
This is an electronic reprint of the original article.
This reprint may differ from the original in pagination and typographic detail.

Powered by TCPDF (www.tcpdf.org)

This material is protected by copyright and other intellectual property rights, and duplication or sale of all or 
part of any of the repository collections is not permitted, except that material may be duplicated by you for 
your research use or educational purposes in electronic or print form. You must obtain permission for any 
other use. Electronic or print copies may not be offered, whether for sale or otherwise to anyone who is not 
an authorised user.

Zonta, Filippo; Pusztay, Joseph V.; Hirvijoki, Eero
Multispecies structure-preserving particle discretization of the Landau collision operator

Published in:
Physics of Plasmas

DOI:
10.1063/5.0105182

Published: 14/12/2022

Document Version
Publisher's PDF, also known as Version of record

Please cite the original version:
Zonta, F., Pusztay, J. V., & Hirvijoki, E. (2022). Multispecies structure-preserving particle discretization of the
Landau collision operator. Physics of Plasmas, 29(12), Article 123906. https://doi.org/10.1063/5.0105182

https://doi.org/10.1063/5.0105182
https://doi.org/10.1063/5.0105182


Phys. Plasmas 29, 123906 (2022); https://doi.org/10.1063/5.0105182 29, 123906

© 2022 Author(s).

Multispecies structure-preserving particle
discretization of the Landau collision
operator
Cite as: Phys. Plasmas 29, 123906 (2022); https://doi.org/10.1063/5.0105182
Submitted: 22 June 2022 • Accepted: 22 November 2022 • Published Online: 14 December 2022

 Filippo Zonta,  Joseph V. Pusztay and  Eero Hirvijoki

ARTICLES YOU MAY BE INTERESTED IN

Do chaotic field lines cause fast reconnection in coronal loops?
Physics of Plasmas 29, 122902 (2022); https://doi.org/10.1063/5.0120512

Heating rate of thermal electrons by the fast part of EDF in the ionosphere
Physics of Plasmas 29, 123508 (2022); https://doi.org/10.1063/5.0121387

Cascade conditions in electron magneto-hydrodynamic turbulence
Physics of Plasmas 29, 122305 (2022); https://doi.org/10.1063/5.0124404

https://images.scitation.org/redirect.spark?MID=176720&plid=1953395&setID=418178&channelID=0&CID=715917&banID=520851883&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=943673ec9f4ebc46f9e1ff1533935ced61fca9d9&location=
https://doi.org/10.1063/5.0105182
https://doi.org/10.1063/5.0105182
https://orcid.org/0000-0001-9997-3627
https://aip.scitation.org/author/Zonta%2C+Filippo
https://orcid.org/0000-0002-8632-8239
https://aip.scitation.org/author/Pusztay%2C+Joseph+V
https://orcid.org/0000-0001-9915-6707
https://aip.scitation.org/author/Hirvijoki%2C+Eero
https://doi.org/10.1063/5.0105182
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0105182
http://crossmark.crossref.org/dialog/?doi=10.1063%2F5.0105182&domain=aip.scitation.org&date_stamp=2022-12-14
https://aip.scitation.org/doi/10.1063/5.0120512
https://doi.org/10.1063/5.0120512
https://aip.scitation.org/doi/10.1063/5.0121387
https://doi.org/10.1063/5.0121387
https://aip.scitation.org/doi/10.1063/5.0124404
https://doi.org/10.1063/5.0124404


Multispecies structure-preserving particle
discretization of the Landau collision operator

Cite as: Phys. Plasmas 29, 123906 (2022); doi: 10.1063/5.0105182
Submitted: 22 June 2022 . Accepted: 22 November 2022 .
Published Online: 14 December 2022

Filippo Zonta,1,a) Joseph V. Pusztay,2 and Eero Hirvijoki3,b)

AFFILIATIONS
1Department of Applied Physics, Aalto University, P.O. Box 11100, FI-00076 Aalto, Finland
2University at Buffalo, Buffalo, New York 14260, USA
3Department of Mechanical Engineering, Aalto University, P.O. Box 14400, FI-00076 Aalto, Finland

a)Author to whom correspondence should be addressed: filippo.zonta@aalto.fi
b)Electronic address: eero.hirvijoki@aalto.fi

