ikxx)},
yielding

I(x) =
E2

0
2∆ω

(︃∫ ∞

−∞

exp
[︃
−2

(︂ω − ω0
∆ω

)︂2
]︃

dω

+Re
[︃
exp(−iφ)

∫ ∞

0
exp

{︃
−2

(︂ω − ω0
∆ω

)︂2
+ 2i
ω

c
[sinα0 + cosα0∂ωα0(ω − ω0)]x

}︃
dω

]︃ )︃
.

(18)

In Eq. (18), the lower integration limit of the first term has been extended to −∞, resulting in a
Gaussian integral ∫ ∞

−∞

exp
[︃
−2

(︂ω − ω0
∆ω

)︂2
]︃

dω = ∆ω
√︃
π

2
. (19)

The second integral can be expressed as

I2 =

∫ ∞

0
exp

{︃
−2

(︂ω − ω0
∆ω

)︂2
+ 2i
ω

c
[sinα0 + cosα0∂ωα0(ω − ω0)]x

}︃
dω

= ∆ω

√︃
π

8

{︄
1 + erf

[︄√
2ω0
∆ω

1 − iBx
√

1 − iAx

]︄}︄
(1 − iAx)−

1
2

× exp
[︃
−
∆ω2(cosα0∂ωα0ω0 + sinα0)

2x2

2c2[1 + (Ax)2]
+ 2i
ω0
c

sinα0x
1 − ACx2

1 + (Ax)2

]︃
,

(20)

where the parameters A, B, and C, are

A =
∆ω2 cosα0∂ωα0

c
, (21)

B =
∆ω2(cosα0∂ωα0ω0 − sinα0)

2cω0
, (22)

C =
∆ω2(cosα0∂ωα0ω0 − sinα0)

2

4cω0 sinα0
. (23)

Close to the axis of the light sheet, we have

|x| ≪ min
{︁|︁|︁A−1|︁|︁ , |︁|︁B−1|︁|︁ , |︁|︁C−1|︁|︁}︁ , (24)

which allows us to write the following approximate expression

I2 = ∆ω

√︃
π

8

{︄
1 + erf

[︄√
2ω0
∆ω

]︄}︄
exp

[︃
−
∆ω2(cosα0∂ωα0ω0 + sinα0)

2x2

2c2 + 2i
ω0
c

sinα0x
]︃

.

(25)
Since

√
2ω0/∆ω ≫ 1, we have erf[

√
2ω0/∆ω] ≈ 1. Noting also that ω0/c sinα0 = kx(ω0) and

∂ωkx |ω=ω0 =
cosα0∂ωα0ω0 + sinα0

c
≈
∆kx

∆ω
, (26)

we simplify Eq. (25) and insert it together with Eq. (19) into Eq. (18), which eventually yields

I(x) = E2
0

√︃
π

8

{︃
1 + exp

[︃
−

1
2
(∆kxx)2

]︃
cos[2kx(ω0)x − φ]

}︃
. (27)
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