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Abstract

We consider mixed finite element approximations of viscous, plastic Bingham flow in
acylindrical pipe. A novel a priori and a posteriori error analysis is introduced which is
based on a discrete mesh dependent norm for the normalized Lagrange multiplier. This
allows proving stability for various conforming finite elements. Numerical examples
are presented to support the theory and to demonstrate adaptive mesh refinement.

Mathematics Subject Classification 65N30 - 65N12 - 76M10

1 Introduction

In this work we consider a viscous, plastic (Bingham) fluid which behaves like a solid
at low stresses and like a viscous fluid at high stresses, see [1-4] and the more recent
review article [5]. An everyday example is toothpaste which extrudes from the tube
as a solid plug when stress is applied, remains solid in the middle of the plug and
exhibits fluid-like behavior near the tube wall. The velocity stays constant within the
solid part, i.e. Vu = 0, and this condition is enforced using a normalized vectorial
Lagrange multiplier A. Note that the physical stress vector is gA, and the shear stress
is given by its length g|A|. Here g > 0 is a given fixed threshold value for the shear
stress at which the solid becomes liquid when exceeded. According to Section 8 in [6]
this gives the strong formulation

—uAu —gdivh = f inQ, (1a)
A-Vu=|Vu| inQ, (1b)
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Al <1 inQ, (Ic)
u=0 ondf, (1d)

where w is the viscosity of the considered fluid, and f describes the pressure drop
along the pipe. Note that in practice the pressure drop is often constant over the cross
section. However, in this work we assume that f € L?().

Several contributions in the field of Bingham-type fluid computations were made
by Glowinski and collaborators; cf. [7-9]. In the latter a linear approximation was
introduced and a suboptimal a priori error estimate for the velocity was given. An
optimal linear convergence of some low order (mixed) methods was discussed in the
works [10, 11]. Glowinski also provided an exact solution for the model problem of
a circular domain with a constant load. Since even this simple geometry and loading
leads to a solution that is only in H>/?¢(Q), € > 0, a higher regularity for general
Bingham-type flows is unlikely. Due to this non-smooth nature of the problem, the
use of adaptive error control seems highly desirable, see for example [12] and the
references therein, and more recently in [13]. In particular, we would like to highlight
the work [14] where the authors introduced the same a posteriori estimator that we
derive in this work. More precisely they bound the velocity error in terms of the load,
the discrete velocity uj, and the discrete approximation of the Lagrange multiplier A,

lu —unlly S 0(f, un, An),

where 7 is some estimator. Although their definition of 1 is reasonable, proper error
control is not guaranteed since their stability analysis does not include a bound for
Aj. The main problem can be traced back to the lack of a BabuSka—Brezzi condition
for the considered linear Lagrangian velocity space and the space of element-wise
vector-valued constants for the Lagrange multiplier (which is the same discretization
used in [9]). As a result discrete stability for both u#;, and Aj, is not present, i.e. the
estimator 1 could be arbitrarily large.

The main contribution of this work is a novel stability and error analysis of a
mixed finite element approximation of (1). For this we build upon the ideas from
one of the authors work [15] on obstacle problems, and the corresponding references
therein. Our analysis is based on proving a discrete BabuSka—Brezzi condition using
a mesh dependent norm; cf. [16]. This allows us to consider various finite element
pairs suitable for approximating (1). Beside continuous and discrete stability (see
Sects. 2 and 3) we derive an a priori error estimate and discuss linear convergence
for sufficiently regular solutions in Sect. 4. Our approach then further allows deriving
a residual based a posteriori error estimator (see Sect. 5) which is globally reliable
and locally efficient up to a consistency term. We want to emphasize that our analysis
gives full control for both the error of the velocity and the error of the (divergence of
the) Lagrange multiplier. We conclude the work in Sect. 6 where we give insight on
how to solve the discrete system and provide several numerical examples to validate
our analysis.
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Mixed finite elements for Bingham flow in a pipe 821