ABSTRACT

This paper proposes a novel numerical integrator for modeling multispecies Coulomb collisions in kinetic plasmas. The proposed scheme
provides an energy-, momentum-, and positivity-preserving particle discretization of the nonlinear Landau collision operator, extending
the works of Carrillo et al. [J. Comput. Phys. 7, 100066 (2020)] and Hirvijoki [Plasma Phys. Controlled Fusion 63, 044003 (2021)]. The
discrete-time conservation properties are analyzed both algebraically and numerically, and an efficient, graphics processing unit-parallelized
implementation is validated against inhomogeneous temperature relaxation, isotropization, and thermalization examples. The results agree
with analytical estimates, confirming the method capable of reproducing physics.
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I. INTRODUCTION

The Vlasov–Maxwell–Landau system plays a crucial role in
understanding the physics of charged particles in plasmas, especially
in the important applications to fusion reactors such as the upcoming
ITER experiment. It, therefore, should not come as a surprise that
modeling the system has attracted significant interest within the com-
putational plasma physics community. Achieving the target, to model
the long-time behavior of the plasma from kinetic principles accu-
rately, involves, however, the challenge that the numerical scheme,
after temporal and spatial discretization, ought to respect the basic
properties of both the collisionless Vlasov–Maxwell equations and the
dissipative Landau collision integral as closely as possible.

Much effort has been put into the development of structure-
preserving geometric particle-in-cell schemes for the Vlasov–Maxwell
part,1–12 which typically provide superior conservation properties by
tackling the discretization of the variational or Hamiltonian structure
of the system, guaranteeing that many of the geometric structures and
conserved quantities are preserved at a discrete level. Despite this suc-
cess in addressing the collisionless part, a compatible structure-
preserving discretization of the Landau operator has remained more
elusive. Existing structure-preserving integrators for the Landau opera-
tor utilizing grids13–18 use finite difference, finite volume, or finite ele-
ment discretizations and, although they satisfy certain conservation

laws, they do not necessarily ensure positivity of the distribution func-
tion. Enforcing the positivity, on the other hand, makes it difficult to
exploit the fundamental symmetry properties of the Landau operator,
requiring additional measures.19–21 The alternative to grid-based
schemes, the binary collision algorithm22–26 that would more naturally
fit the particle-in-cell method, is limited to using equal particle weights
or otherwise does not guarantee energy and momentum conservation.
In applications where the particle density varies significantly, equal
marker-particle weights can severely limit the statistics of particle-in-
cell simulations. To ensure proper statistics and resolution, schemes
that admit arbitrary weighted markers yet provide conservation laws
are, therefore, desired.

A potential solution to this dilemma emerged only rather recently
when a marker-based flow of the Landau operator, driven by the varia-
tion of an entropy functional, was shown to lead to conservation of
energy and momentum and to dissipation of entropy.27 While perhaps
exotic, the idea of interpreting diffusive phenomena as a vector field
driving compressible flow is, in fact, straightforward. A diffusion equa-
tion @t f ¼ @iðDij@jf Þ can be interpreted as an advection equation
@t f þ @iðVif Þ ¼ 0, where the vector field Vi ¼ Dij@jðdS=df Þ is
driven by an entropy functional Vi ¼ Dij@jðdS=df ÞS ¼

Ð
f ln f . The

analogy to incompressible flow driven by a Hamiltonian functional
is clear: the Hamiltonian is replaced by the entropy, and the Poisson
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tensor is replaced by the diffusion tensor. After the pioneering work,27

a full discrete-time energy- and momentum-conserving and entropy-
dissipating scheme was proposed in Ref. 28, revealing also the underly-
ing metriplectic nature of the discretization to which many of the
discrete structure-preserving properties can ultimately be credited to,
and progress has since been made also in modeling the full Vlasov–
Poisson–Landau system.29

In the present paper, the works27,28 are further extended in order
to study and account for multiple particle species. The validity of the
discrete-time conservation laws and the applicability of the method to
inhomogeneous multispecies collisional relaxation are demonstrated
and discussed. In Sec. II, the metriplectic formulation of the Landau
operator is briefly reviewed and the discretization presented.
Numerical tests with both electrons and ions present are then carried
out in Sec. III with realistic mass ratio and compared to analytic esti-
mates. Finally, a discussion on open questions is provided in Sec. IV,
and a summary concludes the work in Sec. V.

