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A B S T R A C T

Contrary to educated intuition, the tip of a free-falling U-folded chain accelerates faster than gravity without
violating the Newtonian laws. In the current work, we study the dynamics of a free-falling U-folded chain
experimentally as well as numerically. To this end, high-speed imaging (up to 10000 fps) is used to capture
the chain’s falling tip by using different openings between the two tips of the chain. Thanks to high-speed
digital imaging, the detailed geometry of the dynamic unfolding is captured. The post-processing of captured
images has provided detailed quantitative temporal data for displacement, velocity, and acceleration of the
falling tip of the chain. The experimental observations have revealed the various phases of dynamics of the
falling U-folded chain, including unfolding, whipping, and rebounding phases for the first time. Furthermore, a
Henky-type model is developed to capture the associated phenomena related to these phases, such as rebound
effect, whip effect, local buckling, and transverse wave propagation. The model that includes nonlinear elastic,
dissipative and bilateral gap-contact features, could successfully capture the experimentally observed phases
and phenomena of the unfolding dynamics qualitatively.

1. Introduction

The dynamics of the variable-mass systems involve applications in
a wide variety of fields, such as rocket theory [1], astronomy [2],
biology [3], physics [4], engineering [5], and economics [6], to men-
tion but a few. The complexity of the treatment of such systems has
generated many challenges and misunderstandings among the research
community [7]. In the case of a folded chain, its initial U-shape is
created when the chain is suspended by its two ends at the same level,
see Fig. 1. As one of its ends is released, a variable part of the U-
folded chain is in motion, behaving like a variable-mass system [8].
Due to momentum balance, the falling chain tip accelerates faster than
the gravitational acceleration 𝑔 as the moving part becomes smaller
over time [9]. Due to this counter-intuitive fact, falling chains have
attracted the research community’s attention in recent years, [10,11].
To this end, several experimental and numerical efforts have been
reported in the literature. Calkin and March used different types of
chains to measure the tension at the fixed end of a free-falling U-folded
chain, [9]. The authors observed that the maximum tension in the chain
was 25 times the weight of the chain itself. Additionally, they observed
that the falling time of the 1.993 m long folded chain was 84.7% of the
free-falling time. In this way, they pointed out that the falling chain
problem had been solved incorrectly almost 160 years ago [12].

Kagan and Kott employed strobe photography to study the ac-
celeration of a bungee jumper by using three ropes with different

∗ Corresponding author.
E-mail address: athanasios.markou@aalto.fi (A.A. Markou).

thicknesses and a chain, [13]. The different types of ropes were meant
to investigate the effect of stiffness, while the chain was used for its
minimal stiffness. Their theoretical model agreed fairly well with the
experiments and predicted that for a bungee mass to jumper mass ratio
equal to 5, the acceleration would be equal to 6.6 𝑔.

Similarly, Schargel et al. [14] tested a 2.41 m long chain with
a ball attached at its falling tip in parallel with a free-falling steel
ring in a dark room by using stroboscopic flash light of 20 Hz. The
authors observed that the endpoint of the chain reaches a maximum
velocity of 17 m∕s ≈ 60 km/h, which is 2.4 times faster than the free
falling maximum velocity, which was around 7 m∕s ≈ 25 km/h. They
also developed a planar lumped model of a folded chain comprising
approximately rectangular rings to capture the tip’s position. Rotational
viscous dampers were used to match the experimental results, but there
was no contact model to simulate the contact between the links.

Taft investigated the propagation of waves through a cracking
whip, [15]. To understand why the whip cracks, he decided to test a
similar phenomenon: the falling chain. In the case of the chain, the
observed tip acceleration was higher than 𝑔, while in the case of the
whip, the cracking sound was produced by the supersonic velocity of
its tip [16]. Both phenomena were explained by the dynamics of the
variable-mass systems.

In a similar manner, Tomaszewski and Pieranski used a 1 m long
chain to study the dynamics of the falling chain, [17]. The difference
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Fig. 1. U-folded chain, where 𝑂𝑄𝑃 is the chain, 𝐴𝑃 is a very thin string, and 𝑂𝑃 = 𝑑𝑜
is the opening.

in this experimental work compared to the previous ones was that
the initial position of the free falling chain tip was at a higher level
than the fixed end of the chain. After qualitative calibration of their
numerical model with the experimental data, they observed a peak in
the velocity when the chain became almost straight. They developed a
discrete two-dimensional model to capture the behavior of the falling
chain. The model included rigid links without elasticity and dissipa-
tion. On the other hand, Fritzkowski and Kamiński [18] developed a
model comprising rigid parts and linear elastic springs connected at
frictionless joints to study the dynamics of ropes. The model did not
account for the bending rigidity of the joints. A year later, Tomaszewski
et al. [19] repeated the experiments with the same chain, but this time
the two ends of the U-folded chain were at the same level. Furthermore,
they used four different initial configurations by varying the horizontal
opening 𝑑𝑜 between the two ends (see Fig. 1) of the U-folded chain,
with the largest value being 0.999𝐿. For this largest 𝑑𝑜, by analyzing
the recorded video with 50 frames per second (fps) they reported that
the motion of the chain is identical to the free-falling body as the system
is not a variable-mass one anymore.