2 Continuous stability

The weak formulation of (1) finds u € V and A € A such that

(uVu, Vv) + (gVu,A) = (f,v) YveV, (2a)
(gVu,m—1) <0 VueA, (2b)

where V = HOI(Q) and A = {0 € L2(Q,R?) : |u| < 1 ae.in Q}; see also [8].
Combining (2a) and (2b) gives

(uVu, Vo) + (gVv,A) + (gVu, p — 1) < (f,v) 3)
for every (v, u) € V x A. Note that the solution of (3) is unique up to a divergence-
free component, i.e. A + & is also a solution if divé = 0. For the stability analysis
we choose the standard H'-norm for the space V, and the dual norm |div (-)|_;
for A. Note that the latter is strictly speaking not a norm, but only a seminorm.
Thus, all error estimates for A from this work will not prove any convergence of the
corresponding approximation in a strong sense, but only show convergence of its
distributional divergence.

To simplify the notation we will from now on set g = u = 1. In the following we
use the shorthand notation

B(w, & v, p) = (Vw, Vv) + (Vv, §) + (Vw, p). “)
Using Cauchy—Schwarz and the continuity of the duality pairing
(Vv,§) = (divE, v)—1 < [lvllilldivéll-1 Yve V., &€ 0,
with Q@ = L?(22, R?), one immediately sees that B is continuous, i.e. we have
B(w, & v, p) < (lwlli + IIdivEI-) (vl + [Idiv sl -1). (5)

Throughout the paper we write a < b (or a 2 b) if there exists a constant C > 0,
independent of the finite element mesh, such thata < Cb (ora > Cb). If a < b and
b < a then we write a ~ b.
Theorem 1 For every (w, &) € V x Q there exists a function r € V such that

Bw. &7, =€) 2 (lwl + [[divE[-1)? (6)
and

7l < llwlly + lldiv gl (N
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822 T. Gustafsson, P. Lederer

Proof We have
B(w, & w, —§) = [Vwlj. ®)
Moreover, let g € V. Then
B(w,§:q,0) = (Vw, Vg) + (§, Vq). ©)
If g is chosen as the solution to
(Vq,Vz) =(§,Vz) VzeV, (10)

then testing with z = ¢ gives (§, Vg) = ||Vq||%. By the definition of || - ||—; and
Cauchy—Schwarz we have

,V
ndivel_s = sup E2 < 1vgllo. (11

vev  llvlli
Now choose r := w 4 ¢g. Combining (8), (9) and (11), and applying Cauchy—Schwarz
and Young’s inequalities on (9) gives the first result (6).

For (7) the triangle inequality gives ||7]|1 < [|lw|l1+]/¢g|l1. Using Friedrichs inequal-
ity we get

lglli < IVl = (Va, &) = (g, divE) 1 < llglh[IdivEll 1,

which concludes the proof. O

3 Finite element method

Let V, C V and O, C Q. We define the discrete subspace Ay, C Q) as Ay = {u;, €
0, lryl <1 ae. in Q}. Let 7, be a shape regular triangulation of €2 and &7 denote
the diameter of T € 7},. Further let £, denote the set of edges with length i g for all
E € &, for which we have, due to shape regularity, i ~ hr. The discrete norm for
Hy € Ay is

Idiv ppl®y = Y hldivpgli§ e + D hellmg - n]I5 g (12)
TeT), Ee&),

where [-] is the usual jump operator. The discrete formulation reads: find (uy, Ay) €
Vi, x Ay, such that

Bup, Aps v, oy, — Ap) < (f,vn) Yo, i) € Vi X Ay, (13)
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Mixed finite elements for Bingham flow in a pipe 823

As in the continuous setting, we can prove stability of the mixed method (13) if the
following Babuska—Brezzi condition is valid

(&5, Vup) .
sup 2 > |[divE, |1 VE, € O (14)
v eV ”Uh ”1
Theorem 2 Suppose Vi, and Ay, satisfy (14). Then for every (wy, &;,) € Vi x Q, there
exists a function ry, € V), such that