II. DISCRETIZATION OF THE COLLISION OPERATOR
A. From continuous phase-space to marker particles

The distribution function of charged particles in a magnetized
plasma is reasonably well described by the Vlasov–Maxwell–Landau
model. The Landau part, describing Coulomb collisions between the
species s and �s, is local in configuration space, affecting only the veloc-
ity part of the distribution function,

@fs
@t

����
coll

¼�
X

�s

�s�s
ms

@

@v
�
ð
dðx� �xÞfsðzÞf�sð�z ÞQðv� �vÞ �Cs�sðS;z;�z Þd�z ;

(1)

where z¼ðx;vÞ is the phase-space coordinates, �s�s ¼ e2s e
2
�s lnKs�s=

ð8p�20Þ, the antisymmetric vector C is

Cs�sðA; z; �z Þ ¼ 1
ms

@

@v
dA
dfs
ðzÞ � 1

m�s

@

@�v
dA
df�s
ð�z Þ; (2)

the entropy functional S is

S ¼ �
X
s

ð
fs ln fsdz; (3)

and the matrix QðnÞ, for any n 2 R3, is defined as

QðnÞ ¼ 1
jnj I� nn

jnj2

 !
: (4)

It is straightforward to verify that the Landau operator admits a
weak formulation by means of a symmetric, positive semidefinite met-
ric bracket,

ðA;BÞ ¼
X
s;�s

1
2

ð ð
Cs�sðA; z; �z Þ �Ws�sðz; �z Þ � Cs�sðB; z; �z Þd�zdz; (5)

where the matrix W is

Ws�sðz; �z Þ ¼ �s�sdðx � �xÞfsðzÞf�sð�z ÞQðv � �vÞ; (6)

and that the collisional evolution of a functionalA¼
P

s

Ð
AsðzÞfsðzÞdz

can be expressed in terms of the bracket (5) as

dA
dt

����
coll

¼ ðA;SÞ: (7)

In fact, using (2) and substituting the explicit expression for the func-
tionalA, one may rewrite (7) as

d
dt

����
coll

X
s

ð
AsðzÞfsðzÞdz

¼
X
s;�s

1
2

ð ð
1
ms

@AsðzÞ
@v

� 1
m�s

@A�sð�z Þ
@�v

� �

�Ws�sðz; �z Þ � Cs�sðS; z; �z Þd�zdz

¼
X
s;�s

ð ð
1
ms

@AsðzÞ
@v

�Ws�sðz; �z Þ � Cs�sðS; z; �z Þd�zdz

¼ �
X
s

ð
AsðzÞ

X
�s

�s�s
ms

@

@v
�
ð

Ws�sðz; �z Þ � Cs�sðS; z; �z Þd�zdz; (8)

where the second-to-third-row move follows from the antisymmetry
of Cs�sðS; z; �z Þ with respect to particle species ðs;�sÞ and the labels
ðz; �z Þ, and from the fact that the sum is carried through all the species
combinations. Choosing then AsðzÞ ¼ dðz � z 0Þ, the Landau operator
(1) is recovered. For further information regarding the matter, the
reader is directed to the example, Refs. 28, 30, and 31.

With particle-based structure-preserving methods available for
the Vlasov–Maxwell part, for compatibility reasons, it is natural to
seek to apply the same approach to the collision operator. The particle
density distribution function for species s is, therefore, presented as

fh;sðzÞdz ¼
XNs

p2s
wpd x � xpð Þd v � vpð Þdz; (9)

where the sum over the markers p is limited to the species s and wp

describes the weight of the marker p. Now, given a functional A of the
distribution functions fs, its variation with respect to the distribution fs is

dA dfs½ � ¼
ð

dA
dfs

dfsdz: (10)

In the case of fs being a discretization of the type (9), for which the sets
of variables Zs ¼ fzpgp2s and parametric weights W s ¼ fwpgp2s
define uniquely the distribution function, A can be seen as a function
A of the particle variables and parameters according to

A ffh;sgs
� �

¼ AðfZs;W sgsÞ: (11)

Treating the sets of weights W s as fixed parameters and the phase-
space points Zs as the variable degrees of freedom, the variation of A
with respect to fs then becomes

dA dfh;s½ � ¼
X
p2s

wp r
dA
dfs

����
zp

� dxp þ
@

@v
dA
dfs

����
zp

� dvp

 !
; (12)

providing the following rules to discretize the functional derivatives:

r dA
dfs

����
zp

¼ 1
wp

@AðfZs;W sgsÞ
@xp

; (13)

@

@v
dA
dfs

����
zp

¼ 1
wp

@AðfZs;WsgsÞ
@vp

: (14)
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Substituting the discrete distributions ffh;sgs and the above rules for
transforming functional derivatives into the bracket (5), and replacing
the strict delta function dðxp � x�pÞ in the matrix (6) with an indicator
function 1ðp; �pÞ that is one or zero depending on whether the particles
p and �p are within the same spatial collision cell, a finite-dimensional
bracket acting on functions of the particle degrees of freedom is
obtained,