Géminand and Vanel [20] modified the same chain experimental
setup as that of Calkin and March [9] to measure the horizontal and
vertical components of the force applied to the fixed end of the chain.
They concluded that the maximum force in horizontal and vertical
components does not occur at the same time instant when 𝑑𝑜 (see Fig. 1)
is large. This time lag was explained by the fact that the chain behaves
more like a pendulum and the maximum tension occurs when the chain
is not vertical.

Using moderate-speed imaging of 30 fps, Heck et al. [21] investi-
gated the physics of the bungee jumping and pointed out that when
the mass of the bungee is taken into account the jumper’s acceleration
is greater than g. They used accelerometers to investigate the fall of
a wooden block attached to a chain. The results clearly showed that
the acceleration of the block was greater than g. The block reached
its maximum acceleration when the chain was almost stretched with a
value of 24 m∕s2. Additionally, they compared the free fall of a wooden
block with a wooden block attached to a chain by using high-speed

imaging with rate 300 fps. The results showed that the chained block
falls faster than the free falling one.

De Sousa et al. [22] used three different types of chains to investi-
gate the free falling of the U-folded chain and a chain hanging off from
the edge of a table. The authors observed that the maximum value of
the tension in the U-folded chain was achieved at the end of the fall
and it was larger than 50 times the weight of the chain. Using 1000
fps, Yokohama [23] linked the behavior of the free falling of the U-
folded chain with the chain fountain pointing out that both phenomena
are consequence of the energy conserving dynamics of linear chains.
The author also reported that the tip of the chain is falling faster than
the time required for its free fall. Domnyshev et al. [24] used two
different types of chains with different diameter to investigate the free
falling of the U-folded chain. High-speed imaging was used to record
the experiment with rate 500 fps.

Guttner and Pesce [25] used the principle of virtual work with
D’Alembert’s principle to extend Hamilton’s principle and Lagrange’s
equations for discrete variable-mass systems. Lee et al. [26] extended
the classical formulation of the falling chain to account for the addi-
tional kinetic energy introduced from the jump of each chain link. The
authors validated the derived formulation against experimental obser-
vations to evaluate the total falling time of the tip and the maximum
tension at the fixed end of the chain. Along the same lines, Virga [27]
studied the dissipative dynamics in 1D inextensible continuum string
medium for chain paradoxical cases, including the falling chain. The
author extended the Rayleigh’s dissipation principle to account for
singularities in the velocity field.

As it is widely reported in the literature, all experiments have
measured an acceleration larger than 𝑔 for the free-falling U-folded
chain. Additionally, the discrepancies between the various force mea-
surements on the fixed end of the chain are essentially due to different
dissipation mechanisms that occur in the fixing system. Nevertheless,
the maximum video recording speed for the free falling of the folded
chain reported in the literature was 1000 fps. In the present study, we
use a high-speed camera with a recording speed up to 10000 fps, which
is ten times faster than what has ever been reported in the literature.
For the first time, the various dynamical patterns of the free-falling
chain are captured and addressed along with the associated physical
phenomena.

Furthermore, most of the models reported in the literature do not
simultaneously account for axial and rotational stiffness and dissipa-
tion in addition to contact between the links. Alternatively, models
developed for granular material [28] could be used, if they account
for nonlinear elasticity, dissipation and bilateral gap-contact features.
Hence, a Henky-type model [29] with all the aforementioned features
is developed to capture the qualitative behavior of the experimental
results. In the next section, the experimental setup is presented along
with the experimental results, followed by the numerical model, the
results, and the conclusions.

2. Experiments

The experiments of the free-falling folded chain took place in the
laboratory of the Engineering School at Aalto University, Espoo, Fin-
land. The experimental set-up is shown in Fig. 2. The chain used in the
experiments, was a metallic ball chain, see Fig. 3. As shown in Fig. 1,
one end of the chain, point 𝑂, is mounted rigidly, while the other one,
i.e. point 𝑃 in Fig. 1, is connected with a very thin string 𝐴𝑃 to a rigid
support (point 𝐴). In order to initiate the falling of the folded chain, the
string was burnt, and the tip of the chain, i.e. point 𝑃 , was released with
zero initial velocity.

The dynamics of the folded chain are captured by a high-speed
color camera (Photron Fastcam SA-Z [30]) equipped with a Nikon lens
(Nikon AF Nikkor 180 mm f/2.8), which has the ability to capture
high-resolution digital images at ultra-high speed. The camera has a
1-megapixel CMOS image sensor with a full resolution of 1024 × 1024
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Fig. 2. The experimental set-up with the high speed camera (Photron SA-Z) and the folded chain in its initial configuration.

Table 1
The series of tests of the free-
falling folded chain with their initial
opening 𝑑𝑜 (see Fig. 1) and fps.
Test 𝑑𝑜 (m) fps

T1 0.045 10000
T2 0.045 2000
T3 0.045 2000
T4 0.087 2000
T5 0.128 2000
T6 0.045 2000

Fig. 3. The ball chain (left) used in the experiments and a sketch (right) of the
connections between the balls of the chain.

pixels at 2000 fps. In this study, 2000 fps with an exposure time of
0.5 ms is selected to balance the chain moment and time scale. For the
10 000 fps case, we also use a full resolution of 1024 × 1024 pixels
with an exposure time of 0.1 ms. More specifically, the record duration
is 5 s, which means 10 000 frames for the case of 2000 fps. The scale
factor between millimeter and pixel is around 1.58 mm/pixel. A black
curtain was used to create a black background to avoid the random
noise from the environment. Two powerful halogen lights are used as
the light source to provide homogeneous light along the length of the
chain.