B(wn, &5 iy —&5) 2 Qlwall + I1divE, -1, (15)
and
lrnlle S lwalle + 11divE, || 1. (16)

Proof This is similar to the proof of Theorem 1 but using (14) in the intermediate step
(11). O

An explicit proof of condition (14) might be difficult depending on the choice of V},
and Q,,. To this end, we show that it is sufficient to prove a discrete condition using
the mesh dependent norm (12), see Theorem 3. In order to prove Theorem 3, we first
consider the following preliminary result. In the following, let ITj, : L?(Q) — Vj
be the Clément quasi interpolation operator [17] with the stability and interpolation
properties

Tpvllr < Csllvlli Yv eV, (17a)
_ _ 1/2
(X nlv =Ml z + 3 h' v =Ml ) =< Cilloly Yo e V.
TeT) Ee€&y
(17b)

Lemma 1 There exists constants C1, Cp > 0 such that

sup (&, Vup)

> Cilldivg,ll—-1 — ColldivE,ll-1,n V&, € Q. (18)
v eV ||Uh ”1

Proof Choose an arbitrary &, € Q,,. By Theorem 1 there exists a functionr € V such
that

(p, Vr) = C'lirlhldiv g, || -1
Using the Clément operator we have for the difference
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824 T. Gustafsson, P. Lederer

& V(ITpr — 1) = Y (&, V(IIpr — 1)1

TeTy,

=— Y (divE,. Tyr —r)r + (Tyr =7, &, - a7
TeT,

> Z hy llr — Tprllo,rhrlidivEyllo,r
TeT,

— > hell (& - nl llo.ehg Ir — Tarlo.k
Ec&y,
> = 2Ci|Ir 1l div & | -1.-

Thus, in total we have

&y, VITur) = (¢, VIyr —r)) + (§,,, Vr)

> =2GCi[IrNdivE,ll—1.n + C'lirlyldivE, || -
> —Co|divE, -1l Tprllt + Crlldiv &, =i [ TTpr Iy,
where C; = 2C;/Cy and C; = C'/C;, which proves (18). O

Theorem 3 If the discrete Babuska—Brezzi condition

(&, Vup) .
sup == > || divEyll-1n VEj € Oy, (19)
v eV ”'Uh ”1
holds true, then the discrete spaces also fulfill (14).

Proof Suppose that (19) is valid with a constant C3 > 0, then we have for a convex
combination with # > 0 and using Lemma 1 that

Y ,V ,V
sup —(Eh o) =1 sup —(Eh vh) 4+ (1 —1¢) sup —(Eh on)
v eV lvnli v eV lvrll v eV lvrlh
2 H(CrlldivE, -1 — CalldivE,[l-1.n) + (1 = )C3[div &) (-1

Z Cldivg, -1,
where we have chosen ¢ := lC3(C2 + C3)’] and thus C = C1C3/(2(C2 4+ C3)). O

3.1 Some stable discretizations

Theorem 3 shows that it is sufficient to prove condition (19) for some finite element
spaces Vj, and Q. In the following we discuss some stable choices. Let P/ (K) denote
the space of polynomials of order / > 0 on K € 7, and let IPZ(K , Rz) denote its
vector-valued version. The same notation is used for polynomials on E € &j,.
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Mixed finite elements for Bingham flow in a pipe 825

The PkPk=2 family
For k > 2, we choose the spaces

Vi = {vp € V :vp|r € PKT) VT € T}, (20a)
Q, = 1{m, € Q :vplr e PF2(T, R VT € Tp). (20b)

Lemma 2 The discrete spaces defined by (20) fulfill the discrete condition (19).

Proof Let &, € Q) be arbitrary. We choose v, € V), such that

v, (x;) =0 V vertices x;, (21a)
/ vprds = / he (&, -n]rds Vre P*=2(E),VE € &, (21b)
E E
/ vpl dx = —/ ha.divé,ldx VI e P*3(T), VT € T, (2lc)
T T

Element-wise integration by parts and using that [&, - n] € P*=2(E) for all edges
E €&y, anddivé, Pk=3(T) for all elements T € 7Ty, we have

(Von, &) = IdivE, |12, .

