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E xi st e n c e a n d n o n e xi st e n c e r e s ult s f or a ni s otr o pi c p - L a pl a c e
e q u ati o n  wit h si n g ul ar n o nli n e ariti e s

Pr a s h a nt a  G ar ai n

D e p art m e nt of  M at h e m ati cs a n d S yst e ms A n al ysis, A alt o  U ni v ersit y, Es p o o, Fi nl a n d

A B S T R A C T

L et p i ≥ 2 a n d c o n si d er t h e f oll o wi n g a ni s otr o pi c p - L a pl a c e e q u ati o n

−

N

i= 1

∂

∂ x i

∂ u

∂ x i

p i− 2 ∂ u

∂ x i
= g (x )f (u ), u > 0 i n .

U n d er s uit a bl e h y p ot h e si s o n t h e  w ei g ht f u n cti o n g w e pr e s e nt a n

e xi st e n c e r e s ult f or f (u ) = e
1
u i n a b o u n d e d s m o ot h d o m ai n a n d

n o n e xi st e n c e r e s ult s f or f (u ) = − e
1
u or − (u − δ + u − γ ), δ ,γ > 0  wit h

= R N r e s p e cti v el y.

A R TI C L E  HI S T O R Y
R e c ei v e d 6 S e pt e m b er 2 0 1 9
A c c e pt e d 2 3 J ul y 2 0 2 0

C O M M U NI C A T E D  B Y
T. B arts c h

K E Y W O R D S
A nis otr o pi c p - L a pl a ci a n;
e xist e n c e; n o n e xist e n c e;
st a bl e s ol uti o n

A M S S U B J E C T
C L A S SI FI C A TI O N S
3 5 A 0 1; 3 5 B 5 3; 3 5J 7 5

1. I ntr o d u cti o n

I n t his arti cl e  w e ar e i nt er est e d i n t h e q u esti o n of e xist e n c e of a  w e a k s ol uti o n t o t h e
f oll o wi n g a nis otr o pi c p - L a pl a c e e q u ati o n

−

N

i= 1

∂

∂ x i

∂ u

∂ x i

p i− 2 ∂ u

∂ x i
= g (x ) e

1
u , u > 0 i n ( 1)

w h er e is a b o u n d e d s m o ot h d o m ai n i n R N wit h N ≥ 3 a n d g ∈ L 1 ( ) is n o n n e g ati v e
w hi c h is n ot i d e nti c all y z er o.

Al o n gsi d e  w e pr es e nt n o n e xist e n c e r es ults c o n c er ni n g st a bl e s ol uti o ns t o t h e f oll o wi n g
e q u ati o n

−

N

i= 1

∂

∂ x i

∂ u

∂ x i

p i− 2 ∂ u

∂ x i
= g (x )f (u ) i n R N , u > 0 i n R N ( 2)

w h er e f (u ) is eit h er − (u − δ + u − γ ) wit h δ , γ > 0 or − e
1
u . T h e w ei g ht f u n cti o n g ∈

L 1
l o c(R

N ) is s u c h t h at g ≥ c > 0 f or s o m e c o nst a nt c.

C O N T A C T Pr as h a nt a G ar ai n p g ar ai n 9 2 @ g m ail. c o m
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2 0 5 6 P.  G A R AI N

T hr o u g h o ut t h e arti cl e, w e ass u m e t h at p i ≥ 2. If p i = 2 f or all i a n d g ≡ 1 E q u ati o n ( 2)
b e c o m es t h e L a pl a c e e q u ati o n

− u = f (u ) i n . (3 )

O bs er v e t h at t h e n o nli n e ariti es i n o ur c o nsi d er ati o n is si n g ul ar i n t h e s e ns e t h at it bl o ws
u p n e ar t h e ori gi n. St arti n g fr o m t h e pi o n e eri n g  w or k of  Cr a n d all et al. [ 1 ] w h er e t h e e xis-
t e n c e of a u ni q u e p ositi v e cl assi c al s ol uti o n f or f (u ) = u − δ wit h a n y δ > 0 h as b e e n pr o v e d
f or t h e pr o bl e m ( 3)  wit h z er o  Diri c hl et b o u n d ar y v al u e. L a z er- M c K e n n a [2 ] o bs er v e d
t h at t h e a b o v e cl assi c al s ol uti o n is a  w e a k s ol uti o n i n H 1

0 ( ) i ff 0 < δ < 3.  B o c c ar d o-
Orsi n a [ 3 ] i n v esti g at e d t h e c as e of a n y δ > 0 c o n c er ni n g t h e e xist e n c e of a w e a k s ol uti o n i n
H 1

l o c( ).  M or e o v er,  C a ni n o- D e gi o v a n ni [4 ] a n d  C a ni n o- S ci u n zi [5 ] i n v esti g at e d t h e q u es-
ti o n of e xist e n c e a n d u ni q u e n ess of s ol uti o n f or si n g ul ar L a pl a c e e q u ati o ns.  C a ni n o et al.
[6 ] g e n er ali z e d t h e pr o bl e m ( 3) t o t h e f oll o wi n g si n g ul ar p - L a pl a c e e q u ati o n

− p u =
f (x )

u δ
i n , u > 0 i n , u = 0 o n ∂ ( 4)

t o o bt ai n e xist e n c e a n d u ni q u e n ess of  w e a k s ol uti o n f or a n y δ > 0 u n d er s uit a bl e h y p ot h-
esis o n f. F or  m or e d et ails c o n c er ni n g si n g ul ar pr o bl e ms r e a d er c a n l o o k at [7 – 9 ] a n d t h e
r ef er e n c es t h er ei n.

F ari n a [ 1 0 ] s ettl e d t h e q u esti o n of n o n e xist e n c e of st a bl e s ol uti o n f or t h e E q u ati o n ( 3)
wit h f (u ) = e u .  T h er e is a h u g e lit er at ur e i n t his dir e cti o n f or v ari o us t y p e of n o nli n e arit y
f (u ), r e a d er c a n l o o k at t h e ni c e s ur v e ys [1 1 , 1 2 ]. F or f (u ) = − u − δ wit h δ > 0 M a- Wei
[1 3 ] pr o v e d t h at t h e E q u ati o n ( 3) d o es n ot a d mit a n y C 1 (R N ) st a bl e s ol uti o n pr o vi d e d

2 ≤ N < 2 +
4

1 + δ
δ + δ 2 + δ .

M or e o v er  m a n y ot h er q u alit ati v e pr o p erti es of s ol uti o ns h as b e e n o bt ai n e d t h er e.  C o nsi d er
t h e  w ei g ht e d p - L a pl a c e e q u ati o n

− di v w (x )| ∇u |p − 2 ∇ u = g (x )f (u ) i n R N . (5 )

F or w = g = 1,  G u o- M ei [ 1 4 ] s h o w e d n o n e xist e n c e r es ults i n C 1 (R N ) f or ( 5), pr o vi d e d

2 ≤ p < N <
p (p + 3 )

p − 1 a n d δ > q c w h er e

q c =
(p − 1 )[(1 − p )N 2 + (p 2 + 2 p )N − p 2 ] − 2 p 2 (p − 1 )(N − 1 )

(N − p )[(p − 1 )N − p (p + 3 )]
.