The experimental session consists of 6 tests, namely T1, T2, T3,
T4, T5, and T6 with different initial openings, i.e. 𝑑𝑜 in Fig. 1, and
fps as listed in Table 1. The tests T1, T2, T3, and T6 with initial
openings 𝑑𝑜 = 0.045 m were repeated three times, while the tests T4
and T5 were implemented once, with initial opening 𝑑𝑜 = 0.087 m and
0.128 m, respectively. In the following, only tests T2, T3, and T5 will
be considered due to their distinct opening 𝑑𝑜.

3. Numerical model

A non-linear discrete mechanical model is developed to simulate the
dynamic behavior of the free-falling folded chain. The model consists
of 𝑁 spherical masses linked by short rods, see Fig. 4. The discrete
mass system is lumped to nodal masses 𝑚𝑖 with coordinates (𝑥𝑖, 𝑦𝑖),
which are the independent variables of the resulting discrete dynamical
problem with 𝑖 = 1 to 2𝑁 . The coordinates, displacements, velocities

Fig. 4. A sketch showing the concept of the developed lumped model for the dynamics
of the free-falling folded chain.

and accelerations of the lumped masses are denoted by 𝒙(𝑡), 𝒖(𝑡),
𝒖̇(𝑡) = 𝒙̇ and 𝒖̈(𝑡) = 𝒙̈, respectively. The model is two-dimensional;
therefore the vectors will have a length equal to 2𝑁 . The mechanical
interaction between linked lumped masses is modeled with rheological
models, comprising axial and rotational non-linear springs, for the
conservative forces, along with non-linear translational and rotational
dashpots, for the dissipative forces Fig. 4. More specifically, the model
accounts for: smooth axial stiffening, bilateral gap-contact (between the
beads), smooth interpenetration stiffening (collision of beads), smooth
rotational stiffening (‘‘locking’’ of chain) and dissipation (axial and
rotational) that can vary: from Coulomb friction (𝑛 = 0) to viscosity
(𝑛 = 1) through nonlinear viscosity (0 < 𝑛 < 1), see Sections 3.1.1, 3.1.3.
By using the principle of virtual work in conjunction with d’Alembert’s
principle

𝛿𝑊int + 𝛿𝑊ext = 𝛿𝑊acc, ∀𝛿𝐮 (1)

the equations of motion of the system are derived

𝑴𝒖̈ = 𝒇 (𝒖, 𝒖̇, 𝑡) (2)

where𝑴 is the global diagonal mass matrix of size 2𝑁×2𝑁 , comprising
contributions from the local nodal mass matrices, e.g. for the node 𝑖 is
given by 𝐌𝑖 = diag(𝑚𝑖, 𝑚𝑖).

The global generalized nodal force vector comprises contributions
of internal (𝒇 𝑖𝑛𝑡) and external forces (𝒇 𝑒𝑥𝑡), that both have conservative
(𝒇 (𝑐)) and dissipative (𝒇 (𝑑)) parts:

𝒇 (𝒖, 𝒖̇, 𝑡) = 𝒇 𝑖𝑛𝑡 + 𝒇 𝑒𝑥𝑡; 𝒇 (𝒖, 𝒖̇, 𝑡) = 𝒇 (𝑐) + 𝒇 (𝑑) (3)

The global force vector 𝒇 (𝒖, 𝒖̇, 𝑡) is assembled from elementary contri-
butions of the internal nodal forces, which resist to axial stretching, and
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bending, while their are denoted as:

𝒇 𝑖𝑛𝑡 = 𝒇 𝑖𝑛𝑡(𝑁) + 𝒇 𝑖𝑛𝑡(𝑀) (4)

where 𝑁 denotes axial force and 𝑀 bending moment. The external
forces are due to gravity 𝒇 𝑔 and to any other imposed forces 𝒇 𝑒, such
as air drag for instance and they are given as:

𝒇 𝑒𝑥𝑡(𝒖, 𝒖̇, 𝑡) = 𝒇 𝑔 + 𝒇 𝑒 (5)

The equation of motion, Eq. (2), is strongly nonlinear time-
dependent due to nonlinear constitutive laws and non-smooth with gap-
contact model, which is approximated model using smooth indicator
functions. The order of the equation of motion is reduced to one prior
time-integration by taking nodal velocities 𝐯 as auxiliary variables

𝐯 = 𝐮̇ (6)

This is practical because the mass-matrix is diagonal and invertible,
𝐌−1 = diag(1∕𝑀𝑖𝑖), and not expensive to compute. The resulting first
order non-linear differential equation (ODE):

𝐲̇ ≡
[

𝐯̇
𝐮̇

]

=
[

𝐌−1𝐟 (𝐮, 𝐯, 𝑡)
𝐯

]

≡ 𝑓 (𝐲, 𝐲̇, 𝑡); 𝐲 = [𝐯, 𝐮]T (7)

is implicitly time-integrated using Matlab [31] routine ode15s [32,
33], which is a variable-step, variable order (VSVO) solver using nu-
merical differentiation formulas of order 1 to 5. This routine solves
efficiently stiff and non-stiff differential equations with and without
algebraic constraints (DAE).