By a standard scaling argument we have on each element 7 € 7,

1 1
2 2 2
IVoRlgr ~ Y —lvallg g + — lonllg
hg hz

EcCoT (22)

~ > hinn’;;zvh 13z + hiznn’;‘%h I3 7+

Ecor " E T
where Hlli-_z and l'[’}_3 are the edge-wise and element-wise L2-projection onto poly-
nomials of order k —2 and k — 3, respectively. Note that the second equivalence follows
due to vy, vanishing at all vertices, see (21a). Using this equivalence we have by the
moments (21) and the Cauchy—Schwarz inequality

1 1
Vo2 .. < X[ m2u024 _/ T3y )2 d
Vol s 3 hE/E< a4 [ s

ECoT
= Z f Hlfy_zvh [&), - n] dS—/ H]‘T_3vhdiv’§h dx
EcorVE T
1 _ 1 _ 1/2
SO I e+ o I )
Ecor 'E T
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826 T. Gustafsson, P. Lederer

) 12
(2= kel nlI e + A3 1dive, I3 )
EcCoT

Summing over all elements and using the norm equivalence (22) we conclude the
proof.
O

The MINI family
For k > 1, we choose the spaces

Vii={vn €V :uvlr e PYXT)VT € Ty, vnlp e PYE)VE € &), (23a)
Q) =y € Q: vl e PYT . RHVT € T,} N H'(Q, R?). (23b)

Note that since now @), is a subset of H'!($2, R?), the normal jumps in ||div (-)||_1.»
vanish.

Lemma 3 The discrete spaces defined by (23) fulfill the discrete condition (19).

Proof Let&, € Q) be arbitrary. We choose vy, € V}, such that it vanishes at all vertices
and all edges, i.e. v, € HO1 (T) for all elements T € 7. In addition vy, fulfills

f vpl dx = —/ h%.div &, dx vl e PFU(T), VT € T,
T T

Using integration by parts and the fact that div&, € PK=1(T) for all elements
T € 7Ty, we have again

(Von, &) = [IdivE, |12, .

With similar scaling arguments as in the proof of Lemma 2 we also have | Vvyllo <
|div &, ||—1,», which concludes the proof. O

Remark 1 The Crouzeix—Raviart method. The last method we want to mention is using
a nonconforming approximation of the velocity. We define the spaces

Vi = {on € L2(Q,R) : vy|7 € PH(T) VT € Ty,
vy is continuous and vanishes at midpoints
of interior and boundary edges, respectively},

Q) =y € L*(Q,R?) : vy|r € PU(T,R*) VT € Tp).

Since the degrees-of-freedom of the velocity are again associated to edges, the stability
analysis is similar as for the P2 P? method. Further note that since Vv, € Q ; locally on
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Mixed finite elements for Bingham flow in a pipe 827

each element, one can reformulate the mixed method (13) as a primal method (without
the Lagrange multiplier A;) which is similar to the nonconforming approximations
from [10] and (as explained in [10]) the method in [11]. Due to the extensive analysis
therein, we do not consider this method in the present work, but want to mention that
our techniques can be applied accordingly.

4 A priori error analysis

In this section we present an a priori error estimate and prove a linear convergence for
H?-regular velocity solutions. This stands in contrast to the suboptimal result O (h!/%)
(for a linear approximation) from [7, 9] and is in accordance to the linear convergence
results from [10, 11]. Although the analysis could be extended to provide a better rate
for smooth solutions, a higher regularity can not be expected for Bingham-type flows
as discussed in the introduction.