B y c o nsi d eri n g a  m or e g e n er al  w ei g ht g ∈ L 1
l o c(R

N ) s u c h t h at |g | ≥ C |x |a f or l ar g e |x |, C h e n
et al. [ 1 5 ] pr o v e d n o n e xist e n c e r es ults f or t h e E q u ati o n ( 5), pr o vi d e d w = 1 a n d 2 ≤ p <

N <
p (p + 3 )+ 4 a

p − 1 a n d δ > q c w h er e

q c =
2 (N + a )(p + a ) − (N − p )[(p − 1 )(N + a ) − p − a ] − β

(N − p )[(p − 1 )N − p (p + 3 )]
,

f or

β = 2 (p + a ) (p + a ) N + a +
N − p

p − 1
.

R e c e ntl y t his h as b e e n e xt e n d e d f or a g e n er al  w ei g ht f u n cti o n w i n [1 6 , 1 7 ].
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O ur  m ai n  m oti v e i n t his arti cl e is t o i n v esti g at e s u c h r es ults i n t h e fr a m e w or k of t h e
a nis otr o pi c p - L a pl a c e o p er at or,  w hi c h is n o n- h o m o g e n e o us. S u c h o p er at ors a p p e ar i n
m a n y p h ysi c al p h e n o m e n a, f or e x a m pl e, it r e fl e cts a nis otr o pi c p h ysi c al pr o p erti es of s o m e
r ei nf or c e d  m at eri als [1 8 ], a p p e ars i n i m a g e pr o c essi n g [1 9 ], t o st u d y t h e d y n a mi cs of fl ui ds
i n a nis otr o pi c  m e di a  w h e n t h e c o n d u cti viti es of t h e  m e di a ar e di ff er e nt i n e a c h dir e cti o n
[2 0 ]. T h e first p art of t his arti cl e is d e v ot e d t o t h e e xist e n c e of a w e a k s ol uti o n f or t h e
a nis otr o pi c pr o bl e m ( 1). S o m e r e c e nt  w or ks o n si n g ul ar a nis otr o pi c pr o bl e ms c a n b e f o u n d

i n [2 1 , 2 2 ].  T h e si n g ul arit y e
1
u is  m or e si n g ul ar i n n at ur e c o m p ar e d t o u − δ w hi c h pr ot e cts

o n e t o o bt ai n t h e u nif or m b o u n d e d n ess of u n as i n [ 3 ].  We o v er c o m e t his di ffi c ult y usi n g
t h e d o m ai n a p pr o xi m ati o n  m et h o d f oll o wi n g [2 3 ]. I n t h e s e c o n d p art w e pr o vi d e n o n e xis-
t e n c e r es ults of st a bl e s ol uti o ns f or t h e a nis otr o pi c p - L a pl a c e e q u ati o n ( 2)  wit h t h e  mi x e d

si n g ul ariti es − (u − δ + u − γ ) a n d − e
1
u .  We e m pl o y t h e i d e a i ntr o d u c e d i n [1 0 ] t o est a blis h

o ur  m ai n r es ults st at e d i n S e cti o n 2 f or  w hi c h  C a c ci o p p oli t y p e esti m at es (s e e S e cti o n 5 )
will b e t h e  m ai n i n gr e di e nt.  T h e  m ai n di ffi c ult y t o o bt ai n s u c h esti m at es aris es d u e t o t h e
n o n h o m o g e nit y of t h e a nis otr o pi c p - L a pl a c e o p er at or  w hi c h  w e o v er c o m e b y c h o osi n g
s uit a bl e t est f u n cti o ns i n t h e st a bilit y c o n diti o n.

2. Pr eli mi n ari e s

I n t his s e cti o n,  w e pr es e nt s o m e b asi c r es ults i n t h e a nis otr o pi c S o b ol e v s p a c e.
A nis otr o pic S o b ol e v S p ac e: L et p i ≥ 2 f or all i, t h e n f or a n y d o m ai n D d e fi n e t h e

a nis otr o pi c S o b ol e v s p a c e b y

W 1, p i (D ) = v ∈ W 1, 1 (D ) :
∂ v

∂ x i
∈ L p i (D )

a n d

W
1, p i
0 (D ) = W 1, p i (D ) ∩ W 1, 1

0 (D )

e n d o w e d wit h t h e n or m

v
W

1, p i
0 (D )

=

N

i= 1

∂ v

∂ x i L p i (D )

.

T h e s p a c e W
1, p i

l o c (D ) is d e fi n e d a n al o g o usl y.
We d e n ot e b y p̄ t o b e t h e h ar m o ni c  m e a n of p 1 , p 2 , . . . , p N d e fi n e d b y

1

p̄
=

1

N

N

i= 1

1

p i

a n d

p̄ ∗ =
N p̄

N − p̄
.

T h e f oll o wi n g S o b ol e v e m b e d di n g t h e or e m c a n b e f o u n d i n [ 2 4 – 2 6 ].
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T h e o r e m 2. 1: F or a n y b o u n d e d d o m ai n , t h e i ncl usi o n m a p

W
1, p i
0 ( ) → L r ( )

is c o nti n u o us f or e v er y r ∈ [ 1, p̄ ∗ ] if p̄ < N a n d f or e v er y r ≥ 1 if p̄ ≥ N . M ore o v er , t h ere

e xists a p ositi v e c o nst a nt  C d e p e n di n g o nl y o n s uc h t h at f or e v er y v ∈ W
1, p i
0 ( )

v L r ( ) ≤ C

N

i= 1

∂ v

∂ x i L p i ( )

, ∀ r ∈ [ 1, p̄ ∗ ].

We a k S ol uti o n: We s a y t h at u ∈ W
1, p i

l o c ( ) is a  w e a k s ol uti o n of t h e pr o bl e m ( 1) if u > 0
a. e. i n a n d f or e v er y φ ∈ C 1

c ( )

N

i= 1

∂ u

∂ x i

p i− 2 ∂ u

∂ x i

∂ ϕ

∂ x i
d x = g (x ) e

1
u φ d x . ( 6)

St a bl e S ol uti o n: We s a y t h at u ∈ W
1, p i

l o c (R N ) is a st a bl e s ol uti o n of t h e pr o bl e m ( 2), if
u > 0 a. e. i n s u c h t h at b ot h g (x )f (u ), g (x )f (u ) ∈ L 1

l o c(R
N ) a n d f or all ϕ ∈ C 1

c (R
N ),

N

i= 1 R N

∂ u

∂ x i

p i− 2 ∂ u

∂ x i

∂ ϕ

∂ x i
d x =

R N
g (x )f (u ) ϕ d x ( 7)

a n d

R N
g (x )f (u ) ϕ 2 d x ≤

N

i= 1

(p i − 1 )
R N

∂ u

∂ x i

p i− 2 ∂ ϕ

∂ x i

2

d x . ( 8)

F or a g e n er al t h e or y of a nis otr o pi c S o b ol e v s p a c e,  w e r ef er t h e r e a d er t o [ 2 4 , 2 5 , 2 7 , 2 8 ].
Ass u m pti o n a n d n ot ati o n f or t he n o ne xiste nce res ults: We d e n ot e b y = R N f or N ≥ 1

a n d ass u m e 2 < p 1 ≤ p 2 ≤ · · ·  ≤ p N .
We  will  m a k e us e of t h e f oll o wi n g tr u n c at e d f u n cti o ns l at er. F or k ∈ N , α > p N − 1 a n d

t ≥ 0, d e fi n e

a k (t) =

⎧
⎪⎨

⎪⎩

(1 − α )

2
k

α + 1
2 t +

1 + α

k (1 − α )
, if 0 ≤ t <

1

k
,

t
1 − α

2 , if t ≥
1

k
,

a n d

b k (t) =

⎧
⎪⎨

⎪⎩

− α k α + 1 t −
1 + α

k α
, if 0 ≤ t <

1

k
,

t− α , if t ≥
1

k
.