3.1. Internal force vectors

The global nodal force vector is assembled from elementary con-
tributions from the nodal-wise force resultants. In the following, the
superscripts and the subscripts will refer to elements and nodes, re-
spectively. The internal nodal force 𝒇 (𝑁) results from length change
𝛥𝓁𝑖 and is formed in an element-wise manner. Each element links two
consecutive nodes 𝒙𝑖 and 𝒙𝑖+1 with length 𝓁𝑖 = ‖

‖

𝒙𝑖+1 − 𝒙𝑖‖‖. The elon-
gation of an element 𝛥𝓁𝑖 is determined once its nodal displacements 𝒖𝑖
are defined:

𝛥𝓁𝑖 = 𝐑𝑖 ⋅ 𝐮𝑖 ≡ 𝑞𝑖 (8)

where [𝐑𝑖] = [sin 𝜃𝑖,−cos 𝜃𝑖, sin 𝜃𝑖, cos 𝜃𝑖], sin 𝜃𝑖 = (𝑥𝑖+1−𝑥𝑖)∕𝓁𝑖, cos 𝜃𝑖 =
(𝑦𝑖+1 − 𝑦𝑖)∕𝓁𝑖 is a projection matrix to project element nodal dis-
placements along the element length 𝓁𝑖 containing director cosines
of the element and 𝜃𝑖 is the node-wise relative rotation between two
consecutive elements, see Fig. 4.

On the contrary, the internal nodal force vector resulting from
bending, 𝒇 (𝑀), is formed node-wise depending on the rotation 𝜃𝑖. Such
rotation 𝜃𝑖 is defined by the inverse function of:

cos 𝜃𝑖 =
𝓁𝑖 ⋅ 𝓁𝑖−1

𝓁𝑖 ⋅ 𝓁𝑖−1
, 𝓁𝑗 = (𝒙𝑗+1 − 𝒙𝑗 ) (9)

The elementary force vectors are derived directly by applying the
virtual work principle.

3.1.1. Axial internal nodal force
The axial internal nodal forces 𝒇 𝑖(𝑁) comprise column vectors of

size (4 × 1) given by

𝛿𝑊 (𝑁)
int =

∑

𝑖
𝑁 𝑖𝛿(𝛥𝓁𝑖) =

∑

𝑖
𝑁 𝑖𝛿(𝐑𝑖𝐮𝑖) =

∑

𝑖
𝑁 𝑖(𝐑𝑖 + 𝐮(𝑖)T[∇𝒙𝑖𝐑𝑖])
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≡𝒇 (𝑖)T(𝑁)

⋅𝛿𝐮𝑖 (10)

𝒇 𝑖(𝑁) = (𝐑(𝑖)T + [∇𝒙𝒊𝐑𝑖]T𝐮𝑖) ⋅ [𝑁 𝑖
𝑐 +𝑁 𝑖

𝑑 ] (11)

where [∇𝒙𝒊 ] is the gradient vector with respect to nodal coordinates
𝒙𝑖 = (𝒙𝑖,𝒙𝑖+1). The scalar terms 𝑁 𝑖

𝑐 and 𝑁 𝑖
𝑑 represent the internal axial

forces (conservative and dissipative) in the element, which are defined
by adequate constitutive laws:

𝑁 𝑖
𝑑 =𝑘𝑖𝑑 ⋅ |

|

𝑞̇𝑖∕𝑞̇ref ||
𝑛
⋅ sign(𝑞̇𝑖) (12)

Fig. 5. The constitutive relation of (a) axial spring (b) rotational spring and (c) axial
and rotational dashpot of the lumped chain model.

𝑁 𝑖
𝑐 =𝑘

𝑖
𝑐 ⋅ [𝜆

𝑖 − 1∕(𝜆𝑖)2], 𝜆𝑖 = 𝓁𝑖(𝑡)∕𝓁𝑖(𝑡 = 0); 𝑁 𝑖
𝑐 = 𝑘𝑖𝑐 ⋅ 𝑞

𝑖 (13)

where the stretch 𝜆𝑖 = 1 + 𝜖𝑖 in which 𝜖𝑖 ≡ 𝛥𝓁𝑖∕𝓁𝑖(𝑡 = 0) is the
small strain, 𝑞̇ref is a reference velocity equal to 1 m∕s. Both effective
axial stiffness parameter 𝑘𝑖𝑑 and dissipation parameters 𝑘

𝑖
𝑐 and 𝑛 can be

non-linearly dependent on the basic unknowns, see Fig. 5.

3.1.2. Contact model
An axial contact model with gap opening and closing is used to

constrain the total axial length change 𝛥𝓁𝑖 of each element (Fig. 6). The
initial stress-free maximum length of a bar-element 𝑖 is 𝓁𝑖

0. Applying the
axial forces, the length changes to 𝓁𝑖 = 𝓁𝑖

0 +𝛥𝓁𝑖, which can be positive
or negative. The contact gap variable 𝑑𝑖 (Fig. 6) is defined as follows:

0 ≈ 𝑑𝑚𝑖𝑛 ≤ 𝑑𝑖 ≤ 𝑑𝑚𝑎𝑥 = 𝛥𝓁𝑖 + 𝑑𝑖 (14)

where the axial elongation or compression of an arbitrary 𝑖th bar-
element is given simply by its length-change 𝛥𝓁𝑖.