Theorem 4 Let (up, Ap) € Vi, X Ay, be the solution of (13), then for any (wp, &) €
Vi x Qy, it holds

llu —unllt + [Idiv & = Ap)[[-1

S llu—wplly + ldiv & = &)1 + v (Vu, & — &),

Proof Let (wy, &) € V), X Q), be arbitrary. By the discrete stability, see Theorem 2,
we find vy, such that

2
(Hen = s + 1y o = E)ll-1) " S Bl — wi Ay = E: vn £y = Aa)
< (fv Uh) - B(whvélﬁ vhvgh - A']’l)

Using the continuous problem (3) we get

(f’ Uh) - B(Wh, £h7 Up, Eh - A']’l)
= (Vu, Ay — &) + Bu —wp, A — &3 vp, §j — An)
= (VU, A — gh) + B(H — Wp, A— £h9 Uh, gh - A'h)s

which concludes the proof with the continuity of B, see (5), and

llu —unlly + 1div & = Ap)ll-1
< llu — wally + I1div A = &)l -1 + lup — wallt + 1div A — Ep) -1

]

The following lemma shows that we can expect a linear convergence whenever the
solution is at least H2-regular. Note that it is essential to bound the error just in terms
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828 T. Gustafsson, P. Lederer

of div A, since our analysis does not provide any control for the divergence-free part
of L. According to [7] we further have for a convex domain and a smooth soulution
the stability estimate

lul2 + [[divAllo < Il fllo-

Lemma4 Let Q2 be simply connected and convex. Choose Vy, and Q) as in Sect. 3.1,
and let (up, Ap) € Vi x Ay be the corresponding discrete solution. Further let u €
VN H*Q) and A € A N H(div, Q). Then there holds

lu — unlly + [1div X = Ap)l—1 < A(ul2 + [IdivAllo) < Al f o,

where h = max diam(T).
TeTy

Proof We solve the Dirichlet problem: find 6 € Hé (£2) such that
(VO,Vv) = (divA,v) Yv e H(} (2),

for which we have due to the assumptions on the domain that |6 |, < ||div A||o. Further,
since A — V@ is divergence free (by construction) Theorem 3.1 in [18] shows that there
existsa ¢ € HY() such that A = VO + curl ¢.

Let wy, := I-u, where I is the Lagrange interpolation operator onto V},, then by
the approximation properties of I, we have

lu —wplli < hlula.

Using integration by parts and that curl Vv = 0 for all v € V we have

. A—§&,,Vv) (A —curlgp — &,, Vv)
ldiv (& — &)l 1 = sup 250 VD _ g i
veV ”v”l veV ”v”l

For the P* p¥—2 family we choose &, = I1pV#6, then
A —curlg — &,, Vv) = ((id —T1p) VO, Vv) S hl6]2[|Vvllo S Alldiv Aol Vullo.

It remains to bound the last term. For this note that since id —I1j is orthogonal on
constants we have with similar steps as above

(Vu, A — &) =(Vu, (id —I1p) VO) = ((id — o) Vu,(id —T19) VO) < hlul2h | div Allo,
from which we conclude the proof.
For the MINI family, we use the same steps as above, but choose &, = I1,V6.

Using Theorem 2.6 from [19] we get again the bound

(Vu, L — &) < hlulzhlldiv Ao,
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Mixed finite elements for Bingham flow in a pipe 829

and we conclude the proof with Theorem 4. O

5 A posteriori error analysis

Since a high regularity of the solution cannot be expected in general, this section is
dedicated to a posteriori error control, enabling the use of adaptive mesh refinement.
We define the local error estimators — including the dependency on g and w to allow
for a direct implementation — as

n3 = | uAuy, + g diva, + f||%,r’
g = hel [(WVun + ghp) - n] 11§ g

ngon,T = g/(quhl — A - Vuy) dx,
T

and the global estimator

77:2\/2 n%"+ 277125+ anon,T'

TeT, Ec&y TeT,

The element and edge estimators nr and ng, respectively, are standard residual esti-
mators as known from the literature. The additional term 7¢on, 7 can be interpreted as
a consistency estimator of Eq. (1b). Further we want to emphasize that all estimators
only depend on the distributional divergence of A, for which we have discrete stability,
see Theorem 2. While this is clear for nr and ng, through integration by parts this is
also evident for ncon,7-

Theorem 5 There holds the a posteriori error estimate
lu —uplly + Ildiv X = Ap)ll=1 < 0
Proof Using the continuous stability we find v € V such that

Ul — uplly + lldiv A — Ap)l1=1)?
SB(u—up, A —Ap; v, A — L)
=V —up), Vo) + (Vu, A — rp) + (VW — up), Ay — 1),

and |[v]l1 < |lu — uplli + ||div (A — Ap)||—1. We continue with the first two terms.