T h e n it c a n b e e asil y v eri fi e d t h at b ot h a k a n d b k ar e p ositi v e C 1 [ 0, ∞ ) d e cr e asi n g f u n cti o ns.
M or e o v er, a k a n d b k s atis fi es t h e f oll o wi n g pr o p erti es:
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( a)

a k (t)
2 ≥ t bk (t), ∀ t ≥ 0.

( b)

a k (t)
p i |a k (t)|

2 − p i + b k (t)
p i |b k (t)|

1 − p i ≤ C |t|p i− α − 1 ,

f or s o m e p ositi v e c o nst a nt C (p 1 , p 2 , . . . , p N , α ) .
( c)

a k (t)
2 =

( α − 1 )2

4 α
|b k (t)|, ∀ t ≥ 0.

T h e f oll o wi n g n ot ati o ns  will b e us e d f or t h e n o n e xist e n c e r es ults.

N ot ati o n: T h e E q u ati o n ( 2)  will b e d e n ot e d b y ( 2) s a n d ( 2) e f or f (u ) = − u − δ − u − γ a n d

f (u ) = − e
1
u r es p e cti v el y.  Wit h o ut l oss of g e n er alit y  w e ass u m e 0 < δ ≤ γ .

We d e n ot e b y B r (0 ) t o b e t h e b all c e ntr e d at 0  wit h r a di us r > 0.

We d e n ot e b y u i = ∂ u
∂ x i

f or all i = 1, 2, . . . , N a n d q =
N
i= 1 p i

N .
D e n ot e b y

l1 =
p N − q

2
, l2 =

2 δ

N (q − 1 )
−

q − 1

2
a n d l3 =

2

M N (q − 1 )
−

q − 1

2
.

We d e n ot e b y

A =
N (q − 1 )(p N − 1 )

4
, ∞ ,

B = 0,
4

N (q − 1 )(p N − 1 )
, C = 0,

4

N (N − 1 )(q − 1 )
.

D e fi n e

I =

N

i= 1

Ii

w h er e

Ii =
N 2 (q − 1 )(p i − 1 )

p i N (q − 1 ) + 4 − N 2 (q − 1 )
, ∞ ,

pr o vi d e d p i(N (q − 1 ) + 4 ) − N 2 (q − 1 ) > 0 f or all i = 1, 2, . . . , N a n d J = B ∩ C .
We ass u m e δ ∈ A a n d M ∈ J. O bs er v e t h at δ ∈ A i m pli es l2 > l1 a n d l2 > 0.  Als o M ∈ J

i m pli es l3 > l1 a n d l3 > 0.
If C d e p e n ds o n w e d e n ot e b y C a n d if C d e p e n ds o n r1 , r2 , . . . , rm w e d e n ot e it b y

C (r1 , r2 , . . . , rm ).
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T hr o u g h o ut t his arti cl e ψ R ∈ C 1
c (R

N ) is a t est f u n cti o n s u c h t h at

0 ≤ ψ R ≤ 1 i n R N , ψ R = 1 i n B R (0 ),

ψ R = 0 i n R N \ B 2 R (0 )

wit h

| ∇ψ R | ≤
C

R

f or s o m e c o nst a nt C > 0 (i n d e p e n d e nt of R ).

3.  M ai n r e s ult s

T h e  m ai n r es ults of t his arti cl e r e a ds as f oll o ws:

T h e o r e m 3. 1: L et ⊂ R N b e a b o u n d e d s m o ot h d o m ai n , N ≥ 3 a n d p N ≥ · · · p 2 ≥ p 1 ≥

2 .  T h e n t h e pr o bl e m ( 1) a d mits a  w e a k s ol uti o n u i n  W
1, p i

l o c ( ) ∩ L ∞ ( ) s uc h t h at (u −

)+ ∈ W
1, p i
0 ( ) f or e v er y > 0, pr o vi d e d

( a) g ∈ L m ( ) f or s o me  m >
p̄ ∗

p̄ ∗ − p̄ if p̄ < N w h ere p̄ ∗ ≥ p N .

( b) g ∈ L m ( ) f or s o me  m > r
r− p N

if p̄ ≥ N w h ere r > p N .

T h e o r e m 3. 2: L et u ∈ W
1, p i

l o c ( ) b e s uc h t h at 0 < u ≤ 1 a. e. i n .  Ass u me t h at 1 ≤ δ < γ
b e s uc h t h at δ ∈ A ∩ I. T h e n u is n ot a st a bl e s ol uti o n t o t he pr o bl e m ( 2)s.

T h e o r e m 3. 3: L et u ∈ W
1, p i

l o c ( ) b e s uc h t h at u ≥ 1 a. e. i n .  Ass u me t h at 0 < δ < γ b e
s uc h t h at δ ∈ A a n d γ ∈ I ∩ [ 1, ∞ ). T h e n u is n ot a st a bl e s ol uti o n t o t he pr o bl e m ( 2)s.

T h e o r e m 3. 4: L et u ∈ W
1, p i

l o c ( ) b e s uc h t h at u > 0 a. e. i n .  Ass u me t h at 1 ≤ δ = γ ∈
A ∩ I. T h e n u is n ot a st a bl e s ol uti o n t o t he pr o bl e m ( 2)s.

T h e o r e m 3. 5: L et u ∈ W
1, p i

l o c ( ) b e s uc h t h at 0 < u ≤ M a. e i n , pr o vi d e d M ∈ J.  T h e n  u
is n ot a st a bl e s ol uti o n t o t he E q u ati o n ( 2)e .

We pr es e nt t h e pr o of of t h e a b o v e t h e or e ms i n t h e f oll o wi n g t w o s e cti o ns.

4. Pr o of of e xi st e n c e r e s ult s

F or n ∈ N , d e fi n e g n (x ) = mi n {g (x ), n } a n d c o nsi d er t h e f oll o wi n g a p pr o xi m at e d pr o bl e m

−

N

i= 1

∂

∂ x i
(|u i|

p i− 2 u i) = g n (x ) e
1

(u + 1
n ) i n . (9 )

L e m m a 4. 1: L et

( 1) g ∈ L m ( ) f or s o me  m >
p̄ ∗

p̄ ∗ − p̄ if p̄ < N or
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( 2) g ∈ L m ( ) f or s o me  m > r
r− p N

if p̄ ≥ N w h ere r > p N .

T h e n f or e v er y n ∈ N t h e pr o bl e m ( 9) h as a p ositi ve s ol uti o n u n ∈ W
1, p i
0 ( ). M ore o v er ,

o n e h as

(i) u n L ∞ ( ) ≤ C f or s o m e c o nst a nt  C i n d e p e n d e nt of n.
(ii) u n + 1 ≥ u n a n d e ac h u n is u ni q u e.
(iii) t here e xists a p ositi v e c o nst a nt cω > 0 s uc h t h at f or e v er y ω ⊂ ⊂ w e h a v e u n ≥

c ω > 0.

Pr o of: E xiste nce: L et v ∈ L r ( ) f or s o m e r ≥ 1.  T h e n t h e pr o bl e m

−

N

i= 1

∂

∂ x i
(|u i|

p i− 2 u i) = g n (x ) e
1

( |v | + 1
n )

h as a u ni q u e s ol uti o n u = A (v ) ∈ W
1, p i
0 ( ) si n c e t h e r. h.s b el o n gs t o L ∞ ( ), s e e [2 5 ].