ðA;BÞh ¼
1
2

X
s;�s

X
p;�p

Ch
s�sðA; p; �pÞ �W

h
s�sðp; �pÞ � Ch

s�sðB; p � �pÞ: (15)

The vector Ch
s�sðA; p; �pÞ and the matrix Wh

s�sðp; �pÞ in the bracket are
defined as

Ch
s�sðA; p; �pÞ ¼

1
mswp

@A
@vp
� 1
m�sw�p

@A
@v�p

; (16)

Wh
s�sðp; �pÞ ¼ �s�s1ðp; �pÞwpw�pQðvp � v�pÞ; (17)

and, in terms of the bracket, the collisional evolution of a function A
now becomes

dA
dt

����
coll

¼ ðA; SÞh: (18)

B. Regularization of entropy and temporal
discretization

The numerical tests carried out in Sec. III will focus on the colli-
sion operator and the evolution of the distribution function in the
velocity space. The spatial dependence is, therefore, dropped from
here on, and the operator is assumed to be used within one spatial col-
lision cell. To reduce computational demand, the tests will also be car-
ried out in a 2D velocity space, instead of the full 3D velocity space
that is left for future studies.

As discussed in Carrillo et al.,27 the primary difficulty in applying
the particle discretization lies in the details of the entropy functional: it
is not computable for the distribution (9). The solution to this
dilemma is to regularize the entropy functional, where the delta-
distribution is first convoluted with a radial-basis function w�. While
different choices for the shape of the function w� are possible, it was
verified in Ref. 32 that Gaussian functions centered at the particle posi-
tions and with covariance matrix equal to �I represent a good balance
between accuracy and speed. The choice for w� in the present manu-
script, reflecting the use of 2D velocity space, is, therefore,

w�s
ðvÞ ¼ 1

2p�s
exp � jvj

2

2�s

 !
; (19)

where parameter �s can be different for each species s. The regularized
entropy functional, evaluated with respect to the distribution (9), then
becomes

S� ¼ �
X
s

X
p

ð
wpw�s

v � vpð Þ ln
X
p0

wp0w�s
v � vp0ð Þ

� �
dv (20)

and the derivative with respect to particle velocity needed in (16)
becomes

@S�
@vp
¼�

ð
v� vp
�s

wpw�s
ðv� vpÞ 1þ ln

X
�p

w�pw��s
ðv� v�pÞ

� �
dv: (21)

The theoretical background behind the regularization of the
entropy by means of the w� function is discussed in detail in Refs. 27
and 32, specifically how it changes the non-discrete system. The pri-
mary effect of regularizing the entropy is that, although the original
Landau equation is modified to some degree, the underlying metric
bracket structure of the system is preserved. This can be seen to have
benefits. If one would attempt regularizing the equations of motion
directly, it might be difficult to perform that operation and guarantee
conservation laws, even at the non-discrete level. Regularizing the
entropy functional instead can be exploited to retain the original met-
ric bracket structure, and the potential to obtain conservation laws
that follow from it. This is discussed next.

Both of the integrals in (20) and (21) can be computed numeri-
cally, e.g., with the help of a two-dimensional Gauss–Hermite quadra-
ture that is constructed as an outer product of two one-dimensional
Gauss–Hermite quadratures.33 For the entropy gradient, this results in

@S�
@vp
¼�

wp
ffiffiffiffiffiffi
2�s
p

p�s

X
i;j

aiajkij 1þ ln
X

�p

w�p

2p�s
exp �

����kijþ
vp�v�pffiffiffiffiffiffi

2�s
p

����
2

 !2
4

3
5;

(22)

where kij ¼ ðki; kjÞ and ai and aj are the 1D Gauss–Hermite weights
and knots, respectively. With a discrete bracket and a computable
entropy function available, the equation of motion for a marker parti-
cle is obtained by choosing A ¼ vp in (18), providing

dvp
dt

����
coll

¼ 1
ms

X
�s

X
�p

w�p�s�sQðvp � v�pÞ � Ch
s�s S�; p; �pð Þ: (23)

Different ways for temporal discretization have been discussed in Ref.
28. Here, the simple momentum- and energy-conserving integrator is
chosen

vnþ1p �vnp
Dt

¼ 1
ms

X
�s

X
�p

w�p�s�sQðvnþ1=2p �vnþ1=2�p Þ �Ch
s�s Sn� ;p;�p

 �

; (24)

where vnþ1=2p is the midpoint velocity,

vnþ1=2p ¼
vnþ1p þ vnp

2
; (25)

and Sn� refers to evaluation of the entropy with respect to time n. The
scheme (24) is implicit, and the resulting nonlinear system of equa-
tions can be solved with, e.g., fixed-point iteration.