~

Using the Clément operator we have
(Vup, VIpv) + (VIIpv, Ap) = (f, Oiv) = (Vu, VIIpv) + (VITav, L),
and thus

(V(u —up), Vv) + (Vv, A — Ap)
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830 T. Gustafsson, P. Lederer

(V@ —up), V(v — ITv)) + (V(v — Tpv), A — Ap)

Z (V@ —up), V(v = pv))r + (V(v — pv), A — Ap)r.
TeT,

Since div (=Vu—2L) = f,see(la),and f € L?(S2), wehave that Vu+A € H(div, ),
i.e. it is normal continuous. By that we have with integration by parts on each element

(V(u —up), Vv) + (Vv, A — Ap)

= > (f + Aup + divdy v = T)r + Y ([(Vug +Ap) - n] v — Tj0)E.
TeT, Ee€&y

Using the properties of Iy, cf. (17), we finally arrive at

1/2
V=), Vo) + o =) S (X nd+ D ud) el
TeT), Ee€&),

It remains to bound the other term. For this note that (2b) gives (Vu, A,) < (Vu, 1),
and thus as |A| < 1,

(V@ —up), ap —X) < (Vup, A —Ap) < Z /(IVuhIIXI — Vup - Ap) dx
TeT, r

=Y [ avunl = Vi aar,

TeT,

which concludes the proof. O

Theorem 6 and Lemma 5 below provide local and global efficiency estimates,
respectively, for the residual based estimators n7 and ng. The proofs follow with
similar steps as in [15], i.e. we will provide all details of the local efficiency but refer
to [15] for the proof of Lemma 5. Further note that similarly as in [15] it is not possible
to provide an upper bound for the consistency error ncon, 7.

For the efficiency estimates we need some additional notation. Let ® C €2 be
arbitrary then we define for all & € A the local dual norm by

. . <Us le ﬂ)—l,w (VU, ”')a)
ldivpull-1,0 = sup ———— = — 2
veHol(w) “v”l,w UEHOI(Q)) “v”l,w
The subset w will be either an element 7 € 7), or wg, where wg denotes the edge-patch

for a given edge E € &,. Finally, let f; := I19 f be the element-wise L? projection
onto IPY(K) where ¢ is the polynomial order of the space @), and let

1/2
oser(f) i=hrllf = fullo.r and ose(f):=( D WEIS = fuldr) "

TeT),
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Mixed finite elements for Bingham flow in a pipe 831

Theorem 6 Let v, € Vj, and u;, € Ay, be arbitrary. There holds the local efficiency

hrllAvy + div g, + flloor S llu —vpll,r + lldiv (X — pp)ll—1,7 + oscr (f),
12 .
hE/ Vo) 1] 15 g S llu = valltop +Idiv A — m) =10, + E oscr (f).

TCog

Proof The proof commences with the usual localizing technique by means of a
element-wise qubic bubble function b7. We define the localized error on T by

87l i= h3br(Avy + div p, + fo),

and 67 = Oon Q\T. Since b7 vanishes on the element boundary we have that §7 € V.
Using the norm equivalence for polynomial spaces we then have

h7ll Avy + div py, + fullg 7
1/2 .
< W2 by (Avy + div g, + )13 7
= (Av, + divuy, + f, 7)1
= (Av, +div py,, 67)r + (f, 7)1 + (fn — [, 07T
= (Av, +div g, 67)1r + (—Au, 87)r — (divA, é7)—1,7 + (fr — f.61)T."