C h o osi n g u = A (v ) as a t est f u n cti o n a n d usi n g  T h e or e m 2. 1 t o g et h er  wit h  H öl d er’s
i n e q u alit y  w e o bt ai n

u L r ( ) ≤ C N

f or s o m e c o nst a nt C N i n d e p e n d e nt of u .  N o w ar g ui n g as i n L e m m a 2. 1 of [2 1 ] gi v es t h e
e xist e n c e of u n .

(i) ( 1) L et p̄ < N a n d g ∈ L m ( ) f or s o m e m >
p̄ ∗

p̄ ∗ − p̄ .  C h o osi n g G k (u n ) = (u n − k )+

f or k > 1 as a t est f u n cti o n i n ( 9) w e g et

G k (u n )
W

1, p i
0 ( )

≤ e g |G k (u n )| d x

1
p i

.

Usi n g  T h e or e m 2. 1  wit h r = p̄ ∗ a n d  H öl d er’s i n e q u alit y  w e g et

G k (u n ) L p̄ ∗
( ) ≤ c

A (k )
|g |p̄

∗
d x

p̄ ∗ − 1
p̄ ∗ ( p̄ − 1 )

.

N o w f or 1 < k < h d e n ot e b y A (h ) = { x ∈ : u (x ) > h }, w e g et

(h − k )p i |A (h )|
p i
p̄ ∗

≤
A (k )

|G k (u n )|p̄
∗

p i
p̄ ∗

≤ c
A (k )

|g |p̄
∗

d x

p i( p̄
∗ − 1 )

p̄ ∗ ( p̄ − 1 )

.

N o w usi n g  H öl d er’s i n e q u alit y  wit h e x p o n e nts q = m
p̄ ∗

a n d q =
q

q − 1 w e g et

(h − k )p i |A (h )|
p i
p̄ ∗ ≤ c g

p i
p̄ − 1

L m ( ) |A (k )|
p i( p̄

∗ − 1 )(m − p̄ ∗ )
p̄ ∗ m ( p̄ − 1 ) .
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T h er ef or e  w e h a v e

|A (h )| ≤
c g

p̄ ∗

p̄ − 1

L m ( )

(h − k ) p̄ ∗ |A (k )|β ,

w h er e β =
(p̄ ∗ − 1 )(m − p̄ ∗ )

m ( p̄ − 1 ) > 1 si n c e m >
p̄ ∗

p̄ ∗ − p̄ . B y St a m p a c c hi a’s r es ult [2 9 ] w e

g et u n L ∞ ( ) ≤ C w h er e C is i n d e p e n d e nt of n .
( 2)  C h o osi n g G k (u n ) = (u n − k )+ as a t est f u n cti o n i n ( 9) a n d usi n g H öl d er’s

i n e q u alit y  w e g et

G k (u n )
W

1, p i
0 ( )

≤ e g
1

p i− 1

L r (A (k ))
.

Usi n g  H öl d er’s i n e q u alit y  wit h e x p o n e nts m
r a n d m

m − r w e g et

G k (u n )
W

1, p i
0 ( )

≤ c g
1

p i− 1

L m ( ) |A (k )|
(m − r )

mr (p i− 1 ) .

N o w f or 1 < k < h w e h a v e

(h − k )p i |A (h )|
p i
r

≤
A (h )

(u − k )r d x

p i
r

≤
A (k )

(u − k )r d x

p i
r

≤

N

i= 1

|∂ iG k (u n )|p i d x

≤ c g
p i
L m ( ) |A (k )|

p i(m − r )

mr (p i− 1 ) .

T h er ef or e  w e h a v e

|A (h )| ≤ c
g

r
p i− 1 |A (k )|γ

(h − k )r
,

w h er e γ = r(m − r )
mr (p i− 1 ) > 1 si n c e m > r

r− p N
. B y St a m p a c c hi a’s r es ult [2 9 ] w e g et

u n L ∞ ( ) ≤ C w h er e C is i n d e p e n d e nt of n .

(ii) L et u n a n d u n + 1 s atis fi es t h e E q u ati o ns ( 9).  T h e n f or e v er y φ ∈ W
1, p i
0 ( )

N

i= 1

|(u n )i|
p i− 2 (u n )iφ i d x = g n e

1

(u n + 1
n ) φ d x ( 1 0)

a n d

N

i= 1

|(u n + 1 )i|
p i− 2 (u n + 1 )iφ i d x = g n + 1 e

1

(u n + 1 + 1
n + 1 ) φ d x . ( 1 1)
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C h o osi n g φ = (u n − u n + 1 )
+ as a t est f u n cti o n a n d s u btr a cti n g ( 1 0) a n d ( 1 1)  w e

h a v e

N

i= 1

|(u n )i|
p i− 2 (u n )i − | (u n + 1 )i|

p i− 2 (u n + 1 )i (u n − u n + 1 )
+
i d x

≤ g n + 1 (x ) e
1

(u n + 1
n ) − e

1

(u n + 1 + 1
n + 1 ) (u n − u n + 1 )

+
i d x ≤ 0.

Usi n g t h e al g e br ai c i n e q u alit y ( L e m m a  A. 0. 5 of [ 3 0 ])  w e g et f or a n y p i ≥ 2

(u n − u n + 1 )
+

W
1, p i
0 ( )

= 0.

T h er ef or e (i) h ol ds.  T h e u ni q u e n ess f oll o ws si mil arl y as i n t h e  m o n ot o ni cit y.
(iii)  O bs er v e t h at u 1 ∈ L ∞ ( ) b y usi n g (i).  H e n c e

N

i= 1

|(u 1 )i|
p i− 2 (u 1 )iφ i d x = g 1 e

1
(u 1 + 1 ) ≥ g 1 e

1
u 1 ∞ + 1 .

Si n c e g is n o n n e g ati v e a n d n ot i d e nti c all y z er o, b y t h e str o n g  m a xi m u m pri n ci pl e
( T h e or e m 3. 1 8 of [2 4 ])  w e g et t h e pr o p ert y (iii).

Pr o of of  T h e or e m 3. 1: L et p̄ < N s u c h t h at p̄ ∗ ≥ p N a n d = k k w h er e k ⊂ ⊂ k + 1

f or e a c h k . L et γ k = i nf k u n > 0.  C h o osi n g φ = (u n − γ 1 )
+ as a t est f u n cti o n i n ( 9), usi n g

L e m m a 4. 1 a n d  T h e or e m 2. 1  w e g et

N

i= 1 {u n > γ 1 }
|(u n )i|

p i d x

=
{u n > γ 1 }

g n e
1

(u n + 1
n ) (u n − γ 1 )

+ d x

≤ c g L m ( ) (u n − γ 1 )
+

W
1, p i
0 ( )

w h er e c is a c o nst a nt i n d e p e n d e nt of n .  Usi n g L e m m a 4. 1 a n d t h e f a ct

u n W 1, p i ( 1 ) ≤ u n W 1, p i ({u n > γ 1 })

w e g et t h e s e q u e n c e {u n } is u nif or ml y b o u n d e d i n W 1, p i ( 1 ) a n d as a c o ns e q u e n c e of
T h e or e m 2. 1 it h as a s u bs e q u e n c e {u 1

n k
} c o n v er g es  w e a kl y i n W 1, p i ( 1 ) a n d str o n gl y i n

L p i( 1 ) a n d al m ost e v er y w h er e i n 1 t o u 1 ∈ W 1, p i ( 1 ), s a y.
Pr o c e e di n g i n t h e s a m e  w a y f or a n y k , w e o bt ai n a s u bs e q u e n c e {u k

n l
} of {u n } s u c h t h at

u k
n l

c o n v er g es  w e a kl y i n W 1, p i ( k ), str o n gl y i n L p i ( k ) a n d al m ost e v er y w h er e t o u k ∈