The discrete-time conservation laws for the simple integrator
(24) are verified in a straightforward manner. With the discrete
momentum being

P ¼
X
s

X
p

wpmsvp; (26)

its discrete-time-rate of change is given by

Pnþ1 � Pn

Dt
¼
X
s

X
p

wpms

vnþ1p � vnp
Dt

¼
X
s�s

X
p;�p

wp�s�sw�pQ vnþ1=2p � vnþ1=2�p

� 

� Cs�s Sn� ; p;�p


 �
¼ 0: (27)
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The second step follows from the antisymmetry of Cs�sðA; p; �pÞ with
respect to both species and particle labels. Similarly, with the discrete
kinetic energy being

K ¼
X
s

X
p

wpms

2
jvpj2; (28)

its discrete-time evolution is given by

Knþ1 � Kn

Dt
¼
X
s

X
p

wpmsv
nþ1=2
p �

vnþ1p � vnp
Dt

¼
X
s�s

X
p;�p

�s�swpw�pvnþ1=2p �Q vnþ1=2p � vnþ1=2�p

� 

� Cs�s Sn� ; p; �p


 �
¼ 1

2

X
s�s

X
p;�p

�s�swpw�pðvnþ1=2p � vnþ1=2p Þ

�Q vnþ1=2p � vnþ1=2�p

� 

� Cs�s Sn� ; p; �p


 �
¼ 0: (29)

Here, the second-to-last step follows again from the antisymmetry of
Cs�sðA; p; �pÞ and the last from the identity n �QðnÞ ¼ 0.

III. NUMERICAL TESTS

In what follows, three numerical tests for the scheme (24) are
presented. The aim is to study how well the integrator manages the
conservation laws that are expected from the theoretical analysis, i.e.,
the exact conservation of energy and momentum. Furthermore, the
scheme is tested against temperature and velocity isotropization to
compare with analytical estimates. The discussion is limited to a two-
dimensional velocity space, leaving a more general three-dimensional
integrator for future studies.

In all of the tests, the temperatures of the species s are computed
from

Tx
s ¼

ms

nskB

X
p2s

wpðvxp � uxs Þ
2; (30)

Ty
s ¼

ms

nskB

X
p2s

wpðvyp � uys Þ
2; (31)

Ts ¼
ms

2nskB

X
p2s

wpjvp � usj2 ¼
Tx
s þ Ty

s

2
; (32)

where the species density ns ¼
P

s wp is the sum of the markers
weights and us is the species s flow velocity

us ¼
1
ns

X
p2s

wpvs: (33)

The distribution functions are initially set to anisotropic Maxwellians

fsðv; t ¼ 0Þ ¼ nsms

2pkB
ffiffiffiffiffiffiffiffiffiffiffi
Tx
s T

y
s

q exp �ms vx�uxsð Þ2

2kbTx
s
�ms vy�uysð Þ2

2kbT
y
s

 !" #
;

(34)

with different values for the characteristic parameters in different tests
(given in Secs. IIIA–IIIC). The weights wp are computed from fs and
normalized to ns, regardless of the number of markersNs, according to

wp2s ¼
2L
Ns

� �2

fsðvp; t ¼ 0Þ: (35)

As the species thermal velocities vt;s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBTs=ms

p
may differ substan-

tially from each other, due to different masses, the markers for each
species are initially placed in different N�N rectangular meshes in
the domain ½�Ls; Ls� � ½�Ls; Ls� with Ls ¼ 5vt;s.

Different convolution parameters �s are chosen for each species.
On the one hand, it is preferable to choose small values in order to have
distribution functions approaching their exact form (9). On the other
hand, it was proven in Ref. 32 that these kind of regularized particle
methods converge typically with 2L=N ¼Oð�Þ. Small values for �s,
therefore, call for a small average separation between markers, increasing
the total number of markers and the global computational effort. At this
time, theoretical estimates regarding the optimal values for �s are not
available and remain an open question. For this reason, the parameters
are, for now, chosen with trial and error. The choices �s¼ 1:2ðLs=NÞ1:98
have been experimentally verified to be a good compromise between
speed and convergence, similarly to the choice made in Ref. 27.