and, with integration by parts also

W2\l Av, + div g, + filld 7
S (Vv —u), Vér)r + (div(p, —X), ér)—1.7 + (fin — f. 607 (24)

By the inverse inequality for polynomials we have
167 1,7 S h I8z llo,r ~ | Avi + div g + fulo.r, (25)
and thus, with Cauchy—Schwarz inequality we derive the first estimate with

| vy + div py, + fullg
Sllu = vpllr ISzl + Ildiv d — gl 7187 7 + oser (T 187 llo.7-
For the other term we proceed similarly. For this let 8z := beE([(Vv, + py) - 1))

where £ is the well known extension operator onto HO1 (wg), see [20], and b is the
quadratic edge bubble. Scaling arguments and the Poincaré inequality give

—1/2
I LYo+ wa) - 1] lo.e ~ B 218806 ~ hE 188 wg-
With the same steps as for the volume term we derive the estimate

I I(Von + ) - n] 115 S(Av, + div iy, + £ 88)

: (26)
+ (V(vn —u), 8p)wp + (div (lp — 1), 8E) 1,05
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from which we conclude the proofs using the Cauchy—Schwarz inequality, the esti-
mates of the volume term from before and (25). O

Lemma5 Let v, € Vj, and py, € Ay be arbitrary. There holds the global efficiency

. 12 .
(X mhav +divi, + )" S = vnlh + 1div & — ry)l-1 + ose(f),
TeTh

5 \1/2 _
(22 nell [OVon+m) - ml 13.2) S llu = valh + ldiv . = gyl -1 + ose(f).
Ec&y,

Proof The proof follows with the same steps as in [15] using the intermediate estimates
(26) and (24). m]

6 Numerical examples

We apply an iterative algorithm to approximate the solution of the discrete prob-
lem (13). It is based on a reformulation of the inequality constraint (2b) as

A—PA+pVu)=0, p>0, 27)

where P(p) = m scales any vectors of R? to maximum length one, cf. [7, 8] for
discussion on similar algorithms and proofs of their convergence. The reformulation
is based on the fact that Aj in

&) —An,pp —Ap) <0 Yy, € Ay,

is the orthogonal projection of §, € Q) onto Aj, and the orthogonal projection is
alternatively characterized by P [8, Section 3].

Algorithm 1 (Uzawa iteration) Let (ug, Xg) € Vi, x Ay, be an initial guess, TOL a
given tolerance and seti = 1

1. Solve “;, from (uVuél, Voup) = (f, vp) — g(lifl, Vuyp) for every v, € Vj.

2. Calculate l}; = P(X;;l + ,O]ThVLtZ) where 7, : Q@ — Q,, is the L? projection
onto Q. ' .

3. Stop if |V (uj, — u’h_l)||0/||Vu’h_1 lo < TOL. If not, increment i and go to step
(1).

We first attempt to approximate an analytical solution on a circle Q = {(x, y) €
R? : x> + y? < R?} using uniform mesh refinements; see Fig. 1 for the sequence
of meshes. For constant loading f, the coincidence set is a smaller circle with the
radius R, = 2g/ f. The analytical solution reads u(r) = RZ_’ (%(R +r) —2g) when
r > R, and is equal to the constant u(R,) when r < R,,. Substituting the above
expression into the strong formulation (1a) we find also an analytical expression for
the divergence of A.
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Fig. 1 The sequence of uniformly refined meshes for the convergence study

The error of the different components of the discrete norm are given in Fig. 2 with
TOL=10"7,R=1,g=0.1, f =0.5and p = 10 in accordance to the suggestion
in [8, Remark 3]. We observe that for the MINI and P2 P° methods all components
converge at least linearly whereas for P3 P! method the H' seminorm of u — uy, is
approximately O(h'7) and the discrete norm of A — Ay, is approximately O(h!),
i.e. less than the quadratic convergence order that interpolation estimates would imply
for a completely smooth solution.