W 1, p i ( k ).  We  m a y ass u m e u k + 1
n l

is a s u bs e q u e n c e of u k
n l

f or e v er y k , a n d t h at n k
k → ∞ as

k → ∞ .  T h er ef or e u k + 1 = u k o n k . D e fi n e u = u 1 a n d u = u k + 1 o n k + 1 \ k f or
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e a c h k .  T h er ef or e b y o ur c o nstr u cti o n t h e di a g o n al s u bs e q u e n c e {u n k } := { u k
n k

} c o n v er g es

w e a kl y t o u i n W
1, p i

l o c ( k ), str o n gl y i n L p i( k ) a n d al m ost e v er y w h er e i n . N o w w e cl ai m

t h at {u n k } c o n v er g es str o n gl y t o u i n W
1, p i

l o c ( k ). L et ⊂ ⊂ . L et φ ∈ C ∞
c ( ) s u c h t h at

0 ≤ φ ≤ 1 i n , φ = 1 o n a n d l et k 1 ≥ 1 s u c h t h at s u p p φ ⊂ k 1 . F or e v er y k , m ≥ 1
w e h a v e

N

i= 1

|(u n k )i|
p i− 2 (u n k )i − | (u n m )i|

p i− 2 (u n m )i (u n k − u n m )i d x

≤

N

i= 1

|(u n k )i|
p i− 2 (u n k )i − | (u n m )i|

p i− 2 (u n m )i φ ( u n k − u n m )
i
d x

−

N

i= 1 k 1

|(u n k )i|
p i− 2 (u n k )i − | (u n m )i|

p i− 2 (u n m )i .φ i (u n k − u n m ) d x

:= A − B .

N o w t h e f a ct t h at u n k is u nif or ml y b o u n d e d i n W 1, p i ( k 1 ) a n d c o n v er g es str o n gl y i n
L p i( k 1 ) i m pli es B → 0 as k , m → ∞ .  C h o osi n g ψ = φ ( u n k − u n m ) a n d eit h er n = n k or
n = n m w e g et f or l = k , m

(u n l)i|
p i− 2 (u n l)i φ ( u n k − u n m )

i
d x

≤
k 1

g n (x ) e

1

(u n l +
1
n l

)
|u n k − u n m | d x .

N o w L e m m a 4. 1, g ∈ L m ( ) a n d t h e str o n g c o n v er g e n c e of u n k gi v es A → 0 as k , m → ∞ .
N o w t h e al g e br ai c i n e q u alit y ( L e m m a  A. 0. 5 of [ 3 0 ]) gi v es

N

i= 1

|(u n k )i − (u n m )i|
p i d x → 0

as k , m → ∞ .  T h er ef or e f or a n y φ ∈ C 1
c ( ) w e h a v e

N

i= 1

|(u n k )i|
p i− 2 (u n k )iφ i d x =

N

i= 1

|u i|
p i− 2 u iφ i d x .

L e m m a 4. 1 a n d t h e f a ct u n k ≥ c s u p p φ > 0 gi v es

g n k (x ) e

1

(u n k + 1
n k

)
φ d x ≤ e

1
cs u p p φ φ L ∞ ( ) g L 1 ( ) .

B y L e b es g u e d o mi n at e d t h e or e m  w e o bt ai n

g n k (x ) e

1

(u n k + 1
n k

)
φ d x = g (x ) e

1
u φ d x .

H e n c e u ∈ W
1, p i

l o c ( ) is a w e a k s ol uti o n of t h e pr o bl e m ( 7). N o w o bs er v e t h at (u n k − )+

i n b o u n d e d i n W
1, p i
0 ( ) a n d it h as a s u bs e q u e n c e c o n v er g es t o v w e a kl y i n W

1, p i
0 ( ). Si n c e



C O M P L E X V A RI A B L E S  A N D E L LI P TI C E Q U A TI O N S 2 0 6 5

u n k c o n v er g es al m ost e v er y w h er e t o u , w e h a v e v = (u − )+ ∈ W
1, p i
0 ( ). T h e c as e p̄ ≥ N

f oll o ws si mil arl y usi n g  T h e or e m 2. 1.

5. Pr o of of  n o n e xi st e n c e r e s ult s

T o pr o v e o ur  m ai n r es ults  w e est a blis h t h e f oll o wi n g a pri ori esti m at e o n t h e st a bl e s ol uti o n
t o t h e pr o bl e m ( 2).

5. 1.  A pri ori e sti m at e

L e m m a 5. 1: L et u ∈ W
1, p i

l o c ( ) b e a p ositi v e st a bl e s ol uti o n t o eit h er of t h e E q u ati o n ( 2)s
or ( 2)e a n d α > p N − 1 b e fi x e d.  T h e n f or e v er y ∈ (0, α ) , t here e xists a p ositi v e c o nst a nt
C = C (p 1 , p 2 , . . . , p N , q , α ) s uc h t h at f or a n y n o n n e g ati v e ψ ∈ C 1

c ( ), o n e h as

g (x )uf (u )b k (u ) ψ q d x

≤ C

N

i= 1

u p i− α − 1 |ψ i|
p i ψ q − p i d x

−
( α − 1 )2 (N (q − 1 ) + )

4 α ( 1 − )
g (x )f (u )b k (u ) ψ q d x . ( 1 2)

As a c or oll ar y of L e m m a 5. 1  w e o bt ai n t h e f oll o wi n g  C a c ci o p p oli t y p e esti m at es.

C o r oll a r y 5. 2: L et u ∈ W
1, p i

l o c ( ) b e a p ositi v e st a bl e s ol uti o n t o t he pr o bl e m ( 2)s.  T h e n t h e
f oll o wi n g h ol ds:

( 1) Ass u me t h at 0 < u ≤ 1 a. e. i n a n d 1 ≤ δ < γ b e s uc h t h at δ ∈ A ∩ I.  T h e n f or
a n y β ∈ (l1 , l2 ), t here e xists a c o nst a nt  C = C (p 1 , p 2 , . . . , p N , q , N , β ) s uc h t h at f or
e v er y ψ ∈ C 1

c ( ) wit h 0 ≤ ψ ≤ 1 i n , w e h a v e

g (x )
ψ

u

2 β + δ + q − 1

d x ≤ C

N

i= 1

|ψ i|
p iθ i d x ( 1 3)

w h ere

θ i =
2 β + δ + q − 1

2 β + q − p i
, θ i =

2 β + δ + q − 1

δ + p i − 1
.

( 2) Ass u m e t h at u ≥ 1 a. e. i n a n d 0 < δ < γ b e s uc h t h at δ ∈ A a n d γ ∈ I ∩ [ 1, ∞ ).
T h e n f or a n y β ∈ (l1 , l2 ), t here e xists a c o nst a nt  C = C (p 1 , p 2 , . . . , p N , q , N , β ) s uc h
t h at f or e v er y ψ ∈ C 1

c ( ) wit h 0 ≤ ψ ≤ 1 i n , w e h a v e

g (x )
ψ

u

2 β + γ + q − 1

d x ≤ C

N

i= 1

|ψ i|
p iζ i d x ( 1 4)

w h ere

ζ i =
2 β + γ + q − 1

2 β + q − p i
, ζ i =

2 β + γ + q − 1

γ + p i − 1
.
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( 3) Ass u m e t h at u > 0 a. e. i n a n d 1 ≤ δ = γ ∈ A ∩ I. T h e n f or a n y β ∈ (l1 , l2 ), t h ere
e xists a c o nst a nt  C = C (p 1 , p 2 , . . . , p N , q , N , β ) s uc h t h at f or e v er y ψ ∈ C 1

c ( ) wit h
0 ≤ ψ ≤ 1 i n , w e h a v e

g (x )
ψ

u

2 β + δ + q − 1

d x ≤ C

N

i= 1

|ψ i|
p iθ i d x ( 1 5)

w h ere

θ i =
2 β + δ + q − 1

2 β + q − p i
, θ i =

2 β + δ + q − 1

δ + p i − 1
.