The time step for the simulations is chosen with the electron–
electron collision time in mind, representing the fastest dynamics
within the system and being of the order of 5� 10�6s for the test cases
considered. The choice of Dt ¼ 1� 10�8s is, therefore, reasonable. It
has also been checked numerically that a longer time step could be
possible, but the value chosen happens to be appropriate for all
numerical tests considered here. The markers are subsequently evolved
in time with Eq. (24) using a fixed-point iteration method, which usu-
ally requires 5–10 iterations to converge to machine precision.

A. Electron–positron collisions

The first example is aimed at testing basic stability properties of
the integrator. The masses of the two species have been set to the elec-
tron mass me, the initial distributions are isotropic Maxwellians with
an equal temperature and density of 1 KeV and n ¼ 1� 1020 m�3,
respectively, and the flow velocities are u1;x ¼ �vt ; u1;y ¼ vt=8;
u2;x ¼ 0; and u2;y ¼ �vt=8, with vt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBT=me

p
the thermal speed.

With these parameters, the plasma is characterized by a Coulomb log-
arithm of approximately lnK ¼ 16. Figure 1 illustrates the results for
a simulation of total time tmax ¼ 1� 10�3 s. The two populations
remain effectively thermalized for the entire simulation time, while
their energies converge to a halfway value, as expected.

The temperature evolution is what is expected from the theory.
In fact, assuming equal masses for the species, the total energy and
momentum conservation implies that the energy and flows of the spe-
cies, for example the first one, converge to the midpoint value,

K1ð1Þ ¼
1
2
ðK1ð0Þ þ K2ð0ÞÞ; (36)

u1ðtÞ ¼
1
2
ðu1ð0Þ þ u2ð0ÞÞ: (37)

Assuming the species to be thermalized at t¼ 0, the temperature is
expected to be shifted by

DT1ð1Þ ¼
m
8kb
ju1ð0Þ � u2ð0Þj2; (38)

which translates to 125 eV given the initial data. This is in good
agreement with the numerical results shown in the panel (b) in Fig. 1,
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where we have taken into account the initial numerical temperature of
the particle population being slightly different from that of the smooth
analytical initial distribution due to sampling.

B. Electron–ion velocity relaxation

The second example, illustrated in Fig. 2, is aimed at studying the
relaxation of the species flow velocities. The ion mass has been set to
mi ¼ 200me, and the initial flow velocities are ue ¼ ðvt;e=2; 0Þ and
ui ¼ ð0; 0Þ. The initial temperatures are isotropic, with T ¼ 400 eV
for both species, and the density is set to n ¼ 1� 1020 m�3. The
Coulomb logarithm characterizing the plasma is approximately

lnK ¼ 15. The total energy and momentum are exactly conserved at
all times, as in the previous example. The electron flow velocity relaxes
exponentially toward the ion flow, as we expect from a typical
electron–ion relaxation process. Moreover, the relaxation time is in
good agreement with the conventional estimate of the electron–ion
momentum exchange theory.34,35 The analytical timescale estimate of

1

se=ir

¼ 16
3

ffiffiffi
p
p

e4 lnK

4pe0ð Þ2 ffiffiffiffiffiffi
me
p

kbTeð Þ3=2
; (39)

for the exponential relaxation, fits well the numerical simulation.

FIG. 1. Species energy (a), temperature (b), total energy error (c), and momentum error (d) for an energy relaxation simulation of two species of same mass me and an isotro-
pic Maxwellian with T ¼ 1 keV as initial distribution. The temperature shift agrees well with the analytical estimate DTð1Þ ¼ 125 eV.
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C. Multispecies temperature isotropization
with realistic mass ratio

In the last example, a simulation of electrons and deuterons with
a real mass ratio is presented. In this case, the two species have been ini-
tialized to anisotropic Maxwellians with temperatures Tx

e ¼ 400eV;
Ty
e ¼ 300eV; Tx

i ¼ 250eV; and Ty
i ¼ 200eV. The density is set to

n¼ 1�1020m�3, and the Coulomb logarithm characterizing the
plasma is approximately lnK¼ 14:6.