The internal elastic force 𝑁 𝑖
𝑐 is determined in the following manner

depending on 𝑑𝑖 together with the gap opening–closing conditions
(Fig. 6):
(i) Gap opening (𝓁̇𝑖 ≥ 0) over the maximum opening 𝑑𝑖 ≥ 𝑑𝑚𝑎𝑥 and
resisting restoring elastic stretching force, 𝑁 𝑖

𝑐 > 0
(ii) Gap opening (𝓁̇𝑖 ≥ 0) or closing (𝓁̇𝑖 ≤ 0) with 𝑑𝑚𝑖𝑛 ≈ 0 < 𝑑𝑖 < 𝑑𝑚𝑎𝑥
without elastic resistance (neutral), 𝑁 𝑖

𝑐 = 0
(iii) Gap closing (𝓁̇𝑖 < 0) beyond the maximum closing 𝑑𝑚𝑖𝑛 (small
inter-penetrability) and resisting elastic compression, 𝑁 𝑖

𝑐 < 0
Note that the dissipative axial forces are not set to zero during the

gap opening or closing because friction is still present. Note as well that
each bar-element’s contact gap 𝑑𝑖 is different. Finally, note that the sign
of axial length change 𝛥𝓁𝑖 is the same as the sign of the change contact
gap, so sign(𝑑̇𝑖) = sign(𝓁̇𝑖) and therefore, the opening (𝓁̇𝑖 ≥ 0) or closing
(𝓁̇𝑖 < 0) of the contact gap can be detected by equivalently the sign of
𝑑̇𝑖 or 𝓁̇𝑖.

The contact behavior is implemented through an effective constitu-
tive response. The axial deformation 𝛥𝓁𝑖 can open or close the gap 𝑑𝑖 ∈
[𝑑𝑚𝑖𝑛, 𝑑𝑚𝑎𝑥] ≡ G. Gap opening occurs when 𝑑̇𝑖 ≥ 0 and, reciprocally,
closing occurs for 𝑑̇𝑖 < 0. Opening or closing the gap within 𝑑𝑚𝑖𝑛 ≤ 𝑑𝑖 ≤
𝑑𝑚𝑎𝑥 occurs without elastic resistance. In this case, an effective elasticity
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Fig. 6. Physical meaning of the conservative axial constitutive law: two beads of the chain when chain is extended and when the beads collide (gap-contact model), note that
the index 𝑖 has been dropped for clarity.

Fig. 7. Physical meaning of the rotational conservative constitutive law: three beads
at different angles.

coefficient 𝐾 𝑖
𝑠 is set equal to zero. Closing, a small inter-penetrability is

allowed, the gap beyond |

|

𝑑𝑖|
|

≥ 𝑑𝑚𝑖𝑛 occurs elastically with an elasticity
coefficient 𝐾 𝑖

𝑠𝑐 . After stretching, opening the gap beyond 𝑑𝑖 ≥ 𝑑𝑚𝑎𝑥, the
material elastic response is coded into the effective elasticity coefficient
𝐾 𝑖

𝑠𝑜.
Then the elasticity coefficient in the constitutive relation for the

axial (elastic) internal force 𝑁 𝑖
𝑐 is given as:

𝑁 𝑖
𝑐 =𝑘

𝑖
𝑐 ⋅ 𝛥𝓁

𝑖 = 𝑘𝑖𝑐 ⋅ 𝑞
𝑖

𝑘𝑖𝑐 =𝐼G(𝑑
𝑖) ⋅𝐾 𝑖

𝑠 = 𝐼G(𝑑𝑖) ⋅

{

𝐾 𝑖
𝑠𝑜, if 𝑑̇𝑖 ≥ 0

𝐾 𝑖
𝑠𝑐 , if 𝑑̇𝑖 < 0

; 𝐼G(𝑑𝑖) =

{

1, if 𝑑𝑖 ∉ 𝐺

0, if 𝑑𝑖 ∈ 𝐺

(15)

where 𝐼G(𝑑𝑖) is the indicator function. To obtain a finite (bounded)
energy potential of contact at threshold values 𝑑𝑚𝑖𝑛 and 𝑑𝑚𝑎𝑥 (potential
walls), a smooth approximation of the indicator function is used:

𝐼G(𝑑𝑖, 𝑑̇𝑖) =

⎧

⎪

⎨

⎪

⎩

1
2

(

1 + tanh[𝑐𝑖1(𝛥𝓁
𝑖 − 𝑑𝑚𝑎𝑥)∕𝑑𝑚𝑎𝑥]

)

, if 𝑑̇𝑖 ≥ 0 ∶ gap opening
1
2

(

1 − tanh[𝑐𝑖1(𝛥𝓁
𝑖 + 𝑑𝑚𝑖𝑛)∕𝑑𝑚𝑎𝑥]

)

, if 𝑑̇𝑖 < 0 ∶ gap closing,

(16)

where 𝑐𝑖1 is a constant.