C o r oll a r y 5. 3: L et u ∈ W
1, p i

l o c ( ) b e a p ositi v e st a bl e s ol uti o n t o t he pr o bl e m ( 2)e s uc h t h at
0 < u ≤ M a. e. i n f or s o me p ositi v e c o nst a nt  M.  T h e n f or a n y β ∈ (l1 , l3 ) t h ere e xists a
c o nst a nt  C = C (p 1 , p 2 , . . . , p N , q , N , β ) s uc h t h at f or e v er y ψ ∈ C 1

c ( ) wit h 0 ≤ ψ ≤ 1 i n
, w e h a v e

g (x )
ψ

u

2 β + q

d x ≤ C

N

i= 1

|ψ i|
2 β + q d x . ( 1 6)

Pr o of of L e m m a 5. 1: L et u ∈ W
1, p i

l o c ( ) b e a p ositi v e st a bl e s ol uti o n t o t h e E q u ati o n ( 2)
a n d ψ ∈ C 1

c ( ) b e n o n n e g ati v e i n . T h e n u s atis fi es b ot h t h e e q u ati o ns ( 7) a n d ( 8).  We
pr o v e t h e l e m m a i nt o t h e f oll o wi n g t w o st e ps.

Ste p 1. C h o osi n g φ = b k (u ) ψ q as a t est f u n cti o n i n ( 7), w e h a v e

N

i= 1

|b k (u )||u i|
p i ψ q d x

≤ q

N

i= 1

ψ q − 1 b k (u )|u i|
p i− 2 u iψ i d x − g (x )f (u )b k (u ) ψ q d x . ( 1 7)

Usi n g  Yo u n g’s i n e q u alit y  wit h ∈ (0, 1 ), w e o bt ai n

q

N

i= 1

ψ q − 1 b k (u )|u i|
p i− 2 u iψ i d x

≤

N

i= 1

|b k (u )||u i|
p i ψ q d x + C

N

i= 1

b k (u )p i |b k (u )|1 − p i |ψ i|
p i ψ q − p i d x ,

f or s o m e p ositi v e c o nst a nt d e p e n di n g C = C (p 1 , p 2 , . . . , p N , q ).
T h er ef or e f or ∈ (0, 1 ), w e o bt ai n

(1 − )

N

i= 1

|b k (u )||u i|
p i ψ q d x

≤ C

N

i= 1

b k (u )p i |b k (u )|1 − p i |ψ i|
p i ψ q − p i d x − g (x )f (u )b k (u ) ψ q d x . ( 1 8)
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St e p 2. C h o osi n g φ = a k (u ) ψ
q
2 i n t h e i n e q u alit y ( 8),  w e o bt ai n

g (x )f (u )a k (u )2 ψ q d x ≤

N

i= 1

(p i − 1 ) X i +
q 2

4
Y i + q Z i , ( 1 9)

w h er e

X i = |a k (u )|2 |u i|
p i ψ q d x , Y i = ψ q − 2 a k (u )2 |u i|

p i− 2 |ψ i|
2 d x ,

a n d

Z i = |a k (u )|a k (u ) ψ q − 1 |u i|
p i− 1 |ψ i| d x .

Usi n g ( c) n oti n g t h at

X i =
( α − 1 )2

4 α
|b k (u )||u i|

p i ψ q d x ,

fr o m t h e esti m at e ( 1 8), w e o bt ai n

N

i= 1

X i =
( α − 1 )2

4 α

N

i= 1

|b k (u )||u i|
p i ψ q d x

≤
( α − 1 )2

4 α ( 1 − )
C

N

i= 1

b k (u )p i |b k (u )|1 − p i |ψ i|
p i ψ q − p i d x

− g (x )f (u )b k (u ) ψ q d x .

M or e o v er, usi n g  Yo u n g’s i n e q u alit y  w e h a v e

(p i − 1 )
q 2

4
Y i

= (p i − 1 )
q 2

4
ψ q − 2 a k (u )2 |u i|

p i− 2 |ψ i|
2 d x

= (p i − 1 )
q 2

4
|u i|

p i− 2 |a k (u )|
2 (p i− 2 )

p i ψ
q (p i− 2 )

p i

× a k (u )2 |a k (u )|
2 (2 − p i)

p i |ψ i|
2 ψ

2 (q − p i)
p i d x

≤
2 N

X i +
C

2
a k (u )p i |a k (u )|2 − p i |ψ i|

p i ψ q − p i d x ,
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a n d

(p i − 1 )q Z i

= (p i − 1 )q |a k (u )|a k (u ) ψ q − 1 |u i|
p i− 1 |ψ i| d x

= (p i − 1 )q |u i|
p i− 1 |a k (u )|

2
p i ψ

q

p i a k (u )|a k (u )|
2 − p i

p i |ψ |p i ψ q − p i d x

≤
2 N

X i +
C

2
a k (u )p i |a k (u )|2 − p i |ψ i|

p i ψ q − p i d x

f or s o m e p ositi v e c o nst a nt C = C (p 1 , p 2 , . . . , p N , q , N ).
Usi n g t h e a b o v e esti m at es i n ( 1 9) t o g et h er  wit h ( a) a n d ( b)  w e o bt ai n

g (x )uf (u )b k (u ) ψ q d x

≤ g (x )f (u )a k (u )2 ψ q d x

≤

N

i= 1

p i − 1 +
N

X i + C

N

i= 1

a k (u )p i |a k (u )|2 − p i |ψ i|
p i ψ q − p i d x

≤ p 1 − 1 +
N

N

i= 1

X i + p 2 − 1 +
N

N

i= 1

X i + · · · + p N − 1 +
N

N

i= 1

X i

+ C

N

i= 1

a k (u )p i |a k (u )|2 − p i |ψ i|
p i ψ q − p i d x

= N (q − 1 ) +

N

i= 1

X i + C

N

i= 1

a k (u )p i |a k (u )|2 − p i |ψ i|
p i ψ q − p i d x

≤
( α − 1 )2 N (q − 1 ) +

4 α ( 1 − )
C

N

i= 1

b k (u )p i|b k (u )|1 − p i |ψ i|
p i ψ q − p i d x

− g (x )f (u )b k (u ) ψ q d x + C

N

i= 1

a k (u )p i |a k (u )|2 − p i |ψ i|
p i ψ q − p i d x

≤ C

N

i= 1

b k (u )p i|b k (u )|1 − p i + a k (u )p i |a k (u )|2 − p i |ψ i|
p i ψ q − p i d x

−
( α − 1 )2 (N (q − 1 ) + )

4 α ( 1 − )
g (x )f (u )b k (u ) ψ q d x

≤ C

N

i= 1

u p i− α − 1 |ψ i|
p i ψ q − p i d x

−
( α − 1 )2 (N (q − 1 ) + )

4 α ( 1 − )
g (x )f (u )b k (u ) ψ q d x
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f or s o m e p ositi v e c o nst a nt C = C (p 1 , . . . , p N , q , N , α ) .