In a 3D case, the relaxation process is described and documented
in the literature. The differential equations describing the evolution of

temperature along (jj) and perpendicular to (?) a chosen coordinate
direction in the velocity space are34–37

dTs?
dt
¼ � 1

2

dTsjj
dt
¼ �

Ts? � Tsjj
ss

; (40)

where the relaxation time ss is

s�1s ¼
2
ffiffiffi
p
p

e2s e
2
�s ns lnKs�s

4p�0ð Þ2 ffiffiffiffiffiffi
ms
p

kbTjj

 �3=2A�2 �3þðAþ 3Þ tan

�1 A1=2ð Þ
A1=2

� �
; (41)

FIG. 2. Energy error (a) and species flow velocity (b) for a velocity relaxation simulation with masses me and mi ¼ 200me with initially isotropic Maxwellian with temperature
T ¼ 400 eV and ue;x ¼ 2:1� 106 m=s. The electrons velocity relaxation agrees well with the analytical estimates se=ir ¼ 5:2� 10�6 s. The distribution functions of the two
species are presented at time t¼ 0 (c) and t ¼ 1� 10�3 s (d).
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for species s, and the coefficient is A ¼ T?=Tk � 1 for T? > Tk. The
rates for the parallel and perpendicular direction differ due to the fact
that the perpendicular direction has two degrees of freedom, while the
parallel only has one. In 2D setting, the temperatures related to x and
y directions are both associated with only one degree of freedom, and
the relaxation equations become

dTx
s

dt
¼ �Tx

s � Ty
s

ss
; (42)

dTy
s

dt
¼ �Ty

s � Tx
s

ss
; (43)

where ss is given by (41), with A � T>=T< � 1 and Tk in the denomi-
nator is replaced by T<, with T> andT< are the higher and lower of
the temperatures Tx

s and Ty
s , respectively. The thermal equilibration

between species s and�s is modeled via

dTs

dt
¼ �Ts � T�s

�ssn�s�
; (44)

with the thermalization time being34,35

1

�ssn�s�
¼ 8

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pmsm�s
p

e2s e
2
�s ns lnKs�s

ð4p�0Þ2 mskbT�s þm�s kbTsð Þ3=2
; (45)

and the species mean temperature in the 2D setting being
Ts ¼ ðTx

s þ Ty
s Þ=2.

As evident from Fig. 3, both isotropization times, si and se, and
the thermalization time, �seni� , are in good agreement with the analytical
theory: the simulated curves match well with the analytical ones. In
this example, though, while the total momentum is conserved to
machine precision throughout the simulation, the total energy error
shows a few distinctive jumps occurring. This results from the implicit
system of equations for advancing the particle velocities (24) not been
solved to machine precision as the solver is unable to fully converge
on occasion. A root cause for this behavior has not been identified yet,
but it could be related to the mass ratio as the previous examples dis-
played no such issue.

IV. DISCUSSION

The method proposed in this paper involves computing effec-
tively anOðN2Þ algorithm in each spatial collision cell, and an efficient
parallelization per each collision cell is elementary. The code, with
which the example calculations were performed, is, therefore, imple-
mented in Cþþ using the open source Eigen library and CUDA for
graphics processing unit (GPU) parallelization. The execution of the
code follows the steps described in Algorithm 1.

There are two main computationally intensive tasks: the evalua-
tion of the discrete entropy gradient (22), for which it is necessary to
compute all interaction pairs between the markers, and the fixed-point
iterations to solve the discrete equations of motion (24), each with N
matrix-vector multiplications between the precomputed entropy gra-
dient and the projection operator Q. The energy, momentum, and
temperature of the system are not evaluated at iteration step and,
therefore, do not contribute substantially to the global computational
time. Figure 4 shows how the computing time for both of the two
intensive tasks scales with the total number of markers. The overall
scaling for both is similar and is approximately OðN1:8Þ for the

practical cases studied here. For comparison, the binary collision
scheme22 scales approximately as OðNÞ, but at the cost of losing the
exact conservation properties if the marker weights are non-uniform.
As GPUs continue to develop, we anticipate that addressing also the
full 3D velocity space with the presented algorithm is feasible in the
near future and could be coupled to structure-preserving particle-in-
cell algorithms in a compatible manner.

The tests presented demonstrate the potential of the algorithm to
provide physically meaningful results. However, there are a few issues
that may occur in specific cases and are under investigation. First, the
energy is guaranteed to be conserved to machine precision whenever
the discrete equations of motion (24) are solved to machine precision.
Although this usually happens in five or six fixed-point iterations, for
some test cases and marker states, the solution of the equations of
motion fails to converge on occasion, even with more refined conver-
gence methods and regardless of the number of iterations used. This
was observed in the realistic mass-ratio test case in Fig. 3. While the
root cause of the problem is under investigation, for now, it is useful to
note that this issue seems to appear only a few times during a long
simulation, and that the energy jumps change the total energy by a
small fraction that is within reasonable limits over the time periods
investigated. The total momentum is conserved to machine precision
independently, whether or not the solution converges.