3.1.3. Bending internal nodal force
The internal nodal forces 𝒇 𝑖(𝑀) due to bending moment𝑀𝑖 at joint

𝑖 are formed as column vectors of size (6 × 1) through the resistance
of relative rotation 𝜃𝑖:

𝛿𝑊int (𝑀) =
∑

𝑖
𝑀𝑖𝛿𝜃𝑖 =

∑

𝑖
𝛿𝐮̃T𝑖

(

𝑀𝑖 ⋅ [∇𝐱̃𝑖𝜃𝑖]
T
)

≡
∑

𝑖
𝒇 𝑖(𝑀) ⋅ 𝛿𝐮𝑖 (17)

𝒇 𝑖(𝑀) = [𝑀𝑐
𝑖 +𝑀𝑑

𝑖 ] ⋅ [∇𝒙̃𝑖𝜃𝑖]
T, for 𝑖 = 2 ∶ 𝑁 − 1 (18)

Note that ∇𝒙̃𝑖𝜃𝑖 is taken with respect to the coordinates 𝒙̃𝑖 = [𝒙𝑖−1, 𝒙𝑖,
𝒙𝑖+1]T of the nodes 𝑖 − 1, 𝑖 and 𝑖 + 1 since 𝜃𝑖 = 𝜃𝑖(𝒙𝑖−1, 𝒙𝑖, 𝒙𝑖+1) is
function of the independent coordinates. The internal conservative and
dissipative bending moments are determined by a relevant constitutive
relation 𝑀𝑖 = 𝑓 (𝜅𝑖(𝐮̃𝑖), 𝑐𝑖). The constitutive relation for the dissipative
(viscous/friction) 𝑀𝑑

𝑖 and the conservative 𝑀𝑐
𝑖 moment at node 𝑖 is of

the form :

𝑀𝑑
𝑖 = 𝑐𝑑𝑖 ⋅ ‖𝜽̇𝑖‖

nsign(𝜽̇𝑖) (19)

𝑀𝑐
𝑖 = 𝑐𝑐𝑖

(

2 tan(𝜃𝑖∕2)
)

(20)

For illustration purposes, the nodal generalized viscous/friction forces
are shown in Fig. 5. The rate of relative rotation at node number 𝑖 can
be shown to be

𝜃̇𝑖 = [∇𝒙̃𝑖𝜃𝑖] ̇̃𝐮, (21)

where

̇̃𝐮 = (𝑥̇𝑖−1, 𝑦̇𝑖−1, 𝑥̇𝑖, 𝑦̇𝑖, 𝑥̇𝑖+1, 𝑦̇𝑖+1) (22)
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Fig. 8. Unfolding of the folded chain for the case of test T2.

Table 2
The parameters of the mechanical model.
Parameters

Geometric Inertial Conservative Dissipative

NE 100 𝑀 (g) 31 𝑘𝑖𝑐 (N/m) 9.21 ⋅ 105 𝑘𝑖𝑑 (N) 10.5 ⋅ 106

𝓁𝑖 (mm) 15.1 𝑚 (g/m) 21 𝑐𝑐𝑖 (N/m rad) 0.789 ⋅ 10−3 𝑐𝑑𝑖 (N m s/rad) 0.79 ⋅ 10−4

𝐿 (mm) 1512 𝑐𝑖1 10 𝑛 1

Fig. 7 demonstrates the physical interpretation of the rotational conser-
vative law. As the rotation 𝜃(𝑖) increases the bending resistance of the
chain increases. More specifically, after a certain angle 𝜃(𝑖), the chain
‘‘locks’’ and the resistance increases with much higher rate than for
smaller angles.

4. Results and discussions

The parameters of the mechanical model are presented in Table 2.
The tensile axial resistance has been experimentally verified, while the
rest of the parameters were chosen by using engineering judgement.
The patterns of the folded free-falling chain are demonstrated in Figs. 8
and 9 for the tests T2, T4 and T5. The horizontal distance between
vertical dotted lines in Figs. 8 and 9 is equal to the opening 𝑑𝑜 for each
case, while in Fig. 9 the dash-dotted line is located midway between the
dotted lines, namely at horizontal distance 𝑑𝑜∕2 from both of them.

Furthermore, the post-processing of the digital images and the
production of the data, namely location (coordinates as a function of
time) of the chain’s tip, has been extracted according to the work of
Trujillo-Pino et al. [34]. The normalized vertical displacement 𝑦∕𝐿
along with the normalized vertical velocity 𝑦̇∕𝑔𝑡 (𝑔 is the gravitational
acceleration) and the normalized vertical acceleration 𝑦̈∕𝑔 of the chain’s
tip of three tests, namely T2, T4 and T5, are shown in Figs. 10, 11
and 12 respectively. More specifically, the subplots (𝑎) of Figs. 10, 11
and 12, show the normalized vertical displacement of the folded chain’s
tip compared to the vertical normalized displacement of the free fall are
plotted against normalized time 𝑡∕

√

2𝐿∕𝑔. The vertical displacement of
the free fall is given as:

𝑦𝑓 = −1
2
𝑔𝑡2 (23)

In the subplots (𝑏) of Figs. 10, 11 and 12 the normalized displacement
is plotted against time 𝑡. In the subplots (𝑐) and (𝑑) of Figs. 10, 11
and 12, the normalized vertical velocity 𝑦̇∕𝐿 and the normalized verti-
cal acceleration 𝑦̈∕𝑔, respectively, are plotted against time 𝑡. It is worth
mentioning that the velocity and acceleration data have been smoothed
using the Savitzky–Galoy filter [35,36]. Additionally, a comparison
between the three tests (T2, T3 and T5) is implemented in Fig. 13 for
all the aforementioned kinematic variables.