Pr o of of  C or oll ar y 5. 2: L et u ∈ W
1, p i

l o c ( ) b e a p ositi v e st a bl e s ol uti o n t o t h e pr o bl e m ( 2) s.
O bs er v e t h at t h e f a ct β > l1 i m pli es α = 2 β + q − 1 > p N − 1.  T h e n b y L e m m a 5. 1,
usi n g t h e f a ct 0 < δ ≤ γ a n d f (u ) = − u − δ − u − γ i n t h e i n e q u alit y ( 1 2), f or s o m e
C = C (p 1 , . . . , p N , q , N , α ) w e o bt ai n

α g (x )(u − δ + u − γ )b k (u ) ψ q d x ≤ C

N

i= 1

u p i− α − 1 |ψ i|
p i ψ q − p i d x ,

w h er e α = δ −
( α − 1 )2 (N (q − 1 )+ )

4 α ( 1 − ) . O bs er v e t h at

li m
→ 0

α = δ −
N (q − 1 )( α − 1 )2

4 α
> 0, ∀ β ∈ (l1 , l2 ).

H e n c e  w e c a n fi x β ∈ (l1 , l2 ) a n d c h o os e ∈ (0, 1 ) s u c h t h at α > 0. As a c o ns e q u e n c e w e
h a v e

g (x )(u − δ + u − γ )b k (u ) ψ q d x ≤ C

N

i= 1

u p i− 2 β − q |ψ i|
p i ψ q − p i d x ( 2 0)

f or s o m e p ositi v e c o nst a nt C = C (p 1 , . . . , p N , q , N , α ) .

( 1) Si n c e δ < γ a n d 0 < u ≤ 1 a. e. i n , f or a n yβ ∈ (l1 , l2 ) t h e i n e q u alit y ( 2 0) b e c o m es

g (x )u − δ b k (u ) ψ q d x ≤ C

N

i= 1

|u |p i− 2 β − q |ψ i|
p i ψ q − p i d x .

B y t h e  m o n ot o n e c o n v er g e n c e t h e or e m  w e o bt ai n

g (x )u − 2 β − δ − q + 1 ψ q d x ≤ C

N

i= 1

|u |p i− 2 β − q |ψ i|
p i ψ q − p i d x .

R e pl a ci n g ψ b y ψ
2 β + δ + q − 1

q a n d usi n g t h e  Yo u n g’s i n e q u alit y f or ∈ (0, 1 ) wit h t h e

e x p o n e nts θ i =
2 β + δ + q − 1
2 β + q − p i

, θ i =
2 β + δ + q − 1

δ + p i− 1 i n t h e a b o v e i n e q u alit y  w e o bt ai n

g (x )
ψ

u

2 β + δ + q − 1

d x

≤ C

N

i= 1

u p i− 2 β − q ψ 2 β + δ + q − p i− 1 |ψ i|
p i d x

= C

N

i= 1

ψ

u

2 β + q − p i

ψ δ − 1 |ψ i|
p i d x

≤ g (x )
ψ

u

2 β + δ + q − 1

d x + C

N

i= 1

g
−

θ i
θ i ψ ( δ − 1 ) θi |ψ i|

p iθ i d x .
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Usi n g δ ≥ 1 a n d c h o osi n g 0 ≤ ψ ≤ 1 i n t o g et h er  wit h t h e f a ct g ≥ c w e o bt ai n

g (x )
ψ

u

2 β + δ + q − 1

d x ≤ C

N

i= 1

|ψ i|
p iθ i d x ,

f or s o m e p ositi v e c o nst a nt C = C (p 1 , . . . , p N , q , N , β ) .
( 2) Si n c e δ < γ a n d u ≥ 1 a. e. i n , f or a n y β ∈ (l1 , l2 ) t h e i n e q u alit y ( 2 0) b e c o m es

g (x )u − γ b k (u ) ψ q d x ≤ C

N

i= 1

|u |p i− 2 β − q |ψ i|
p i ψ q − p i d x .

B y t h e  m o n ot o n e c o n v er g e n c e t h e or e m  w e o bt ai n

g (x )u − 2 β − γ − q + 1 ψ q d x ≤ C

N

i= 1

|u |p i− 2 β − q |ψ i|
p i ψ q − p i d x .

R e pl a ci n g ψ b y ψ
2 β + γ + q − 1

q a n d usi n g t h e  Yo u n g’s i n e q u alit y f or ∈ (0, 1 ) wit h t h e

e x p o n e nts ζ i =
2 β + γ + q − 1
2 β + q − p i

, ζ i =
2 β + γ + q − 1

γ + p i− 1 i n t h e a b o v e i n e q u alit y  w e o bt ai n

g (x )
ψ

u

2 β + γ + q − 1

d x

≤ C

N

i= 1

u p i− 2 β − q ψ 2 β + γ + q − p i− 1 |ψ i|
p i d x

= C

N

i= 1

ψ

u

2 β + q − p i

ψ γ − 1 |ψ i|
p i d x

≤ g (x )
ψ

u

2 β + γ + q − 1

d x + C

N

i= 1

g
−

ζ i
ζ i ψ ( γ − 1 ) ζi |ψ i|

p iζ i d x .

Usi n g γ ≥ 1 a n d c h o osi n g 0 ≤ ψ ≤ 1 i n t o g et h er  wit h t h e f a ct g ≥ c w e o bt ai n

g (x )
ψ

u

2 β + γ + q − 1

d x ≤ C

N

i= 1

|ψ i|
p iζ i d x ,

f or s o m e p ositi v e c o nst a nt C = C (p 1 , . . . , p N , q , N , β ) .
( 3) Si n c e δ = γ ≥ 1 a n d u > 0 a. e. i n , f or a n y β ∈ (l1 , l2 ) t h e i n e q u alit y ( 2 0) b e c o m es

g (x )u − δ b k (u ) ψ q d x ≤ C

N

i= 1

|u |p i− 2 β − q |ψ i|
p i ψ q − p i d x .

N o w pr o c e e di n g si mil arl y as i n  C as e ( 1)  w e o bt ai n t h e r e q uir e d esti m at e.
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P r o of of  C or oll ar y 5. 3: Ass u m e M ∈ J a n d l et u ∈ W
1, p i

l o c ( ) b e s u c h t h at 0 < u ≤ M a. e.
i n is a p ositi v e st a bl e s ol uti o n of t h e E q u ati o n ( 2)e . L et β ∈ (l1 , l3 ) a n d d e fi n e α = 2 β +
q − 1. O bs er v e t h at t h e f a ct β > l1 i m pli es α > p N − 1.  T h er ef or e  w e c a n a p pl y L e m m a 5. 1

t o c h o os e f (u ) = − e
1
u a n d us e t h e ass u m pti o n 0 < u ≤ M a. e. i n i n t h e esti m at e ( 1 2)

a n d o bt ai n

α g (x ) e
1
u b k (u ) ψ q d x ≤ C

N

i= 1

u p i− α − 1 |ψ i|
p i ψ q − p i d x ,

f or s o m e p ositi v e c o nst a nt C = C (p 1 , . . . , p N , q , N , α ) w h er e α = 1
M −

( α − 1 )2 (N (q − 1 )+ )
4 α ( 1 − ) .

O bs er v e t h at

li m
→ 0

α =
1

M
−

N (q − 1 )( α − 1 )2

4 α
> 0, ∀ β ∈ (l1 , l3 ).