As the second matter, it appears that the radial-basis-function
parameter �s has to be chosen carefully. In principle, � should be cho-
sen close to zero. However, Ref. 27 found heuristically that for a single
species case, � ¼ ð2L=NÞ0:98 is a practical lower limit. For the case of
multiple species, � has to be chosen differently for each species in order
to take into account the large electron–ion mass ratio. For the simula-
tions of this work, the choice �s ¼ 1:2ðLs=NÞ1:98 was reasonable for a
sufficiently low number of markers. However, when the total number
of markers is higher, it is likely that the choice of the �s parameter
needs to be fine-tuned differently. With bad choices, temperature
relaxation may fail, as illustrated in Fig. 5.

Finally, while the particular discretization choice made in (24)
conserves exactly the total energy and momentum, it does not say,
anything specific of the entropy evolution. To quantify the behavior,
the entropy functional (3) can be evaluated numerically, and its value
recorded during simulations. The entropy evolution for the test case of
Sec. III B is depicted in Fig. 6. It illustrates that, after the equilibrium
has been approximately reached, the numerically evaluated entropy

ALGORITHM 1. Execution flow for the multispecies method.

for s in species do
Initialize markers in a rectangular mesh with parameters Ls, �s
and ws as in (35)

end for
while t < tmax do
Compute @S=@vp using (22) assigning each component to a
separate CUDA thread.
Compute new vp in a CUDA kernel solving (24) with fixed-
point iterations until convergence.
t  t þ Dt

end while
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expression decreases slightly. A potential approach to prevent non-
monotonic entropy evolution is to modify the simple numerical inte-
grator studied in the present work and adopt discrete-gradient38,39

integrators. In the multispecies case, the discrete equations of motion
for the markers (18) would be replaced by

vnþ1p �vnp
Dt

¼ 1
ms

X
�s

X
�p

w�p�s�sQ Cnþ1
n ðK;p;�pÞ

� 

�Cnþ1

n S�;p;�pð Þ; (46)

where K is the kinetic energy function (28) and Cnþ1
n ðA; p; �pÞ is the

modification of (16) according to

Cnþ1
n ðA; p; �pÞ ¼

1
mswp

@A
@vp

����
nþ1

n

� 1
m�sw�p

@A
@v�p

����
nþ1

n

: (47)

The discrete gradient appearing in the above equation, for which there
are many existing options, is any such approximation of the derivative
that satisfies the property

FIG. 3. Energy error (a) and species temperatures (b) for an isotropization and thermalization simulation of electrons and deuterons with an anisotropic Maxwellians as
initial distribution. A zoomed-in view is provided in (c). Both the isotropization and thermalization are in good agreement with the analytical estimates se ¼ 5:2
�10�6 s; si ¼ 1:7� 10�4 s, and �se=i� ¼ 1:6� 10�3 s.
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Anþ1 � An ¼
X
s

X
p

vnþ1p � vnp
� 


� @A
@vp

����
nþ1

n

: (48)

If these modifications are adopted to the discrete equations of motion,
then the entropy evolution will satisfy

Snþ1� � Sn�
Dt

¼ 1
2

X
s;�s

X
p;�p

�s�swpw�p
�C
nþ1
n S�; p; �pð Þ �Q Cnþ1

n ðK; p; �pÞ
� 


� Cnþ1
n S�; p; �pð Þ � 0; (49)

where the � sign follows from the fact that the operator Q is positive
semidefinite. This modification will also retain the discrete energy and
momentum conservation.

The optimal choices for regularization parameters �s and the dis-
crete gradient are left for future studies.

V. CONCLUSIONS

This paper proposed a multispecies energy- and momentum-
conserving numerical scheme for the nonlinear Landau collision
operator based on arbitrary weighted marker particles. The conservation
properties were verified algebraically, and the capability of the algorithm
to reproduce velocity and temperature isotropization and thermalization
was tested numerically against analytical theoretical predictions with
good results. Open questions meriting further studies remain, in particu-
lar regarding the occasional inability of the solver to converge and the
choice of the renormalization parameter. The use of discrete gradients to
guarantee monotonic entropy production is also a needed subject for a
future work. Nonetheless, the presented numerical scheme has clear
potential to become a valid algorithm compatible with the structure-
preserving particle-in-cell discretizations of the Vlasov–Maxwell system.
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