The results of the falling patterns can be grouped into three phases:
the unfolding phase, the whipping phase, and the rebounding phase,
see Fig. 14 for the case of test T2. The unfolding phase includes the
falling of the tip, the whipping phase at which the direction of the
vertical motion of the tip changes sign, and the rebounding phase at
which the tip has already changed the direction of motion and moves
upwards.

During the unfolding phase, contrary to the educated intuition, the
tip of the folded chain falls faster than the free-fall (see subplot (𝑎) of
Figs. 10, 11, 12 and 13) due to the conservation of linear momentum
and the reduction of the amount of moving mass, [9]. Moreover, in all
cases (T2, T4, and T5), the vertical velocity of the tip is larger than 𝑔𝑡,
while the vertical acceleration is larger than 𝑔 for most of the falling
time, see subplot (c) and (d) Figs. 10, 11, 12 and 13. Additionally,
during the falling phase, the behavior of the chains is affected by the
initial opening 𝑑𝑜, see Fig. 1 and falling time 𝑡𝑓 is different for different
set-ups, see Fig. 13(b). More specifically, in the case of opening 𝑑𝑜 =
0.045m (i.e. test T2) the falling part is almost vertical (see Fig. 8), while
in the case of 𝑑𝑜 = 0.087 m (test T4) and 𝑑𝑜 = 0.128 m (test T5), the
falling part is inclined, which results in a wavy shape (see for instance
the falling part of test T4 at 𝑡 = 200 ms, Fig. 9(a)). The non-moving
part of the folded chain in all cases as the time goes by, tends to an
inclined straight line shape towards the moving part, see Fig. 8 from
𝑡 = 0 ms to 𝑡 = 498 ms, Fig. 9(a) from 𝑡 = 0 ms to 𝑡 = 449 ms and
Fig. 9(b) from 𝑡 = 0 ms to 𝑡 = 434 ms. Furthermore, the lower segment
of the falling part of the chain buckles locally, which is a phenomenon
clearly demonstrated in the case of test T2 but also in the cases of
T4 and T5, see Figs. 8 and 9. Fig. 14(a) demonstrates a section of the
falling part of the folded chain of test T2, which is caused by the fact
that the upper part (point 𝐴) of the falling part moves faster (larger
acceleration) than the lower one (point 𝐵). Consequently, the upper
part introduces a larger force (𝑃 + 𝛥𝑃 ) compared to the lower part
(force 𝑃 ) in the falling part of the chain. In other words, the falling
part 𝐴𝐵 of the chain, shown in Fig. 14(a), is subjected to non-uniform
compression. The falling part of the chain for the case of test T5 enters
faster than the other two tests (T2, T4) the whipping phase, a direct
consequence of the larger 𝑑𝑜, which results in a smaller ℎ distance, see
Figs. 1 and 13.
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Fig. 9. Unfolding of the folded chain for the case of (a) test T4 and (b) test T5.

Various interesting phenomena occur during the whipping phase,
see Fig. 14(b). First of all, the sign of the vertical displacement of the
tip changes, which results in a jump in the velocity graph (see subplot
(c) of Figs. 10, 11, 12 and 13), and this results in very high values
of acceleration as compared to 𝑔 (see subplot (c) of Figs. 10, 11, 12
and 13). During this phase, the chain behaves like a whip by changing
the direction of vertical motion, see Figs. 8, 9 and 14(b). The whipping
effect can be explained as follows: the moving mass of the folded
falling chain tends to zero. Since the momentum is conserved, the
velocity tends to infinity, [15,16]. Consequently the chain does not

become straight but instead changes direction in a similar manner, if
not identical, to the whip.

The consequence of the whip effect is the generation of transverse
wave propagation directed upwards during the rebounding phase [15],
which is demonstrated in Fig. 14(d). The upward transverse shock wave
velocity can be calculated by using the digital sequence of images
shown in Fig. 14(b). The velocity of the transverse waves 𝑐, can be
expressed in terms of the tension 𝑇 in the chain as follows:

𝑐 =
√

𝑇
𝜇

⇔ 𝑇 = 𝜇𝑐2 (24)
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Fig. 10. For the case of test T2: (a) normalized vertical displacement of folded chain compared to free fall, (b) normalized vertical displacement, (c) normalized vertical velocity
and (d) vertical acceleration.

Fig. 11. For the case of test T4: (a) normalized vertical displacement of folded chain compared to free fall, (b) normalized vertical displacement, (c) normalized vertical velocity
and (d) vertical acceleration.