Next, our aim is to improve the convergence rate with respect to the total number
of degrees-of-freedom N using mesh adaptivity. We use an adaptive mesh sequence
based on the a posteriori estimate of Sect. 5. An element-wise error estimator E7 is
given by

2 2 2 2

Ef =n7+ Y Gne)* + ninr
Ee&y,
ENIT 20
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MINI
—8— ||u—us||o, order=2.0 /
107" ¥ —o— |u - up|1, order=1.0
—0— ||div(A—Np)||-1,n, Order=1.6
L 1072 4 //
[
@
10—3 4
1074 4
6x 1072 1071 2x1071  3x10714x10-!
h
P2PO
10° 5 ///
10—1 4
S 10-2
g 107° 5
e
1073 4 —8— ||u — up||o, Order=2.1
—0— |u—up|;, order=1.1
1074 4 / —0— ||div(A = Ap)||-1,n, order=1.0
6x 1072 10I—1 2x1071 3x10714x 107!
h
P3P1
107" 5
1072 p
21073 4
b /o
1074 4 —0— ||u — upl|o, order=2.1
~0— |u—up|y, order=1.7
10-5 4 / ||div(A = Ap)||-1, 5, order=1.6

3x10724 x 1072

6x1072

101 2x1071

h

Fig. 2 Error in the different components of the discrete norm for the circle problem as a function of the

mesh parameter /4 using the uniform mesh sequence

and we split 7" € 7Ty, if

ET/ > 0.5

max E7.
TeT,

The mesh is refined using the red-green-blue refinement strategy and Laplacian
smoothing is applied on the refined mesh to improve its shape regularity. Some exam-
ples from the sequence of adaptive meshes are given in Fig. 3. A comparison of the
error between the uniform and adaptive mesh sequences is given in Fig. 4. In particular,
we observe that while the convergence rate of the error is ultimately dictated by the
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Fig.3 Some examples from the sequence of adaptively refined meshes for the circle problem

largest component of the discrete norm (i.e. |A — Ap||—1 ), there is a visible improve-
ment in all of the components and, as a conclusion, the quadratic rate is recovered
with respect to the number of degrees-of-freedom.

Finally, we consider an example in a square domain Q = (0, 1)*> with f = 3.6,
g = 1.25, p = 1.5, and no analytical solution; cf. [14, 21] for similar examples. Some
meshes from the adaptive sequence and the total error estimators are given in Fig. 5.
The final discrete solution is depicted in Fig. 6. As before, we observe the adaptive
refinement focusing on the interfaces between the liquid and solid regions. Moreover,
the estimators successfully locate and refine the so-called stagnating regions at corners
of the square.

Remark 2 We used a quadratic representation of the circle boundary in order to neglect
the effect of inexact geometry representation.
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P3P1

error

—8— ||u—up||1, order=-1.7

—0— ||div(A = Ap)||-1,5, Order=-1.6
—— ||u = upl|1, order=-2.1

—— ||div(A = Ap)||-1,5, Order=-2.0
----- quadratic order

1074 4

6 x 10t 1(')2 2 x 102 3x10% 4x10?
VN

Fig. 4 Error in the different components of the discrete norm for the circle problem using P3 P! method.
The horizontal axis is the square root of the total number of degrees-of-freedom N. A comparison is made
between the uniform mesh sequence (circles) and the adaptive mesh sequence (squares)

Remark 3 We found the following equivalent form of the estimator 7¢on, 7 to be more
robust against numerical tolerances in Algorithm 1:

g/(IVMhI — P(Ap + pmtpVuy) - mpVuy) dx.
T

Remark 4 We consider methods only up to a linear Lagrange multiplier because for a
higher order method, in general, A, ¢ Aj; when using Algorithm 1.
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—@— error estimator
---------- quadratic order

< 1072 A

2 x102 3 x102 4 x 102
VN

Fig.5 Some examples from the sequence of adaptively refined meshes for the square problem, and the total
error estimator n
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0.00 0.02 0.04 0.06 0.08 0.10 0.12

Fig.6 The length of the discrete Lagrange multiplier |Aj, | and the discrete velocity uj, for the square problem
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