H e n c e  w e c a n fi x β ∈ (l1 , l3 ) a n d c h o os e ∈ (0, 1 ) s u c h t h at α > 0.  Usi n g e x > x f or x > 0,
i n t h e a b o v e esti m at e  w e o bt ai n

g (x )
1

u
b k (u ) ψ q d x ≤ g (x ) e

1
u b k (u ) ψ q d x ≤ C

N

i= 1

u p i− 2 β − q |ψ i|
p i ψ q − p i d x ,

f or s o m e p ositi v e c o nst a nt C = C ( β , p 1 , . . . , p N , q , N ).  B y t h e  m o n ot o n e c o n v er g e n c e
t h e or e m  w e o bt ai n

g (x )u − 2 β − q ψ q d x ≤ C

N

i= 1

u p i− 2 β − q |ψ i|
p i ψ q − p i d x .

R e pl a ci n g ψ b y ψ
2 β + q

q a n d usi n g t h e  Yo u n g’s i n e q u alit y f or ∈ (0, 1 ) wit h e x p o n e nts γ i =
2 β + q

2 β + q − p i
, γ i =

2 β + q
p i

i n t h e a b o v e i n e q u alit y  w e o bt ai n

g (x )
ψ

u

2 β + q

d x

≤ C

N

i= 1

ψ

u

2 β + q − p i

|ψ i|
p i d x

≤ g (x )
ψ

u

2 β + q

d x + C

N

i= 1

g
−

γ i
γ i |ψ i|

2 β + q d x .

T h er ef or e, usi n g t h e f a ct t h at g ≥ c, w e h a v e

g (x )
ψ

u

2 β + q

d x ≤ C

N

i= 1

|ψ i|
2 β + q d x ,

f or s o m e p ositi v e c o nst a nt C = C ( β , p 1 , . . . , p N , q , N ).
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5. 2. Pr o of of t h e  m ai n r e s ult s

Pr o of of  T h e or e m 3. 2: L et u ∈ W
1, p i

l o c ( ) b e a st a bl e s ol uti o n of t h e E q u ati o n ( 2) s s u c h t h at
0 < u ≤ 1 a. e. i n .  T h e n b y  C or oll ar y 5. 2  w e h a v e

g (x )
ψ

u

2 β + δ + q − 1

d x ≤ C

N

i= 1

|ψ i|
p iθ i d x .

C h o osi n g ψ = ψ R i n t h e a b o v e i n e q u alit y  w e o bt ai n

B R (0 )
g (x )

1

u

2 β + δ + q − 1

d x ≤ C

N

i= 1

R N − p iθ i , ( 2 1)

f or s o m e p ositi v e c o nst a nt C i n d e p e n d e nt of R . O bs er v e t h at,

li m
β → l2

(N − p iθ i ) = N −
p i(2 l2 + δ + q − 1 )

δ + p i − 1
< 0

w hi c h f oll o ws fr o m t h e ass u m pti o n δ ∈ I, si n c e

δ >
N 2 (q − 1 )(p i − 1 )

p i(N (q − 1 ) + 4 ) − N 2 (q − 1 )
f or all i = 1, 2, . . . , N .

As a c o ns e q u e n c e,  w e c a n c h o os e β ∈ (l1 , l2 ), s u c h t h at N − p iθ i < 0 f or all i.  T h er ef or e,
l etti n g R → ∞ i n ( 2 1),  w e o bt ai n

g (x )
1

u

2 β + δ + q − 1

d x = 0,

w hi c h is a c o ntr a di cti o n.

Pr o of of  T h e or e m 3. 3: L et u ∈ W
1, p i

l o c ( ) b e a st a bl e s ol uti o n of t h e E q u ati o n ( 2) s s u c h t h at
u ≥ 1 a. e. i n .  T h e n b y  C or oll ar y 5. 2  w e h a v e

g (x )
ψ

u

2 β + γ + q − 1

d x ≤ C

N

i= 1

|ψ i|
p iζ i d x .

C h o osi n g ψ = ψ R i n t h e a b o v e i n e q u alit y  w e o bt ai n

B R (0 )
g (x )

1

u

2 β + γ + q − 1

d x ≤ C

N

i= 1

R N − p iζ i , ( 2 2)

f or s o m e p ositi v e c o nst a nt C i n d e p e n d e nt of R . O bs er v e t h at,

li m
β → l2

(N − p iζ i ) = N −
p i(2 l2 + γ + q − 1 )

δ + p i − 1
< 0

w hi c h f oll o ws fr o m t h e ass u m pti o n γ ∈ I, si n c e γ >
N 2 (q − 1 )(p i− 1 )

p i(N (q − 1 )+ 4 )− N 2 (q − 1 )
f or all

i = 1, 2, . . . , N . As a c o ns e q u e n c e, w e c a n c h o os e β ∈ (l1 , l2 ), s u c h t h at N − p iζ i < 0 f or
all i.
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T h er ef or e, l etti n g R → ∞ i n ( 2 2),  w e o bt ai n

g (x )
1

u

2 β + γ + q − 1

d x = 0,

w hi c h is a c o ntr a di cti o n.

Pr o of of  T h e or e m 3. 4: L et u ∈ W
1, p i

l o c ( ) b e a p ositi v e st a bl e s ol uti o n of t h e E q u ati o n ( 2) s.
T h e n b y  C or oll ar y 5. 2  w e h a v e

g (x )
ψ

u

2 β + δ + q − 1

d x ≤ C

N

i= 1

|ψ i|
p iθ i d x .

N o w pr o c e e di n g si mil arl y as i n  T h e or e m 3. 2  w e o bt ai n

g (x )
1

u

2 β + δ + q − 1

d x = 0,

w hi c h is a c o ntr a di cti o n.

Pr o of of  T h e or e m 3. 5: L et u ∈ W
1, p i

l o c ( ) b e a st a bl e s ol uti o n t o t h e pr o bl e m ( 2) e s u c h t h at
0 < u ≤ M a. e. i n .  T h e n b y  C or oll ar y 5. 3  w e h a v e

g (x )
ψ

u

2 β + q

d x ≤ C

N

i= 1

|ψ i|
2 β + q d x .

C h o osi n g ψ = ψ R i n t h e a b o v e i n e q u alit y  w e o bt ai n

B R (0 )
g (x )

1

u

2 β + q

d x ≤ C R N − 2 β − q , ( 2 3)

w h er e C is a p ositi v e c o nst a nt i n d e p e n d e nt of R . O bs er v e t h at, si n c e M ∈ J w e h a v e 0 <
M < 4

N (N − 1 )(q − 1 ) w hi c h i m pli es N < 2 l3 + q a n d h e n c e

li m
β → l3

(N − 2 β − q ) = N − 2 l3 − q < 0.

As a c o ns e q u e n c e,  w e c a n c h o os e β ∈ (l1 , l3 ) s u c h t h at N − 2 β − q < 0.
T h er ef or e, l etti n g R → ∞ i n ( 2 3),  w e o bt ai n

g (x )
1

u

2 β + q

d x = 0,

w hi c h is a c o ntr a di cti o n.  H e n c e t h e  T h e or e m f oll o ws.

A c k n o wl e d g m e nt s

T h e a ut h or  w o ul d li k e t o t h a n k t h e a n o n y m o us r ef er e e f or his/ h er v al u a bl e c o m m e nts a n d s u g g es-
ti o ns.  T h e a ut h or t h a n ks Pr of ess or  A di  A di m urt hi f or s o m e fr uitf ul dis c ussi o n o n t h e t o pi c.  T h e
a ut h or t h a n ks  TI F R  C A M, B a n g al or e f or t h e fi n a n ci al s u p p ort.
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