By using the data from Fig. 14(b), the wave velocity is estimated to be
𝑐 = 15 m∕s. Since the total mass of the chain is equal to𝑀 = 𝜇𝐿 ≈ 0.031
kg (see Table 2), the tension from Eq. (24) can be calculated 𝑇 = 4.7 N.
Therefore the ratio of tension 𝑇 to the self-weight of the chain 𝑀𝑔 is
𝑇 ∕𝑀𝑔 ≈ 17÷15 times [9]. The rebound effect, which is demonstrated in

Fig. 14(c), causes the chain to move upwards after the whipping phase
due to the stored strain energy in the system. During the rebounding
phase of tests T2, T3, and T5, the tip of the chain opens more when
the opening 𝑑𝑜 is larger, with the extreme case being the pendulum
behavior as the opening 𝑑𝑜 approaches the length of the chain 𝐿.

8
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Fig. 12. For the case of test T5: (a) normalized vertical displacement of folded chain compared to free fall, (b) normalized vertical displacement, (c) normalized vertical velocity
and (d) vertical acceleration.

Fig. 13. Comparison for the case of tests T2, T4, T5: (a) vertical displacement of folded chain compared to free fall, (b) vertical displacement, (c) vertical velocity and (d) vertical
acceleration.

The results of the numerical simulation are demonstrated in Fig. 15.
The numerical model qualitatively captures the behavior of experi-
mental tests. More specifically, the model is able to capture the local
buckling (Fig. 15(a)) of the falling part of the chain in the unfolding

phase. In addition the model effectively reproduces the whipping ef-
fect (Fig. 15(b)) during the whipping phase and the rebound effect
(Fig. 15(c)) during the rebounding phase. Furthermore, the model
captures the transverse wave propagation in the last time instants of

9
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Fig. 14. For the case of test T2: (a) local buckling, (b) whip effect, (c) rebound effect and (d) transverse wave propagation phenomena observed at different phases: unfolding,
whip, rebound.

Fig. 15. Unfolding of the folded chain using the numerical model.

Fig. 15(d). Finally, the comparison of the model’s falling time and the
free fall are presented in Fig. 16.

It is also worth mentioning the uncertainties introduced by the cur-
rent study’s experimental and post-processing phases. More precisely,
the uncertainties of the experiment can be organized into three cate-
gories. In the first category, the uncertainties are related to the setup
of the experimental session. In the second category, the uncertainties
are associated with the recording device, while in the third category,

the uncertainties are related to the post-processing procedure of the
recorded data. In the first category, the uncertainties are linked to
the following main issues: (i) zero initial velocity introduced during
the release phase of the tip by burning the string 𝐴𝑃 (Fig. 1), (ii)
planar motion of the chain perpendicular to the camera (iii) rigidity
and dissipation of the fixation point (point 𝑂 in Fig. 1) and (iv) lighting
of the chain. In the second category, the recording device’s limitations

10



A.A. Markou, D. Baroudi, Q. Cheng et al. International Journal of Non-Linear Mechanics 148 (2023) 104257

Fig. 16. Comparison of vertical displacement reproduced by the mechanical model of
folded chain compared to free fall.

introduce uncertainty in the recording process of the frames. Since the
speed of the chain increases during the falling stage and decreases
during the rising stage, the high-speed frame rate should be proceeded
to avoid the loss of details. However, using a higher frame rate need
more memory for the data. Compromising the frame speed and duration
creates uncertainties during the chain falling stage due to the high
speed of the chain during the whipping phase. Finally, the uncertainties
regarding the post-processing phase of the analysis are associated with
identifying the tip’s position algorithm and, more specifically, the pixels
transformation to coordinates (𝑥𝑖, 𝑦𝑖). During the post-processing, the
accuracy of the edge detecting highly depends on the focusing and
light intensity. The accurate focusing and homogeneous light intensity
can reduce the blurry of the chain edge. In this study, the blurry of
the chain edge is around 1–2 pixels, corresponding to 1.58–3.16 mm
uncertainties in the chain’s tip location.

5. Conclusions

In the current study the detailed sequences of the dynamic geom-
etry of the unfolding of the falling folded chain have been studied.
Experimental implementations of high-speed imaging (up to 10 000
fps) produced excellent resolution digital image sequences of different
phases of falling U-chain dynamics. Three different setups have been
used to investigate the phenomenon by varying the initial opening
between the tips of the chain 𝑑𝑜 (Fig. 1). The post-processing of the
captured images provided the tip’s vertical displacement time series,
which for all cases was faster than the free-falling displacement. The
quantitative data of displacement, velocity, and acceleration of the
chain’s tip in the various experimental setups have been reported,
which can be used to validate numerical models. More importantly, the
distinguishable different dynamical phases of the falling folded chain
have been identified and categorized into three phases of unfolding,
whipping and rebounding. The high-speed imaging uncovered a variety
of phenomena such as: local buckling, whip effect, rebound effect and
transverse wave propagation. In addition, a consistent discrete Henky-
type mechanical model has been presented that was able to capture all
the observed physical phenomena from the nonlinear dynamic behavior
of the chain, clearly demonstrated by the experimental sessions. More
specifically, the model is capable of describing the complex nonlinear
interaction forces between the beads of the chain by including nonlin-
ear elastic, dissipative and bilateral gap-contact features. The subject of
the next part of our study deals with the extension of the model into
the 3rd dimension to capture the complex dynamic behavior of cables.
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